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—— Abstract

We introduce a quantum algorithm design paradigm called combine and conquer, which is

a quantum version of the “marriage-before-conquest” technique of Kirkpatrick and Seidel. In a
quantum combine-and-conquer algorithm, one performs the essential computation of the combine
step of a quantum divide-and-conquer algorithm prior to the conquer step while avoiding recursion.
This model is better suited for the quantum setting, due to its non-recursive nature. We show
the utility of this approach by providing quantum algorithms for 2D maxima set and convex hull
problems for sorted point sets running in O(m) time, w.h.p., where h is the size of the output.
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1 Introduction

In classical computing, divide and conquer is an algorithm design pardigm that is usually
described in terms of the following three steps:

1. Divide: divide a problem into two or more subproblems.

2. Conquer: solve the subproblems, typically using recursion.

3. Combine: combine subproblem solutions into a solution to the original problem.

Perhaps because of the wide applicability of algorithm design paradigms, like divide
and conquer, there is interest in adapting classical paradigms to the quantum setting. For
example, Childs, Kothari, Kovacs-Deak, Sundaram, and Wang [9] describe an adaptation
of the divide-and-conquer technique to quantum computing that in some cases results in
query complexities better than what is possible classically. Likewise, Allcock, Bao, Belovs,
Lee, and Santha [3] study the time complexity of a number of quantum divide-and-conquer
algorithms, establishing conditions under which search and minimization problems with
classical divide-and-conquer algorithms are amenable to quantum speedups. Akmal and
Jin [2] adapt classical divide-and-conquer approaches for string problems to the quantum
setting. There is also related work by many others; see, e.g., [4,6,8,14,25,35,37].

A well-known problem that can be solved classically using the divide-and-conquer
paradigm is the convex hull problem; e.g., see Seidel [34]. In the two-dimensional version
of this problem, one is given a set, S, of n points in the plane and asked to output a
representation of the smallest convex polygon that contains the points in S. (See Figure 1.)
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Figure 1 A two-dimensional convex hull.

Asymptotically fast classical convex hull algorithms are output sensitive, meaning
that their running times depend on both the input size, n, and output size, h, and there
are well-known examples that run in O(nlogh) time; e.g., see Kirkpatrick and Seidel [22],
Chan [7], and Afshani, Barbay, and Chan [1]. In this paper, we are interested in studying
how to efficiently adapt classical output-sensitive divide-and-conquer algorithms, e.g., for
convex hull and related problems, to quantum computing models.

Additional Related Work. There is considerable interest in quantum algorithms for solving
computational geometry problems. Sadakane, Sugawara, and Tokuyama [32] give a quantum
convex hull algorithm that runs in O(h\/ﬁ) time,! and this time bound is also achieved by
Wang and Zhou [36]. Note that if h = n, as can occur, for instance, with points distributed on
a circle or parabola, then these algorithms run in O(n3/ 2) time, which is significantly slower
than the best classical algorithms. Furthermore, the above quantum algorithms make use of a
quantum input data model that assumes that the points are provided in superposition. Many
of the procedures require sampling as well, meaning that the algorithms require multiple
copies of these input states. We present the algorithm in a standard quantum query model
that allows for an even comparison with the existing literature on the subject. In this
model, we assume the existence of an oracle that returns the item in the queried index. For
completeness, Cortese and Braje [10] showed that there exists a quantum circuit which can
take classical data and implement this oracle, with the cost of a logarithmic overhead if
the circuit construction time is excluded. Lanzagorta and Uhlmann [23,24] also describe a
quantum convex hull algorithm running in O(h\/ﬁ) time, which, in their case, is a quantum
implementation of the well-known Jarvis march convex hull algorithm using Grover search
for the inner loop; see, e.g., [11,16,29,30,33]. They also describe an algorithm that runs
in O(v/nh) time, but this result only applies when & is small and the points are chosen
uniformly at random from a bounded convex region. In addition to this quantum prior work,
there is a well-developed body of prior work in classical computing models for computing
convex hulls where the points are given pre-sorted in lexicographic order; see, e.g., Ghouse
and Goodrich [13], Hayashi, Nakano, and Olarlu [18], Berkman, Schieber, and Vishkin [5],
Nakano [27], Goodrich [15], and Nakagawa, Man, Ito, and Nakano [26]. The question we seek
to answer in this paper is whether it is possible to leverage this assumption in the quantum
setting and obtain asymptotically faster output-sensitive algorithms in the model where the
input point set is pre-sorted but with no other assumptions about the distribution of points.

