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Abstract
A disk graph is an intersection graph of disks in R2. Determining the computational complexity of
finding a maximum clique in a disk graph is a long-standing open problem. In 1990, Clark, Colbourn,
and Johnson gave a polynomial-time algorithm for computing a maximum clique in a unit disk
graph. However, finding a maximum clique when disks are of arbitrary size is widely believed to be
a challenging open problem. In this paper, we provide a new perspective to examine adjacencies in
a disk graph that helps obtain the following results.

We design an O∗(n2k)-time algorithm, where O∗ hides a polynomial factor, to find a maximum
clique in a n-vertex disk graph with k different sizes of radii. This is polynomial for every fixed
k, and thus settles the open question for the case when k = 2.
Given a set of n unit disks, we show how to compute a maximum clique inside each possible
axis-aligned rectangle determined by the disk centers in O(n5 log n)-time. This is at least a
factor of n4/3 faster than applying the fastest known algorithm for finding a maximum clique in
a unit disk graph for each rectangle independently.
We give an O∗(n2rk)-time algorithm to find a maximum clique in a n-vertex ball graph with
k different sizes of radii where the ball centers lie on r parallel planes. This is polynomial for
every fixed k and r, and thus contrasts the previously known NP-hardness result for finding a
maximum clique in an arbitrary ball graph.
We design an O∗(n2k)-time algorithm to find a maximum clique in the intersection graph of
a set S of n L-visible convex polygons, where k is the number of distinct shapes in S. This
contrasts the known hardness result on finding a maximum clique in the intersection graph of
unit disks and axis-aligned rectangles.
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1 Introduction

A geometric intersection graph consists of a set of geometric objects as vertices and a set
of edges that are determined by the intersection of these objects, i.e., two vertices are
considered adjacent if and only if the corresponding objects intersect. Geometric objects
of different shapes and their intersection graphs are often used to model applied contexts,
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e.g., unit disks for problems in wireless networks [24, 28], line segments (time intervals) for
task scheduling [34], trapezoids for channel routing in VLSI design [23], etc. Many NP-hard
graph problems are known to admit polynomial-time solutions on various types of geometric
intersection graphs (see e.g., [8, 16]). There also exist cases where a graph problem is known
to be NP-hard, but its time complexity status is open for some intersection graph class
(see e.g. the open problems posed in [2, 1, 5, 33]). In this paper, we restrict our attention
to one such scenario, where the problem of interest is finding a maximum clique, i.e., a
maximum subset of pairwise adjacent vertices, and the intersection graph we examine is a
disk graph. Here, a disk graph G is an intersection graph of disks in R2, where each vertex of
G corresponds to a disk and two vertices are adjacent in G if and only if their disks intersect.

The maximum clique problem is NP-hard for many well-known intersection graph classes
such as intersection graph of rays [13], grounded strings [33], triangles [3], ellipses [3], and
a combination of axis-aligned rectangles and unit disks [7, 21], whereas polynomial-time
solvable for circle graphs [36], trapezoid graphs [23], circle trapezoid graphs [23], unit disk
graphs [16], axis-aligned rectangle intersection graphs [29], and so on. However, determining
the time complexity of computing a maximum clique in a disk graph is a long-standing
open question [3, 4, 24]. In a seminal paper published in 1990, Clark, Colbourn, and
Johnson [16] gave a polynomial-time algorithm for the case of unit disk graphs. However, the
time-complexity question for general disk graphs has remained open since then. Although
this was not posed as an open problem in [16], it has long been known to be a challenging
problem [4], even before it was explicitly posed as an open problem (e.g., by Fishkin [24],
Ambühl and Wagner [3] and Cabello [11, 12]). In fact, the problem has been emphasized in
various ways in the literature, e.g., as “an intriguing open question”, as “a notorious open
question in computational geometry” [5], as being “elusive with no new positive or negative
results” [4], and several times as a “long-standing open problem” [21, 25, 27].

Although no polynomial-time exact solution is known for finding a maximum clique in
general disk graphs, a 2-approximate solution [3] can be obtained by guessing all stabbing
sets of four points. There always exists a stabbing set of at most four points for every set of
disks that forms a clique [17, 39, 14]. Therefore, one can take the largest solution obtained
from all guesses. However, obtaining a better approximation ratio appears to be a challenge.
Cabello [11, 12] even asked whether a 1.99 approximation can be achieved if we restrict the
input to disks that have at most two different sizes of radii.

