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—— Abstract

We study the three-dimensional Knapsack (3DK) problem, in which we are given a set of axis-aligned
cuboids with associated profits and an axis-aligned cube knapsack. The objective is to find a
non-overlapping axis-aligned packing (by translation) of the maximum profit subset of cuboids into
the cube. The previous best approximation algorithm is due to Diedrich, Harren, Jansen, Théle, and
Thomas (2008), who gave a (7 + ¢)-approximation algorithm for 3DK and a (5 + €)-approximation
algorithm for the variant when the items can be rotated by 90 degrees around any axis, for any
constant € > 0. Chlebik and Chlebikova (2009) showed that the problem does not admit an
asymptotic polynomial-time approximation scheme.

We provide an improved polynomial-time (139/29 + €) & 4.794-approximation algorithm for
3DK and (30/7 + €) = 4.286-approximation when rotations by 90 degrees are allowed. We also
provide improved approximation algorithms for several variants such as the cardinality case (when
all items have the same profit) and uniform profit-density case (when the profit of an item is equal
to its volume). Our key technical contribution is container packing — a structured packing in 3D
such that all items are assigned into a constant number of containers, and each container is packed
using a specific strategy based on its type. We first show the existence of highly profitable container
packings. Thereafter, we show that one can find near-optimal container packing efficiently using a
variant of the Generalized Assignment Problem (GAP).
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Improved Approximation Algorithms for Three-Dimensional Knapsack
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1 Introduction

Three-dimensional Knapsack (3DK) is a fundamental problem in computational geometry,
operations research, and approximation algorithms. In 3DK, we are given a set of items
which are axis-aligned cuboids (defined by their width, depth, and height) with associated
profits, and a three-dimensional (3D) knapsack which is an axis-aligned unit cube. The goal
is to find a nonoverlapping axis-aligned packing (by translation) of a subset of items into the
knapsack such that the profit of the packed items is maximized.

In 1965, Gilmore and Gomory [13] introduced the 3D Knapsack problem — motivated
by cutting stock problems (e.g., cutting up of graphite blocks for anodes). They provided
heuristics for the special case when the items need to be cut along axis-aligned planes. Since
then, the problem and its several variants (under practical constraints) have been well-studied
in operations research — typically from the viewpoints of meta-heuristics, MILP, tree search,
machine learning methods, and greedy algorithms [5, 25]. In the last decade, 3DK has
become a central problem in logistics to increase operational efficiency by efficiently utilizing
the space in various domains, such as airline cargo management, warehouse management, and
robotic container loading [1]. The prominence of this problem in the industry is evidenced
by the comprehensive survey on 3D packing by Ali, Ramos, Carravilla, and Oliveira [1], who
have mentioned hundreds of papers in recent years.

Packing problems are fundamental and popular among mathematicians (e.g., see Kepler’s
sphere packing conjecture [23] and Soma cube puzzle [14]). Surprisingly, 3DK is relatively less
studied in computational geometry and approximation algorithms. Only in 2008, Diedrich,
Harren, Jansen, Thole, and Thomas [10] provided the first provable approximation guarantees
for the problem. They first gave a simple polynomial-time (9 + ¢)-approximation algorithms
for any constant € > 0. Thereafter, they gave a more sophisticated (7 + ¢)-approximation
algorithm for 3DK. For the case when the items can be rotated by 90 degrees around any
axis, they provided a (5+¢)-approximation algorithm. Afterward, Chlebik and Chlebikova [7]
showed that the problem admits no asymptotic polynomial-time approximation schemes
(APTAS) even for the cardinality case (when each item has the same profit). Lu, Chen, and
Cha [24] showed that even packing cubes into a cube is strongly NP-hard.

There has been progress in some special cases. When all items are d-dimensional
hypercubes, Harren [15] gave a (1 + 2~% + ¢)-approximation algorithm. Recently, Jansen,
Khan, Lira, and Sreenivas [17] gave a PTAS for this special case. Afterwards, Buchem,
Deuker, and Wiese [4] obtained an EPTAS. Furthermore, they gave dynamic algorithms with
polylogarithmic query and update times, matching the same approximation guarantees.

For the 2D variant when all items are rectangles (2DK), Jansen and Zhang [20] gave a
(2 4 ¢)-approximation algorithm. Gélvez, Grandoni, Ingala, Heydrich, Khan, and Wiese [11]
gave an improved 1.89-approximation algorithm. Later, Gélvez, Grandoni, Khan, Ramirez-
Romero, and Wiese [12] gave a pseudopolynomial-time 4/3-approximation algorithm. For
the variant of guillotine packing (where items need to be packed such that they can be
separated by a series of end-to-end cuts), Khan, Maiti, Sharma, and Wiese [21] gave a
pseudopolynomial-time approximation scheme (PPTAS) for the problem.