! 'We use O(f(n)) to denote O(f(n)log®n), for some constant ¢ > 0.
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Our Results. In this paper, we introduce quantum combine and conquer, which is a
novel quantum divide-and-conquer paradigm where we perform the combine step before
the conquer step and avoid recursion. Our combine-and-conquer paradigm provides a
quantum analogue to a classical divide-and-conquer variation that Kirkpatrick and Seidel
call “marriage-before-conquest” [20-22]. We show that using this paradigm it is possible to
compute the convex hull of a set of points in the plane in ON(\/%) time given that the input
is presorted in lexicographic order. As the sorting problem can be reduced to computing the
convex hull, and there is no quantum speed-up for sorting [19], we don’t expect quantum
algorithms to outperform classical algorithms for this problem in the general case, but this
result shows that some reasonable conditions can provide significant speedups. For example,
for inputs where h is O(logn), such as is expected for n points uniformly distributed in a
convex polygon with a constant number of sides [17], then our method achieves an O(n'/?)
running time. Similarly, for inputs where h is O(n'/3), such as is expected for n points

uniformly distributed in a disk [17,31], then our method achieves an O(n?/3) running time.

In general, our algorithms achieve sublinear running times for sorted input sets for h up to
almost n. Moreover, our results do not depend on any assumptions about the input points

coming from a given distribution, such as uniformly distributed points in a convex region.

Indeed, our results hold for adversarial chosen point sets, such as n points on a circle.

To introduce the combine-and-conquer paradigm, we first apply it to constructing the
maxima set of a set of lexicographically sorted points in the plane. Our quantum maxima
set algorithm runs in O(v/nh) time, where h is the size of the output. The key idea to our
technique is that there is information that can first be computed globally (the combine step),
which partitions the computation into the smaller blocks that then use this information to
finish the computation locally and (in a conquer step) without recursion.

We then apply our quantum combine-and-conquer paradigm to the convex hull problem.

In this case, the combine step is more complex, in that it includes multiple reductions to
two-dimensional linear programming. Nonetheless, we show that the combine steps can still
be performed before the conquer steps in this case. As a result, we give a quantum convex
hull combine-and-conquer algorithm that runs in O(v/nh) time, where n is the number of
(sorted) input points and h is the size of the output. The quantum combine-and-conquer
technique provides a novel algorithm design paradigm that may be useful for designing more
quantum algorithms that use similar intuition as classical algorithms.

We compare our bounds to previous quantum convex hull algorithms in Table 1. In our
algorithm’s input model, the data is encoded by a unitary, such that if the input is a list
of points, [po,p1,-.-,Pn-1], then we assume access to a unitary Uy, that maps an index i
to the corresponding element in the array p;: |i) |0) G i) |pi). The existing literature on
quantum solutions to this problem assume that the data is given in a uniform superposition
state, (1/y/n) >, |i) [pi). Access to the unitary U;, is a somewhat stronger assumption in
that the uniform superposition state can be prepared in unit time given access to U;,. On

the other hand, the most natural way to prepare such a state is via access to Uy,, as we do.

2 Preliminaries

We assume basic familiarity with quantum computing; see, e.g., Nielsen and Chuang [28].

A quantum state over n qubits is a unit vector of length 2" with complex entries. The
computational basis {[5)};e[o,....2n—1] is a basis over quantum states where [j) represents the
unit vector of length n with a 1 in the j-th index and 0 elsewhere. A computational basis
state can be used as a classical bit string to simulate any classical algorithm. We can express
any quantum state as a weighted sum of these classical basis states,
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Table 1 A summary of quantum algorithms to compute the convex hull of a set of n points,
where the output has h edges. The algorithms all assume access to a data loading unitary.