Several recent research has shown interesting progress on various fronts of the problem.
The O(n4.5)-time algorithm for finding a maximum clique in a unit disk graph [16], which was
improved first to O(n3.5 log n)-time [9] and then to O(n3 log n)-time [19], has been improved
further in SoCG’23 to O(n2.5 log n) [21]. Chan [15] observed that the running time of [21]
can be expressed as O(n · h(m)1+o(1)), where h(m) is the time to compute a maximum
matching in a bipartite graph that has a biclique cover2 of size m, and m in this context is
known to be O(n4/3polylog(n)) [31]. One can leverage such a biclique cover to compute a
maximum matching in O(m1+o(1)) time [22]. Therefore, the overall running time becomes
O(n7/3+o(1)). In FOCS’18, the authors in [6] gave a QPTAS, a randomized EPTAS (and thus
a fixed-parameter-tractable algorithm [7]), and a subexponential algorithm for computing a
maximum clique in a disk graph. They also showed how to extend these results for unit ball
graphs, which are intersection graphs of 3-dimensional balls of unit radius. In SODA’22, the
authors in [35] designed further subexponential-time fixed-parameter-tractable algorithms

2 A biclique cover of a bipartite graph G is a set of complete bipartite subgraphs of G that cover the
edges of G. The size of the cover is the number of elements in the set.
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for many other fundamental graph problems on disk graphs. While the maximum clique
problem is open for disk graphs with arbitrary radii, it is NP-hard for ball graphs [6]. The
hardness result holds in a very restricted setting with all radii falling within the interval
[1, 1 + ϵ], ϵ > 0, where even a subexponential-time approximation scheme is unlikely unless
the exponential-time-hypothesis [30] fails.

A rich body of research examined the maximum clique problem in the intersection graph of
various types of convex shapes. A t-directional convex polygon is a polygon with sides parallel
to one of the prespecified t directions. A t-directional convex graph is an intersection graph
of t-directional polygons. The paper in [10] showed that a maximum clique in k-directional
convex graphs can be solved in time O(nk+3) time, and given a geometric representation,
this can be improved to O(nk+1). The maximum-clique problem can be solved in polynomial
time for the intersection graph of unit disks and 2-pancakes [26], where a 2-pancake is defined
using a segment on the x-axis. Specifically, a 2-pancake is the Minkowski sum of the unit
disk centered at (0, 0) and the line segment with endpoints (x1, 0) and (x2, 0), i.e., the union
of all unit disks with center on the line segment x1x2. Bonnet, Grelier, and Miltzow [7]
extends the polynomial-time algorithm for unit disks [16] to translates of any fixed convex
set. This algorithm does not generalize any further, i.e., no polynomial-time algorithm is
known for the translates of two fixed convex sets.

Our Contribution

We show that a maximum clique in a unit disk graph can be obtained by examining slabs
(i.e., regions that are bounded by two parallel lines), whereas all prior algorithms depend on a
more constrained lens-shaped region. We show how our new slab-based idea can be extended
to compute a maximum clique in polynomial time when the number of different radii sizes is
fixed, and even to address the case of ball graphs in some restricted settings. Specifically, we
obtain the following results, where in all cases, we assume that an arrangement of disks, i.e.,
a disk representation of the disk graph, is given as an input.

Disk graph with k Different Sizes of Radii. We give an O∗(n2k)-time algorithm, where O∗

hides a polynomial factor, to find a maximum clique in a disk graph where k is the number
of different types of radii. For every fixed k, the running time becomes polynomial. This
settles the open question posed by Cabello [11, 12] on whether a polynomial-time algorithm
exists when k = 2.

Range Query in a Unit disk graph. We show that our slab-based idea can help the
range query version of the maximum clique problem, where the input unit disks should be
preprocessed such that several queries that may appear at a later time can be answered
efficiently. We examine the case of axis-aligned rectangular query, where a maximum clique
needs to be reported over disks with centers in the query rectangle. A natural approach for
handling rectangular range queries is to precompute the maximum cliques for all possible
axis-aligned rectangles (determined by the given disk centers) such that given a query R,
a solution can be obtained first by identifying the smallest enclosing rectangle R′ for the
disk centers in R, and then by a table look-up using R′. Applying an existing lens-based
algorithm on all O(n4) possible axis-aligned rectangles determined by the input disk centers
takes O(n19/3+o(1)) time. In contrast, we can use our slab-based idea to precompute all such
solutions in O(n5 log n), achieving a speed up by at least a factor of n4/3.

SoCG 2025
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Ball graphs with k Different Sizes of Radii. Given a set of n balls in the Euclidean plane
with k different sizes of radii where the ball centers lie on r parallel planes, we show how
to compute a maximum clique in the corresponding ball graph in O∗(n2rk) time. For fixed
k and r, the running time becomes polynomial in n. We then show that the restriction of
the planes being parallel can be removed as long as the input planes are all perpendicular
to a different plane. This result contrasts the known NP-hardness result [5] for finding a
maximum clique in a ball graph where the radii of the balls are very close to each other, i.e.,
in the interval [1, 1 + ε], where ε > 0.

Intersection graphs of L-visible convex polygons. Given a set S of n convex polygons
that are L-visible, we show how to find a maximum clique in their intersection graph in
O∗(n2k)-time, where k is the number of distinct shapes in S. This strengthens a result
in [7]. Here two points p, q in a polygon are called L-visible if the axis parallel rectangle with
diagonal pq is contained in the polygon. We refer to a polygon P as a L-visible polygon if
it contains a point from which every point of the polygon is L-visible. For example, a disk
and a regular hexagon with one side parallel to x-axis are L-visible, whereas a triangle is
not necessarily an L-visible polygon. Our result implies that the maximum clique can be
computed in polynomial time in the intersection graph of the translates of a unit disk and
a set of fixed axis-aligned rectangles. In contrast, if the number of rectangle shapes is not
bounded then the problem is known to be NP-hard, e.g., consider the case of unit disks and
axis-aligned rectangles [7, 21].

