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Abstract
The persistence barcode is a topological descriptor of data that plays a fundamental role in topological
data analysis. Given a filtration of data, the persistence barcode tracks the evolution of its homology
groups. In this paper, we introduce a new type of barcode, called the harmonic chain barcode, which
tracks the evolution of harmonic chains. In addition, we show that the harmonic chain barcode is
stable. Given a filtration of a simplicial complex of size m, we present an algorithm to compute its
harmonic chain barcode in O(m3) time. Consequently, the harmonic chain barcode can enrich the
family of topological descriptors in applications where a persistence barcode is applicable, such as
feature vectorization and machine learning.
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1 Introduction

There are two primary tasks in topological data analysis (TDA) [27, 30, 53]: reconstruction
and inference. In a typical TDA pipeline, the data is given as a point cloud in RN . A
“geometric shape” K in RN is reconstructed from the point cloud, usually as a simplicial
complex, and K is taken to represent the (unknown) space X from which the data is sampled.
X is then studied using K as a surrogate for properties that are invariant under invertible
mappings (technically, homeomorphisms). The deduced “topological shape” is not specific to
the complex K or the space X, but is a feature of the homeomorphism type of K or X. For
example, a standard round circle has the same topological shape as any closed loop such as
a knot in the Euclidean space. Although topological properties of X alone are not sufficient
to reconstruct X exactly, they are among a few global features of X that can be inferred
from the data sampled from X.

An (ordinary) persistence barcode [10, 31] (or equivalently, a persistence diagram [14, 19,
29]) captures the evolution of homological features in a filtration constructed from a simplicial
complex K. It consists of a multi-set of intervals in the extended real line, where the start
and end points of an interval (i.e., a bar) are the birth and death times of a homological
feature in the filtration. Equivalently, a persistence diagram is a multi-set of points in the
extended plane, where a point in the persistence diagram encodes the birth and death time
of a homological feature.
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A main drawback of ordinary persistent homology is that it does not provide canonical
choices of geometric representatives for each bar in the barcode. Specifically, there are two
levels of choices in assigning representatives for bars in a persistence barcode: first, we
choose a basis for persistent homology in a consistent way across the filtration; second, we
choose a cycle representative inside each homology class in the basis. Both levels of choices
involve choosing among significantly distinct geometric features of data to represent the
same bar in the barcode. Since such choices are not canonical, it can be challenging to
interpret their underlying geometric meaning. In addition, while existing works [7, 25, 51]
compute optimal representatives for ordinary persistence, the optimality would rely on a
choice of weights for the simplices and on the optimality criterion, leading to different shapes.
Moreover, computing the optimal representatives is NP-hard in many interesting situations
[17, 11, 12, 5, 32, 25].

As our first contribution, we introduce a new type of barcode called harmonic chain
barcode. This barcode is obtained by tracking the birth and death of harmonic chains in
an increasing filtration. Since there is always a unique harmonic chain in a homology class,
the harmonic representatives in our harmonic chain barcode immediately remove the second
level of choices in a natural way. The main idea is to take the harmonic chain groups along
an increasing filtration, and to observe that the groups grow or shrink due to the birth and
death of harmonic chains, resulting in a zigzag module with inclusion maps. Like any zigzag
module [8], the module of harmonic chain groups decomposes into interval modules, which
then form the harmonic chain barcode. Moreover, since the maps in this zigzag module are
essentially inclusions, each representative for a bar in our harmonic chain barcode consists of
a single harmonic chain which is alive over the entire bar. We emphasize that our harmonic
chain barcode is distinct from the ordinary persistence barcode; see for example Figs. 1 and 2.

The ordinary persistence barcode is shown to be stable [19], which is crucial for applications.
The stability means that small changes in the data imply only small changes in the barcode.
For our second contribution, we show that our harmonic chain barcode is also stable in the
same sense as the stability of persistence barcode [19].

Finally, we present an algorithm for computing the harmonic chain barcode in O(m3)
time for a filtration of size m, matching the complexity of practical algorithms for ordinary
persistence.

The interpretation of homological features is crucial for applications such as extracting
hierarchical structures of amorphous solids [36] and quantifying the growing branching
architectures of plants [42]. Such an interpretation is closely related to the existence
of canonical chain representatives for a barcode. In our harmonic chain barcode, using
orthogonality, each bar enjoys a canonical choice of representative (within a homology class)
which lives exactly at the time-interval of the bar. This arguably promises a more interpretable
data feature. Therefore, we expect our harmonic chain barcodes to enrich the family of
topological descriptors in applications where ordinary persistence barcodes are used, such as
feature vectorization and machine learning. Note that just from the fact that our barcode is
different from the ordinary persistence one cannot argue in favor or against our suggested
barcode. Such a comparison is only meaningful in a specific domain of application and
when performed using experimental evaluations. We refer to [35] for an interesting pipeline
of data analysis using extra properties of harmonic chains. [35] also contains a method of
propagating the information from harmonic chains back to the original data points, which
we find also relevant to our harmonic representatives.
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2 Related work