Input point set assumptions Runtime

Sadakane, Sugawara, and Tokuyama [32] Unsorted, arbitrary point set O(hy/n)
Wang and Zhou [36] Unsorted, arbitrary point set O(hy/n)
Lanzagorta and Uhlmann [23,24] Small h, uniformly distributed points O(v/nh)
This work Sorted, arbitrary point set O(v/'nh)

B =3 agli). 1)
=0

If at least two a; in the above are nonzero, we say the state is in superposition. A
measurement of the state |¥) will collapse the state to |j) with probability |a;|*. The
measurement is destructive in the sense that once it is collapsed, there is no way to go back
to |¥) without running the circuit to prepare that state. The state where all o; = \/% can
be prepared by a circuit of depth 1.

We will assume an input model where the input data [pg,p1,...,pn—1] is accessible by
a unitary U;, that maps an index i to the corresponding element in the array p;. Since
quantum operations must be reversible, it is standard to model the action of this unitary by
using an index and data register as |i) |0) Yip i) |p:). We can use linearity to examine the
action of this unitary to a state in superposition

2" —1 1 . 2" —1 1 . 1 2" —1 .

from which the data point p; can be retrieved with probability |a;|? upon measurement of
the index register. Therefore, in this model, we assume that a quantum state representing a
distribution of our inputs is preparable in time proportional to the time it takes to prepare
the distribution. A transformation from the n-bit zero string |0™) to a uniform superposition
over all n-bit strings can be accomplished by a depth 1 circuit where a Hadamard gate is
applied to each qubit in parallel.

Much of the existing literature on this subject assumes access to multiple copies of the
state in (2). Our assumption of access to Uy, is at least as strong of an assumption as having
multiple copies of the state. At the same time, it is a standard assumption for states in
the form of (2) are generated using access to a unitary like U;,,. We therefore compare the
performance of our algorithm against the existing literature under equal access to Uy, and
we summarize the performance of each in Table 1 under this model.

Quantum Subroutines. In this section we discuss the two primary quantum subroutines that
will be used throughout the paper. The quantum computing components of our algorithms
are limited to invocations of these subroutines, and the remainder of the algorithms are done
through classical post-processing.
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The first subroutine is for preparing superposition states of subsets of points. Our
algorithms use the fact that the data S = [pg,p1, ..., pn—1] is encoded as a sorted list in Uy,
and we need to prepare h states [So),[S1),...,|Sh—1) where |S;) is a uniform superposition
of n/h consecutive elements in the array starting at index jn/h and h is a power of 2.
Preparation of the |S;) begins with a register storing an n-bit zero string |0™), and another
register large enough to store a point from the dataset, each of which we will call the index
and data register respectively. The first step is to set the first log, h bits of the index register
to j. Next, take the remaining n — log, h bits in the index register and prepare a uniform
superposition state over the bitstrings of length n — log, h. Finally, apply U;, on this state
and the data register to prepare the superposition of n/h states starting from jn/h,

n/h—1
1 .
|Sj> = Z |]n/h + k)[j |pjn/h+k>D], . (3)

Vn/h (=

We summarize this process in Algorithm 1. Throughout this paper, we use S; to represent
the subset of S storing points in the j-th block, and |S;) to be the quantum state that
encodes this set, as seen in Equation (3).

Algorithm 1 gPrep(j, h).

Require: j: The index of the block to prepare; h: the number of blocks to partition into.
Require: Global access to the unitary U;, that encodes the sorted data [dp, ..., d,_1]

: Prepare two registers, initialized to [0"); [0) .

: Set the first log, h bits of I; to j

: Apply a Hadamard gate to each remaining qubits in I;.

: Apply U, to the pair of registers.

: return |S;), the state after the previous step as described in equation 3.

UL o W N

The second quantum subroutine we use is a quantum max/min finding algorithm due to
Durr and Hoyer [12]. This algorithm takes as input a Boolean function, f: D — {0,1}, a
comparator, <, to maximize (or minimize) over, the index, j, of the block to perform the
search over, and the total number of blocks, h. Our subroutine uses qPrep(j) to prepare the
superposition state described in Theorem 1. This has the effect of applying the algorithm
only to the points in block j, and allows us to search the block in O(\/W) time. Throughout
the text, we use the signature, gMax/qMin(f, =<, j, h), when calling this function, and the
output is an element of D or null if there are no elements such that f(d) = 1. The function
f can be passed as, say, a classical circuit which can be converted to a quantum circuit.

