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—— Abstract

We present the winning implementation of the Seventh Computational Geometry Challenge
(CG:SHOP 2025). The task in this challenge was to find non-obtuse triangulations for given
planar regions, respecting a given set of constraints consisting of extra vertices and edges that
must be part of the triangulation. The goal was to minimize the number of introduced Steiner
points. Our approach is to maintain a constrained Delaunay triangulation, for which we repeatedly
remove, relocate, or add Steiner points. We use local search to choose the action that improves the
triangulation the most, until the resulting triangulation is non-obtuse.
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Computing Non-Obtuse Triangulations with Few Steiner Points

1 Introduction

The Computational Geometry Challenge (CG:SHOP) is an annual competition on geometric
optimization. The 2025 edition involved finding non-obtuse triangulations of a given planar
straight-line graph (PSLG), a planar embedding of a graph where edges are represented as
line segments; see Figure 1. The input consists of a PSLG G = (V, E) and a simple polygon
P with vertices in V. The goal is to output a non-obtuse triangulation 7 of P with vertices
V' so that V' C V' and the edges of T cover E. The vertices V' \ V are called Steiner points
and the objective is to minimize them. We refer to the survey [10] for further details.

The problem of finding non-obtuse triangulations has a long history, dating back to the
1960s [6, 4, 3, 11, 13, 5]. In the 2-dimensional setting, the latest development is Bishop’s
algorithm — the only one to provably output a non-obtuse triangulation of any PSLG with a
number of Steiner points polynomial in the vertices of the input. In general, the computational
complexity of minimizing the number of Steiner points or triangles remains unknown, and
the problem may be intractable already for simple polygons.

In this paper, we present our winning implementation. The instance set of the callenge
consisted of 150 instances with |V] and |E| as large as 250. Our computed solutions were
the best for 116 instances, while the runner-up team, “Gwamegi” [2], was best in 4. For the
remaining 30 instances, we matched Gwamegi in number of Steiner points.

2  Algorithm

Let us first outline the idea behind our algorithm. Since a non-obtuse triangulation is a
Delaunay triangulation (the local Delaunay condition is respected by the inscribed angle
theorem), our algorithm maintains a (constrained) Delaunay triangulation (CDT) that
gets modified successively. Whenever a obtuse triangle is present, the algorithm makes a
modification by removing, relocating, or adding a Steiner point and updating the triangulation
accordingly. More precisely, the algorithm operates in rounds, and in each round we consider
a set of candidates for local changes and choose the most promising one. In each round, the
input is the original instance and the current set of Steiner points, which have been added
in the previous rounds. We compute a set of candidate actions, of which there are three
types: (i) the insertion of a new Steiner point, (ii) the relocation of an existing Steiner point,
and (iii) the replacement of two adjacent Steiner points with a single Steiner point. For
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Figure 1 A non-obtuse triangulation produced by our implementation. Here, as in the rest of
the paper, the region to be triangulated is enclosed by the fat curve, the given vertices are black,
and the constraint edges are green. The Steiner points are red.
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Figure 2 left: CDT with obtuse triangles marked in red; middle: its circleArrangement; right:
the two altitudeDrop points of the two upper obtuse triangles and its resulting CDT.

each action, we compute the resulting triangulation after applying the action. Each of the
resulting triangulations is evaluated using a cost function (given in Section 2.3, Equation (1)),
which involves the number of Steiner points and the number of obtuse triangles of different
types. The output produced by the round is the triangulation that minimizes the cost. The
process terminates when the CDT has no obtuse triangles left. In particular, our algorithm
produces a non-obtuse triangulation whenever it terminates.

The way in which we insert a new Steiner point is inspired by the work of Erten and
Ungor [9, 8, 7]. They described a general approach to finding triangulations avoiding small or
large angles, where new Steiner points are chosen as optimal points along the Voronoi diagram
(see [7, Section 2.1]). We extend this idea to a visibility-constrained Voronoi diagram [14]
which takes into account the constraints of the PSLG.

2.1 Primitives

We first describe the geometric primitives that we are basing our algorithm on:

altitudeDrop: Given an obtuse triangle, compute the unique point on the longest side
that splits the obtuse triangle into two right-angled triangles (Figure 2, right).

polygonCenter: Given a simple polygon, compute a center point such that connecting
each vertex of the polygon with the center point results in a non-obtuse triangulation of
the polygon, or decide no such point exists. Such a point can be computed as follows:
Observe that for any two points p and ¢, a point = forms a non-obtuse triangle pqz if
and only if x lies inside the slab defined by the two hyperplanes rooted at p and ¢ with
normal ¢ — p and outside the disk centered at p—;rq with radius ”(1;2””.
the intersection of these sets defined by all consecutive pairs of vertices p and ¢ on the
boundary of the polygon (Figure 3).

