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—— Abstract
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1 Introduction

The reconfiguration of planar objects is an intensively studied topic in computational geometry.
Given a set of points, such a planar structure can be a triangulation, a non-crossing perfect
matching, or a non-crossing spanning trees (NCST), etc. In this paper we focus on the last
one. Given n + 1 points in a plane, an NCST is a spanning tree such that no two edges
intersect or overlap (except on the joint vertex) when all edges are drawn as straight line
segments on the plane. The reconfiguration of NCSTs is done by flips, which remove an edge
of the current tree, and then add an edge back so that the resulting graph is still a valid
NCST. See Figure 1 for an example. Given two NCSTs over the same point set in general
position, Avid and Fukuda [8] first proved that it takes at most 2n — 2 flips to move from
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one to the other. On the other hand, Hernando, Hurtado, Mérquez, Mora and Noy [2§]
constructed an example where it takes at least 1.5n — O(1) flips, even when the points are
in convex position. These bounds have not been improved until recently [1, 12, 11]. Very
recently, Bjerkevik, Kleist, Ueckerdt, and Vogtenhuber [10] improved the upper bound to
5/3n — 3 and the lower bound to 14/9n — O(1) when all points are in convex position.

drop
2—6

Figure 1 Illustration of a flip move. The red, dashed edge in the leftmost figure is dropped. This
gives 9 possible edges (dotted in the middle figure) that can be added back to form a valid NCST.
The blue, thick edge in the rightmost figure is picked.

Another classic topic in computational geometry is to count these planar structures.
Traditional combinatorial studies focus on asymptotic upper and lower bounds of these
structures (see e.g. [33, 43, 44]). Motivations for counting these structures have appeared in
other topics, such as quantum gravity [32, 35], plane curves [47], algebraic geometry [20, 22],
and the theory of discriminants [27]. From the computational perspective, the complexity of
the counting problem seems to remain elusive in most cases, with an exception of counting
triangulations of (not necessarily simple) polygons known to be #P-hard [25]. On the other
hand, counting the number of triangulations of a given set of points remains unresolved
(but it is conjectured to be #P-hard, see e.g. [21] or [17, §6.7]). Similarly, counting NCSTs
over a set of points in general position apparently is also not known to be #P-hard nor
polynomial-time solvable, although we conjecture the former to be the case. To cope with
the apparent intractability, sub-exponential time and fixed-parameterised approximation
algorithms have been studied [2, 3, 34], but the complexity of approximate counting NCSTs
does not appear to be known either.

On the other hand, when these n 4+ 1 points are in convex position, the corresponding
counting problem becomes easy to solve. One can show that the number of NCSTs, denoted
by Ca,p, is subject to the following recursion: (see e.g. [42])

1 3n
Cro=1, Oy = N E C2,:Co,;Co 1, = Con = 1 <n> (1)
i,5,k€Z>0,
it jtk=n—1

Sharing a similar form as the famous Catalan numbers, this kind of generalisation is called
the 2-Fuss-Catalan numbers. The (k-Fuss-)Catalan numbers capture more than 200 natural
combinatorial structures. For example, the Catalan numbers count the number of triangu-
lations, non-crossing perfect matchings and non-crossing partitions when the points are in
convex position. The k-Fuss-Catalan numbers count the number of k-rooted plane trees,
(k 4+ 1)-ary trees, k-Dyck paths, and many more. We refer interested readers to Stanley’s
monograph [46] for an exhaustive survey about these Fuss-Catalan structures.

In this paper, we are interested in where reconfiguration and approximate counting meet.
We consider a Markov chain whose steps are random flip moves over NCSTs, denoted the
flip chain. In each step, we drop an edge chosen uniformly at random, and then add back



K. Anand, W. Feng, G. Freifeld, H. Guo, M. Jerrum, and J. Wang

an edge uniformly at random among all valid choices. (This chain is formally defined in
(7).) Reconfiguration results [8, 28, 10] thus imply that the flip chain is irreducible (namely,
the state space of all NCSTs is connected via flip moves), and when the points are in
convex position, the diameter of the chain is bounded between 14/9n — O(1) and 5/3n — 3.
Markov chains are also the most common approach to approximately count the number of
combinatorial structures [30, 24, 31]. While the size of the state space (namely the total
number of structures to count) can be exponentially large, the hope is that the Markov chain
converges to the uniform distribution within polynomially many steps. The time to converge
is called the mizing time (defined in Section 2). When the mixing time is bounded by a
polynomial, the chain is said to be rapid mixing, and rapid mixing Markov chains usually
lead to efficient approximate counting algorithms.