2 Preliminaries

In this section we discuss some notation and preliminary results.
By Da,r, we denote a disk with a center at point a and radius r. Given a pair of disks

Da,r and Db,r′ , we refer to their common intersection region as a lens (Figure 1(a)). Let G

be a disk graph. For simplicity, sometimes we say a pair of disks are adjacent in G, which
means that the disks intersect and their corresponding vertices are adjacent in G. By Ba,r,
we denote a ball with a center at point a and radius r.

Da,r Db,r′

a

b

p
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b

(c)(a) (b)

p
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q
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q
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Figure 1 Illustration for (a) a lens, (b)–(d) Illustration for Lemma 1.

For a pair of points a and b, we denote the line passing through them as ℓab. By ab and
|ab| we denote the line segment with endpoints a, b and the Euclidean distance between a

and b, respectively. By ℓh
p and ℓv

p we denote the horizontal and vertical lines through a point
p, respectively. By an upper slab Uab of ab, we denote the region above ab, which is bounded
by the lines ℓv

a and ℓv
b . Similarly, by a lower slab Uab we denote the region below ab, which

is bounded by ℓv
a and ℓv

b .
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▶ Lemma 1. Let ab be a line segment and let Uab be the upper slab of ab. Let q be a point in
Uab and let p be a point (not necessarily in Uab) with a y-coordinate equal to or larger than
the y-coordinate of q. Then |pq| ≤ max{|pa|, |pb|}.

Proof. We distinguish two scenarios depending on whether ab is vertical or not.
Scenario 1 (The x-coordinates of a and b are different): Without loss of generality assume

that a has a strictly smaller x-coordinate than that of b. Since the y coordinate of p is equal
to or larger than the y-coordinate of q, the ray that starts at p and passes through q must
hit the boundary of Uab. Let o be the point of intersection when the ray exits Uab (e.g.,
Figure 1(b)–(d)). It suffices to show that |po| ≤ max{|pa|, |pb|}.

Consider first the case when o lies on ab (e.g., Figure 1(b)). Let m be the point on line
ℓab that minimizes the distance |pm|, i.e., ℓpm is perpendicular to ℓab. We now move o away
from m along line ℓab until it hits either a or b. Since we are moving o away from m, the
length |po| increases monotonically, and the largest length it can attain is max{|pa|, |pb|}.

Consider now the case when o lies on the vertical sides of Uab (e.g., Figure 1(c)–(d)).
We move o downward along the side of Uab until it hits either a or b. Since p has a higher
y-coordinate than q, moving o downward increases the length |po| monotonically, and the
largest length it can attain is max{|pa|, |pb|}.

Scenario 2 (The x-coordinates of a and b are the same): In this case, ab is a vertical
segment. If a has a smaller y-coordinate than that of b, then |pq| ≤ |pa|. Otherwise,
|pq| ≤ |pb|. ◀

3 Maximum Clique in Disk Graphs with k Different Radii

In this section we give an O∗(n2k)-time algorithm to find a maximum clique in a disk graph
where k is the number of different types of radii.

We first introduce some notation. Let Dk be a disk graph where the number of different
types of radii is at most k. For convenience, we denote these different types of radii as
r1, r2, . . . , rk, where for every 1 ≤ i < j ≤ k, we have ri < rj . By a type-i disk we denote a
disk of radius ri. Let C be a maximum clique of Dk. By Ci we denote a maximal clique in C
where all disks are of type i.

The idea of the algorithm is as follows. We guess the number of different types of radii
that may appear in a maximum clique and we take the maximum over all the solutions
computed from these 2k guesses. We now describe how a solution is computed for a particular
guess for a set of radii that may appear in the maximum clique C. For each disk type i,
we guess two disk centers ai, bi from Ci, where ai is the leftmost (i.e., with the smallest
x-coordinate) and bi is the rightmost (i.e., with the largest x-coordinate) over all the disk
centers in Ci. Note that ai may coincide with bi if Ci contains only one disk, or if the centers
of all disks in Ci are on a vertical line. Let Ψ be the set of these 2k disks. For every upper slab
Uaibi

, we construct a set Xi by taking every disk that has its center in Uaibi
and intersects

all the disks of Ψ. We show that the union of these disks, i.e., X = (X1 ∪ X2 ∪ . . . ∪ Xk), is
a clique in Dk. Similarly, for each lower slab Uaibi

, we construct a set Yi by taking every
disk that has its center in Uaibi

and intersects all the disks of Ψ. We show that their union
Y = (Y1 ∪ Y2 ∪ . . . ∪ Yk) is a clique in Dk. Since the disks of Ψ are assumed to be in C,
it is straightforward to observe that C is a subset of the disks in (Ψ ∪ X ∪ Y ). Since the
complement of the disk graph determined by the disks (X ∪Y ) is a bipartite graph H, we can
compute the maximum clique C from a maximum bipartite matching in H. It now suffices
to show that the disks in X (similarly, the disks in Y ) are mutually adjacent.

▶ Lemma 2. For every i, j, where 1 ≤ i, j ≤ k, the disks in Xi ∪ Xj are mutually adjacent.