Harmonic chains were first studied in the context of functions on graphs, where they were
identified as the kernel of the Laplacian operator on graphs [40]. The graph Laplacian
and its kernel are important tools in studying graph properties, see [48, 50] for surveys.
Eckmann [28] introduced the higher-order Laplacian for simplicial complexes, and proved
the isomorphism of harmonic chains and homology. The work [33] studied the stability of
higher-order Laplacians. Horak and Jost [37] defined a weighted Laplacian for simplicial
complexes. Already their theoretical results on Laplacian [37] anticipated the possibility of
applications, as the harmonic chains are thought to contain important geometric information.
They are eigenvectors of the 0 eigenvalue of the Laplace operator on simplicial complexes
and the spectrum of the Laplace operator has significant geometric information, see e.g. [38].
This has been validated by recent results that use curves of eigenvalues of Laplacians in
a filtration in data analysis [18, 52]. The Laplacian was applied to improve the mapper
algorithm [49], and for coarsening triangular meshes [39]. The persistent Laplacian [47]
and its stability [44] is an active research area. Due to the close relation of harmonic
chains and Laplacians, harmonic chains could find applications in areas that Laplacians
have been used. Computing reasonable representative cycles for persistent homology is also
an active area of research. Here, usually an optimality criterion is imposed on cycles in a
homology class to obtain a unique representative. For a single homology class, a number
of works [16, 23, 25, 51, 7, 13, 17, 23, 41] consider different criteria for optimality of cycles.
Hardness of computing optimal representatives has been studied by [17, 11, 12, 13, 5, 32, 25].
For persistent homology, the authors of [25] studied the hardness of choosing optimal cycles
for persistence bars. Furthermore, the study in [20] uses harmonic cycles in a persistent
homology setting to compute the persistence barcode. Lieutier [43] studied the harmonic
chains in persistent homology classes, called persistent harmonic forms.

Relation to the work of Basu and Cox. The most relevant work to ours is the inspiring
work of Basu and Cox [2]. Basu and Cox had a similar goal as ours, namely, to associate
geometric information to each bar in order to obtain a more interpretable data feature. To
that end, they introduced the notion of harmonic persistent barcode, by associating a subspace
of harmonic chains to each bar in the ordinary persistence barcode. When the multiplicity
of the bar is 1, the subspace is 1-dimensional. This is the space of harmonic chains that
are born at s and die entering t. In general, this is a quotient subspace of harmonic chains
at time s. Using orthogonality, they can represent this subquotient as a subspace of the
harmonic cycles at time s. As a result, they successfully assign a canonical harmonic cycle to
a bar in the ordinary persistence diagram. We note that, in general, a bar in the persistence
barcode cannot be represented using a single harmonic chain that remains harmonic during
the lifetime of the bar. The harmonic cycle associated to a bar using the Basu-Cox approach
is the initial harmonic representative of the bar, that is, the harmonic cycle that represents
the bar at its birth. Basu and Cox also used the terminal harmonic cycle in some of their
arguments, thus showing that the choice is not entirely canonical. However, Basu and Cox
proved significant properties of the initial cycles in terms of what they call relative essential
content. The novelty of our result is that, in contrast to [2], we define a new barcode distinct
from the ordinary persistence barcode, in which each bar has a harmonic cycle associated
with it that is harmonic during the lifetime of the bar. Basu and Cox also proved stability
for their harmonic persistent barcode, by considering subspaces as points of a Grassmannian
manifold and measuring distances in the Grassmannian. Such a distance quantifies the angles
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between subspaces, whereas our notions of stability are stronger in the sense that they use the
classical bottleneck distance analogous to the ordinary persistence homology. The authors
of [34] studied a method that permits the construction of stable persistence diagrams that are
equipped with a canonical choice of representative cycles for filtrations over arbitrary finite
posets. If the underlying poset is a finite subset of the real line, using persistent Laplacians,
they obtained harmonic cycles connected (through a certain isomorphism) to those identified
by Basu and Cox.

3 Background

In this section, we review the notion of harmonic chains and persistent homology. Homology
and cohomology are defined with real coefficients R (instead of Z2). Let K be a simplicial
complex and p the homology dimension (or equivalently, homology degree). Cp(K), Zp(K),
and Hp(K) denote the p-th chain group, cycle group, and homology group of K, whereas
Cp(K), Zp(K), and Hp(K) denote the p-th cochain group, cocycle group, and cohomology
group of K, respectively. Groups across all dimensions are denoted as C∗(K), C∗(K), etc.
We use ∂ and δ to denote boundary and coboundary operators, respectively.

3.1 Harmonic cycles
Based on the standard notions of homology and cohomology with R coefficients, we identify
chains and cochains via duality, i.e., Cp(K) = Cp(K) = Rnp , where np is the number of
p-simplices. Therefore, we can talk about coboundaries of cycles in Zp(K). We first introduce
the notion of harmonic chains.

▶ Definition 1. The p-th harmonic chain group of K, denoted Hp(K), is the group of
p-cycles that are also p-cocylces. Equivalently, Hp(K) := Zp(K) ∩ Zp(K). Each element in
Hp(K) is called a harmonic p-chain. The harmonic chain group in all dimensions is the
group H(K) :=

⊕
p Hp(K).

We sometimes use harmonic cycles in place of harmonic chains to emphasize the fact that
harmonic chains are cycles.

▶ Lemma 2 ([28]). Hp(K) is isomorphic to Hp(K) and Hp(K). Specifically, each homology
and cohomology class has a unique harmonic cycle in it.