The mixing times of these geometrically defined Markov chains have received considerable
attention from the Markov chain community in the past few decades, even when restricted to
points in convex position, such as the chains over convex polygon triangulations [39, 38, 26],
over triangulations on lattices and spheres [15, 14], or over lattice paths and (1-)Dyck paths [37,
48, 16]. See Cohen’s thesis [18] for a more detailed explanation and comprehensive overview
about random walks over 1-Fuss-Catalan structures. Beyond the fields of computational
geometry and Markov chain analysis, these chains also find numerous applications, often
thanks to the wide connections of Fuss-Catalan numbers, such as for quantum spin systems
[13, 41, 40] or even in algebraic geometry [9].

In this paper we give the first polynomial upper bound on the mixing time of the flip
chain over NCSTs for points in convex position.

» Theorem 1. For n+ 1 points on the plane in convex position, the mixing time of the flip
chain over their non-crossing spanning trees is O(n®logn).

The main feature that sets Theorem 1 apart from the results mentioned above is that
NCSTs for points in convex position are 2-Fuss-Catalan structures. This renders some tools
unavailable and others, such as the path comparison method [23], a lot more intricate to use.
We also note that while the very similarly defined bases-exchange chain over spanning trees
of a graph is known to have an optimal mixing time [6, 19], NCSTs do not form the bases of
a matroid and these results apparently do not apply. We give an overview of our proofs next.

1.1 Technical overview

Our main strategy is to compare the flip chain with another chain that is easier to analyse.
Naturally we would choose a chain over structures that have a bijection with NCSTs. There
are a few candidates (see e.g. [45]), and we choose 2-Dyck paths. The bijection is defined
through the same recursive structure, such as (1), for both 2-Dyck paths and NCSTs. Note
that while these structures share the same count and have bijections among them, a local
move in one structure may cause drastic changes in another through the bijection. Thus
we need to pick a starting point chain so that the distortion caused by the bijection is
manageable and the overhead of the comparison can be bounded by a polynomial.

We represent a 2-Dyck path by a string consisting of 2n ups () and n downs (Y,) such
that any prefix of the string contains no fewer ups than twice the number of downs. The
formal definition is given in Section 3.1. One can verify that the positions of the down
arrows form a basis of a matroid. This generalises the so-called Catalan matroid introduced
by Ardila [7]. Since the bases-exchange walk for these matroids has an O(nlogn) mixing
time [19], a natural choice would be to compare this chain with the flip chain over NCSTs.
This chain randomly chooses a down arrow and moves it to a random valid location. However,
as mentioned before, one move in the bases-exchange walk may change NCSTs drastically.
See Example 2.

8:3

SoCG 2025



8:4

Rapid Mixing of the Flip Chain over Non-Crossing Spanning Trees

» Example 2. Consider two 2-Dyck paths of length 39:

Wi =227 N NN NN TN NN TN NN
Wo =07 N NN NN SN NSNS NN N

They differ at position 20 (coloured by orange) and 38 (coloured by cyan). As W can be
obtained from W3 through moving the position of one down arrow, they are connected by
one move of the bases-exchange chain. However, their corresponding NCSTs induced by the
bijection of the Fuss-Catalan recurrence (see Section 3) do not share any edge in common,
and there is no obvious pattern to note. The corresponding trees are illustrated as W7 and
Ws in Figure 2.

Since the bases-exchange chain appears to be difficult to compare with, we choose a
different chain to control the changes in the corresponding NCSTs, and that is the adjacent
move chain. Instead of moving a down arrow to a random location, we restrict the movement
to be either left or right one position. More formally, each transition of this chain chooses
two adjacent coordinates uniformly at random. If swapping them results in a valid path, we
do so with probability 1/2, and otherwise make no change. For example, suppose the current
state is 7N\ ,/"\. If, with probability 1/5, we choose the second and third positions,
then the path will not change as swapping them leads to an invalid 2-Dyck path. On the
other hand, if (with probability 1/5) we choose the third and fourth positions, then the chain
will move to &7 N\, /"N, with probability 1/2 and remain unchanged otherwise.

While this chain is not directly studied before, we verify that the coupling method of
Wilson [48] still applies here. Wilson’s original argument is applied to Lattice paths or the
Bernoulli-Laplacian model (the uniform distribution over all strings with a fixed number of
ups and downs). Without too much change, the same argument implies that the adjacent
move chain over 2-Dyck paths mixes in O(n>logn) steps.

Our main technical contribution is then to compare the adjacent move chain over 2-Dyck
paths with the flip chain over NCSTs. We need to characterise how one adjacent move
changes the NCSTs. Consider again W5 in Example 2, and another 2-Dyck path W3 that
can be reached from W5 by a single adjacent move:

Wo=/ 2NN SNSN NSNS SN NN N
Ws =/ N NN NSNS NN NSNS NN N

The adjacent move swaps the position 20 and 21. The corresponding NCST of W3 is
shown in Figure 2. Note that there are still a lot of altered edges, and in fact, one can
also construct examples where Q(n) edges get changed after an adjacent move. This time,
however, the reader may have observed a pattern of the changes: the blue part in the NCST
of W3 is the same as the red part in that of Wy, but shifted clockwise once. As formally
proved in Section 5.1, each adjacent move corresponds to at most two edge flips, plus one
shifting in a particular form (see (9)).