SoCG 2025
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Proof. Let Dp,ri and Dq,rj be two disks, where p belongs to Xi and q belongs to Xj . We
now show that Dp,ri

and Dq,rj
must mutually intersect.

Consider first the case when i = j. Without loss of generality assume that the y-coordinate
of p is larger than or equal to that of q. Then by Lemma 1, |pq| ≤ max{|pai|, |pbi|}. By
the construction of X, the disk Dp,ri intersects Dai,ri and Dbi,ri . We thus have |pq| ≤
max{|pai|, |pbi|} ≤ 2ri, and since p and q correspond to type-i disks, they must intersect.

Consider now the case when i ̸= j.
If the y-coordinate of p is larger than or equal to that of q, then we apply Lemma 1 to

obtain |pq| ≤ max{|paj |, |pbj |}. By the construction of X, the disk Dp,ri intersects Daj ,rj

and Dbj ,rj
. We thus have |pq| ≤ max{|paj |, |pbj |} ≤ ri + rj . Consequently, Dp,ri

and Dq,rj

mutually intersect.
If the y-coordinate of p is smaller than that of q, then we apply Lemma 1 by swapping the

role of p and q, i.e., by using the condition that p ∈ Uai,bi
whereas q has a larger y-coordinate

than that of p. We thus have |pq| ≤ max{|qai|, |qbi|}. By the construction of X, we have
max{|qai|, |qbi|} ≤ ri + rj . Consequently, Dp,ri

and Dq,rj
mutually intersect. ◀

We now consider the running time. There are at most
(

n
0
)

+
(

n
1
)

+
(

n
2
)

= O(n2) ways to
guess the pair of disks for a particular disk type, irrespective of whether these two disks are
distinct or not. Therefore, the number of ways we can guess k pairs is O(n2k). For each
guess of k pairs, it is straightforward to construct the sets X and Y in O(kn) time. Since the
corresponding bipartite graph and its maximum matching can be computed in polynomial
time, the overall running time becomes O∗(n2k).

The following theorem summarizes the result of this section.

▶ Theorem 3. Given a set of n disks in the Euclidean plane with k different types of radii,
a maximum clique in the corresponding disk graph can be computed in O∗(n2k) time.

4 Rectangular Range Query over Unit Disks

In this section, we consider the problem of reporting a maximum clique given a rectangular
range query over an arrangement of unit disks. To this end, we show how to compute a
maximum clique for every axis-aligned rectangle (determined by the input disk centers) in
O(n5 log n) time, which is at least a factor of n4/3 faster than applying the algorithm of [21]
separately for each axis-aligned rectangle.

To better explain such advantages of our technique, we first give an overview of the
existing algorithms to compute a maximum clique in a unit disk graph. The idea of Clark,
Colbourn, and Johnson’s O(n4.5)-time algorithm [16] is to guess the farthest pair of vertices
(v, w) in the clique, and then to find a maximum clique C that contains both v and w. Since
v and w are the farthest pair, the set S of vertices that are adjacent to both v, w must
lie in a lens-shaped region, i.e., the common intersection region of the two disks centered
at v and w with radius |vw|. They showed that the lens can be partitioned by the line
segment vw into two halves where the disks with centers in the same half are pairwise
intersecting. Consequently, the complement of the disk graph corresponding to S is a
bipartite graph H, and the maximum clique C can be computed by finding a maximum
independent set in H. The running time for the unit disk case has subsequently been
improved to O(n3.5 log n) by using non-trivial data structures [9], then to O(n3 log n) by
examining the lenses in a particular order so that the solution for each lens does not need
to be computed from scratch [19, 20], and finally, to O(n · h(m)1+o(1)) by a combination of
divide-and-conquer and plane sweep approach using a circular arc [21, 15]. Here h(m) is
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the time to compute a maximum matching in H, i.e., the complement of the disk graph
inside a lens, and m is the size of the biclique cover of H. Since m ∈ O(n4/3polylog(n)) [31]
and a maximum matching can be computed using a maximum-flow algorithm in O(m1+o(1))
time [22], the running time becomes O(n7/3+o(1)). Consider now the scenario of computing
a maximum clique for every possible rectangle determined by the input disk centers. Since
lenses examined by these algorithms are not necessarily axis-aligned, finding an order of
the lenses to compute solutions for the rectangles by dynamic point insertion and deletion
appears to be challenging. A straightforward approach that solves each rectangular region
independently takes O(n6.33+o(1)) time.

The idea of our algorithm is to maintain solutions for all possible slabs where one can
insert and delete points as necessary to find the solutions for all possible rectangles within
the slab. For convenience, we assume that the centers of the disks are in general position,
i.e., no two centers have the same y-coordinates. We now describe the details.

Consider first an alternative (slower) approach that uses slabs to compute a maximum
clique that guesses the leftmost and rightmost points a, b of a maximum clique. For every
such guess, one can find a maximum clique by considering the set S of disks that are adjacent
to both a, b and have their centers in the slab bounded by ℓv

a and ℓv
b . By Lemma 1, the disks

of S that have their centers in Uab (similarly, in Ua,b) are mutually adjacent. Consequently,
the complement of the disk graph underlying S is a bipartite graph H, and a maximum
clique can be computed by finding a maximum independent set in H.