Harmonic cycles enjoy certain geometric properties. As an example, we mention the
following Proposition 3; see [21, Proposition 3] for a proof. In other words, a harmonic cycle
is the chain with the least squared-norm in a cohomology class.

▶ Proposition 3 ([21]). Let α ∈ Cp(K) be a cochain. There is a unique solution α to the
least-squares minimization problem arg minα{||α||2 | ∃γ ∈ Cp−1(K); α = α + δγ}. Moreover,
α is characterized by the relation ∂α = 0.

There is an alternative definition of harmonic cycles. Consider the natural inner product
on Cp(K) given by ⟨σi, σj⟩ = δi,j . The harmonic chain group can be defined as Hp(K) =
Zp(K) ∩Bp(K)⊥. With this definition, the isomorphism of Lemma 2 is realized by a map
that sends z + Bp(K) to its projection to Bp(K)⊥. In addition, the harmonic cycles satisfy
Hp(K) = ker(∂p) ∩ ker(∂⊥

p+1). For a short proof of the equivalence among the definitions of
harmonic cycles above, see [2]. Importantly, our algorithm relies on the fact that harmonic
cycles are cocycles whose boundaries are zero.
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3.2 Ordinary persistence
Ordinary persistent homology takes a filtration of a simplicial complex K as input. A
continuous filtration F assigns to each r ∈ R a subcomplex Kr ⊆ K such that Kr ⊆ Ks for
r ≤ s. Since K is finite, there are finitely many t0, t1, . . . , tm ∈ R where Kti

changes. We
then abuse the notations slightly by letting Ki := Kti

and have a discrete form of F ,

F : ∅ = K0 ↪→ K1 ↪→ · · · ↪→ Km−1 ↪→ Km = K, (1)

where each Ki ↪→ Ki+1 is an inclusion. Unless stated otherwise, we assume that F is
simplex-wise, i.e., each two Ki and Ki+1 differ by at most a single simplex. For simplicity
of the exposition, complexes in F sometimes are subscripted by real-valued “timestamps”
of the form Kti

(e.g., in Sec. 6) or subscripted by integers of the form Ki (e.g., in Sec. 5),
which should not cause any confusions. Applying homology functor to Eq. (1), we obtain
a sequence of homology groups and connecting linear maps (homomorphisms), forming a
persistence module:

M : Hp(K0)→ Hp(K1)→ · · · → Hp(Km−1)→ Hp(Km). (2)

For s ≤ t, let fs,t
p : Hp(Ks) → Hp(Kt) denote the map induced on the p-th homology by

inclusion. The image of the map, fs,t
p (Hp(Ks)) ⊆ Hp(Kt), is called the p-th (s, t)-persistent

homology group, denoted Hs,t
p . The group Hs,t

p consists of homology classes which exist in Ks

and survive until Kt. The dimensions of these vector spaces are the persistent Betti numbers,
denoted βs,t

p . An interval module, denoted I = I[b, d), is a persistence module of the form

0→ · · · → 0→ R→ · · · → R→ 0→ · · · → 0.

In the above, R is generated by a homology class and the connecting homomorphisms map
generator to generator. We have Ir = R for b ≤ r < d and Ir = 0 for other r. Any persistence
module can be decomposed into a collection of interval modules in a unique way [45]. The
collection of [b, d) for all interval modules is called the persistence barcode. When plotted as
points in an extended plane, the result is the equivalent persistence diagram.

Stability of persistence diagram/barcode. The stability of persistence diagrams (or bar-
codes) is a crucial property for applications. It says that small changes in data lead to small
changes in the persistence diagrams. We only review the stability for sublevel-set filtrations
here. Let D and D′ denote two persistence diagrams. Recall that a persistence diagram is a
multi-set of points in the extended plane (each of which is a birth-death pair) which also
contains all points on the diagonal. The bottleneck distance of D, D′ is defined as

dB(D, D′) = infγsupp∈D||p− γ(p)||∞,

where γ ranges over all bijections between D and D′ and || · ||∞ is the largest absolute value
of differences of the points’ coordinates.

A function f̃ : |K| → R is called simplex-wise linear if it is linear on each simplex. Let
Kr = {σ ∈ K | ∀x ∈ |σ|, f̃(x) ≤ r} be the sublevel set complex at value r ∈ R. The complexes
Kr and the inclusions between them form a sublevel set filtration F̃ (which is not necessarily
simplex-wise). We denote the persistence diagram of F̃ as Dgm(f̃). We refer to [19, 14] for
proof of the following Theorem 4. See [19, 14] for the stability of ordinary persistence.

▶ Theorem 4. Let f̃ , g̃ : |K| −→ R be simplex-wise linear functions. Then

dB(Dgm(f̃), Dgm(g̃)) ≤ ||f̃ − g̃||∞.

SoCG 2025
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3.3 Zigzag persistence
We provide a brief overview of zigzag persistence; see [8, 9] for details. A zigzag module

M : V0
g0←−→ V1

g1←−→ · · · gk−1←−−→ Vk

is a sequence of vector spaces connected by linear maps that could be forward or backward,
i.e., each gi could be gi : Vi → Vi+1 or gi : Vi ← Vi+1. The module M decomposes into a
direct sum of interval modules I[b, d] of the form

0←→ · · · ←→ 0←→ R←→ · · · ←→ R←→ 0 · · · ←→ 0

with 1-dimensional vector spaces in the range [b, d]. The multi-set of intervals in the
decomposition defines the barcode of M, denoted as B(M).

