On Sparse Covers of Minor Free Graphs, Low
Dimensional Metric Embeddings, and Other
Applications

Arnold Filtser @&
Department of Computer Science, Bar-Ilan University, Ramat-Gan, Israel

—— Abstract

Given a metric space (X,dx), a (8, s, A)-sparse cover is a collection of clusters C C P(X) with
diameter at most A, such that for every point z € X, the ball Bx (z, %) is fully contained in some
cluster C' € C, and x belongs to at most s clusters in C. Our main contribution is to show that the
shortest path metric of every K,-minor free graphs admits (O(r), O(r?), A)-sparse cover, and for
every € > 0, (44 ¢,0(2)", A)-sparse cover (for arbitrary A > 0). We then use this sparse cover to
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show that every K,-minor free graph embeds into ZSO( ) with distortion 3 + € (resp. into
00,2

EOOO(T e with distortion O(r)). Further, among other applications, this sparse cover immediately

implies an algorithm for the oblivious buy-at-bulk problem in fixed minor free graphs with the tight

approximation factor O(logn) (previously nothing beyond general graphs was known).
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1 Introduction

Given a metric space (X,dx) a (8, s, A)-sparse cover is a collection of clusters C C P(X)
all with diameter at most A, such that every point belongs to at most s clusters, and every
ball Bx(x, %) is fully contained in some cluster C' € C. Sparse covers are very useful for
algorithmic design, and in particular for divide and concur. Since their introduction by
Awerbuch and Peleg [14], sparse covers found numerous applications. A partial list of which
includes: compact routing schemes [81, 80, 86, 8, 7, 3, 23], distant-dependent distributed
directories [15, 79, 80, 23], network synchronizers [11, 12, 73, 80, 23], distributed deadlock
prevention [13], construction of spanners and ultrametric covers [55, 50, 70, 56, 48, 44],
metric embeddings [82, 67], universal TSP and Stiner tree constructions [61, 22, 41, 24], and
Oblivious buy-at-bulk [84].

We will study sparse covers in weighted graphs, where we distinguish between two different
types of diameter. The weak diameter of a cluster A C V in a weighted graph G = (V, E, w) is
the maximum pairwise distance max, ,ea de(u,v) w.r.t. the original shortest path distance,
while the strong diameter is the maximum pairwise distance max, e dgaj(u,v) in the
induced subgraph. We continue with a formal definition:

» Definition 1 (Sparse Cover). Given a weighted graph G = (V, E,w), a collection of clusters
C ={C1,...,C:} is called a weak/strong (8,s,A) sparse cover if the following conditions hold.
1. Bounded diameter: The weak/strong diameter of every cluster C; € C is bounded by A.
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2. Padding: For each v € V, there exists a cluster C; € C such that Bg(v, %) C C;.

3. Sparsity: For each v € V, there are at most s clusters in C containing v.

If the clusters C can be partitioned into s partitions Pi,...,Ps s.t. C = U;_,P;, then
{P1,...,Ps} is called a weak/strong (B,s,A) sparse partition cover. We say that a graph G
admits a weak/strong (3, s) sparse (partition) cover scheme, if for every parameter A > 0 it
admits a weak/strong (B,s,A) sparse (partition) cover that can be constructed in expected
polynomial time. Sparse partition cover scheme is abbreviated SPCS .

The notion of sparse cover scheme is the more common in the literature. However,
SPCS provides additional structure that is crucial for different applications. ! Obtaining
strong diameter guarantee is also considerably more challenging, however it is frequently
required in “subgraph based” applications. 2

Sparse covers were introduced by Awerbuch and Peleg [14] who showed that for every
k € N, every n vertex graph admits a strong (4k — 2, 2k - n%)-SPCS . Klein, Plotkin, and
Rao [65] constructed a celebrated weak padded decomposition ? for K,.-minor free graphs
with padding parameter O(r3) (later improved to O(r?) [36]). It is folklore that padded
decomposition with padding parameter p implies a (p, O(logn))-SPCS (by taking the union
of O(logn) independent partitions). Thus [65, 36] implied a weak (O(r?), O(logn))-SPCS for
K,-minor free graphs. Krauthgamer et al. [67] observed that one can use [65, 36] padded
decomposition to construct a weak (O(r?),2")-SPCS for K,-minor free graphs (see [41] for
an explicit proof). This was the first sparse cover where all the parameters are independent
from the cardinality of the vertex set n. Busch et al. [23] used shortest path separators
to obtain a strong (8, f(r) - logn)-SPCS . * Abraham et al. [3] constructed a strong sparse
cover. Specifically, they made some adaptations to [65] to obtain a strong (O(r?),2°() . 1)-
sparse cover scheme (not a SPCS ). The final major piece in our story is a weak padded
decomposition for K,-minor free graphs with padding parameter O(r) by Abraham et
al. [6]. Which was later improved to strong padded decomposition with the same parameter
by Filtser [38]. In particular, this implies a strong (O(r), O(logn))-sparse cover scheme.
Interestingly, it was unknown how to turn this padded decomposition into a sparse cover with
sparsity independent of n. Indeed, Filtser explicitly asked whether it is possible to construct
(O(r), g(r))-sparse cover scheme [38] . The main result of this paper is an affirmative answer
to this question. A decade after the publication of [2] we finally managed to turn this padded
decomposition into a sparse cover.