We now consider maintaining the solutions for all possible slabs under point insertion and
deletion. Initially, the solution for each slab is set to null. We now sweep the plane upward
with two horizontal lines ℓb and ℓu in two phases.

In the first phase, ℓb is placed so that it passes through the disk center with the lowest
y-coordinate, and ℓu is used to sweep the plane upward starting at ℓb. Each time ℓu moves to
a new point, a point is inserted into the corresponding slabs and their solutions are updated.
Every time the horizontal slab between ℓb and ℓu contains the guessed points of a slab (i.e.,
the two points determining a slab), we obtain a solution for a new rectangular region, and
the corresponding solution is stored in a table. It is straightforward to observe that each
insertion changes O(n2) slabs, and hence we have O(n3) insertion operations in total.

In the next phase, we sweep the plane upward using ℓb. Each time ℓb moves to a new
point, a point is deleted from the corresponding rectangular regions we considered in the
first phase. A deletion changes O(n3) previous solutions, i.e., the solutions corresponding to
O(n2) slabs and O(n) regions in each slab determined by the positions of ℓb. Therefore, we
have O(n4) deletion operations in total.

Each insertion and deletion operation updates existing lenses, each of which is determined
by a pair of guessed points. It is known that such updates can be done in O(n log n) time
by performing an alternating path search to update the maximum independent set in the
bipartite graph determined by the complement of the disk graph inside the lens [20, 19].
For O(n4) update operations, the running time becomes O(n5 log n). By S[pℓ, pr, pt, pb] we
denote the size of a maximum clique inside a rectangle R with its left, right, top and bottom
sides being determined by the lines through the disk centers pℓ, pr, pt, pb, respectively, where
|pℓ, pr| is at most two units and pℓ, pr appear on the left and right sides of R. If |pℓ, pr| is
larger than two units, then S[pℓ, pr, pt, pb] is 0.

We now compute a maximum clique for each axis-aligned rectangle determined by the
input disk centers. We first compute two sorted orders of the disk centers, one based on
increasing x-coordinates and the other based on increasing y-coordinates. We now use a
dynamic programming approach, where the base cases are the entries of S, and the O(n4)

SoCG 2025



63:8 The Maximum Clique Problem in a Disk Graph Made Easy

rectangles that do not contain any disk center in their proper interior. The latter can be
computed and stored in a table in O(n4) time. Let M [pℓ, pr, pt, pb] be the maximum clique
of a rectangle R with its left, right, top and bottom sides being determined by the lines
through pℓ, pr, pt, pb, respectively. Note that the disk centers of the maximum clique may not
appear on the sides of R. Let p′

ℓ and p′
r be the disk centers immediately after and before pℓ

and pr, respectively, which can be determined from the precomputed sorted order. Similarly,
p′

t and p′
b are the disk centers immediately before and after pt and pb, respectively. We now

can find a solution using O(1) table look-ups as follows.

M [pℓ, pr, pt, pb]=



max{S[pℓ, pr, pt, pb], M [p′
ℓ, pr, pt, pb],

M [pℓ, p′
r, pt, pb], M [pℓ, pr, p′

t, pb],
M [pℓ, pr, pt, p′

b]}, if pℓ and pr appear on R

max{M [p′
ℓ, pr, pt, pb], M [pℓ, p′

r, pt, pb],
M [pℓ, pr, p′

t, pb], M [pℓ, pr, pt, p′
b]},

otherwise.

Since there are O(n4) cells in the table and each entry is computed by O(1) table look-ups
which are determined in O(log n) time, the overall running time remains O(n5 log n).

▶ Theorem 4. Given a set of n unit disks in the Euclidean plane, a maximum clique for
every possible axis-aligned rectangle determined by the given disk centers can be computed in
O(n5 log n) time.

5 Maximum Clique in Ball Graphs with k Different Radii

We now give an O∗(n2rk)-time algorithm for computing a maximum clique in a ball graph,
where the centers of the balls are contained in r planes which are all perpendicular to a
different plane (Section 5.2). For simplicity, we first consider a scenario when the input
planes are parallel to each other (Section 5.1).

5.1 Ball Centers are on r Parallel Planes
Without loss of generality, we assume that the r input planes are parallel to the xy-plane.
We first show that a version of Lemma 1 holds in three dimensions, as follows.

▶ Lemma 5. Let ab be a line segment on a plane L, where L is parallel to the xy-plane,
and let Uab be the upper slab of ab on L. Let q be a point in Uab. Let p be a point (not
necessarily on L) with a y-coordinate equal to or larger than the y-coordinate of q. Then
|pq| ≤ max{|pa|, |pb|}.