To apply the path method for Markov chain comparison [23], we need to simulate an
adjacent move with a sequence of flip moves, and to be able to recover the initial and final
states of the adjacent move, given the two states of the flip move and at most polynomial
amount of additional information. The main task is to simulate the shift. We do so by
identifying a hierarchical structure of the shift, and only flip edges following a particular
pattern. This design allows us to uniquely recover the initial and final states of the shift, as
long as we know the current transition, the recursion depth, and constant amount of extra
information. This is the crux of our whole argument and is given in Section 5.
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Figure 2 NCSTs corresponding to the 2-Dyck paths in Example 2.

Theorem 1 is shown by combining the comparison argument with the O(n3logn) mixing
time of the adjacent move chain. The comparison has an overhead of O(n*), which, roughly
speaking, consists of O(n) for the encoding, O(n) for the path length, and O(n?) to account
for the transition probability difference. Finally, together with the O(n) overhead resulting
from spectral gaps, we obtain our mixing time bound of O(n®logn).

1.2 Related work

McShine and Tetali’s mixing time argument for convex triangulations [38] is similar to our
result in spirit, which is also built on a comparison argument with Wilson’s lattice path
chain [48]. However, in their case the starting point is 1-Dyck path and the argument is
more straightforward. The idiosyncrasies of non-crossing spanning trees warrant a more
complicated path construction.

We have mentioned that the down arrows of 2-Dyck paths form bases of a matroid.
However it appears difficult to directly relate that matroid and related dynamics with the
flip chain. Another very similar structure is the graphic matroid, whose bases are spanning
trees of a graph. The bases-exchange walk for matroids is known to mix very rapidly [6, 19].
However, with the non-crossing restriction, even when the points are in convex position,
NCSTs do not form the bases of a matroid if we take all possible edges as the ground set. To
see this, we give an example where the basis exchange property of matroids fails. Consider
4 points {0,1,2,3} on a circle, a tree T} consisting of edges (0,1), (1,3) and (2,3), and
another tree T = {(0,2), (1,2), (2, 3)}. Remove the edge (0, 1) from 77. The possible choices
of the new edge to add are To \ 71 = {(0,2), (1,2)}, but neither of them results in a valid
non-crossing spanning tree, contradicting to the basis exchange property. Nonetheless, it is
an interesting open problem to utilise techniques for the rapid mixing of graphic spanning
trees to obtain better bounds in the non-crossing spanning trees context.

There has been a flurry of new tools building upon [6, 19] for analysing Markov chains,
most notable among which is the spectral independence technique [5]. However, the results
utilising spectral independence or its variants mostly focus on spin systems, and non-crossing
trees are not spin systems. The trees all have the same size, which is a constraint usually
not present in spin systems. There are some exceptions, such as the optimal mixing time of
the down-up walk of independent sets of the same size [29]. These analyses rely heavily on
the relationship between the fixed size distribution with the one without size restrictions.
There is no similar connection to be utilised for non-crossing trees.

8:5
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1.3 Open problems

The most straightforward open problem is to establish the correct order of the mixing time
for the NCST flip chain. The O(n®logn) bound in Theorem 1 is unlikely to be tight. Our
starting point, the adjacent move chain for 2-Dyck paths, has diameter Q(n?) by a simple
potential argument,! and thus does not mix very fast. On the other hand, reconfiguration
results [8, 10] imply that the flip chain has diameter O(n). Therefore, we expect the flip
chain to mix at least no slower than the adjacent move chain, instead of the polynomial
slow-down in our current bound. On the other hand, there is no known lower bound on
the mixing time other than the trivial (n) obtained via the diameter bound. It would be
interesting to close or shrink this gap.

Another interesting problem is to study the flip chain when points are not necessarily in
convex position. Recall that the complexity of counting NCSTs with input points in general
position, either exactly or approximately, is not known. Studying the flip chain would be
helpful in resolving the approximate counting complexity. Constructing a set of points such
that the flip chain mixes torpidly (i.e., not mixing in polynomial time) would rule out direct
MCMC approaches, and often torpid-mixing instances help people construct gadgets for
hardness reductions. On the other hand, if this chain always mixes in polynomial time, then
efficient approximate counting would be possible.

2 Markov chain comparison

In this section we review some notions of discrete-time Markov chains over discrete state spaces.
For detailed backgrounds we refer the reader to the book [36]. Let €2 be a finite discrete state
space and 7 a distribution on 2. Let P : Q x & — R>( be the transition matrix of a Markov
chain with stationary distribution =. We say P is reversible if w(x)P(x,y) = w(y)P(y, z) for
any x,y € .