Compared to the classical (1D) Knapsack, multidimensional Knapsack is much harder as
there are different types of items and they can interact in a complicated way. For example, 2D
items can be big (large in both dimensions), small (tiny in both dimensions), vertical (large in
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height, small in width), or horizontal (large in width, small in height). Most approximation
algorithms for 2DK show the existence of a highly profitable structured packing where
the knapsack is partitioned into a constant number of boxes such that each box contains
only items of one type and can be packed easily by simple greedy algorithms. Large boxes

contain a single large item, vertical (resp. horizontal) boxes contain only vertical (resp.

horizontal) items (thus, one can essentially ignore the long dimension of the item, and the
box becomes a 1D knapsack), and small boxes contain small items (one can consider the
area of an item as a proxy and use 1D knapsack solution). However, this is difficult for 3D
packing. As pointed out by Bansal, Correa, Kenyon, and Sviridenko [3], one of the obstacles
to generalize methods from rectangle packing to cuboid packing is that “the interaction of
say 3-dimensional rectangles which are long in one direction but short in the other two seems
much more complicated than in the two-dimensional case.”

In 2008, the authors in [10] mentioned that “it is of interest whether here (for 3DK) an
algorithm with ratio (6 4 €) or less exists.” However, despite significant progress in the 2D

case, there has been no improved approximation algorithm for 3DK in almost two decades.

1.1 Our results

In this paper, we introduce container packing for 3D Knapsack. We show that we can divide
the 3D knapsack into O(1) number of regions (called containers) such that the dimensions
of these containers come from a polynomial-sized set. For each container C' we define its
capacity cap(C) € Q¢ and for each item i we define its size in C to be fc(i) € Q>¢. We
also associate an algorithm Ag for the container. We require Ag, fo such that for any C
and any set of items 7" satisfying the packing constraint ), . fc(i) < cap(C), almost all
items in T (barring a small profit subset) can be packed into C' by algorithm Ac. The
assignment of items into containers thus becomes a variant of the Multiple Knapsack problem
(however, the knapsacks can have different capacities and items can have sizes specific to
the knapsacks) — also a special case of Generalized Assignment Problem (GAP). For O(1)
knapsacks, there exists a PTAS for GAP [11]. After the assignment of items to the container

C, the corresponding algorithm A¢ ensures that the items admit a feasible profitable packing.

Container packing is a powerful and general technique. For example, by choosing
appropriate functions fo, our containers can handle complicated packings, beyond simple
greedy algorithms. For example, we use six different types of containers in this work (see
Figures 4 and 8). Apart from the Stack containers and Volume containers (similar to 2D
packing), we introduce Area containers (packed using a variant of Next-Fit-Decreasing-Height
(NFDH) algorithm [9]), Steinberg containers (where different types of items are packed together
using our new volume-based packing algorithm 3D-Vol-Pack — it packs items in layers
where each layer is packed using either a greedy algorithm or a 2D packing algorithm called
Steinberg’s algorithm [26]), and L-Containers (where two different types of stacks are packed
together when rotations are allowed). Note that Steinberg container or L-Container goes
beyond simple stack or shelf-based algorithms and equips us to handle more complicated
packings of different types of items. Finally, we show that given an optimal packing, we
can modify it to some container packing having significant profit. The functions f¢ can
be considered analogous to the weighting functions in bin packing [9], and we expect that
more complicated packing algorithms can be incorporated into this framework by suitably
defining fc.

Using this, we obtain improved approximation guarantees for 3DK (see Table 1). In
particular, we obtain (139/29 + ¢)-approximation for 3DK and (30/7 4 ¢)-approximation for
3DKR (when rotations by 90 degrees are allowed around all axes). For the cardinality case
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Table 1 Summary of our results.

Improved Approximation Algorithms for Three-Dimensional Knapsack

General case

Cardinality case

Profit = Volume

Without rotations %99 +e<4.794 % +e=425+¢ 4+¢€
. . 30 24
With rotations - + e < 4.286 - + e < 3.429 3+¢

(when all items have the same profit), we obtain 17/4 + ¢ and 24/7 + €, respectively, for the
cases without and with rotations. Finally, in the case when the profit of an item is equal to
its volume (also called uniform profit-density), we obtain approximation guarantees of 4 + ¢
and 3 + ¢, without and with rotations, respectively.

Due to space limitations, some parts of the proofs are omitted in this extended abstract.
For missing details, we refer the reader to the full version [16].

1.2 Related work

Two other related problems are 3D Bin Packing (BP) and Strip Packing (SP). In 3D BP,
given a set of cuboids and unit cubes as bins, the goal is to find a nonoverlapping axis-aligned
packing of all items into the minimum number of bins. In 3D SP, given a set of cuboids,
the goal is to pack them into a single 3D rectangular box of unlimited height such that the
height of the packing is minimized. For 3D BP and 3D SP, the best-known (asymptotic)
approximation ratios are T2 =~ 2.86 [6] and 3/2 + & [19], respectively. For more details
on related problems, we refer the readers to surveys [2, 8] on approximation and online
algorithms for multidimensional packing.