Proof. Let p′ be the projection of p on L (Figure 2(a)). Then the y-coordinate of p′ is equal
to or larger than the y-coordinate of q. By Lemma 1, |p′q| ≤ max{|p′a|, |p′b|} and thus√

|pq|2 − |pp′|2 ≤ max{
√

|pa|2 − |pp′|2,
√

|pb|2 − |pp′|2}
=⇒ |pq|2 − |pp′|2 ≤ max{|pa|2 − |pp′|2, |pb|2 − |pp′|2}
=⇒ |pq| ≤ max{|pa|, |pb|}. ◀

Let Bk be a ball graph with k different types of radii. Similar to Section 3, we guess
the number of different types of radii that may appear in a maximum clique and we take
the maximum over all the solutions computed from these 2k guesses. For each ball type i,
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we guess at most 2r ball centers {a1
i , b1

i }, . . . , {ar
i , br

i } from Ci. Here aj
i is the leftmost and

bj
i is the rightmost over all the ball centers in Ci on the jth plane, where 1 ≤ j ≤ r. Note

that aj
i may sometimes coincide with bj

i . Let Ψ be the set of these 2rk balls. For every
upper slab Uaj

i
bj

i
on the jth plane, we construct a set Xj

i by taking every ball that has its
center in Uaj

i
bj

i
and intersects all the balls of Ψ. We show that the union of these balls, i.e.,

X =
⋃

1≤i≤k

(X1
i ∪ X2

i ∪ . . . ∪ Xr
i ), is a clique in Dk. Similarly, for each lower slab Uaibi

, we

construct a set Y j
i by taking every ball that has its center in Uaj

i
bj

i
and intersects all the

balls of Ψ. We show that their union Y =
⋃

1≤i≤k

(Y 1
i ∪ Y 2

i ∪ . . . ∪ Y r
i ) is a clique in Dk. It

now suffices to show that the balls in X (similarly, the balls in Y ) are mutually adjacent.

(a)

b

p′

q

o

a

p

L

x

y

z

(c)

x

y

z

(b)

x

y

z

a1i

b1i

a3i

a4i

b4i

b3i

a2i

b2i

b2i

a1i b1i

a2i a4i

b3i

a3i

(d)

x

y

z

a1i b1i

a2i a4i

q

p

o

Figure 2 Illustration for (a) Lemma 5, and (b)–(d) Lemma 9.

▶ Lemma 6. For every i, j, where 1 ≤ i, j ≤ k, the balls in Xg
i ∪ Xh

j , where 1 ≤ g ≤ h ≤ r,
are mutually adjacent.
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Proof. Let Bp,ri and Bq,rj be two balls, where p belongs to Xg
i and q belongs to Xh

j . We
now show that Bp,ri

and Bq,rj
must mutually intersect. If g = h, then the proof follows from

Lemma 2. Therefore, we may assume that g ̸= h. However, the proof in this case is the same
as that of Lemma 2 except that we use Lemma 5 instead of Lemma 1 for the arguments, as
follows.

Consider first the case when i = j. Without loss of generality assume that the y-coordinate
of p is larger than or equal to that of q. Then by Lemma 5, |pq| ≤ max{|pah

j |, |pbh
j |}. By

the construction of X, the ball Bp,ri intersects Bah
j

,ri
and Bbh

j
,ri

. We thus have |pq| ≤
max{|pah

j |, |pbh
j |} ≤ 2rj , and since p and q correspond to type-j balls, they must intersect.

Consider now the case when i ̸= j. If the y-coordinate of p is larger than or equal to that
of q, then we apply Lemma 5 to obtain |pq| ≤ max{|pah

j |, |pbh
j |}. By the construction of X,

the ball Bp,ri
intersects Bah

j
,rj

and Bbh
j

,rj
. We thus have |pq| ≤ max{|pah

j |, |pbh
j |} ≤ ri + rj .

Consequently, Bp,ri
and Bq,rj

mutually intersect. If the y-coordinate of p is smaller than
that of q, then we apply Lemma 5 by swapping the role of p and q, i.e., by using the
condition that p ∈ Uag

i
,bg

i
whereas q has a larger y-coordinate than that of p. We thus have

|pq| ≤ max{|qag
i |, |qbg

i |}. By the construction of X, we have max{|qag
i |, |qbg

i |} ≤ ri + rj .
Consequently, Bp,ri and Bq,rj mutually intersect. ◀

We now consider the running time. For a single plane, there are at most O(n2) ways to
guess the pair of balls for a particular ball type, and thus O(n2k) ways for k pairs considering
all types. Since we have r planes, the total number of guesses is O(n2rk). For each guess of
rk pairs, it is straightforward to construct the sets X and Y in O(rkn) time. Since the the
ball graph determined by the balls (X ∪ Y ) and the corresponding maximum matching can
be computed in polynomial time. the running time becomes O∗(n2rk).

The following theorem summarizes the result of this section.

▶ Theorem 7. Given a set of n balls in the Euclidean plane with k different types of
radii where the ball centers are contained on r parallel planes, a maximum clique in the
corresponding ball graph can be computed in O∗(n2rk) time.

5.2 Ball Centers are on r Planes that are Perpendicular to Another
Plane

We now show that the condition for the input planes being parallel to each other can be
relaxed as long as the input planes are all perpendicular to a different plane. Without loss of
generality assume that the r input planes are perpendicular to the xz-plane (e.g., Figure 2(b)).
We first observe the following property of a maximum clique.