» Theorem 2 (Cover for Minor Free Graphs). Every K,.-minor free graph admits the following:
Strong (O(r),0(r?))-SPCS .
For e € (0,3), strong (4+¢,0(1)")-SPCS .
The first bullet in Theorem 2 improves over the previous SPCS state of the art [36, 67, 41]
in a threefold manner: (1) the padding is improved quadratically from O(r?) to O(r), (2)

In this paper we require the partition property of SPCS for metric embeddings into ¢, and for the
oblivious buy-at-bulk. This property is also crucial in the construction of ultrametric covers [48, 42, 44].
In this paper we use the strong diameter guarantee for routing, buy-at-bulk, and path reporting distance
oracle.

Roughly, padded decomposition with padding parameter p is a random partition into clusters of diameter
at most A such that every ball of radius % is fully contained in a single cluster with probability at least
1. See [38].

f(r) is the enormous constant hiding in the Robertson Seymour [83] structure theorem. Johnson [62]
estimated f(r) > 21 (21 (2 §)) + 3) where 2 { ¢ is the exponential tower function (210 =1 and

2t = 22001y
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Table 1 Summary of new and previous work on sparse covers.

Family Padding | Sparsity SPCS 7 Diameter | Ref
General 4k — 2 2k - ¥ yes strong [14]
Planar 32 18 yes (implicit) | strong [23]
O(r?) O(logn) yes weak [65]
O(r?) O(logn) yes weak (36]
O(r) O(logn) yes weak [6]
O(r) O(logn) yes strong [38]
K,-minor free | 8 f(r)-logn @ | yes (implicit) | strong (23]
O(r?) 2" yes weak (36, 67
O(r?) 200 .| no strong 3]
O(r O(r? yes strong
4 EL )e Ogi))” yes strong Theorem 2

the sparsity is improved exponentially from 2" to O(r?), (3) the diameter guarantee is now
strong. Alternately, the second bullet improves the padding parameter from O(r?) to O(1)
while keeping a similar sparsity. See Table 1 for a comparison of ours and previous work.

1.1 Low dimensional metric embeddings into £,

Metric embedding is a map between two metric spaces that approximately preserves pairwise
distances. Given a (finite) metric space (X,dx), a map ¢ : V — R¥ and a norm || - ||, the
contraction and expansion of the map ¢ are the smallest £, p > 1, respectively, such that for
every pair z,y € X,

£
The distortion of the map is then £ p. The expansion p is also called the Lipschitz constant of
the embedding ¢. Metric embeddings into norm spaces were thoroughly studied [21, 72, 74, 4],
and have a plethora of applications.

There is a special interest for metric embeddings into £,. From an algorithmic viewpoint,

d(z,y) < |lop(x) — o)l < p-d(z,y)

there is a significant advantage in the additional structure the norm space is providing.

One example being nearest neighbor search (NNS) [58, 19], where £, enjoys succinct data
structures. NNS for many other spaces works by first embedding the space into ¢, and

then using the ¢, NNS data structure to answer queries in the original metric space (see e.g.

[37, 59]). From a geometric view point, £, is a special norm as it is a universal host metric
space. That is, every finite metric spaces embeds isometrically (that is with distortion 1) into
ls (the so called Fréchet embedding). However, there are n-point metric spaces of which
every isometric embedding into £, requires Q(n) dimensions [72]. It is desirable to have

low dimensional metric embeddings, as these are much more useful for algorithmic design.

Matousek [74] showed that for every integer ¢ > 2, every metric space embeds with distortion
2t — 1 into Lo, of dimension O(n'/* -t -logn) (which is almost tight assuming the Erdés girth
conjecture [34]). For distortion O(logn), Abraham et al. [4] later improved the dimension
to O(logn).