» Theorem 1 (Quantum Maximum/Minimum Finding [12]). Let D = [dy,...,dn—1] be a list
of n elements represented by w bits, and let S be the time required to prepare the state,

J
lv) = NG ; |9) |d;) , (4)

and @Q the time it takes to query a boolean function f: D — {0,1}. Let M be the subset of
D such that f(m) =1 for all m € M. Also, let < be some ordering of data values in the
data register such that comparisons according to this ordering can be performed in O(logw)
time. Then we can find the mazimum (or minimum) value of M under the specified ordering

in time S - Q - O(y/n).
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3 Quantum Maxima Sets

In this section, we present a quantum algorithm to solve the maxima set problem using
the combine-and-conquer paradigm. In the maxima set problem, we are given a set, .S, of
n points in the plane and are tasked with finding the subset of points in S that are not
dominated by any other points in S. We say that a point p dominates a point ¢ if p.z > q.x
and p.y > q.y. Note that the output size, h, can be as small as 1 or as large as n.

We assume that the input set is sorted in lexicographic order (first by a-coordinates and
then by y-coodinates in the case of ties), as discussed in the introduction.

Let us begin by reviewing a simple divide-and-conquer algorithm in the classical computing
model, which is provided the set, S, of n points as input in sorted order, and returns the
maxima set, M (see Preparata and Shamos [30]). The algorithm splits S into left and right
sets, S7 and Ss, and recursively finds the maxima sets of each. Then it prunes away each
point in S7 with smaller y-coordinate than the point, pypax, in So with maximum y-coordinate.
The resulting maxima set algorithm, which we give in detail in an appendix, takes ©(nlogn)
time, even when S is sorted [30]. Kirkpatrick and Seidel [21] show that if the combine step
of finding pmax is performed before the divide and conquer steps, and used to prune points
in recursive subproblems, then the running time can be improved to O(nlogh).

For our output-sensitive quantum algorithm, we also perform the combine step before
the conquer step, but our goal is to design a quantum algorithm that runs in O(v/nh)
time without recursion, which requires a more sophisticated approach. We first describe
an algorithm where the output size, h, is known in advance and later show how to use this
algorithm to solve the case where the output size is not known.

At a high level, the combine-and-conquer approach performs the combine step first before
conquering the subproblems. In the maxima set problem, this is achieved in the following
way. We begin by dividing our set S into h different blocks using Algorithm 1. The key
observation we use is that we can isolate the problem of finding the maxima set to each of the
local blocks once we identify representative information from each block. This representative
information is used globally, so we describe the process of finding such information as the
combine step. The combine-and-conquer paradigm works for problems where, once the
global information is identified, the blocks do not need to communicate with each other for
the remainder of the algorithm. In the case of computing the maxima set, the combine step
consists of searching for the set T' of the h highest points in each block. Once the set T is
found, we classically compute the maxima set Mp of T. Note that My cannot contain more
than h points, and if a block does not share a point with M7 no points in that block can be
in the final output set. Once the points in My are identified, we begin the conquer step of
the algorithm to find the points in each block that appear in the maxima set. Block number
7 uses information from two points identified in the combine step to restrict the search region.
The first is the y coordinate T} of the tallest point within the j-th block, which immediately
removes all points to the left of it inside block j out of the candidate set. The second is the
y coordinate R; of the highest point that appears in any of the blocks to the right of block j.
Note that R; is left-most point from My that is to the right of block j. See Figure 2.

Using T; and R;, we can define a Boolean function f that takes as input a point p and
returns 1 if p is not dominated by either of T; and R;. We then apply Theorem 1 to search
for the maximum element in lexicographic order subject to this Boolean function. It turns
out that this point is part of the final output set, as R; tells us it is not dominated by any
point in blocks to the right of j and 7} tells us it is not dominated by any point in block
j. We then update R; to equal this maximal point we found, and repeat this process in
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Figure 2 An example instance of maxima set where n = 32 and h = 8 solved using our quantum
combine-and-conquer algorithm. Consecutive blocks of points are colored in alternating purple and
green, and the set T of tallest points in each group is circled. The maxima set of T is indicated
using solid circles, whereas tallest points that are dominated are circled in dotted lines. To illustrate

an example of the conquer step, we focus attention on the group S which is highlighted in orange.