Conventions. In this paper, we may omit the subscript/dimension of a homology group
if there is no danger of ambiguity. Moreover, we use the terms persistence barcode and
persistence diagram interchangeably.

4 Harmonic chain barcodes and representatives

As reviewed in Sec. 3.2, by directly taking the homology functor, an increasing filtration
of simplicial complexes leads to an ordinary persistence module consisting of homology
groups [15, 27]. These homology groups are connected by forward maps of the form H(Ki) −→
H(Ki+1). The ordinary persistence module then decomposes into interval modules, which
define the ordinary persistence barcode. In this section, we show that the harmonic chain
groups of all the complexes in a filtration constitute an abstract zigzag persistence module
(see Sec. 3.3). The main idea is that we take the harmonic chain groups along the filtration,
where the groups could grow or shrink, resulting in a zigzag module. Moreover, the maps in
this zigzag module are inclusions. Like any zigzag module [8], the module of harmonic chain
groups decomposes into interval modules. These intervals form the harmonic chain barcode,
the main object of interest in this paper.

Throughout the section, consider a simplex-wise filtration

F : ∅ = K0
σ0

↪−−→ K1
σ1

↪−−→ · · ·
σm−1

↪−−−−→ Km = K,

where each Ki+1 differs from Ki by the addition of a simplex σi. Recall that Ki := Kti
for

ti ∈ R where Kti
is a complex from a continuous filtration indexed over R; see Sec. 3.2.

▶ Proposition 5. For each inclusion Ki
σi

↪−−→ Ki+1 in F :

dim(H(Ki+1)) = dim(H(Ki))± 1.

Proof. This follows from Lemma 2 and some well-known facts in persistence (see [27, 29]). ◀

▶ Definition 6. A simplex σi inserted in F is called positive if dim(H(Ki+1)) = dim(H(Ki))+
1, and negative if dim(H(Ki+1)) = dim(H(Ki))− 1.

We describe how we connect the harmonic chain groups of complexes in F by inclusions.
For each Ki and each chain c =

∑i−1
j=0 αjσj in Cp(Ki), we identify c as a chain c =

∑m−1
j=0 αjσj

in Cp(K), where αj = 0 for j ≥ i. This makes both Cp(Ki) and Cp(Ki+1) a subspace of
Cp(K). We then have the following inclusion:

Zp(Ki) ↪→ Zp(Ki+1). (3)
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Recall that Hp(Ki) := Zp(Ki) ∩ Zp(Ki), which means that Hp(Ki) ⊆ Zp(Ki) ⊆ Cp(K).
Hence, we also identify each harmonic cycle in Hp(Ki) as a chain in Cp(K). We then observe
in Theorem 7 a similar inclusion as in Eq. (3) between any harmonic chain groups Hp(Ki)
and Hp(Ki+1), with a possible flip on the direction.

▶ Theorem 7. For each arrow Ki
σi

↪−−→ Ki+1 in F , where σi is a p-simplex:
There is an inclusion Hp(Ki) ↪→ Hp(Ki+1) if σi is positive;
And there is an inclusion Hp−1(Ki)←↩ Hp−1(Ki+1) if σi is negative.

In addition, in each case the harmonic chain groups in other dimensions remain unchanged,
i.e., Hq(Ki) = Hq(Ki+1) for any other q /∈ {p, p− 1}.

Proof. The only harmonic chain groups that might change from Ki to Ki+1 are those in
dimension p because cycle and cocycle groups in other dimensions do not change.

First consider Case I that σi is positive. Let ι : Ki ↪→ Ki+1 be the inclusion map. As
noted above, we identify any c ∈ C∗(Ki) = C∗(Ki) with ι♯(c) ∈ C∗(Ki+1) = C∗(Ki+1).

Case I.1: Hp(Ki) ⊆ Hp(Ki+1). Take z ∈ Hp(Ki). Obviously, ι♯(z) is a cycle in Ki+1. For
any c ∈ Cp+1(Ki+1), δ(ι♯(z))(c) = ι♯(z)(∂c). Since Cp+1(Ki) = Cp+1(Ki+1), c and hence
∂c exist in Ki, meaning that ι♯(z)(∂c) = z(∂c) = (δz)(c) = 0. It follows that ι♯(z) is a
cocycle in Ki+1. Therefore, Hp(Ki) ⊆ Hp(Ki+1).

Case I.2: Hp−1(Ki) = Hp−1(Ki+1). Take z ∈ Hp−1(Ki+1). Since σi is a positive p-
simplex, we have Zp−1(Ki+1) = Zp−1(Ki) and Bp−1(Ki) = Bp−1(Ki+1). So z ∈ Zp−1(Ki)
and we consider z as a cochain in Ki. Then, for any c ∈ Cp(Ki), δ(z)(c) = z(∂c) = 0, with
the last equality due to ∂c ∈ Bp−1(Ki) = Bp−1(Ki+1). Therefore, Hp(Ki+1) ⊆ Hp(Ki).
Take z ∈ Hp−1(Ki). For any c ∈ Cp(Ki+1), δ(ι♯z)(c) = (ι♯z)(∂c) = 0, with the last
equality due to ∂c ∈ Bp−1(Ki+1) = Bp−1(Ki). Therefore, Hp−1(Ki) = Hp−1(Ki+1).