Given two distributions 7 and 7’ over €2, the total variation distance between them
is defined as drv(m,7') := 33, .o |7(z) — 7/(x)|. For a Markov chain P with stationary
distribution 7, let d(t) = max,cq {drv(P!(z,-),7)}. Then the mixing time of P is defined
as tmix(P) := min{t : d(t) < 5 }. The constant 1/(2¢) here is not usually important, as the
error decays exponentially as t increases.

Let f, g be two real valued functions on 2. The Dirichlet form of P with the stationary
distribution 7 is

Er(f.9) =5 3 @)~ FW)llol@) ~ o(u)}m () Pla,v).

z,yeN

Define the variance of a function f : Q — R by Var, (f) := E[f?] — (E[f])%. Then the spectral
gap of the Markov chain P is

. 5P(f7 f)
AP) :=inf { —~% : Q0 — R, Var, . 2
)it (LD o0 v () 20 )
Equivalently, the spectral gap is the difference between the largest and second largest
eigenvalues of the transition matrix of P, but the definition in (2) will be more convenient
for us later.

1 One can also consider how the area below the path evolves and show that the mixing time is at least
Q(n?/logn), so Wilson’s bound is almost tight.
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The mixing time of any reversible Markov chain P can be bounded using the inverse
spectral gap (also called the relazation time) (see e.g. [36, Theorem 12.4, 12.5]):

1 1 1
— 1 <tpx(P) < — [1+ =1 min | » 3
S ) < sy (14 g o) )
where Ty := mingeq m(z). This mmin term is usually a single inverse exponential, which
means the mixing time bound obtained this way typically differs from the relaxation time by
a linear factor.

2.1 Path method

The path method [23] is a way to compare two Markov chains P and P, with stationary
distributions 7 and 7, by simulating any transition in P using a series of transitions in P.
This is a generalisation of the canonical path method by Jerrum and Sinclair [30].

For every pair of z,y € , let 'y, = (z = x9, Z1,...,2¢—1,%¢ = y) be a path of length
¢ =|T'y,| in the state space where P(z;_1, ;) > 0 for all i € [¢]. The congestion ratio B for
a collection of paths I' = {T'yy }4 yeq is defined as

1 ~
B = max _ 7w(x)P(xz,y)|T . 4
(z/,y):P(z'y)>0 | w(a")P(z',y") ;; (z)P(2,y)[Layl (4)
Fzya(mlvyl)

» Theorem 3 (Theorem 2.1 of [23]). Let P and P be two reversible Markov chains. Let B
be the congestion ratio for paths I' = {T'y,} using transitions in P. Then for all f : Q@ — R,

Roughly speaking, the congestion bounds how much of a slowdown the path method can
cause. It gives an upper bound on how much of a bottleneck can result from our simulated
transitions.

3 Fuss-Catalan numbers and structures
This section introduces the combinatorial structures that we frequently utilise. These
structures are closely related to the famous Fuss-Catalan number.

» Remark 4. Different authors appear to index Fuss-Catalan numbers differently in the
literature. We adopt the definition used in Stanley’s monograph [46].

3.1 Dyck paths

» Definition 5 (k-Dyck path). Let k be a positive integer. A sequence (al,aQ, e ,a(kH)n) €
{+1, =k} D7 forms a k-Dyck path of length (k + 1)n, if

(k+1)n

J )
Vj € [(k+1)n], Zai >0, and Z a; = 0.
i=1 i=1

Imagine that there is a hiking frog starting from the sea level. Each time it takes a step
forward, it either lifts itself up by 1 meter, or drops by k meters. The two conditions are
interpreted as (1) at any point it cannot go below the sea level, and (2) after (k + 1)n steps

SoCG 2025
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Figure 3 Decomposing Example 6 by Fact 7.

it must land on the sea level. This view leads to the following terminology for k-Dyck paths.
We replace +1 with an up-step , and —k with a down-step \,. The partial sum

indicates the height of the frog after j steps. Below is an example of a valid 2-Dyck path of
length 21.

» Example 6. 777"\ NN N NN N s a2-Diyck path.

The following simple fact is useful later.

» Fact 7. Any non-empty k-Dyck path W can be uniquely written in the form

W=/"41 " As--- /A \( B,
where A;’s and B are (possibly empty) k-Dyck paths.

The decomposition can be obtained as follows. The B part begins at the position where the
height first reaches 0 (except the starting point), namely Start(B) = min{j : hty (j) =0,j >
1}. Each A; part begins at the position one step after where the height reaches i —1 for the last
time before the B part, namely Start(4;) = 1 + max{j : htw(j) =i —1,0 < j < Start(B)}.
See Figure 3 for an example of such a decomposition for a 2-Dyck path.