In this group, the tallest y coordinate is indicated by 7>, and Ry is the y coordinate of the tallest
point to the right of this group. Thus, the only points that need to be processed are the two points
not bound by any blue box. The points that are found in this local check are circled in green.

block j until the Boolean function does not mark any elements in the set. We illustrate the
first iteration of this process in Figure 3. Since the output size is h, it suffices to run this
process O(h) times in total across all blocks. Finally, we collect the outputs in the blocks
that contain a point in My, which takes at most O(h) time. See Algorithm 2.

Figure 3 A demonstration of Algorithm 2 where we iteratively search for the maxima point
within block j given T; and R;. The left shows the state of the first iteration, and all points shown
are the contents of block j except for the one labeled R;. Points are green if they are not dominated
by T; or R; and thus return 1 to the Boolean function f. Among these points, we search for the

lexicographic maximum point ¢ and set this to be the new right boundary for the next iteration.

The first g to be discovered in the above instance is marked in blue. This is repeated until there are
no remaining green points.

Finally, the case where h is unknown can be handled using an approach where we start
with a small estimate of h, then repeat the procedure using h = 2h if we discover more than
h points. Thus, the running time forms a geometric sum that is O(v/'nh). See Algorithm 3.
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Algorithm 2 CompleteMaximaSet(j, h, Tj, Mj).

Require: j, h: The block we are conquering and the total number of blocks.
Require: Tj: The y coordinate of the tallest point in 5.
Require: R;: The y coordinate of the first point in M appearing after all points in Sj.
1: Define a Boolean function f that takes as input a point p and returns 1 if p is not
dominated by T} or R;.
2: while qMax(f,=<rez, Jj, h) returns a point ¢ do

3: Store ¢ in an output list.
4: Define a new f that takes as input a point p and returns 1 if p is not dominated by
T} or q.

Algorithm 3 QuantumMaximaSet(S).

Require: U;,: a the unitary that encodes the lexicographically sorted data [dy, ..., dn—1]
Require: h: the number of blocks to partition into.

1: h=4.

2: while True do

3: for j €[0,1,...,h —1]

4: T; = qMax(f, =y, j, h) where f(z) =1forall z € S

5: LetT:[TU,Th...,Th,l].

6: M = ClassicalMaximaSet (T)

7 for j €[0,1,...,h —1]

8: CompleteMaximaSet(j, h, T;, M;)

9: if The total number of points found exceeds h then

10: h =2h

11: else

12: Print all the points in the output register of all j blocks and terminate the loop.

» Theorem 2. There is a quantum algorithm for finding the maxima set of a presorted set
of n points in the plane in O(V/nh) time, where h is the size of the output.

Proof. The Grover searches for the tallest points in each block takes O(h+/n/h) = O(v/nh)
time. Once this set T is found, the maxima set M of T can be computed classically in
O(h) time. The total time incurred by the calls to CompleteMaximaSet is dominated by the
calls to gMax, each of which outputs a point or terminates the call to CompleteMaximaSet.
Therefore qMax is called O(h) times and each call requires O(y/n/h) time for a total of
O(\/ﬁ) time. Note that the condition that the points we are searching over are between
T; and R; can be done in constant time. The outer loop repeats at most O(logn) times,
whose contribution is suppressed by O. Finally, the time to output the points that were
found takes O(h) time and is dominated by the other parts of the algorithm. <

4 Quantum Convex Hulls

In this section, we describe a quantum algorithm to construct the convex hull of n points
in the plane in O(v/nh) time, where h is the size of the output. Again, we assume that the
input set is sorted in lexicographic order. We follow our combine-and-conquer paradigm,
where we use some global properties that can be computed from our subsets to prune off
points that do not appear in the output, then use these values to isolate the problem solving
within each block. Here, however, the combine step is more complicated that simply finding
a point, pmax, with maximum y-coordinate.
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We begin by reviewing a well-known classical divide-and-conquer algorithm for 2D convex
hulls (see, e.g., [11,29,30,33]). The convex hull CH(S) of a set, S, of n points in the plane
can be described as a union of the polygonal chains that form the upper hull UH (S) and
lower hull LH(S) of the points, where UH (S) (resp., LH(S)) is the set of edges of CH(S)
with positive (negative) normals. For completeness, we provide a description of a classical
divide-and-conquer algorithm for computing UH (S) in appendix D, which divides S into
a left set, S1, and right set, S, and recursively finds UH (S1) and UH(S2). Then it finds
the tanget segment bridge between UH (S7) and UH (S2) and prunes away the points under
the bridge, resulting in an algorithm running in O(nlogn) time. By a well-known point-line
duality, which we also review in an appendix, the bridge edge can be found by a solving a
two-dimensional linear program; see, e.g., [11,29,33].