For more restrictive metric spaces better results are known. Linial et al. [72] showed
that every n-point tree metric embeds isometrically into ¢Q1ee n), while Neiman [75] showed
that every metric space with doubling dimension d embeds into ég;"“‘”og" with distortion
1+ e. Krauthgamer et al. [67] showed that every n-point K,-minor free graph G embeds
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Table 2 Summary of new and previous work on metric embeddings into fo.

Family Distortion | Dimension Ref
1 n—1 Fréchet
General Metric | 2k — 1 O(k -n'* -logn) | [74]
O(logn) O(logn) [4]
Tree 1 O(logn) [72]
O(r?) O(3") - logn [67]
K,-Minor Free | O(r) O(r?) -logn Corollary 3
3+e€ O(L) 1. logn Theorem 4

O(™ogn) with distortion O(r?). Their embedding follows from a SPCS based on

[65, 36]. However, their construction uses additional properties of that cover, and we cannot
simply plug in our SPCS to get an improved embedding. We show that under very general
conditions,® one can use SPCS in a black box manner to obtain a metric embedding into
¢ (see full version [43]). As a corollary, we improve both the distortion and dimension
compared to [67]. We than slightly tailor the embedding for minor free graphs to push the
distortion down all the way to 3 + €. See Table 2 for a comparison of new and old results.

into ¢

r2.log r-logn)

» Corollary 3. Every n vertex K,.-minor free graph embeds into @go( with distortion

O(r).

» Theorem 4. For every e € (0, %), every n vertex K,.-minor free graph G can be embedded
o)

mnto oo © log ¢-log
oo

with distortion 3 + €.

1.2 Oblivious Buy-at-Bulk

Given a weighted graph G = (V, E,w) and a canonical fusion function f : N — Rsq
(see full version [43] for a definition), in the oblivious buy-at-bulk problem, the goal is to
pick a route P; for every possible demand pair §; = (s;,t;) € (‘2/) Then, given a specific
set of demands A = {d1,...,dr}, the cost of our oblivious solution P = {Py,..., P} is
cost(P) = > cp f(pe) - w(e), where @, is the number of paths in P using e. The solution
is said to have approximation ratio p if for every subset of demands, the induced cost of
the oblivious solution is at most p times the optimal solution. Due to the concavity of the
canonical fusion function f, it is advantageous for the chosen paths to intersect as much
as possible. The best known approximation for general graphs is O(log®n) [53], while for
planar graphs O(logn) approximation is known [84], which is tight [57]. Srinivasagopalan
et al. [84] left it as an explicit open problem to “obtain efficient solutions to other related
network topologies, such as minor-free graphs.” More than a decade later, compared with
general graphs, nothing better for K,-minor free graphs is known. Using our sparse covers
on top of a black box reduction from [84], we obtain the following tight result ([57]):

» Corollary 5. For every n-vertex weighted K,.-minor free graph G = (V, E,w) admits an
efficiently commutable solution to the oblivious buy-at-bulk problem with approximation ratio
O(r% -logn). Furthermore, the solution is also oblivious to the concave faction f.

5 In fact the reduction hold in general with no condition, while the dimension slightly increases. See full
version [43].
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1.3 Further Applications
Sparse partition and universal TSP / Steiner tree

Given a weighted graph G = (V, E,w), a («, 7, A)-sparse partition is a partition C of V
into clusters with weak diameter at most A, such that every ball of radius % intersects at
most 7 clusters from C. G admits a («, 7)-sparse partition scheme if it admits (a, 7, A)-
sparse partition for every A > 0. Using our Theorem 2, we construct (O(r), O(TQ))—sparse
partition scheme for K, minor free graphs, improving over the previous state of the art of
(O(r?),27)-sparse partition scheme [61, 41]. For further details, see full version [43].

In the universal TSP problem, we are given a metric space (X,dx) and the goal is to
choose a single permutation 7 (a universal TSP) of X, such that given a subset S C X
we visit the points in S w.r.t. the order in 7. This is the induced TSP tour by w. The
permutation 7 has stretch p, if the length of the induced tour for every subset S is at most p
times larger than the optimal tour for S. There is a general reduction from sparse partition
scheme to universal T'SP. Using this reduction and our sparse partitions, given a shortest
path metric of an n point K, minor free graph, we construct universal TSP with stretch
O(r?) - log n, exponentially improving the dependence on 7 compared with previous results
(O(1)" -logn). The same phenomena occurs also for the universal Steiner tree problem. See
full version [43] for further details.