Fact 7 immediately implies the recurrence on the number of k-Dyck paths of length
(k + 1)n, denoted by Cj p:

1 k+1)n
Cro=1, Cpn= Z Cr,i1Cliin** Chiinyrs = Crn = e <( n ) > (5)

i1, ,ik+1€L>0,
k41 .

Z, ij=n—1
=1

This is called the k-Fuss-Catalan number [46, Chapter 4, A14], a generalisation of the Catalan
number. It is well-known that the number of 1-Dyck paths equals the Catalan number.
3.2 Non-crossing spanning trees

Non-crossing spanning trees for points in convex position have a one-to-one correspondence
with 2-Dyck paths. It will be more convenient to consider the following alternative way to
draw the trees (see [45, Exercise 5.46]). Instead of putting points in convex position, we



K. Anand, W. Feng, G. Freifeld, H. Guo, M. Jerrum, and J. Wang

arrange them on a line. Each edge is represented by a curve, drawn above the line segment. A
tree is non-crossing if and only if it can be drawn this way without any two edges intersecting
(except at the endpoints). See Figure 4(a)(b) for the two drawings of the same tree. In
other words, each edge is represented by a pair of integers (a,b) where 0 < a < b < n, and
there does not exist any two edges (a,b) and (¢,d) that a < ¢ < b < d. As a result, any
subtree must consist of points labeled by consecutive numbers. For this reason, if a subtree
is spanned by s,s+1,--- , ¢, we use a shorthand [s,¢] for it. A subtree is empty (consists of
no edges) if s = t.

» Fact 8. Any n-edge non-empty non-crossing spanning tree T' on points labeled 0,1,--- |, n
can be uniquely decomposed into a tuple of three non-crossing trees (Ta,Tg,Tc), with the
edge counts summing up to n — 1, in the following way:

Let t be the mazimum index that there is an edge (0,t).

Let s be the index such that, after removing the edge (0,t), the subtree [0, s] is connected,

but [0, s + 1] is not. In other words, there is a gap between s and s + 1.

The first tree Ty is the subtree [0, s]. It is empty if s = 0.

The second tree Tg is the subtree [s 4+ 1,t]. It is empty if t = s + 1.

The last tree Tc is the subtree [t,n]. It is empty if n = t.

Resembling Fact 7 for 2-Dyck paths, the above decomposition not only suggests exactly
the same recurrence (1) for the number of n-edge non-crossing spanning trees, but also a
one-to-one correspondence between 2-Dyck paths and non-crossing spanning trees. Compare
Figure 4(c) and Figure 3 for instance.

» Corollary 9. The following ruleset, when applied inductively, gives a one-to-one corres-
pondence between 2-Dyck paths of length 3n and non-crossing spanning trees containing n
edges.

An empty path corresponds to an empty tree.

If a tree T is decomposed into (T, Tg,Tc) by Fact 8, with each part corresponding to

paths A, B and C respectively, then T corresponds to the path /A /' B\, C.

The decomposition has the following useful property.

» Proposition 10. Let U and V' be two 2-Dyck paths of length 3ny and 3ny respectively, and
let Ty and Ty be their corresponding non-crossing spanning trees. Then, the non-crossing
spanning tree Tyy corresponding to the concatenated Dyck path UV is a concatenation of
Ty and Ty, meaning that the subtree [0,ny] of Tuy is Ty, and the subtree [ny, ny + ny] of
Tyv is Ty (up to a shift in indexing).

The proof of Proposition 10 can be found in the full version [4]. Inspired by the
decomposition, we introduce the following terminology that will be useful later.

» Definition 11. In the context of Fact 8:
(pivot edge)  the edge (0,t) is called the pivot edge of T';

the vertices between s and t are called the gap beneath the pivot edge

(9ap) (0,t); the pivot edge is called the overarching edge of the gap;

an edge (a,b) is the overarching edge of another edge (c,d), if
(overarching edge) a < c<d<b, and there does not exist any other edge (a',b’) that
a<ad <c<d<b <b;

a subtree [c,d] is a minimal segment under an edge (a,b), if the edge (c,d)
exists, and (a,b) is the overarching of (c,d); a subtree [c,d] is an outmost
minimal segment, if the edge (c,d) ezists, and there is no overarching edge

of (¢, d).

(minimal segment)

8:9
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Tc

T
Ty B
(a) (c)

Figure 4 (a)(b) Two ways of representing a non-crossing spanning tree. The tree is corresponded
to the 2-Dyck path in Example 6. (c) Decomposing the tree by Fact 8.