» Lemma 3 (see, e.g., [11,29,33]). Given a vertical line L, and a set S of n points in a
plane, one can determine the edge e of UH(S) that intersects L (or that no such edge exists)
by finding the highest point of intersection between O(n) halfplanes.

If we use linear-time 2D linear programming for the bridge-finding step, then the running
time for this classical divide-and-conquer algorithm is O(nlogn), even if the points are sorted
by z-coordinate. Kirkpatrick and Seidel [22] show that this classical running time can be
improved to O(nlogh) by performing the bridge-finding step before the (recursive) conquer
steps. Likewise, our quantum convex hull algorithm also performs this combine step before
the conquer steps, but avoids recursion.

Before we give our algorithm, let us review another well-known classical algorithm for

computing a two-dimensional convex hull — the Jarvis march algorithm; see, e.g., [11,30,33].

In this algorithm, we start with a point, p, known to be on the convex hull, such as a point
with smallest y-coordinate. Then, we find the next point on the convex hull in a clockwise
order, by a simple linear-time maximum-finding step. We iterate this search, winding around
the convex hull, until we return to the starting point. Since each iteration takes O(n) time,
this algorithm runs in O(nh) time. Lanzagorta and Uhlmann [24] describe a quantum assisted
version of the Jarvis march algorithm that runs in O(hy/n) time, which we review in an
appendix.

Let S be a set of n points in the plane sorted lexicographically. For simplicity of expression,
let us assume that the points have distinct z-coordinates and we are interested in computing
the upper hull, UH(S), of S. As in our maxima set algorithm, let us assume for now
that we know the value of h, the number of points on the upper hull of S to simplify the
presentation. We divide S into h blocks, Sg, S1,...,Sh—1, of size O(n/h) each by vertical
lines, Ly, Lo, ..., Ly_1, arranged left-to-right. This is achieved by using Algorithm 1 to
partition the input.

At a high level, our quantum combine-and-conquer upper hull algorithm first computes
all the bridge edges that are intersected by one of the vertical lines, L;. This amounts to the
combine step of our quantum combine-and-conquer algorithm. Each of these bridge edges
belong to the upper hull of S; hence, there are at most h such bridges. Importantly, we show
how to compute all these bridges in O(v/nh) time. Each block of points, S;, has O(n/h)
points, and, of course, there may be remaining upper hull points to compute for each such \S;
(between points of tangency for the bridges computed in the combine step). Note that the
conquer step for block S; will return in O(1) time if S; does not contain any endpoints of a
bridge edge or if it contains a single point where two bridge edges meet. See Figure 5 showing

the edges that come from the combine step and the edges that come from the conquer step.
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To compute the remaining convex hull points, then, we perform a modified quantum
Jarvis march for each subset, S;, which runs in time O(hj m) time, where h; is the
number of additional upper hull points found for S;. Thus, the total time for this second
(conquer) phase of our algorithm is

h
ZO(hj«/n/h) < O(h\/n/h)
= O(Vnh).

Given this overview, let us next describe how to perform the different steps of our
algorithm, beginning with our quantum algorithm for finding all the bridge edges intersecting
the vertical lines, Ly, Lo, ..., Ly_1, which separate the subsets, Sy, S1,...,S,_1, of S. At a
high level, our combine-step method can be viewed as a quantum adaptation of a classical
algorithm by Goodrich [15] for computing the upper hull of a partially sorted set of points.

As mentioned above, by point-line duality, bridge finding is dual to two-dimensional linear
programming. In more detail, let S be a set of n points in the plane, and L be a vertical
line in this plane. Let S’ be the same set of points after shifting the plane horizontally so
that L is the y-axis. We define a dual plane by taking each point p = (a,b) and mapping
it to a line y = ax — b. A standard result in computational geometry is that the points in
the upper hull of S’ correspond to the lower envelope of the set of lines in the dual plane;
see, e.g., [11,30,33]. Furthermore, by the duality transformation, the highest point in the
lower envelope is the intersection of two lines in the envelope whose slopes transition from
positive to negative. Mapping this point to the primal plane gives us the bridge edge we
are looking for. Thus, we can reduce the problem of finding a bridge edge to the problem of
finding the largest point in the intersection of n lower-halfplanes. We also use the following
lemma due to Sadakane et al. showing that the problem of computing the highest point in
the intersection of n halfplanes efficiently using a quantum algorithm.