Name Independent Routing

Here we are given an unweighted graph G = (V, E) where the names (and ports) of all nodes
are fixed. The goal is to design a compact routing scheme that will allow sending packages
in the network, where routing decisions are made using small local routing tables, and the
resulting routing paths are approximate shortest paths. This regime is considered more
challenging and practical from the regime where nodes names and ports could be chosen by
the routing scheme designer. Given a hereditary graph family that has a-orientation (see
full version [43] for a definition), where each graph possess strong (7, 3)-sparse cover scheme,
Abraham et al. [3] constructed name independent compact routing scheme with stretch
O(B), O(logn + log 7)-bit headers and tables of O(lgzﬁzg"n + «a-logn) - 7 -log D bits. We
use our strong sparse covers (Theorem 2) to construct name independent compact routing
scheme significantly improving over previous work. See full version [43] for a comparison.

Path reporting distance oracle

A path reporting distance oracle (PRDO) for a weighted graph G = (V, E,w) is a succinct
data structure that given a query {x,y}, efficiently returns an approximate x-y shortest path
P. We say that a PRDO has stretch k and query time ¢, if for every query (z,y), the oracle
returns a path P of weight at most & - dg(z,y) in O(|P]|) + t time. PRDO were first studied
for general graphs. Later, Elkin et al. [33] constructed a PRDO for K,-minor free graphs
based on strong sparse covers. We plug in our strong sparse cover from Theorem 2 to obtain
improvements in both space and stretch, see full version [43] for details.

1.4 Related Work

We provided background on sparse covers in the introduction. We refer to the cited papers
for additional background on sparse partitions, UTSP, UST, routing and distance oracles.
Here we provide additional background on metric embeddings in order to put our results
(Corollary 3, Theorem 4) in a wider context. We begin with metric embeddings into ¢, spaces.
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Every n point metric space embeds into Ezo(log ") with distortion O(logn) [21], which is also

tight [72]. Planar graphs, and more generally fixed minor free graphs, embed into éQO(IOg )
with distortion O(y/logn) [82, 5], which is also tight [76]. The big open question here is
regarding the embedding of such graphs into ¢;. The upper bounds are the same as for /s,
while the only lower bound is 2 [71]. A long standing conjecture by Gupta et al. [54] states
that every graph family excluding a fixed minor, and in particular planar graphs, can be
embedded into ¢; with constant distortion. Some partial progress for planar graph was made
in the cases where we care only about vertices laying on a small number of faces [68, 40], or
only about vertex pairs laying on the same face [78, 69].

Refined notion of distortion in metric embeddings were studied, such as scaling distortion
[4, 18], and terminal/prioritized distortion [30, 31]. In particular, there been study of
prioritized low dimensional embeddings into £, [45, 32]. Online metric embeddings into
normed spaces were also studied [60, 77, 20].

A different venue of research is metric embeddings into trees, or more generally low
treewidth graphs. Every n-point metric space stochastically embeds into trees with expected
distortion O(logn) [16, 35]. This result is tight even when the metric is the shortest path
metric of a planar graph [9]. Every planar graph with diameter A can be (deterministically)
embedded into a graph with treewidth O(e=3) with additive distortion e- A [51, 49, 25]. Every
K,-minor free graphs stochastically embeds into graphs with treewidth f(r) ~O(1°gl#)2 with
expected additive distortion € - A [28, 49]. Clan embeddings and Ramsey-type embeddings
of K,-minor free graphs were also studied [48]. Finally, recently it was shown that every K-
minor free graphs stochastically embeds into graphs with treewidth f(r) O(%) -poly(log(n-®))
with multiplicative expected distortion 1+ € [29] (here ® is the aspect ratio).

2 Preliminaries

O notation hides poly-logarithmic factors, that is O(g) = O(g) - polylog(g). All logarithms
are at base 2 (unless specified otherwise), In stand for the natural logarithm. Given a set
A, (‘;) = {{z,y} | z,y € A,x # y} denotes all the subsets of size 2. For a number k € N,
k] ={1,2,...,k}.

We consider connected undirected graphs G = (V, E, w) with edge weights w : E — R>o.
We say that vertices v,u are neighbors if {v,u} € E. Let dg denote the shortest path
metric in G. Bg(v,7) = {u € V | dg(v,u) < r} is the closed ball of radius r around
v. For a vertex v € V and a subset A C V| let dg(x, A) := minge dg(z,a), where
dg(z,0) = oo. For a subset of vertices A C V, G[A] denotes the induced graph on A, and
G\ A := G[V \ A]. The diameter of a graph G is diam(G) = max, yev dg(v,u), i.e. the
maximal distance between a pair of vertices. Given a subset A C V', the weak-diameter of A
is diamg(A) = maxy yea da(v,u), i.e. the maximal distance between a pair of vertices in A,
w.r.t. to dg. The strong-diameter of A is diam(G[A]), the diameter of the graph induced by
A.