» Example 12. Consider the tree in Figure 4.
The pivot edge of the whole tree is (0,6). The pivot edge of the subtree [0, 3] is (0, 2).
The gap beneath the edge (0, 6) is after 3. The gap beneath the edge (4, 6) is after 5.
The overarching edge of the edge (0,1) is (0,2), whose overarching edge is (0,6), which
does not have any overarching edge.
The minimal segments under the edge (0,6) are [0,2], [2,3] and [4,6]. The outmost
minimal segments are [0,6] and [6, 7].

4 Spectral gap of the adjacent move chain

Over the state space of 2-Dyck paths of length 3n, define the following adjacent move chain:

(1) starting from the current path X, choose a position ¢ € [3n — 1];

(2) let X’ be the same as X except that the steps at positions ¢ and i + 1 are swapped;

(3) if X’ is invalid, then the chain stays at X. Otherwise, it moves to X’ with probability
1/2 and stays at X with probability 1/2.

Formally, let B(X) be the set of 2-Dyck paths that can be obtained from X by swapping

two adjacent coordinates. Trivially, |B(X)| < n. The transition probability of this chain is

— B(X) if X =X';
16n -2
Pa(xx) =] 1" £ X' € B(X) ©)
6n — 2
0 otherwise.

Note that Pam(X,X) > 4/5. It is easy to see that Pay is irreducible and verify that
P(X,X'") = P(X’',X), so Pay is reversible.
We have the following bound on the mixing time of this chain.

» Theorem 13. ;. (Panm) = O(n3logn).
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The proof essentially follows Wilson’s coupling argument [48]. We use the same potential
function and verify that the key properties for the mixing time upper bound still hold. (The
properties in [48] for the mixing time lower bound no longer hold.) More details are given in
the full version [4]. Combining Theorem 13 and (3) has an immediate corollary.

» Corollary 14. 1/\(Pam) = O(n?logn).

5 Adjacent move versus flip move

In this section we analyse the mixing time of the flip chain by comparing it with the adjacent
move chain and using Corollary 14. The flip chain Pgy; is a random walk on non-crossing
spanning trees (or non-crossing trees), where in each step we remove an edge uniformly at
random, and add back a non-crossing edge between the two components. Such a move is
called an (edge) flip. Formally, given two non-crossing spanning trees S and T', the probability
of moving from S to T is

1 .
> G if § =T,
T |Ai'ﬂT’|:n—1 (7)
P (S,T) = .
’ —_— f T=n-1;
(5.7 if|SNT|=n-1;
0 otherwise,

where 0(S,T) is the number of edges that one can add to SNT to make it a non-crossing
spanning tree. Note that

Peum(S,8) > 1/n,  and Pey(S,T) > Q(n~3) if it is non-zero. (8)

It is easy to see that Ppy is irreducible. Note when [ X NY|=n—-1, P(X,Y) = m =
ﬁ = P(Y, X), and it is trivial to see that P(X,Y) = P(Y, X) in the other two cases, so
Prgy is symmetric, thus is reversible.

5.1 Characterise the adjacent move via flip moves

A single adjacent move on non-crossing spanning trees still requires altering an Q(n) number
of edges. Yet, we will show that it consists of a constant number of flip moves, plus one
subtree shifting, taking the form of

moving from 6 to 6 or vice versa, (9)

where the bubble does not change. Note that the overarching edge of the subtree remains
unchanged. This is formally defined as follows, using the non-crossing tree decomposition.

» Definition 15 (shifting). Let T be a non-crossing spanning tree of size m decomposing
into (Ta, T, Tc) by Fact 8, where Ty and T are empty. Let T' be another non-crossing
spanning tree of size m decomposing into (T, Ty, T(), where both Ty and T(, are empty,
and Tf, = T4. A shifting is the transformation from T to T' (right shifting) or from T to T
(left shifting).

This particular form of shifting may look strange at first sight. A more intuitive version
would be just moving a subtree left or right, without caring about the overarching edge or the
other side of the gap. However, as it will become clear later when we bound the congestion
of the paths, it is this form of shifting that allows an efficient encoding.

Next is the characterisation of an adjacent move via flip moves and shifting.
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Ay B, AQ/A3© B
P AN A AN

(1a) (2a)
a a
A X4 B Gy W GAXdy (B
Shlft sequence M3
A Xy B D e Xdy B
M1 Shlft sequence
A Xy G Ui Uy B
lMg M4

Figure 5 (xa) The 2-Dyck path representations of I. In the adjacent move, the blue part is
changed into red. (xb) The corresponding flip move sequences. (1x) Corresponding to Type 1. (2x)
Corresponding to Type 2.
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R My
> —_—
e e
O OO O 6O
(#4) (#5)

Figure 6 An example of a shift sequence. The black longer bubbles represent minimal segments,
and there may be 0 or more of them. The red shorter bubbles represent valid sub-trees and are
not necessarily minimal. The minimal segments S;+1, ..., Sk have finished moving, and S1,...,S;—1
are yet to be moved, with S; being the current one moving. Ms, Mg, M~ are edge flips, and R
represents a recursive move.