» Lemma 4 (Sadakane et al. [32]). The highest point in the intersection of n lower-halfplanes
can be computed in O(\/ﬁlog2 n) time, using a quantum computer, with probability 1 — n=¢
for any constant ¢ given the linear constraints in superposition.

The linear constraints in superposition refers to a state in the following form:

1 n—1 .
[¥) == % ; |9) [ps) (5)

where p; are the coordinates of each of the n points. By point-line duality, the coordinates
fully describe the halfplanes in the dual plane.

The output element is a point in the dual plane, which maps back to a line in the primal
plane. To determine which points this line intersects, we can run two iterations of minimum
finding to find the points in .S that are on the resulting line by minimizing by the distance to
the line. We combine the above two lemmas to a function with the signature,

qLP(L, i, j, h), (6)

and it returns the endpoints p,,ps € S of the bridge edge as a tuple. This process will also
call gPrep(i,h) as needed.

We are now ready to describe the full algorithm. The first step will be to divide our input
set into h blocks, each containing n/h points. We define a bridge edge to be an edge in the
upper hull of S whose endpoints are in two different blocks.
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Algorithm 4 Bridge(, j, h).

Require: i,j: The indices of blocks to find the bridge edge over.
Require: h: The total number of blocks that we are partitioning into.

1: Let L be a vertical line drawn between the last point of \S; and the first point of S;.
This can be computed by querying U;, at the final and first index of blocks ¢ and j
respectively.

2: (p87pf) =qLP(L, i, j, h)

3: Return the two endpoints ps € S; and py € S; of the bridge edge.

To find the bridge edges, we take inspiration from the classical Graham scan algorithm
for computing the convex hull. We will be using the fact that if we traverse the convex hull
in the clockwise direction, each edge makes a right turn from its previous edge. Since bridge
edges are edges in the upper hull, this is true for them as well. We will compute bridge edges
between consecutive pairs, but if at any point a left turn is formed between two bridge edges,
we know that these edges will not be a part of the upper hull. Critically, this allows us to
ignore an entire block of points, and move on to find the bridge edge between the remaining
blocks. The details of the above approach are outlined in Algorithm 5.

Algorithm 5 FindBridgeEdges(h).

1: Initialize an empty stack .
Let L :=Bridge(0, 1, k), and push this onto 3. > L; will represent the bridge edge that
ends in block 1.
forie[2,h—1] do
Let L; := Bridge(i — 1,4, h).
while L;_; and L; form a left turn do
Pop the stack
Let ¢ be the index of the item on top of the stack.
Let L; := Bridge(t, i, h).
9: Push L; on the stack
10: Return X as an array.

v

» Lemma 5. Let S be a set of points divided into h blocks such that p; < p; for all p; € S;
and p; € S; where i < j. Then, the set of bridge edges of this partition can be found in

O(v/nh) time.

Proof. Each block’s pending contribution to the bridge edges can only be popped at most
once. Thus, the total time it takes for the loop starting at line 3 of Algorithm 5 will be
proportional to O(h). For each edge, we must compute the Bridge between sets S; and S;,
which will take O(+/n/h) time by lemma 3 and 4. Thus, the total time it takes to find the
bridge edges is O(v/nh). <

Once the bridge edges are identified, what remains is to find the edges of the convex hull

whose end points are in the same block. To do this, we use a quantum assisted Jarvis march.

Recall that the Jarvis march is another standard convex hull algorithm in which we start
with an edge (p, ¢q) on the convex hull, then do a search over the remaining points to find the
point 7 such that the angle formed between (p, q) and (g, r) is maximized.
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In each block, S;, rather than performing a full Jarvis march, however, we start the search
from the bridge edge entering S; from the left, and perform up to h Grover searches for the
point maximizing the angle until we find the starting point of the bridge edge leaving S;.
We summarize this step in Algorithm 6 and Lemma 6. See also Figure 4.

Algorithm 6 QuantumBlockJarvisMarch(j, h, B).