The aspect ratio of a metric space (X,dx) is usually defined as the ratio between the
maximum and minimum distances. However, here we mainly work with the shortest path
distance in graphs, where we allow 0-weights. Formally, here the shortest path metric is
actually a pseudometric. Accordingly, we will define aspect ratio of a graph G = (V, E, w)

as the ratio between the maximum distance to the minimum non zero distance: ®(G) =
maxy, vev da(u,v)
ming vev s.t. dg(uv)>0 da(u,v)”




A. Filtser

A graph H is a minor of a graph G if we can obtain H from G by edge deletions/-
contractions, and isolated vertex deletions. A graph family G is H-minor-free if no graph
G € G has H as a minor. Some examples of minor free graphs are planar graphs (K5 and
K3 3 minor-free), outer-planar graphs (K, and K32 minor-free), series-parallel graphs (K4
minor-free) and trees (K3 minor-free).

The {o-norm of a vector & = (1,...,21) € R¥ is ||z]|o := max;epy [#5]. An embedding
from a metric space (X,dx) into /s is a function f : X — R¥. The embedding f has
distortion ¢ - t if for every z,y € X, 1 -dx(z,y) < ||f(@) = f(y)|oc < t-dx(z,y). tis the
expansion (also known as a Lipschitz constant) of f, while ¢ is that contraction of f. An
embedding with distortion 1 (where ¢ =t = 1) is called isometric. Embedding f : X — ¢%,
can be viewed as a collection of embeddings {f;}¥_; into the line R, where f;(z) equals to
the ¢’th coordinate of f(x). We will also denote (f(z)); = fi(z). Using this notation, f has
expansion t if for every z,y € X and i € [k], |fi(z) — fi(y)| < t-dx(x,y). Similarly, f has
contraction c if for every z,y € X there is some i € [k] such that |f;(z) — fi(y)| > % - dx(z,y).
In this case, we will say that the pair x,y is satisfied by the coordinate 1.

3 Technical Overview

Cop Decomposition

Abraham et al. [6] constructed a padded decomposition for K,-minor free graphs based
on the cops-and-robbers game [10]. Fix the scale parameter A > 0. The process works as
follows: pick arbitrary x7, and let the ball Bg(x1,71) be the first cluster 7y, where 1 € [0, A]
is sampled using truncated exponential distribution. To construct the second cluster, pick an
arbitrary connected component Cs of G\ 11, and arbitrary o € Cy. Let T be a shortest path
from z2 to some vertex y with a neighbor in 7;. Then the second cluster 72 = Bgcy) (Ta,72)
is a ball around 75 in the graph induced by the connected component, where the radius
ro € [0, A] is sampled using truncated exponential distribution. In general, suppose that we
already constructed clusters 7y,...,nx—1. Let Cy be an arbitrary connected component of
G\ Uj<kmi, and z € C}, arbitrary vertex. Let K¢, C {n1,...,nk—1} be all the previously
created clusters 7;, such that there is an edge from 7; to C. Let T} be a shortest path tree in
C}, with zj as a root, and such that for every 7, € K¢, , there is an edge from a vertex in T}
to ;. In particular, T}, will have at most |K¢, | leaves. The k’th cluster ny = Bgic,(Tk, x)
is a ball around T} in the induced graph G[Cy], where 7 € [0, A] is sampled using truncated
exponential distribution. See Figure 1 for illustration.