» Lemma 16. Let [ — F be a transition in the adjacent move Pay such that I # F. This
transition can be simulated from Ty to Tr by at most two edge flippings in Pry, plus at most
one shifting.

The proof of Lemma 16 can be found in the full version [4]. There are two cases in this
lemma, depending on whether one or two steps the first time the 2-Dyck path goes below the
end of the adjacent move, which we call Type-1 and Type-2 moves. See Figure 5 (1a) and
(2a) for illustrations of the two types of transitions. The flip moves to simulate the adjacent
move are also intuitive. See the illustrations in Figure 5 (1b) and (2b).

The next step is to resolve the shifting, by designing a sequence of flippings that simulates
it. We call this sequence of flip moves a shift sequence. The design of the shift sequence is
the trickiest part of the whole comparison argument, because we have to be able to recover
the initial and final states by just looking at a transition with some succinct extra encoding.
We only need to deal with right shifting, as for left shifting we just reverse the sequence.

» Lemma 17. Let T be a non-crossing spanning tree of m edges decomposing into (Ta, Tr,Tc)
by Fact 8, where T and T¢ are empty, and T4 is not empty. Then we can use ¢ < 3m flip
moves to simulate a right shifting, i.e., reach a non-crossing spanning tree T' decomposing
into (T, Ty, T,) where both T and T{. are empty, and Ty = Ta.

The proof of Lemma 17 can be found in the full version [4]. Essentially, we design a
recursive way of simulating shifts. We decompose the subtree to shift into minimal segments,
and then move them one at a time. To move a minimal segment, we perform edge flips so
that subtrees of the minimal segment are in the form of a shift, and finish moving it using
recursion. See Figure 6 for an illustration of an example.
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Algorithm 1 Constructing the canonical path.

Input: two 2-Dyck paths I # F' of length 3n that Pam(Z, F') > 0
Output: a canonical path I = Zy, Zy,--- ,Z,

1 Decide if I to F' is a Type-1 or Type-2 move as in Lemma 16;
2 if it is a Type-1 move then return Transition1(I, F') else return Transition2(I, F);

3 procedure Transitionl(, F): // Requiring I — F' to be a Type-1 move.

4 Let Zy + I;

5 Find a = (a1, a2), e = (p,ge + 1) and g, as in Lemma 16;

6 if p<g.—1thenlet (¢ —2,7,, - -,Z_2) «<ShiftRight(p, g. + 1,1,1);

7 Perform an M; move of e to obtain Z,_1;

8 Let Zy < F, which is obtained by an M5 move of e from Z,_q;

9 return 72y, -, Zy;
10 procedure ShiftRight(s, ¢, depth, step):
11 Let k£ > 1 be the number of minimal segments S, -- , Sk beneath the edge (s, t);
12 last < step;
13 for i from k down to 1 do

14 Let e = (p, q) be the pivot edge of S; and ge, g1 be the gap beneath e;

// (#0)

15 if ¢ > g. + 2 then

16 L Perform an M5 move of e to obtain Z),s, and last < last + 1; // (#1)
17 if p <g.—1 then

18 (0, Ziast -+ s Ziast+0:—1) <ShiftRight(p, g. + 1, depth + 1, last);

19 Update last < last + ¢'; /] (#2)
20 Perform an Mg move of e to obtain Z),s, and update last < last + 1; // (#3)
21 if ¢ > g. + 2 then

22 (0", Ziast, -+ » Ziastrer—1) <ShiftRight(ge + 1, ¢ + 1, depth + 1, last);

23 Update last < last + £; // (#4)
24 if p <ge—1 then

25 L Perform an M7 move of e to obtain Z),s, and last < last + 1; // (#5)
26 return (last — step, Zstep, - -+ 5 Ziast);

5.2 Path construction

We are going to apply the path method, namely Theorem 3, to compare Pay and Pryg.
Because of the bijection between 2-Dyck paths and NCSTs, we simply treat Pay and Ppry
as having the same stationary distribution. To compare the two chains, we will need to
construct a path (namely, a sequence of transitions) for any two 2-Dyck paths I and F' where
Pay(I, F) > 0 using only transitions in Pry. We summarise the construction in Algorithm 1,
with half of the procedure omitted due to redundancy. This construction follows closely the
simulation of an adjacent move via two flip moves and one shifting in Lemma 16, and then
simulating the shifting via flip moves in Lemma 17. The edges a = (a1,a2), e = (p,ge + 1)
and g, in Transition1(I, F') are defined in the proof of Lemma 16. Intuitively, a and e are the
distinguished edges marked in Figure 5, and ¢,, 9, + 1 is the unique gap beneath a. The
markers (#0) to (#5) are used in the proof of Lemma 19. We expand out the Type-1 move
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and omit the details of the Type-2 move to avoid redundancy. (The flip moves for Type-2
moves are described in the proof of Lemma 16 and Figure 5(2x), and the ShiftLeft sequence
is the reverse of ShiftRight.)