2 Notation and Preliminaries

We are given a set of n items I = {1,2,...,n}. Each item i € I is a cuboid with width
€ (0,1], depth d; € (0, 1], height h; € (0,1], and an associated profit p; € Q. The volume
of an item 4 is v(¢) = w; X d; X h;, and its base area is defined as w;d;. We are also given a
3D unit cube knapsack K :=[0,1] x [0, 1] x [0, 1]. If an item ¢ is placed (by translation) in an
axis-aligned way at (i, iy, .) then it occupies the region: [ig, iy +w;] X [iy, iy +d;] X [i5, 1, +h4].
For a feasible packing we need i, € [0,1—w;], i, € [0,1—d;],i, € [0,1—h;]. In a packing, two
items are nonoverlapping if their interiors are disjoint. Our goal is to find a nonoverlapping
packing of a subset of these items that maximizes the total profit. In 3DK, we allow only
translation, whereas 3DKR allows translation and rotation by 90 degrees around all axes. For
any set of items T', we shall let p(T), h(T) and v(T) denote the total profit, sum of heights,
and volume of T', respectively. Let OPT denote an optimal packing and opt := p(OPT).

2.1 Packing subroutines

We now describe a few procedures that we repeatedly use throughout the paper to pack items.
For a cuboidal box B, let wg,dp, hp denote the width, depth, and height of B, respectively.
The volume of the box is then v(B) = wp X dg x hp.

Next-Fit-Decreasing-Height (NFDH) Algorithm [9]. NFDH is a shelf-based packing algorithm
for packing rectangles. 3D-NFDH is its generalization in three dimensions (see Figure 1). The
following lemmas summarize the guarantees of these algorithms.
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Figure 1 3D-NFDH with three layers. Each layer is packed using (two-dimensional) NFDH.

3D-NFDH

» Lemma 1 ([11]). We are given a rectangular boz of length ¢ (horizontal dimension) and
breadth b (vertical dimension), and a set S of n (2D) rectangles, where each i € S has length
l; < el and breadth b; < eb. If Y, o ib; < (1 — 2¢)€b, then the whole set S can be packed
into the box using NFDH in O(nlogn) time.

» Lemma 2. We are given a cuboidal box B, and a set T of n items where each i € T
satisfies w; < ewp, d; < edp and h; < ehp. If v(T) < (1 — 3e)v(B), then the whole set T
can be packed into B using 3D-NFDH in O(nlog?n) time.

Steinberg’s Algorithm [26]. Steinberg’s Algorithm is a commonly used 2D packing al-
gorithm with the following performance guarantee.

» Lemma 3 ([26]). We are given a set S of n rectangles and a rectangular box of size
£xb. Let bpax < L and bymax < b be the mazimum length and maximum breadth among the
rectangles in S, respectively, and let a(S) be the total area of the rectangles in S. Also, we
denote x4 := max(z,0). If 2a(S) < £b— (2lmax — £)+ (2bmax — b)+, then there is an algorithm

that can pack the whole set S into the rectangular box in O (f})gifl) time.

We utilize the above algorithm to pack items in layers inside a box. Below, we present
two algorithms 3D-Vol-Pack and 3DR-Vol-Pack for packing 3D items for the cases without
and with rotations, respectively. As Steinberg’s algorithm is used as a black box in many 2D
packing problems, we believe our volume-based bounds and algorithms should find usage in
other 3D packing problems. In both cases, we are given a box B with height hp, width wp,
and depth dp, and a set of items T.

3D-Vol-Pack. We assume that each i € T satisfies either w; < wp/2 or d; < dp/2. Let
Ty, be the items of T having width at most wg/2, and let Ty, = T'\ Ty,. Then, similar to [10],
we further classify Ty, as follows: let Ty, C T, be the items whose base area (area of the
bottom face) exceeds %deB, and let Tyys = Ty \ Towe. Next, we sort the sets Typ and Ty
in non-increasing order of heights. We group the items of T, in pairs (except possibly the
last item), and pack each pair in a single layer. See Figure 2. For packing items in Ty,s, we
group them into maximal collections of total base area not exceeding %w Bdp, and pack each
collection in a single layer using Steinberg’s algorithm (Lemma 3). Analogously, we obtain a
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Figure 2 An example packing by Algorithm 3D-Vol-Pack.

packing of the items in Ty in layers. Finally, we stack the layers one above the other inside
the box B as long as the height of the box is not exceeded. The following lemma provides a
guarantee when the item heights are small compared to the box height.

» Lemma 4. Given a box B, and a set T of n items where each i € T satisfies w; < wpg,
d; < dp and h; < ehp. Further, either w; < wg/2 or d; < dg/2 holds for everyi € T. If

v(T) < (% — 2¢) v(B), then 3D-Vol-Pack packs the whole set T into B in O ({(L);%;Z) time.