Now consider Case II that σi is negative.

Case II.1: Hp(Ki+1) = Hp(Ki). Since σi is negative, Zp(Ki+1) = Zp(Ki) and Bp(Ki+1) =
Bp(Ki). The verification for this case is then the same as the verification for Case I.2
with a shift on the homology degree.

Case II.2: Hp−1(Ki+1) ⊆ Hp−1(Ki). Take z ∈ Hp−1(Ki+1). We have Zp−1(Ki+1) =
Zp−1(Ki). Therefore, z ∈ Zp−1(Ki) and we consider z as a cochain in Ki. For any c ∈
Cp(Ki), δ(z)(c) = z(∂c) = 0, with the last equality due to ∂c ∈ Bp−1(Ki) ⊆ Bp−1(Ki+1).
Therefore, Hp−1(Ki+1) ⊆ Hp−1(Ki). ◀

▶ Definition 8 (Harmonic chain barcode). Consider the following harmonic zigzag module

H(F ) : H(K0)↔ H(K1)↔ · · · ↔ H(Km), (4)

where the harmonic chain groups are connected by either forward inclusions (e.g., H(Ki)→
H(Ki+1)) or backward inclusions (e.g., H(Ki) ← H(Ki+1)); see Theorem 7. Define the
harmonic chain barcode BH(F ) of F as the barcode of the zigzag module H(F ), that is,

BH(F ) := B(H(F )).

In general, the harmonic chain barcode is different from the ordinary persistence barcode
for a filtration; see Fig. 2. In this paper, we also consider the zigzag module Hp(F ) derived
by taking Hp(Ki) on each Ki in F . While the p-th harmonic chain groups in Hp(F ) are
still connected by forward or backward inclusions, we may have Hp(Ki) = Hp(Ki+1) for two
consecutive groups in Hp(F ). We therefore define the p-th harmonic chain barcode BH

p (F ) of
F as the barcode of Hp(F ), i.e., BH

p (F ) := B(Hp(F )). Since H(F ) =
⊕

p Hp(F ) (following
from Theorem 7), we have BH(F ) =

⊔
p BH

p (F ).

SoCG 2025
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Harmonic representatives. In the rest of the section, we define harmonic representatives.

▶ Proposition 9. Let [b, d] be an interval in BH(F ). The inclusion H(Kb−1) ↪→ H(Kb) in
H(F ) is forward. Moreover, if d < m, then the inclusion H(Kd)←↩ H(Kd+1) is backward.

Proof. This follows from Theorem 7 and the fact that dim(H(Kb)) = dim(H(Kb−1)) + 1 and
dim(H(Kd+1)) = dim(H(Kd))− 1. ◀

Representatives for general zigzag modules were introduced in [4, 46] (see also [26]), which
consist of a sequence of cycles for each interval. However, since the harmonic chain groups
are connected by inclusion maps in H(F ), we have:

▶ Proposition 10. Each representative for an interval in BH(F ) contains a single harmonic
cycle.

We then adapt the definition of representatives for general zigzag modules [26, 46] and
define harmonic representatives as follows:

▶ Definition 11 (Harmonic representative). A harmonic p-representative (or simply p-
representative) for an interval [b, d] ∈ BH

p (F ) is a p-cycle z ∈ Hp(Ki) for i ∈ [b, d] satisfying:
Birth condition: z is born in Hp(Kb), i.e., z ∈ Hp(Kb) \Hp(Kb−1) (notice that b > 0);
Death condition: z dies leaving Hp(Kd), i.e., z ∈ Hp(Kd) \Hp(Kd+1) if d < m.

Sometimes we relax the restriction of [b, d] ∈ BH
p (F ) and have a harmonic representative

for an arbitrary integer interval [b, d] ⊆ [0, m]. For details of the original definition of zigzag
representatives and justification of Proposition 10 and Definition 11, see the full version of
the paper.

5 A cubic-time algorithm for computing harmonic chain barcode

In this section, we propose an O(m3) algorithm for computing the harmonic chain barcode
and its harmonic representatives given a filtration containing m insertions. We first overview
the algorithm and then describe the implementation. Although there have been algorithms [9,
22, 26, 46] for computing zigzag barcodes in the general case, these algorithms target zigzag
modules induced from directly taking the homology functor on zigzag filtrations. Our
algorithm targets the special type of zigzag module H(F ), where harmonic chain groups are
derived from an ordinary non-zigzag filtration and are connected by inclusions (on the chain
level).

For simplicity, when describing the algorithm, complexes in a filtration are always indexed
by integers instead of the real-valued timestamps (see Sec. 3.2). Again, we assume that the
input is a simplex-wise filtration F : ∅ = K0

σ0
↪−−→ K1

σ1
↪−−→ · · ·

σm−1
↪−−−−→ Km = K, where each

Ki+1 differs from Ki by the addition of a simplex σi.
Algorithm 1 provides an overview: our algorithm computes the harmonic chain barcode

by iteratively maintaining the harmonic representatives. It processes the insertions in F one
by one and finds pairings of the birth indices (starting points of the intervals) and death
indices (ending points of the intervals) to form intervals in BH(F ). When we encounter a
new birth index, it is initially unpaired; when we encounter a new death index, an unpaired
birth index is chosen to pair with the death index.