One can run the cop decomposition on general graphs without getting any interesting
structure. What makes it particularly interesting for K,.-minor free graphs is the fact that
the size of the set K¢, of neighboring previously created clusters is always bounded by
r — 2. Indeed, one can argue that if [, | > r — 1, than one can contract all the internal
edges inside each cluster in K¢, , and the connected component Cj, and obtain K, as a
minor. Thus T} is a shortest path tree (w.r.t. G[C}]) with at most r — 2 leaves, and the
cluster C}, is a ball of radius at most A around this tree. We will call each such cluster
a supernode, and the shortest path tree T} it’s skeleton. In addition, we construct a tree
T over the supernodes. Here each supernode 7, will be the child in T of the last created
supernode 7; € K¢, . Note that the only outgoing edges from ), are either to its descendants
or ancestors in 7. Furthermore, n; have at most r — 2 “neighbor” ancestors. We will call
the connected component Cj where we constructed the supernode 7y (with skeleton Tj) the
domain of ny, denoted dom(ny). Note that the vertices in dom(n) will either belong to 7y,
or to the descendants of 7 w.r.t. 7. See Figure 1 for illustration.
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Figure 1 (a) Illustration of an (A, v, w)-buffered cop decomposition of the unweighted grid graph
together with (b) - the associated tree T. There are 9 different supernodes 71, ..., 79, all colored
with different colors. Each supernode n contains a shortest path tree T; (the bold lines) with
at most 3 leaves, where all the vertices z € n in the super node are at distance at most A = 6
from T},. The domain of each supernode consist of all the supernodes in its subtree. For example
dom(ns) = G [ns Unr Uns Ungl, and dom(ns) = G [V \ (n1 Unz)]. As n3 and ne are not adjacent,
the distance from 73 to any vertex in ng (w.r.t. dom(ns)) is at least . The associated digraph 8C
is illustrated in (c).

Due to the truncated exponential distribution, Abraham et al. [6] showed that a small
ball Bg(x,vA) is likely to be fully contained in a single supernode. ¢ Unfortunately, the
supernodes {7;};>1 do not have a bounded diameter. Nevertheless, following [38], using
the skeleton T}, one can partition each supernode 7 into clusters of diameter O(A), while
cutting each small ball only with a small probability. Combining these two processes together,
one obtains a strong (O(r), (%

T
possible to use the cop decomposition to create a sparse cover. Indeed, the “dependence tree”

), O(A))-padded decomposition. However, it is unclear if it is

T does not have a bounded depth, and the entire process looks very chaotic. Indeed, every
small change in the sampling of the radii leads to a completely different outcome. In contrast,
the [65] (as well as [3]) clustering process had only a depth of 7, and thus [67] enumerated
all the possible choices in the process leading to a sparse cover of exponential sparsity.

Buffered Cop Decomposition

In a recent work, Chang et al. [26] obtained a new “separation”-property in the cop-
decomposition. Instead of growing a ball with a random radius around the skeleton T},
Chang et al. constructed the supernode Tk deterministically. The new separation property
is the following, consider a supernode 7, and a vertex v € dom(n) such that v belongs

to a supernode 7', which is descendant of 7, but there is no edge from 1 to 7. Then

dGiaom(n) (M, v) > 2 — ~. In other words, for every descendant n’ of 1, either they are

2 =
neighbors, or every path in dom(n) from 7 to 7’ is of length at least v. 7 Chang et al. called
the new partition Buffered Cop Decomposition, because there is now a buffer between

6 Specifically, using a sophisticated argument, based on a potential function, Abraham et al. [6] showed
that with probability at least e~?()*7, the ball Bg(z,vA) is fully contained in a single supernode.

" Roughly speaking, [26] begin with the supernode 7 being equal to the skeleton Tj. Then, as the
algorithm progresses, each time the buffer property is violated we add the violating vertices to a
previously created supernode. One can argue that the depth of this process is bounded by r (once for
each neighboring ancestor supernode), and thus the cluster vertices are all within A distance from the
skeleton.
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non-neighboring clusters. They used the new buffered cop decomposition to construct a
shortcut-partition (which is a generalization of scattering partition [41]). Roughly, a shortcut-
partition is a partition of the vertices into clusters of diameter at most € - D, such that for
every pair of vertices u, v at distance at most D, there is an approximate shortest path going
through at most OT(%) clusters. Chang et al. used their shortcut-partitions to construct
tree covers [17, 25], distance oracles [85, 66, 1], to solve the Steiner point removal problem
[39, 41, 64, 27, 46], and to construct additive embedding of apex minor free graphs into low
treewidth graphs [51, 28, 47, 49, 25].