Next, we give an algorithm when the items can be rotated by 90 degrees about any axis.

3DR-Vol-Pack. LetTy={i €T |w; >wp/2 and d; > dp/2}, and let Ty = T\ T. First,
we pack T in layers using 3D-Vol-Pack. Next, we sort the items of 7, in non-increasing
order of their widths and pack them in layers, one in each layer, touching the left face of the
box, as long as the height of the box is not exceeded. Following this, we rotate the remaining
items of Ty about the depth dimension so that their widths and heights are interchanged,
and as long as possible, pack them next to each other starting from the right face of the box,
such that each item touches the top face of the box (see Figure 3).

The next lemma states that when B is a cube and when the height of each item is very
small compared to box B, we can pack a significant volume.

» Lemma 5. Given a cubical box B of side length w, and a set T of n items where for
each i € T, there exists an orientation so that w; < w, d; < w and h; < 2w holds. If
o(T) < (5 — 5¢) v(B), then T can be packed into B by 3DR-Vol-Pack in O ("logZ") time.

>~ loglogn

3 Container Packing

In this section, we first define container packing and describe the containers used in our work.
Then, we state our main structural result which shows that there exist container packings
with high profit that can be found in polynomial time.
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| set Ty
3D-Vol-Pack layers < g;l

Figure 3 An example packing by Algorithm 3DR-Vol-Pack.

» Definition 6 (Container Packing). A packing of a set of items I' C I is said to be a
Container Packing if
the knapsack can be partitioned into a collection C of mon-overlapping regions called
containers and some empty spaces. Fach container C € C has an associated capacity
cap(C), a function fc: I — Qxo, and a polynomial-time algorithm Ac,
there is a function g: I' — C, such that for each C € C, items in g~*(C) are packed into
C using algorithm Ac,
for any C € C and T C I such that ), fc(i) < cap(C), for any constant € > 0, there
exists a polynomial-time computable set T' C T with p(T") > (1 — O(e))p(T) such that T’
can be packed into C' by the algorithm Ac.

A Container Packing is said to be guessable if

the number of containers inside the knapsack is bounded by a constant O.(1),!

the number of distinct possible types of containers (defined by their sizes along each
dimension) is bounded by n©(1)| a polynomial in n,

whether a given collection of O, (1) containers can be placed non-overlappingly inside the
knapsack, can be checked in n% () (polynomial) time.

We shall call a container guessable if it comes from some polynomially-sized set of distinct
container types. Though, in this paper we only use cuboids as containers, the idea of container
packing can be generalized to other shapes in 3D or higher dimensions.

» Theorem 7. There is a PTAS for mazimum profit guessable container packing.

Proof. We consider all feasible choices of containers that fit into the 3D knapsack, and for
each such choice, we create an instance of GAP with one (1D) knapsack per container, where
the (1D) knapsack corresponding to a container C' has capacity cap(C) and the size of an
item ¢ for the (1D) knapsack is given by fc(i). The profit of an item for any (1D) knapsack
is set to be the same as the actual profit of the item. Using the PTAS for GAP with O(1)
knapsacks [11], we obtain a feasible assignment of items into the containers, and finally for
each container C, we use the algorithm A¢ to pack a subset of the items assigned to it, by
losing only an O(ge)-fraction of profit. <

3.1 Classification of containers

We now describe the various types of containers that we use to pack items. For a container
C, its width, depth, and height are denoted by w¢, d¢, and he, respectively, and its volume

! The notation O.(f(n)) means that the implicit constant hidden in big-O notation can depend on ¢.
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Figure 4 Different kinds of containers that we use. We have one type of Volume container and
three types of Stack, Area, and Steinberg containers (one for each dimension).

v(C) := we X de X he. For each container C, we specify its capacity cap(C'), the function
fo, and the packing algorithm A¢. Let T' denote the set of items assigned to C' such that
Y icr fo(i) < cap(C). We suggest the reader to follow the descriptions alongside Figure 4.

= Stack containers: These containers pack items in layers, with one item in each layer.
We consider a container C' that stacks items along the height. See container (la) in
Figure 4. The capacity cap(C) of such a container is set to its height h¢e, and for any
item i, fo(i) := h; if w; <we and d; < de, and fo (i) := co otherwise.
Ac just stacks the items of set 7' in the container C one above the other. Analogously
containers (1b) and (1¢) show containers that stack along width and depth, respectively.

= Area containers: Inside these containers, the items are packed using the NFDH algorithm,
by ignoring one of the dimensions. We describe Area containers that use NFDH along
the front face of the container (see container (2a)). For such a container C, we set
cap(C) := wohe, and for any item i, we set fo (i) := w;h; if w; < ewe, hy < ehe and
d; < dc, and fo(i) := oo otherwise.
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Ac first sorts the items of set T" in non-increasing order of profit/front area ratio. Then,
we select the largest prefix whose total front area does not exceed (1 — 2¢)wche. We
pack this prefix using NFDH on the front face. Analogously, container (2b) and (2¢) show
packing when NFDH is used on the left and bottom face of C', respectively.