The following definition helps present the algorithm.

▶ Definition 12. For an interval [b, i] ⊆ [0, m], a partial p-representative for [b, i] is a
p-representative as in Definition 11 by ignoring the death condition.
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Algorithm 1 Computing the harmonic chain barcode.
Let Up be the set of unpaired birth indices for each homology degree p, where Up = ∅
initially. Before each iteration that processes the insertion Ki

σi
↪−−→ Ki+1, we maintain a

p-cycle z for each b ∈ Up that is a partial representative for the interval [b, i]. We use partial
representatives to determine a finalized representative when a birth index is paired with a
death index (by making sure the death condition is satisfied).
When processing the insertion of a p-simplex σi via Ki

σi
↪−−→ Ki+1, we proceed as follows:

If σi is positive:
Since dim(Hp(Ki+1)) = dim(Hp(Ki)) + 1 (by Theorem 7), we add a new birth index
i + 1 to Up.
Find a harmonic p-cycle z ∈ Hp(Ki+1)\Hp(Ki), and let z be the partial representative
for i + 1 ∈ Up.

If σi is negative:
Since dim(Hp−1(Ki+1)) = dim(Hp−1(Ki))− 1, we have a new death index i.
Let Up−1 = {bj | j = 1, . . . , k}, where each bj has a partial (p− 1)-representative zj .
Let U ′ = {bj ∈ Up−1 | zj ̸∈ Hp−1(Ki+1)}, i.e., U ′ contains all birth indices in Up−1

whose partial representatives do not persist to Ki+1.
Pair the smallest (i.e., the “oldest”) index bj∗ ∈ U ′ with i which forms a new interval
[bj∗ , i] ∈ BH

p−1(F ). Assign zj∗ as the representative for [bj∗ , i] ∈ BH
p−1(F ) and remove i

from Up−1.
Consider each bj ∈ U ′ \ {bj∗}. We have that zj ̸∈ Hp−1(Ki+1) because δ(zj) becomes
non-zero in Ki+1 (∂zj is always zero after being born). Also, the only reason that
δ(zj) ̸= 0 in Ki+1 is because αj := δ(zj)(σi) = zj(∂σi) ̸= 0. Let α∗ = zj∗(∂σi).
Update the partial representative for bj as zj := zj − (αj/α∗) · zj∗ so that zj now
persists to Hp−1(Ki+1).

After processing all the insertions, for each b in each Up with a partial representative z, let
[b, m] form an interval in Hp(F ) with a representative z.

▶ Example. Fig. 1 provides an example of how Algorithm 1 computes harmonic chain
barcode H1(F ) and representatives for a filtration F , with the resulting barcode in Fig. 2.
For simplicity, K0, K1, K2 are omitted and vertex insertions are ignored. In K4, K5, and
K7, new 1-cycles are born that are also harmonic cycles due to a lack of triangles. The
partial representatives z4, z5, z7 for the indices U1 = {4, 5, 7} all persist till K7. When the
triangle abe is inserted in K8 (producing a death index 7), δ(z4)(abe) = 1, δ(z5)(abe) = 1,
and δ(z7)(abe) = 3. We pair 4 ∈ U1 with 7 and have [4, 7] ∈ H1(F ) with a representative
z4. We also let z5 := z5 − z4 and z7 := z7 − 3z4, which now both persist to H1(K8). The
remaining steps are similar. Notice that when abe is inserted, the “alive” bar represented
by the boundary of abe (i.e., ab + be− ae) is not killed. This is a significant difference from
ordinary persistence (which will kill the alive bar represented by ∂(abe) when abe is inserted).

▶ Remark 13. Algorithm 1 chooses the “oldest” birth, among the options, to pair with a
death while the ordinary persistence chooses the “youngest” one [29]. A brief explanation
is that a summation of representatives persists to the next harmonic chain group in H(F ),
whereas a summation of representatives in the ordinary persistence becomes trivial in the
next homology group (and cannot persist). We refer to [26, 46] for a formal definition of the
different types of birth/death ends and how they impact the computation of persistence.
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z4: ab+ bd− ad

z5: ab+ bc− ac

z7: ab+ be− ae
at K7:

⇓
z4: ab+ bd− ad

z5: bc− ac+ ad− bd

z7: −2ab+ be− ae− 3bd+ 3ad
at K8:

⇓
z4: ab+ bd− ad

z5: bc− ac+ ad− bd

z7: −2ab+ be− ae+ bd− ad− 4bc+ 4ac
at K9:

Figure 1 An example of the computation of harmonic chain barcode H1(F ) and representatives.

4 5 6 7 8 93 10

(a) Harmonic chain barcode

4 5 6 7 8 93 10

(b) Ordinary persistence barcode

Figure 2 Harmonic chain barcode and ordinary persistence barcode for the filtration in Fig. 1.
Deviating from conventions in ordinary persistence, bars are drawn as closed integer intervals, e.g.,
[7, 7] in the ordinary barcode is killed by the addition of abe in K8.