▶ Lemma 8. Let Bk be a ball graph with k different radii with centers on r planes that are
perpendicular to the xz-plane. Let Ci be all the balls of type i in a maximum clique of Bk. Let
P be the projection of the ball centers in Ci on the xz-plane. Then the convex-hull boundary
of P contains at most 2r vertices (i.e., they correspond to strictly convex corners).

Proof. If three points of P come from the same original plane, then they are collinear in the
xz-plane, thus only two of them can appear as strictly convex corners on the convex-hull
boundary of P . Therefore, the r planes can contribute to at most 2r vertices in total. ◀

Let Q be a set of points in three dimensions. By a convex hull of Q we denote the smallest
convex polyhedra that contains all points in Q. A lower (upper) envelope of Q consists of
all points that lie at the boundary of the convex hull of Q such that the rays that start at
these points and move along the negative y-axis (positive y-axis) do not contain any interior
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point of the convex hull. An extended lower envelope of Q is a three-dimensional region that
consists of the points on the lower envelope and all points that are hit by the rays that start
at the lower envelope and move along the positive y-axis. Figure 2(c) illustrates an extended
lower envelope. We also define an extended upper envelope of Q symmetrically.

Similar to Section 3, we guess the set of different types of radii that may appear in a
maximum clique. For each ball type i, we guess at most 2r ball centers {a1

i , b1
i }, . . . , {ar

i , br
i }

from Ci, where aj
i is the leftmost and bj

i is the rightmost over all the ball centers in Ci (e.g.,
Figure 2(b)) on the jth plane. It is straightforward to observe that the convex hull of the
projection of the guessed ball centers on the xz-plane contains the projection of all ball
centers of Ci. Let Ψ be the set of at most 2rk balls that we guess over all radii types.

For every extended lower envelope Ui for the ball centers guessed for type i, we construct a
set Xi by taking every ball that has its center in Ui and intersects all the balls of Ψ. We show
that the union of these balls, i.e., X = (X1 ∪ X2 ∪ . . . ∪ Xk), determines a clique. Similarly, for
each extended upper envelope U i, we construct a set Yi by taking every ball that has its center
in U i and intersects all the balls of Ψ. We show that their union Y = (Y1 ∪ Y2 ∪ . . . ∪ Yk),
determines a clique. It now suffices to show that the balls in X (similarly, the balls in Y) are
mutually adjacent.

▶ Lemma 9. For every i, j, where 1 ≤ i, j ≤ k, the balls in Xi ∪ Xj are mutually adjacent.

Proof. Let Bp,ri and Bq,rj be two balls, where p belongs to Xi and q belongs to Xj . We now
show that Bp,ri

and Bq,rj
must mutually intersect.

The argument in the rest of the proof works irrespective of whether i = j or not. Without
loss of generality assume that the y-coordinate of p is larger than or equal to that of q. Let
R be the ray that starts at p and passes through q, and let o be the intersection point of R

when R exits the extended lower envelope Ui. Figure 2(d) illustrates this when i ̸= j.
Assume first that o hits a face F of the lower envelope, and let L be the plane determined

by F . Let m be the point of L that minimizes the distance |pm|. Since F is convex, moving
o away from m on F would increase the length |po| monotonically and hit a vertex w of F .
Since Bp,ri intersects Bw,rj , and since |pq| ≤ |po| ≤ |pw| ≤ ri + rj , the balls Bp,ri and Bq,rj

must intersect.
Assume now that o does not belong to the lower envelope but hits a side F of the extended

lower envelope, and let L be the plane determined by F . Let m be the point of L that
minimizes the distance |pm|. Since F is convex, moving o towards negative y-axis and away
from m on F would increase the length |po| monotonically and hit a vertex w of F . Since
Bp,ri

intersects Bw,rj
, and since |pq| ≤ |po| ≤ |pw| ≤ ri + rj , the balls Bp,ri

and Bq,rj
must

intersect. ◀

The following theorem summarizes the result of this section.

▶ Theorem 10. Given a set of n balls in the Euclidean plane with k different types of radii
where the ball centers are contained on r planes that are perpendicular to a single different
plane, a maximum clique in the corresponding ball graph can be computed in O∗(n2rk) time.

6 Maximum Clique in Disk-Like Graphs

In this section we give an O∗(n2k)-time algorithm to compute a maximum clique in the
intersection graph of n L-visible convex polygons with k distinct shapes. Figure 3(a) illustrates
an L-visible polygon, where every point of the polygon is L-visible from a center point c.

We first introduce some notation. Let Sk be an intersection graph of L-visible polygons,
where the number of different types of shapes is at most k. For convenience, we denote
these shapes as S1, S2, . . . , Sk and for each shape Si, designate a center ci, i.e., all points
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Figure 3 (a) Illustration for L-visibility. (b) Rc1 . (c)–(f) Illustration for the proof of Lemma 12.

of Si are L-visible from ci. Let C be a maximum clique of Sk. By Ci we denote a maximal
clique in C where all shapes are of type i. We also use the following properties of L-visible
shapes which are straightforward to verify using the concept of Minkowski sum of two convex
polygons [18].
▶ Remark 11. Let S1 and S2 be two L-visible convex shapes with centers c1 and c2, respectively.
Let Rc1 be the region that consists of points where S2 can be placed to intersect S1. Then
Rc1 is convex (Figure 3(b)).