Volume containers: The items are packed using 3D-NFDH inside these containers (see
container (3)). The capacity of such a container C' is set to be its volume v(C'), and
fe(i) :==v() if w; < ewe, d; <ede and h; < ehe, and fo (i) := oo otherwise.

Ac sorts the items of T' in non-decreasing order of profit/volume and selects the largest
prefix with volume not exceeding (1 — 3g)wchcode. We pack this prefix using 3D-NFDH.
Steinberg containers: These containers pack items in layers using 3D-Vol-Pack. We
describe Steinberg containers that pack items in layers along the height (analogous for
other cases). We set cap(C) := v(C)/3. For any item 4, we set fo(i) := v(4) if h; < ehc,
and either w; < we/2 or d; < do/2 holds. For all other items, we set fo (i) := oo.

Ac first sorts the items in T in non-increasing order of profit/volume ratio. Then, we
select the largest prefix whose volume does not exceed (% — 25) v(C), and pack this prefix
using 3D-Vol-Pack. Analogously, container (4b) and (4¢) show packing when layers are
stacked along the depth and width, respectively.

3.2 Our Structural Lemma

Let opt,, be the maximum profit of a guessable container packing. The main structural
result of our paper is the following.

» Lemma 8. For any € > 0, the optimal profit opt and the optimal profit of a guessable
container packing opt,g satisfies opt < (%99 + 5) Optg-

Together with Theorem 7, this gives us the following theorem.

» Theorem 9. For any constant € > 0, there is a polynomial-time (% + 5)-appr0$imatz'0n
algorithm for 3DK.

We prove Lemma 8 in Section 4 by establishing several lower bounds on Opt,. Specifically,
we present five different ways to restructure OPT into a guessable container packing. Our

first lower bound is based on a structural result of the 3D Strip Packing problem due to [19].

The second lower bound is obtained by restructuring the packing of items in OPT N (I3, U L)
(or similarly OPT N (I3, U L) or OPT N (I3, U L)). The third and fourth lower bounds are
based on volume-based arguments, using our simple packing algorithm 3D-Vol-Pack. Our
final lower bound is based on a structural result from the 2D Knapsack problem [11].

4  Proof of Structural Lemma

Now we prove the structural lemma. First, we classify the items.

Classification of items. Let ¢ > 0 be an accuracy parameter. Let p be a sufficiently small
constant depending on & (setting p := 621/52 suffices). We now classify the input items based
on their dimensions. Let L C I be the set of items whose width, depth and height all exceed
u. Let I; C T be the set of items having height at most p. Similarly, let I C I'\ I; be those
items whose widths are at most u, and I3 := I \ (LU I; U I3) be the remaining items. Thus
each item in I3 has depth at most pu. Let I, consist of the items in Iy whose width and
depth are both more than 1/2, and let I1; = I \ I14. See Figure 5. The sets Ioy, Ios, I3¢, I35
are defined analogously.
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Figure 5 Classification of input items. Front area and base area are shown at the bottom right.

Let opt, := p(OPT N I;) for ¢ € [3], and opt; := p(OPT N L), so that opt = opt, +
opt, + opts + opt;. Let opty, := p(OPT N Ii,) and opt,, := p(OPT N I,), so that
opty, + opt,, = opt;. The quantities opt,,, opt,, and opt,,, opt,, are defined analogously
for the sets I and I3, respectively.

Finally, let v1 := v(OPT N I1), and define vy, v3 analogously. Clearly, vq, vs, v sum up
to at most the volume of the knapsack which is 1. We define hyy := h(OPT N I,) and
v1s := v(OPT N I14). The quantities vqs, v3s are defined analogously.

4.1 First lower bound on opt,,

We consider the packing of the items in OPT N I; (i.e., items with height at most p) whose
total profit is opt;. We build on the structure derived from the 3D Strip Packing algorithm
of Jansen and Préadel [19]. However, we need several refinements to transform the packing
of [19] into a guessable container packing.

First, using standard arguments, we discard a set of (medium) items (items whose
widths or depths lie in the range [§1°,§) for a suitably chosen 6) at a (1 + ¢)-factor loss in
the approximation ratio. Then the items are divided into four classes depending on their
dimensions. An item i is big if both w; > ¢ and d; > §, wide if w; > 6 and d; < §'°, long
if w; < §'° and d; > 6, and small if both w; < 6'° and d; < §'°. The following lemma, is
obtained by an adaptation of the result of [19] (see Figure 6).
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» Lemma 10. There exist disjoint sets T1,To C OPT N I; having a profit of at least

(2 — O(e)) opty, such that

= Items of Ty are packed into a collection of O(1/8%) configurations, where each configuration
is a box having a 1 x 1 base, that is partitioned into O(1/62) (cuboidal) slots for packing
big items, O(1/8%) slots for packing wide and long items (using NFDH), and O(1/8%) slots
for packing small items (using 3D-NFDH). The height of a slot is the same as the height
of the corresponding configuration,

= The configurations are stacked one on top of the other inside the knapsack and their
heights sum up to at most 1 — 2¢,

= The set Ty contains only wide, long and small items and has a total volume of O(5*).