The following (rephrased) proposition from [24] helps prove the correctness of Algorithm 1:

▶ Proposition 14 (Proposition 9, [24]). If a pairing π of the birth and death indices in H(F )
satisfies that each interval from π has a harmonic representative, then π induces the harmonic
chain barcode BH(F ).

▶ Theorem 15. Algorithm 1 correctly computes the harmonic chain barcode for filtration F .

Proof. We first show by induction that before Algorithm 1 processes each σi, the p-cycle
z maintained for any b ∈ Up is a partial p-representative for [b, i]. Suppose that the claim
is true before processing σi. If σi is positive, index i + 1 is added to Up and we assign
z ∈ Hp(Ki+1) \ Hp(Ki) to i + 1, which is clearly a partial representative for [i + 1, i + 1].
For an index b previously in Up having a partial representative z, since Hp(Ki) ⊆ Hp(Ki+1)
(Theorem 7), we have that z is still a partial representative for the interval [b, i + 1].

In the case that σi is negative, whenever we update a representative zj as zj−(αj/α∗) ·zj∗ ,
we have that bj∗ < bj and hence the updated zj remains born in Hp−1(Kbj

). Therefore,
the new zj is still a partial representative for [b, i], which is also a partial representative for
[b, i + 1] because now zj ∈ Hp−1(Ki+1).
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By Proposition 14, we only need to show that each interval output by the algorithm
admits a harmonic representative. This follows from the algorithm. For example, whenever
we output an interval [bj∗ , i] ∈ BH

p−1(F ) when σi is negative, we have zj∗ ̸∈ BH
p−1(Ki+1),

which ensures the death condition. ◀

Implementation. Due to space limitations, we only briefly describe the gist of the imple-
mentation; refer to the full version of the paper for details and missing proofs. The only
step in Algorithm 1 that cannot be easily implemented is finding a new harmonic cycle
born in Hp(Ki+1) when σi is positive. In this case, the dimension of the harmonic chain
group increases and we need to find a single harmonic cycle independent of the previous
harmonic group. We can do this naively by computing a basis for the kernel of δ in Ki+1,
and check all cocycles in the basis to see if they are independent of the existing set of
harmonic representatives maintained for Ki. This, however, requires at least Θ(m3) per
simplex insertion.

For a more efficient implementation, before iteration i that processes the insertion
Ki

σi
↪−−→ Ki+1, we maintain the following matrices for each homology degree p:

1. Hp: Columns in Hp are partial p-representatives for all indices in Up.
2. Rp: Columns in Rp form a boundary basis with distinct pivots for Bp(Ki).
3. Cobp: Columns in Cobp form a coboundary basis for Bp(Ki).
4. SCp: Columns in SCp encode “p-pseudo-cochains” (see full version for definition) in Ki

based on the basis provided in Rp, whose coboundaries are columns in Cobp+1.
5. BoCp: Columns in BoCp are boundaries of the coboundaries in Cobp+1, with distinct pivots.
In summary, columns in SCp−1, Cobp, and BoCp−1 have one-to-one correspondence as follows:

SCp−1[j] δ7−−→ Cobp[j] ∂7−−→ BoCp−1[j].

Assuming σi is a p-simplex, the rationale for maintaining the matrices is as follows:
We use BoCp−1 to find a linear combination ϕ of σ̂i and cocycles in Cobp such that ∂ϕ = 0
(see Algorithm 2). The cocycle ϕ is then a new harmonic p-cycle when σi is positive (see
Proposition 16).
SCp−1 helps maintain the coboundary basis in Cobp.
Rp−1 provides the boundary basis on which pseudo-cochains in SCp−1 can be defined
(again, refer to the full version for details of pseudo-cochains).

Algorithm 2 Reduction based on BoCp−1, Cobp for finding a new-born harmonic cycle.
1: ϕ← σ̂i

2: ζ ← ∂(σ̂i)
3: while ζ ̸= 0 and ∃j s.t. pivot(BoCp−1[j]) = pivot(ζ) do
4: k ← pivot(ζ)
5: α1 ← ζ[k]
6: α2 ← BoCp−1[j][k]
7: ζ ← ζ − (α1/α2) · BoCp−1[j]
8: ϕ← ϕ− (α1/α2) · Cobp[j]

▶ Proposition 16. If Algorithm 2 ends with ζ = 0, then σi is positive and ϕ is a new
harmonic p-cycle born in Hp(Ki+1); otherwise, σi is negative.

SoCG 2025
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Besides finding a new harmonic cycle when σi is positive, our algorithm also needs to
do the following: (1) update Cobp (and also BoCp−1) because columns of Cobp may not be
coboundaries anymore as we proceed; (2) update BoCp−1 (and also SCp−1, Cobp) to make
pivots in BoCp−1 distinct again; (3) add a new coboundary to Cobp (and new columns to
SCp−1, BoCp−1) to form a coboundary basis for Bp(Ki+1) when σi is negative. See the full
version for details. We conclude the following:

▶ Theorem 17. The harmonic chain barcode of F can be computed in O(m3) time.