The idea of the algorithm is similar to that of Section 3. We guess the set of different
types of shapes that may appear in a maximum clique and we take the maximum over all
the solutions computed from these 2k guesses. For each type i, we guess the leftmost and
rightmost shape centers ai and bi, respectively, over the shapes in Ci. Let Ψ be the set of
these 2k shapes. For every upper slab Uaibi

, we construct a set Xi by taking every shape
that has its center in Uaibi

and intersects all the shapes of Ψ. We show that the union of
these shapes, i.e., X = (X1 ∪ X2 ∪ . . . ∪ Xk), is a clique in Sk. Similarly, for each lower slab
Uaibi

, we construct a set Yi by taking every shape that has its center in Uaibi
and intersects

all the shapes of Ψ. We show that their union Y = (Y1 ∪ Y2 ∪ . . . ∪ Yk) is a clique in Sk. A
maximum clique can then be found from a maximum bipartite matching in the complement
of the intersection graph of (X ∪ Y ). The time to compute the graph and the matching is
polynomial in n and m, where m is the shape complexity, i.e., upper bound on the number of
smooth curves on the boundary of a shape.

▶ Lemma 12. For every i, j, where 1 ≤ i, j ≤ k, the shapes in Xi ∪Xj are mutually adjacent.

Proof. Let Sq ∈ Xi and Sp ∈ Xj be two shapes with centers q and p, respectively. We now
show that Sp and Sq must mutually intersect.

Consider first the case when i = j, i.e., p and q both belong to the upper slab Uaibi .
Without loss of generality assume that the y-coordinate of p is larger than or equal to that
of q. We now consider two scenarios.
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If the ray starting at p passing through q does not intersect aibi, then assume without
loss of generality that it intersects the left side of Uaibi

after passing through q (Figure 3(c)).
Let r be a point that is common to both Sai

and Sp. Let R be the axis-aligned rectangle
with diagonal rp. We can then consider moving the center ai along the left side of Uaibi

until we reach the y-coordinate of q, and then move ai horizontally until it coincides with
q (Figure 3(d)–(e)). Throughout the process the axis-aligned rectangle with diagonal air

maintains an intersection region with R. Hence Sq must intersect Sp.
If the ray starting at p passing through q intersects aibi at a point o (Figure 3(f)), then we

prove the adjacency of Sp and Sq as follows. By Remark 11, Rp is convex. Since Sp intersects
ai and bi, Rp also contains ai and bi. By the convexity of Rp, the segment aibi belongs to
Rp. We now move the center ai to o along the line aibi. Since aio ∈ Rp, throughout the
process Sai

intersects Sp. We now move ai from o to q along the line op. Since L-visible
shapes are convex, moving a pair of intersecting L-visible shapes closer along the the line
determined by their centers keeps them intersected. Therefore, throughout the process Sai

maintains an intersection with Sp. Hence Sq must intersect Sp.
Consider now the case when i ̸= j. If the y-coordinate of p is larger than or equal to that

of q, then the proof above still applies. The only difference is that p can now be outside of
Uaibi

, but this leaves the above argument the same as we only used the property that the
y-coordinate of p is larger than or equal to that of q. If the y-coordinate of p is smaller than
that of q, then we can swap the role of p and q, i.e., by using the condition that p ∈ Uai,bi

whereas q has a larger y-coordinate than that of p. ◀

The running time can now be computed in the same way as in Section 3.

▶ Theorem 13. Given a set of n L-visible convex shapes in the Euclidean plane where the
number of distinct shapes is k, a maximum clique in the corresponding intersection graph
can be computed in O∗(n2k) time.

7 Direction for Future Research

We gave an O∗(n2k)-time algorithm to find a maximum clique in a n-vertex disk graph with
k different radii. Designing faster algorithms is a natural direction to explore. Existing
techniques [38] that computes maximum clique on unit disk graphs even when a geometric
representation is not given do not generalize to our context. Therefore, finding efficient
algorithms when a geometric representation of the disk graph is not given would be interesting.

We showed that given a set of n unit disks, one can compute a maximum clique for
each possible axis-aligned rectangle determined by the input disk centers in O(n5 log n) time.
Consequently, given a rectangular range query R, the maximum clique C inside R can be
reported in O(log log n + |C|) time, where the O(log log n) term is to locate the rectangle R′

(using range searching data structures [37]) for which a solution is precomputed. Improving
the O(n5 log n) running time or establishing tight time-space trade-offs can be interesting.

For ball graphs, we gave an O∗(n2rk)-time algorithm to find a maximum clique, where
k is the number of different radii and the ball centers are contained in r planes that are
perpendicular to a single different plane. One may attempt to relax our perpendicularity
constraint. The NP-hardness reduction for computing a maximum clique in a ball graph [6]
allows for arbitrary radii whereas our result provides polynomial-time algorithms when
r, k ∈ O(1). The case when k ∈ o(n) can be explored. Finally, can we find a polynomial-time
algorithm for computing maximum clique in the intersection graph of convex shapes that are
not necessarily L-visible, where the number of distinct shapes is fixed?
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