5o —Z° = % step 1 E—
== > —
e = —
o : - - -
—- - -_- [ —
- - —
s =— o o —
- - - —
S - . o -
o
)
& %\)%Q
Q&Q .
,bg\ﬁ’ . slots for big items
<
€2

7
& slots for long items

a slots for wide items

[ | slots for small items

T packed in
configurations S+

}/w

Figure 6 In Step 1, we remove at most (1/3 + O(e)) fraction of the profit. In Step 2, we obtain a
structured packing by [19].

Our objective is to build Area and Volume containers out of the slots for packing the
wide/long and small items, respectively. The trouble is that the slot dimensions might not be
large enough compared to the dimensions of the packed items, which is a necessary condition
for the construction of such containers (see Section 3.1). We obtain a guessable container
packing by the following lemma.

» Lemma 11. By losing a profit of at most dopt,, and rounding the height of each configur-
ation to the next integer multiple of u/e, each configuration for T can be further partitioned
into O(1/8%) guessable containers. Moreover, the items of Ty can be packed inside a Steinberg
container of height €.
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After applying the above lemma, the rounded heights of all the configurations for 7 sum
up to at most (1 —2¢) + £.0(55) < 1 —e¢, for sufficiently small p. Since items of T are
packed inside a Steinberg container of height £, all the containers fit inside the knapsack and
we obtain the following theorem overall.

» Theorem 12. We can repack a subset of OPT N I; with profit at least (% — 0(5)) opt,
into O(1/612) guessable Stack, Area, and Volume containers.

An equivalent restructuring of OPT N I and OPT N I3 gives the following corollary.

» Corollary 13. opt,, > (3 — O(¢)) max{opt,, opty, opts}.

4.2 A simple (5 + ¢)-approximation

We now present a simple (5 + ¢)-approximation for 3DK, which already improves upon the
(7 + e)-approximation [10]. For this, first, we provide the following packing guarantee.

» Lemma 14. Let T be a set of items such that each i € T satisfies h; < e*. If v(T) < 1/4,
then there exists T' C T with p(T") > (1 — &)p(T) such that there is a guessable container
packing of T' into a Stack and a Steinberg container.

Then the following lemma, together with Theorem 7, gives a (5 + £)-approximation.
> Lemma 15. opt < (5 + ¢)opt,,.

Proof. Trivially we have opt,, > opt, since we can create a Stack container for every
item in OPT N L (at most 1/u3 such items). Hence if opt; > opt/5, we are already done.
Otherwise we have opt; + opt, + opty > %opt. Now since v1 + vo + vz < 1, there must exist
an i € [3] such that % > 2opt — w.l.o.g. assume i = 1. We have two cases.

Case 1: vy < i. In this case, Lemma 14 implies that opt,, > (1 — €)opt, (since each
item in I; has height at most u < &*). Hence if opt, > opt/5, we are done. Otherwise
we have opt, + opty > %opt. W.lo.g. assume that opt, > f’—oopt, Corollary 13 gives us
opt,, > (2-0()) - Sopt = (3 — O(e)) opt.

Case 2: vy > %1. In this case, we sort the items of OPT N 1; in non-increasing order of their
profit to volume ratio, and pick the maximal prefix T" whose volume does not exceed %. Then

we have v(T) > 4 — p. Applying Lemma 14 to T, we obtain opty, > (1 —¢) (%1—“) opt; >

(% — O(e)) opt, thus completing the proof. <

The ratio of (5 + ¢) is tight. One such instance is given when v; = §,v; = v3 = 2 and
opt, = opt;, = %opt and opt, = opt; = %opt.
We will obtain further improvements by using the lower bounds in the following sections.

4.3 Second lower bound on opt,

In this subsection, we consider the packing of OPT N (I3, U L), and restructure it to
obtain a guessable container packing, by losing only an O(e)-fraction of the profit. Let
OPTyy := OPT NIy and OPTy := OPT N L. Since each item in L has all side lengths at
least 4, the number of such items in the packing is |OPTy| < 1/u3. Also, since the width
and depth of each item in Iy is at least 1/2, the items of OPTy, must be packed in layers,
i.e., the top and bottom faces of any item in OPT;, when extended parallel to the bottom
face of the knapsack will not intersect another item from OPTy,. We now discretize the
positions of the items in the packing.
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» Lemma 16. The distance of the left (resp. front) face of any item from the left (resp.
front) face of the knapsack can be assumed to lie in a polynomial-sized set.

set OPT

@PTle \ '

front view

% set OPT,

I set T

1 retained items
of OPTM \ T

1L xxxxxxxy discarded items
) of OPTy, \ T
........................ Ao / o used to construct
———— I = :}/' stack containers

|

Figure 7 Packing of items in OPT N (L U Ii): The dotted (resp. dashed) lines show (front view
of) horizontal planes passing through the top and bottom faces of items in OPTy, (resp. T'). We
discard the items in OPTy, \ T that are cut by these planes.