6 Sublevel set harmonic chain barcode and its stability

In this section, we briefly introduce the notion of sublevel set harmonic chain barcodes and
present our stability results based on this notion; for details and proofs, refer to the full
version of the paper. Our stability proof makes use of the work on the algebraic stability of
block decomposable R2-modules [1, 6]. In brief, we “lift” the 1-parameter harmonic zigzag
module to an R2-indexed 2-parameter persistence module which is block decomposable. We
then show that in the typical setting of sublevel set filtrations, there exists an interleaving
between the lifted modules. Our main work here is to construct a concrete extension to
R2-modules and an interleaving between the extensions realizing the category-theoretic
concepts employed in [1, 6]. From the Isometry Theorem [3, 6], we then deduce the stability
of the sublevel set harmonic chain barcode. We also address the disparity between the natural
harmonic chain barcode of a sublevel set filtration (which consists of closed-open intervals1)
and common conventions of zigzag persistence (which work with closed-closed intervals in
our setting).

We assume, up until now, that a filtration is simplex-wise. This assumption is not true
for a sublevel set filtration, but we shall construct a simplex-wise filtration from a general
filtration.

Let F̃ be an increasing filtration of K that is not necessarily simplex-wise, i.e., two
consecutive complexes in F̃ can differ by more than one simplex. We fix an ordering, once
and for all, for vertices of K, which also fixes an ordering for all simplices in K (using, say,
the lexicographic ordering of the ordered sequence of vertices in a simplex). Given δ > 0
small enough, we expand F̃ into a simplex-wise filtration F̃ (δ) by expanding each inclusion
Kti−1 ↪→ Kti

in F̃ starting with i = 1. To differentiate, denote each complex in F̃ (δ) as K ′
t

where t ∈ R is a timestamp. In each iteration, we expand the inclusion Kti−1 ↪→ Kti in F̃

into several simplex-wise inclusions in F̃ (δ):

Kti−1 = K ′
s ↪→ K ′

ti−δ ↪→ K ′
ti

↪→ K ′
ti+δ ↪→ · · · ↪→ K ′

ti+(k−1)δ = Kti
.

In the above, K ′
ti−δ is a “dummy” complex equal to K ′

s (so K ′
s ↪→ K ′

ti−δ is an identity map)
and k is the number of simplices added from Kti−1 to Kti

in F̃ . We also have that the k

number of simplices are added based on their simplex ordering described above.
To see the rationale of introducing F̃ (δ), we first define the following:

▶ Definition 18. Let F̃ be an increasing filtration of complex K that is not necessarily
simplex-wise and let z ∈ Zp(K) be a p-cycle. Let tb(z) be the time when z is born, i.e.,
z ∈ Zp(Ktb(z)) \ Zp(Ktb(z)−1), and td(z) be the time when z dies as a harmonic chain, i.e.,

1 The closed-open intervals over the real values we have here are different from the closed-open intervals
of [1, 6] over the integers. Indeed, when considering only integer indices, we only have closed-closed
intervals in our setting. The extension of our closed-open interval would be similar to a closed block
of [6] but with the right vertical side open.
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δ(z) ̸= 0 in Ktd(z) , but δ(z) = 0 in Kt for tb(z) ≤ t < td(z). Define the span of z as
span(z) := [tb(z), td(z)). If z is not harmonic at birth, its span is the empty set (notice that a
cycle continues to be non-harmonic once it becomes so). Moreover, define the bar of z as
bar(z) := [tb(z), td(z)−1].

Based on the construction, we observe a relation between the bar of z in F̃ (δ) and the
span of z in F̃ for a cycle z. Moreover, adding the dummy complexes makes sure that the
closed bars of the simplex-wise filtration F̃ (δ) “induce” the closed-open time intervals in F̃

in which a cycle is harmonic (see full version for details). In particular, for any small δ, we
obtain an obvious mapping Γ : F̃ (δ) −→ F̃ . We then have the following Definition 19.

▶ Definition 19. Let F be a simplex-wise filtration (as in Sec. 3.2) and let B̆H(F ) be the
closed-open barcode of H(F ), i.e., [tb, td) ∈ B̆H(F ) iff [tb, td−1] ∈ BH(F ). Moreover, let F̃

and F̃ (δ) be as defined in this section. We define the harmonic chain barcode of F̃ as the set
B̆H(F̃ ) := Γ(B̆H(F̃ (δ))) for δ small enough.

▶ Remark 20. Note that B̆H(F̃ ) is the limit of BH(F̃ (δ)) as δ approaches 0.

We now state our stability result for sublevel set filtrations. See the full version for the
proof of this theorem (and additional observations).

▶ Theorem 21. Let f̂ , ĝ : |K| −→ R be simplex-wise linear functions, and let F̃ and G̃ be the
sublevel set filtrations of f̂ and ĝ respectively. Then,

dB(B̆H(F̃ ), B̆H(G̃)) ≤ ||f̂ − ĝ||∞.

Inducing the barcode B̆H(F̃ ) from B̆H(F̃ (δ)) allows us to use the off-the-shelf results of [6]
for proving stability and does not affect the computation of B̆H(F̃ ). In particular, we have
the following.

▶ Theorem 22. Given a sublevel-set filtration F̃ of the complex K with m simplices, the
harmonic chain barcode B̆H(F̃ ) can be computed in O(m3) time.

Proof. The computation of B̆H(F̃ ) is equivalent to the computation of BH(F̃ (δ)) for a single
δ small enough, using the algorithm in Sec. 5 and mapping the resulting bars using Γ to the
filtration F̃ . This simply amounts to changing timestamps of the form ti ± ℓδ into ti. ◀
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