Sparse Covers

The starting point of this paper is the buffered cop decomposition of [26]. We begin by
observing some additional properties. Let BC be a digraph where the supernodes are the
vertices, and there is a directed edge from a supernode 7 to its ancestor ' (w.r.t. T) iff there
is an edge between vertices in n and 1/. G¢ is a DAG (directed acyclic graph) with maximum
out-degree r — 2, and it has additional crucial property: if v has outgoing edges towards u, z
than there has to be an edge between u and z (in one way or another). We call a graph
with this property a transitive DAG. In transitive DAG’s, neighboring vertices tend to share
many of their neighbors. Denote by Bac (1, q) the set of supernodes towards which there is a
directed path from 7 of length at most q. We use the transitive DAG property to show that
the size of By (n,q) is bounded by (") & Note that crucially, for ¢ > r, ("19) ~ O(q)"
the growth rate is sub-exponential in ¢q. Next, we generalize the buffer property to argue
that for every ancestor supernode 1’ of 1 such that n’ ¢ Bz, (n,2q + 1) it holds that the
distance from every vertex v € n to 1’ in dom(#n’) is at least (¢ + 1) - %. Combining these
two properties together, it follows that for every vertex v there are at most (qu) ancestor
supernodes at distance q - %.

Similar to the process of padded decomposition [6, 38], our sparse cover is constructed in
two steps. First we cover the vertices using enlarged supernodes, and then we separately cover
each enlarged supernode. Fix ¢ > 0, and for every supernode 7, let ) = Bgjdom(n) (1, ¢ - %)
be all the vertices at distance at most ¢ - % from 7 in dom(n). In particular, a vertex v € 7
can join only to the enlarged supernodes which are ancestors of i at distance at most ¢ - %.
Consider the ball B = Bg(v, £ - %), and let 1 be the first supernode containing some vertex
from B. By the minimality of , and the triangle inequality, it will follow that the ball B C 7
is contained in the enlarged supernode. From the other hand, due to the properties discussed
above, each vertex v will belong to at most (qu) enlarged supernodes. Thus we get both
the sparsity and the padding properties we wanted. The only missing property at this point
is the bounded diameter. Next we cover each enlarged supernode 7 using the skeleton T;,.
T, consist of at most 7 shortest path. We go over these shortest paths, and choose a A-net
N. Specifically, a set such that every two net points are at distance at least A, and every
point has a net point at distance at most A. Fix R =2A + ¢ - %. Due to the properties of
shortest paths, every point has at most O(r + ¢) net points at distance 2R. Now taking all
the balls of radius R around net points provides us the desired sparse cover for the enlarged
supernode. Taking the union of all the covers for all the enlarged supernodes we obtain the
sparse cover for the graph. Fixing ¢ = 1 we obtain padding O(r) and sparsity O(r?), while
by taking ¢ = ©(%) we obtain padding 4 + € and sparsity O(%)T.

8 Tt was brought to our attention that this fact actually follows from Theorem 4.2. in [52].
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Metric embedding into £,

Our metric embedding into ¢, is based on our SPCS . The first to construct a sparse cover
based metric embedding was Rao [82], who used the [65] padded decomposition to embed K,
minor free graphs into fo with distortion O(r3 - v/logn). Given a partition P, for a vertex v
belonging to cluster v € C, € P, let Op(v) = dx(v,V \ Cy) be the distance between v to the
boundary of the cluster C,. Note that if v is padded Bg(v, %) C Cy, then dp(v) > %. For
each cluster C € P, sample a¢ € {£1} u.a.r. . For every vertex v, send v to ag, - Op(v). By
the triangle inequality, it follows that the expansion is at most 2. But for which vertex pairs

can we guarantee small contraction?

Consider a pair u, v at distance dg(v,u) € (A, 2A], and suppose that P has diameter at
most A, and v is padded in P. Then u and v must belong to different clusters C,,, C,. If it so
happened that ac, # ac,, then |ac, - Op(v) — ac, - Op(u)| = dp(v) +Ip(u) > % > %Z’U),
and we obtain a bound on the contraction! Rao took O(logn) independent samples of
the coeflicients {a¢}cep, and gets the contraction guarantee in a constant fraction of the
samples. Next, Rao also took O(logn) independent partitions to get that v is padded in a
constant fraction of them. Finally, Rao sampled partitions for all possible distance scales,
concatenated the resulting embeddings of them all, and obtained the desired O(r3 - /logn)
distortion. Assuming all the distances are in [1, poly(n)], there are O(logn) different distances
scales, and the resulting dimension is O(log3 n): one log for the number of scales, one log
to sample many partitions for each scale, and one log to sample the coefficients {ac}coep.
Nevertheless, in ¢5, using dimension reduction [63], one can reduce the dimension to O(logn)
without significantly increasing the distortion.