Let T'C OPTyy be the k items of largest profit in OPTy,, for some k to be chosen later.

Our goal is to obtain a container packing of all items in OPT|,, together with a subset
of OPTy, having a profit of at least (1 — e)opt,,. To this end, we shall pack all items in
T and ensure that the number of discarded items of OPT;, is bounded by ck, for some
constant ¢. By a result of [18], the profit of the discarded items can be bounded by copt,,,
for appropriately chosen k. We now outline the details of our restructuring procedure. See
Figure 7.

We draw horizontal planes passing through the top and bottom faces of the items in

T UOPTy, and discard the items of OPTy, \ T intersecting these planes (see Figure 7).

The number of discarded items is bounded by 2|OPTr| = O(1/u?). The remaining items
of OPTy, \ T are now completely packed inside at most k 4+ 2|OPT| + 1 horizontal strips
demarcated by the planes. Each such strip is a cuboidal box that is pierced from top to
bottom by at most 1/u? Large items. Further, there are only polynomially-many positions
of these Large items inside the strip owing to Lemma 16. We focus on one such strip S.
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» Lemma 17. The items of OPTyy \ T present inside the strip S can be repacked into at
most O(1/u®) Stack containers, whose widths and depths lie in a polynomial-sized set.

For each item in T"U OPT, we create a Stack container containing the single item itself.
Together with Lemma 17, we get O, (1) number of Stack containers inside the knapsack. We
now discretize the heights of the Stack containers, so that they lie in a polynomial-sized set.

» Lemma 18. By discarding O(l//ﬂ})k‘ items from OPTi, \ T, the height of each Stack
container can be made of the form jh, where j € [n] and h is the height of some item in
Ly UL.

Together with the O(1/u3) items that were discarded previously, Lemma 18 gives us that
the total number of discarded items so far is at most O(1/u't)k. We now use the following
lemma from [18].

» Lemma 19 ([18]). Let p1 > ps > ... > p, > 0 be a sequence of real numbers and
P =" pi. Letc be a nonnegative integer and ¢ > 0. If n = /%) then there is an
integer k < ¢©/%) such that pryr + ... prrer < P.

The above lemma invoked with ¢ = O(1/u*!) and with the correct guess of k gives us
that the total profit of the discarded items is at most eopt,,, assuming that |OPTq,| was
sufficiently large (at least ng := (1/u)(1/9)) to begin with (otherwise, it is trivial). The
following theorem summarizes the arguments of this section.

» Theorem 20. Consider the packing of OPT N (I3, U L). Then by discarding items of
OPT N I, having a total profit of at most copt,,, the remaining items can be repacked into
a guessable container packing, wherein items of L are placed inside at most 1/u3 Stack
containers, and items of Iy are packed into at most (1/p)?1/2) Stack containers.

4.4 Third lower bound on opt,,

In this subsection, we restructure the packing of items in OPT N I;. Recall that opt,, =
p(OPTNI) and opt,, = p(OPTNI,), so that opt,,+opt,, = opt;. Also, v1 := v(OPTNI)
and v = v(OPT N I14).

» Theorem 21. Consider the packing of OPT N Iy. It is possible to repack subsets of
OPTN Iy and OPTN Iy, into a guessable Stack and Steinberg container, respectively, whose
profit, say P, satisfies the following properties:
opt,
P>(1-0()————
= (E))max{3v15, 1}’
3
If vy <1/3, then P> (1 —O(¢)) <4opt1£ + opt15>,

If vy <1/4, then P > (1 — O(¢g))opt,.

4.5 Fourth lower bound on opt,

In the previous sections, we repacked items from exactly one set out of I, I, I3. In this
subsection, we restructure the packing of a subset of items from I, together with items
from I U I3 U L. To this end, we introduce a classification of the items in Io U I3 U L. Let
Sy (resp. Ss,S) be the set of items in I (resp. Is, L) with height at most 1/2. Define
opty, = p(OPT N S2) and optyy, := p(OPT N (I3 \ S2)), so that opt,, + opt,, = opts.
The quantities opt,, and optsy, are defined analogously. Let opt;, := p(OPT N S) and
opty, :=p(OPTN(L\ S)) so that opt;, + opt;, = opt;. The following theorem repacks
items from I, U Sy US3 U S.
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» Theorem 22. Consider the packing of OPTN (I; U Se U S3US) and assume that v; < 1/6
and vo,v3 > 1/4. Then there is a guessable container packing of a subset T of these items
into O(1/u3) Stack and Steinberg containers having a profit of at least

3 3 1
(1-0()) <4opt1¢ + opty, + max {%(Optzt + opty;), 3°PtLt}> .