Let TT and Tr be the non-crossing spanning trees corresponding to I and F. The
construction yields a path Ty = Zy — Z1 — -+ — Zy = Tp where Prm(Zi, Zip1) > 0 for
any ¢ < £ — 1. Its validity, namely that each transition is valid, is implied by Lemma 16
and Lemma 17. These two lemmas also imply an upper bound on the length of the path
¢ < 3n+ 2 (3n for the shift sequence and 2 for the two simple flips).

5.3 Bound the congestion

The goal of the Markov chain comparison argument is to show the following lemma:

» Lemma 18. Let Ean be the Dirichlet form of the adjacent move chain Pan over the
uniform distribution of 2-Dyck paths of length 3n, and Epy be the Dirichlet form of the flip
chain Ppyp over the uniform distribution of non-crossing spanning trees containing n edges.
Then for all functions f, it holds that Epm(f, f) = Q=) - Eam(f, f)-

Lemma 18 is a straightforward application of Theorem 3 where we bound the congestion
using Equation (8) and Corollary 20. The proof can be found in the full version [4].
The next lemma shows that our canonical path construction ensures that each transition

in the flip move Pgy is used by a limited number of (I, F') pairs in the adjacent move Payy.

This is proved by designing an encoding such that we can uniquely recover the (I, F') pair
from the current transition and the encoding. The number of (I, F') pairs is then bounded
by the number of possible encodings, which we ensure to be linear in n.

» Lemma 19 (encoding). Let Z — Z' be a transition of Ppm over non-crossing spanning
trees containing n edges. Let I # F be two 2-Dyck paths such that Pay (I, F) > 0, and that
the path constructed according to Algorithm 1 contains the transition Z — Z'. Then there
exists an injective mapping

YOzz T X T — {Left, nght} X {M17M2,M3,M4751752} X [n]

where Ty, is the set of all non-crossing spanning trees of n edges. In other words, given Z — Z',
and (dir, M, d), we can uniquely determine I, F such that ¢z, 7z (Tr,Tr) = (dir, M, d), where
dir € {Left, Right}, M € {My, Ms, M3, My, S1, S}, and d € [n].

Proof sketch. We provide a proof sketch here, and the full proof can be found in the full
version [4]. The mapping is defined as ¢z, z/ (T, Tr) = (dir, M, d), where
dir indicates the direction of adjacent move from I to F,
M indicates where the current transition Z — Z’ is located in the construction of the
canonical path, as in Algorithm 1, and
d indicates the depth of the recursion of the shift sequence construction. It is defined
only when M € {57, 5>}, and otherwise arbitrary.
In particular, the six possibilities of M correspond to the six types of moves in Figure 5 (1b)
and (2b), where M, -+, My denote edge flips, and S; and Sy denote shifting sequences.
To show the mapping is injective, we just need to be able to recover T; and T given
(dir, M, d). The transition Z — Z' gives the edge which is being moved in this step, and
dir indicates if it is a left shifting or right shifting. First, we use M to determine where the
current move is in the construction of the canonical path. If it is neither S; nor Ss, then
the initial and final states can be reconstructed easily. Otherwise, the current step is in the
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recursive construction of the canonical path. Starting from this edge being moved, together
with the number d in the mapping above, we can find the sequence of overarching edges
which the initial shifting involves. Furthermore, by looking at the current edge and the gap
beneath its overarching edge, we can determine which step in the subroutine ShiftRight (or
ShiftLeft) the current transition is in. This information allows us to rewind all the edge flips
that have been performed and recover the initial state T7. The final state T is recovered
similarly. <

Let I'; be the path from I to F. We write (Z,Z') € T'yp if the (Z, Z') transition is in
the path I';p. Lemma 19 immediately implies the following.

» Corollary 20. For each (Z,Z') with Prm(Z,Z') > 0, there are at most 12n pairs (I, F)
such that (Z,7') € TrF.

Proof of Theorem 1. We have

1 1 1 1
(Prm) ( +20g7r ))\(PFM) ( +20g7r >inf{g\§M(f’f)} (by (2))
a'rﬂ'(f)
1 4
< (1 + = log 7rmm> o) (by Lemma 18)
2 inf { SAM(ﬁf)}
Varx(f)
1 O(n%)
=14+ lo Tmin b 2
(1 1osman ) 5 by )
1
= (1 + B log 7rmm> O(n"logn) (by Corollary 14)
= O(n®logn). <
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