The focus of our paper is embeddings into /... One can repeat Rao’s embedding exactly

3
as is, and get embedding into ¢Qllog™ )

with distortion O(r3) (or O(r) using the improved
padding parameter from [6]). Unfortunately, there is no general dimension reduction in £
(ala [63]). Nevertheless, the dimension still can be dramatically improved. First, observe
that when embedding into /.., we don’t need to succeed on a constant fraction of the
partitions (or the a coefficients), it is enough to be successful only once! Thus, instead taking
O(logn) independent samples from a padded decomposition, one can use a SPCS . Indeed,
Krauthgamer et al. [67] constructed an (O(r?),3")-SPCS for K, minor free graphs. Using
this SPCS immediately leads to an embedding into EOOO(?’T)'lOgQ " with distortion O(r?). To
remove additional logn factor, [67] used an additional property of the [65] based SPCS that
does not holds in general: it is possible to create 3" partitions such that for every pair u, v,
there will be a single partition where both « and v will be padded simultaneously. [67]
heavily relied on this property, while our SPCS (and actually all the others as well) lacking
it. Hence we cannot apply [67] as is.

Our solution follow similar lines to [67], but avoids using the additional special structure
of [65]. Consider a graph G with a (3,7)-SPCS . First, for every scale A; = p?, for p = O(g),
create T partitions P}, P2,...,P7, all with diameter A;, and such that every vertex is
B-padded in one of them (that is Vv, Bg(v, %) is contained in some cluster). Next, create,
laminar partitions that closely resemble the original partitions. Specifically, we create
{P Yicz, {P?Yicz, ..., {P7 Yicz, where for every i,j, P! refines Pij-i-lv P/ has radius at most

3

(1+e€)-A,;, and for every v € V, and ¢ € Z, Bg(v, ﬁ) is fully contained in a cluster of
one of P}, ..., P7. In other words, for every v € V, and i € Z, max e, Ops (v) > ﬂfﬁ

Similar laminar partitions were also created in [67].
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Next, our goal is to embed w.r.t. each laminar partition {752] }iez independently, such
that for every pair u,v which is separated in partition P; it will hold that || f(u) — f(v)||ec >

055 (v) + 03 (u). ¥ Note that given such embedding for all the laminar partitions, we can
concatenate them all to obtain the desired distortion. Indeed, constant expansion follows

by triangle inequality, while for every u,v, || f(u) — f(v)|s > max; ; (875; (v) + 03 (u)) =
Q(%) To create the embedding w.r.t. to the laminar partition {P?};cz, let iy € Z

be a the maximum index such that 751]0 is partitioned into singletons, and let k¥ € N

be the maximum such that ﬁfo 4 18 not the trivial partition into a single cluster {V'}.

Clearly it is enough to embed only w.r.t. the laminar partition {751] }i"'\'k. Let 751'j0+k =

izlo
{A1,..., A} be the clusters in the top partition in our hierarchy. We create a prefix

free code « : PfoJrk — {£1}*. Specifically, each cluster A, is assigned a string of +1

of length at most 2 - [1og lALH The strings of different clusters might be of different
length. However, for every A,, A, there is an index s such that a,(A4,), as(Ay) exist and

differ. Then the embedding of each vertex v € A, defined by concatenating the coordinates
(al (Ag) - Ops k(v), a(Ay) - Ops . (v),.. ) with an embedding created inductively for A,
io+ io+

w.r.t. the induced partition by {753 }ﬁgffl. To bound the contraction, consider a pair u, v
and suppose that they are first separated in level &’ € [ig, 99 + k]. Then the embeddings of
u and v are “aligned” in scales [k’ 4 1,i9 + k], while in scale k" they belong to respective

clusters A,, A, € 75139',. The respective codes a(A4,), a(A,) will differ in some coordinate s
and thus [|f(w) — £(0)]|ee > ‘as(Au) 01 (u) = () - O (v)‘ — 97, () + Oy (v). To
conclude a bound on the contraction it remains to observe that for every partition 75{ that
refines P;, it holds that Opi (V) + 0ps (u) > 0pi(v) + Ops (u).
K’ K/ i i

The overall number of coordinates used for the embedding of the laminar partition
{753}2(:25 is 2- [logn] + 2(k 4+ 1), where k have to be bounded by a logarithm of the aspect
ratio O(log ®). If we started from a (3, 7)-SPCS , there are 7 laminar partitions and thus
the overall dimension is O(7 - log(n - ®)). We remove the dependence on the aspect ratio
using fairly standard techniques. Specifically, by observing that for far enough scales, we can
use the same coordinate. For this to hold, when treating scale p‘, we need to “contract” all
vertex pairs at distance at most TPL—; (as otherwise a pair can accumulate error in unbounded
number of scales). Hence we can remove the dependence on the aspect ratio only if the
contracted graph still admits a SPCS .
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