Pick any point in

visibilityVoronoi: Given a CDT, compute the visibility-constrained Voronoi diagram
(sometimes called bounded Voronoi diagram) [14]. (Figure 4, top right).

clippedCircumcircle: Let T be a triangle in a CDT and C' its circumcircle. The disk
bounded by C may be partitioned into multiple pieces by the constraints of the CDT.
Compute the piece of the partition containing 7' (Figure 4, bottom left).

circleArrangement: Given a CDT, compute first the clippedCircumcircle for each
triangle, then the arrangement of these clipped circumcircles (Figure 2, middle).
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Figure 4 Center identification in the style of Erten and Ungor [9, 8, 7], from the visibility-
constrained Voronoi diagram [14].

2.2 Action Generation

In this section we build on the geometric primitives we just introduced, and describe in more
detail the three types of candidate actions that the algorithm evaluates for a provided CDT
D, which together form the action set A(D) of D. Every Steiner point, triangle, and edge of
D and every cell in the circleArrangement of D has at most one action associated to it.
Every action includes two steps: the insertion, relocation or deletion of Steiner points and
ensuring that the maintained triangulation is a CDT. We now describe the types of actions.

Insertion. Let T be a triangle in D. If T is non-obtuse already, then it has no action
associated to it. Hence, let T be obtuse instead. If the longest side of T' (opposite the
unique obtuse angle in T') is a constrained edge of D, the candidate action associated to
T adds the unique point described by the altitudeDrop primitive. If instead the longest
side of T is not constrained, the candidate action associated to T adds the point v in
the clippedCircumcircle of T that lies on an edge e of the visibilityVoronoi of D
and maximizes the distance to the points of D defining e (see Figure 4). This point v
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Figure 5 Center identification by choosing a cell C' from the circleArrangement and computing
the polygonCenter of its corresponding polygon Pc.

can efficiently be identified via a local search in the visibilityVoronoi diagram. We
observe that v maximizes the distance to all other points in the CDT while still lying in the
clippedCircumcircle of 7. This guarantees that its insertion into the CDT results in the
removal of T' from the CDT, accompanied by an intuitively increased likelihood that only
few angles of triangles incident to v are obtuse (c.f. [9, 8, 7]).

Next, let C' be a cell in the circleArrangement. Let {71,...} be the set of all triangles
whose clippedCircumcircle contains C. By classical Delaunay arguments, the union of
triangles in {71,...} defines a polygon Po. We note that the CDT resulting from adding
a point v € C is obtained by replacing the edges of D in Po with the segments vp for
every vertex p of Po. In particular, if at least one triangle in {7T%,...} is obtuse and the
polygonCenter v of Pc lies in C, then adding v to the CDT ensures that the number of
obtuse triangles in the CDT strictly decreases. Thus, if at least one T; is obtuse and the
polygonCenter of P exists, the candidate action associated to C' adds this polygonCenter
(see Figure 5), otherwise no action is associated to C.

Relocation. Let v be a Steiner point of D. If v is not part of an obtuse triangle, v has
no action associated to it. Hence, let v be part of some obtuse triangle instead. Let P
be the polygon resulting from the union of all triangles that v is a part of. Assume the
polygonCenter of P exists, otherwise v has no action associated to it. The action associated
to v moves v to the polygonCenter of P.

Deletion. Let e be an edge in D defined by two Steiner points v and w. The union of all
triangles that v or w are a part of forms a polygon P. Assume the polygonCenter of P
exists, otherwise e has no action associated to it. The action associated to e removes the two
points v and w from D and adds the polygonCenter of P.
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2.3 Evaluation

The evaluation function of a CDT D consists of two parts: A naive evaluation function and
an algorithm that improves the accuracy of the naive evaluation.

Naive evaluation. We say an obtuse triangle T in D supersedes another obtuse triangle
T’ in D if the longest side of T is either of the shorter two sides of T" (Figure 6 shows
superseded-superseding triangle pairs). We expect superseded triangles to be influenced by
whatever action is associated to its superseding triangle. An example of this phenomenon
can be seen in Figure 4. Hence, we argue that handling non-superseded obtuse triangles
should be prioritized and therefore the cost of non-superseded obtuse triangles should be
higher than that of superseded (obtuse) triangles. The evaluation function we use is

eval(D) := #Steiner points + 1.1 - #superseded A’s + 3.1 - #non-superseded A’s. (1)

Figure 6 shows a run of the algorithm, including the actions that were applied and the value
of the evaluation function. Note that we did not pursue optimizing the constants in (1).