4.6 Fifth lower bound on opt,

In the previous subsection, we repacked items from Ss, S3 or S together with items in I;.
Now we consider items in (I3 \ S2) U (I3\ S3) U (L \ S) in OPT. As all these items have
heights of more than 1/2, they can not be stacked on top of each other. So, we can ignore
their heights, and effectively obtain a 2D Knapsack instance. Now we use a container-based
algorithm for 2DK from [22] to obtain a container packing of these items.

» Theorem 23. Consider the packing of OPTN ((IoUIsU L)\ (SoUS3US)). Then there is
a guessable container packing into O, (1) Stack and Area containers each of height 1, having
profit at least (3 — O(g)) (optyy, + optsy, + opt ).

4.7 Bounding opt,

Equipped with all the lower bounds of the preceding subsections, we establish Lemma 8 by
an intricate case analysis depending on the volumes of various sets of items in the optimal
packing. Since vy, v2,v3 sum up to at most the volume of the knapsack which is 1, at least
one among them must not exceed 1/3. If at most one of them exceeds 1/3, we show a
stronger bound of (% + 5) on the approximation ratio. Otherwise, we assume w.l.o.g. that
vy < 1/3 and v, v3 > 1/3. We further divide into subcases depending on the values of vos
and v3s. It turns out that the worst bound on opt,, occurs when vag, v35 both exceed 1/3
and v; < 1/6. However for this case, Theorem 22 and Theorem 23 give us highly profitable
packings, and we achieve an approximation ratio of (422 +¢). The details of the analysis
are deferred to the full version [16].

5 Other variants

Using our techniques, we obtain further improvements for other variants: (1) cardinality case
(when all items have the same profit), and (2) uniform profit-density case (when the profit of
an item is equal to its volume).

» Theorem 24. For any constant € > 0, there is a polynomial-time (17/4 + €)-approximation
algorithm for 3DK when all items have the same profit.

» Theorem 25. For any constant € > 0, there is a polynomial-time (4 + €)-approximation
algorithm for 3DK when the profit of an item is equal to its volume.

5.1 Rotational case

When the items can be rotated by 90 degrees around any axis, we show the existence
of improved container packing. Specifically, we introduce a new type of container called
L-Container and obtain improved guarantees based on the packed volume.
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Figure 8 An example packing of items inside an L-Container.

L-Container. We describe L-Containers which ignore depth while packing the items (see
Figure 8; two other types of L-Containers exist which ignore width, height, respectively). We
first require that C' must satisfy the condition we > he. The capacity of C, cap(C), is given
by wche — w2 /4. For each item i packed inside C, there must be some orientation with
width at least we /2, depth at least d¢/2, and height at most ehe. If these conditions are
satisfied, then we set fo (i) = w;h; and oo otherwise. Algorithm Aq is as follows. Given
a set of items T satisfying fo(T) < cap(C), we arrange them in non-increasing order of
profit/(front area) ratio. Then, we select the largest prefix 7" whose total front area does
not exceed wehe — w2 /4 — 3eh. We now sort the items in 7” in non-increasing order of
widths, start from the bottom left corner, and keep stacking them one upon each other to
the maximum extent possible. Then, we rotate the remaining items by 90 degrees around
the depth axis, start from the top right corner and keep packing them side by side.

The main ingredient to obtain improved approximation ratios in the rotational case is
our algorithm 3DR-Vol-Pack (see Section 2.1). Although, as stated the algorithm does not
pack into (guessable) containers, it can be modified to return a guessable container packing
into Stack, Steinberg, and L-Containers. Using this, we obtain the following theorems for the
general case, cardinality case, and uniform profit-density case, respectively.

» Theorem 26. For any constant € > 0, there is a polynomial-time (30/7 + €)-approzimation
algorithm for 3DKR.

» Theorem 27. For any constant € > 0, there is a polynomial-time (24/7 + €)-approximation
algorithm for 3DKR when all items have the same profit.

» Theorem 28. For any constant € > 0, there is a polynomial-time (3 + €)-approzimation
algorithm for 3ADKR when the profit of an item is equal to its volume.

6 Conclusion

In this work, our primary focus has been to obtain improved polynomial-time approximation
guarantees. Our current runtime of nf(1/¢) is mainly because of the step where we guess the
containers and assign the items. Once this is done, every A¢ runs in time O(nlog® n). Hence,
one interesting direction is whether the time to guess the containers and assign the items can
be brought down to (n - (logn)/1/2)) using the recent techniques of [4]. Another interesting
open problem is to provide a tight approximation for algorithms based on container packing.
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