Require: B is the set of bridges of S computed in Algorithm 5.

: Define f. to be a function such that f.(p) =1 iff there is a bridge in B that starts at p.
: Define fy to be a function such that f;(p) = 1 iff there is a bridge in B that ends at p.
: pe = qMax(fe, Jrex, j, h)

pr = qMax(fr, Zres, j; h)

If neither are present, Return.

Let ps, pe be the two end points of the bridge edge containing p..

: while p. # py do

Define =geg(p, p.) to be the ordering induced by the angle formed between (ps, p.)

and (pg,p) for p € S.

9: Pr = qMax(f, Rdeg(p. .p.)> J> 1) where f(z) =1 for all x.

10: Add p, to the set of output points associated with block j.

L1 Let (ps,pc) = (pespr)-

p?". o

Pe P

Figure 4 An example of our restricted Jarvis March convex hull algorithm. The purple lines are
edges that we know are on the convex hull, and the points are the content of some block S;. In a
Jarvis March algorithm, we start our search from p. which is known to be on the convex hull, then
search for the point that forms the maximum angle with the incoming edge containing p.. In the
above example, the edges we check are in blue, and the solid line denotes the edge that is added to
the convex hull. We repeat the search again starting at p,, until we connect to py.

» Lemma 6. Let S be a set of m points and ps, py € S be points on the convex hull of
S. The part of the convex hull from ps to ps in the clockwise direction can be computed in
O(hy/m) time, where h is the number of points on the convex hull from ps to py.

We now combine the above pieces to describe our complete quantum convex hull algorithm.
See Figure 5. As was the case in the maxima set algorithm, we begin with a guess for the
upper bound of h, then during the conquer step detect whether or not we have exceeded this
bound. A convex hull requires at least 3 points, so we use 4 as our initial guess, as it is the
smallest power of 2 greater than 3. If we exceed our guess, then we double our estimate for
h and rerun the algorithm. Thus, the running times across all our guesses form a geometric
sum that is O(v/nh). See Algorithm 7.
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S2 S3 Sy S-

51 '\\°

Figure 5 An upper hull with n = 36 and h = 6. Consecutive blocks of points are colored in
alternating purple and green. The bridge edges discovered are shown in purple, and the dotted and
dashed lines starting from block Ss indicate how the algorithm handles left turns. The bridge edge
between Sy and Ss forms a left turn relative to the previous dotted bridge edge, so both are popped
and a new bridge edge is found between S3 and Ss. This is repeated until no left turns are formed,
giving the solid purple line. Finally, the bridge edges do not close the hull in some blocks, which is
where we run the quantum Jarvis march to find the edges of the upper hull shown in red.

Algorithm 7 QuantumConvexHull(Us,,).

Require: U;,: A unitary that encodes the lexicographically sorted data [dg, ..., d,—1]
1: Let h = 4.
2: while True do
3: B = FindBridgeEdges (h)
4 for j €[0,1,...,h—1] do
5 QuantumBlockJarvisMarch(j, h, B)
6: if the total number of points found exceeds h then
7 h =2h
8 else
9 Print all the points in the output register of each block and terminate the loop.

» Theorem 7. There is a quantum algorithm for finding the convexr hull of a set of n points
in lexicographic order that runs in O(v/'nh) time, where h is the size of the output.

Proof. As observed, the outer loop will run at most logn times. By lemma 5,
FindBridgeEdges takes O(v/nh) time. By lemma 6, QuantumJarvisMarch takes O(h;+/n/h)
time for block S;, where h; is the number of points from S; that lie on the convex hull
of the entire points set S. Since Zj hj < h, the total running time for all the calls to
QuantumJarvisMarch is O(v/nh). Finally, printing the h discovered points takes O(h)
time. <

In an appendix, we give a lower bound for quantum convex hull that shows our algorithm
is optimal up to polylogarithmic factors.
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5

Discussion

Afshani, Peyman, and Chan [1] give an instance-optimal classical algorithm for finding
2D convex hulls, which adapts the algorithm by Kirkpatrick and Seidel [22] to run in
O(n(H(S) + 1)) time, where H(.5) is a classical-computing structural entropy measure that
is never more than O(logh). An interesting direction for future work would be to determine
if there is a quantum convex hull algorithm that is instance optimal based on a quantum
structural entropy measure.
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