Probabilistic state-graph evaluation. To improve the rather naive evaluation function, we
endow the evaluation function with a depth parameter & > 0, akin to the notion of minimax
searching [12] over a game-state graph of a single player game, and define

evalg (D) =

{minAeA(D) evaly_1(Da) if k>0 2

eval(D) ifk=0

where D4 is the CDT resulting from D when applying the action A from the action set
A(D). Even after extensive optimization efforts, we found that even with k as small as 3 the
execution time was quite slow. Hence, instead of evaluating evaly_1(D4) for every A in the
action set of D, we randomly draw a sample S of actions from A(D) (with a bias towards
more promising moves determined by evaly(D4)) computing mines evaly_1(Da).

2.4 Solution Merging

We observed that, due to the probabilistic nature of the evaluation function, different solutions
to the same instance often had a similar number of Steiner points but looked vastly different
locally. This motivates merging different solutions by sampling a circle and replacing every
Steiner point inside this circle from one solution with the Steiner points of the other solution.
Note that merging two solutions might result in a CDT that has obtuse triangles. Thus, we
apply our algorithm to these CDTs obtaining a new solution with potentially less Steiner
points. Repeated application of this merging step reduced the number of Steiner points by
as much as 30% for some instances (see Figure 7).

3 Implementation, Experiments, and Examples

Code and Hardware. Our implementation is in python. In the later stages of the competition
we ran our solver on ten nodes of the Marvin cluster of the University of Bonn, each with
1024GB of RAM and 96 threads at 2.10GHz using around 300 000 CPU hours. We did not
find any improved solution in the last two weeks of the competition.
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(a) Initial CDT with hatched (b) ‘altitudeDrop’ insert action.
non-superseded triangles and how eval(D) = 17.8, evals(D) = 12.4.
triangles are superseded.
eval(D) = 19.9, evalz(D) = 14.5.

(c) ‘altitudeDrop’ insert action. (d) ‘visibilityVoronoi’ insert action.
eval(D) = 15.7, evalz(D) = 11.2. eval(D) = 14.5, evalz(D) = 9.1.

4
X

(e) ‘altitudeDrop’ insert action. (f) ‘polygonCenter’ insert action.
eval(D) = 12.4, eval3(D) = T7. eval(D) = 11.2, eval3(D) = 7.

X
4

(g) ‘polygonCenter’ insert action. (h) Terminal ‘polygonCenter’ insert
eval(D) = 9.1, evalz(D) = 7. action. eval(D) =7, evalz(D) = 7.

" Figure 6 Maintained CDT of instance ‘point-set_10_c04b0024’ (consisting of 10 points, 6
polygon edges and 0 inner edges) throughout the execution of the local search with depth 0, with all
obtuse triangles marked in red. Execution time: 10 seconds. Final number of Steiner points: 7.
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Number of Steiner points
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(a) Instance ‘point-set_150_982c9ab3’ with 150 (b) Baseline solution via [8, 7, 6] and rounding of
points, 13 polygon- and 0 inner edges. coordinates with 573 Steiner points.
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(c) Best found solution via probabilistic local (d) Solution via merging and re-solving of existing
search and depth 3 with 190 Steiner points. solutions with 151 Steiner points.

Figure 7 Solution comparison of instance ‘point-set_150_982c9ab3’.

[ | simple-polygon-exterior 0.81z +2.21
2004 point-set 0.56x + 5.79
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Figure 8 Relationship between solution size and input complexity over different instance types.
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Largest angle

0° 5 10° 15° 20° 25 30° 35° 40° 45 50° 55°  60°
Smallest angle

Figure 9 Average distribution of smallest and largest angles, of all triangles in all solutions.

Figure 10 Instance ‘ortho_40_56a6£463’ and a solution with 19 Steiner points.

Solutions. The provided instances fall into various types: (i) ortho, consisting of rectilinear
simple polygons (Figure 10), (ii) simple-polygon, consisting of simple polygons (Figure 11),
(iii) point-set, consisting of the convex polygons with points in its interior (Figures 13
and 14), and (iv) simple-polygon-exterior, consisting of convex polygons with points and
additional constraints in its interior (Figures 12 and 15). Our algorithm performs well on all
instances types; no manual intervention or distinction is necessary for our approach. The
number of Steiner points in our solutions compared to the number of input points in each
type suggests that the total number of Steiner points is roughly linear in the input complexity
and increases depending on the number of points and constraints in the interior of the PSLG,
see Figure 8. We observe that a large fraction of triangles computed by our algorithm are
right triangles (see Figure 9, right). All other angles in our solutions (determined by largest
and smallest angle) appear to be roughly equally distributed (see Figure 9).
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Figure 11 Instance ‘simple-polygon_100_cb23308c’ and a solution with 43 Steiner points
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Figure 13 Instance ‘point-set_80_9a8373fb’ and a solution with 29 Steiner points.

-’

Figure 14 Instance ‘point-set_60_27bc003d’ and a solution with 43 Steiner points.

SoCG 2025
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ior_250_c0a19392’.

e-polygon-exter

‘simpl

points to

Figure 15 Solution with 225 Steiner
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