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—— Abstract

In this year’s CG challenge, the task was to compute a non-obtuse triangulation of given planar

regions while minimizing the number of Steiner points. Our team (Gwamegi) used two approaches.
The first approach incrementally adds Steiner points on the grid defined by the input points in the
planar regions, while maintaining a Delaunay triangulation. The second approach is an iterated
local search, which runs insertion and deletion steps alternatingly. In the insertion step, we add a
new Steiner point inside a maximal convex subpolygon in the current triangulation. In the deletion
step, we remove a number of Steiner points packed in a small region. We use both our approaches
to obtain non-obtuse triangulations for all 150 instances. We use our second approach to reduce
the number of Steiner points from the non-obtuse triangulations. We have successfully computed
non-obtuse triangulations using a sufficiently small number of Steiner points for all instances.
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1 Introduction

Triangulation is a well-studied topic in computational geometry. It is a subdivision of a
planar geometric object into triangles. Such an object is a point set possibly with constraint
edges [7, 13], a polygon [10, 11], or a planar straight-line graph (PSLG) [6]. In this year’s CG
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challenge, the task was to compute a non-obtuse triangulation of given PSLGs minimizing
the number of Steiner points. This paper introduces the approaches of our team (Gwamegi)
for the challenge. See also the survey [9] by the challenge organizers and another team’s
approach [1].

Finding triangulations under various optimality criteria has been well studied, including
max-min angle triangulations (called Delaunay triangulations) [4, 12], high aspect ratio
triangulations [14], and min-sum side length triangulations (called minimum weight trian-
gulations) [3, 5]. Among them, Delaunay triangulation is the most popular with its various
application areas such as mesh generation and path planning [2, 15]. Note that any non-obtuse
triangulation (every triangle is acute or right) is Delaunay.

The challenge problem can be formulated as follows.

» Problem 1. Given a problem instance I = (V, R, E), where V is a set of points in R?, R
is a simple polygon to be triangulated whose vertex set is a subset of V., and E is the set of
constraint edges each connecting two distinct points in 'V, find a minimum-sized set S C R of
Steiner points and a non-obtuse triangulation of R with vertex set V U S and respecting E.

There were 150 instances, five types in total. Figure 1 illustrates the instance types.

Figure 1 Example instance per type. Blue segments form the boundary of R. Red segments are
constraint edges E. Type (a) ortho, (b) simple-polygon, (c) point-set, (d) simple-polygon-exterior, and
(e) simple-polygon-exterior-20.

2 Algorithms

We used two approaches to compute non-obtuse triangulations: (1) incremental algorithm on
a grid and (2) iterated local search. For all instances of type ortho and some instances of
type point-set and type simple-polygon, we used our first approach. For the other instances,
we used our second approach. After computing non-obtuse triangulations for all instances,
we again used our second approach to reduce the number of Steiner points for each of them.
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Let DT(V, R, E) be a Delaunay triangulation of R with point set V', respecting E. If
there is more than one such Delaunay triangulation, we let DT(V, R, E) to be one with the
minimum number of obtuse triangles. In our approaches, we maintain DT(V U S, R, F) while
updating the set S of Steiner points. We say that S is a feasible solution of I = (V, R, E) if
DT(VUS, R, E) is a non-obtuse triangulation.

2.1 Incremental algorithm on a grid

We introduce our incremental algorithm. It was mostly used for instances of type ortho.
For a type ortho instance I = (V, R, E), R is an orthogonal polygon (any edge is vertical
or horizontal), V is the vertex set of R, and E = (). Define z(p) and y(p) as the z- and
y-coordinate of a point p € R?, respectively. Let X = {z(p) |p€ V} and Y = {y(p) | p € V'},
and let S¢ = {p € R | z(p) € X,y(p) € Y} be the grid points of I. The set S \ V is an
obvious feasible solution of I. However, its size can be Q(|V]?). In the following, we show
how to find a moderately-sized feasible solution S C S¢.

Starting with S = @, we compute DT(V U S, R, E) in each step. If it is non-obtuse, S
is a feasible solution, and we are done. Otherwise, we pick a random obtuse triangle in
DT(VUS, R, E). Let p be its obtuse vertex. The angle interval defined by p contains at least
one of the four axis-aligned directions from p: +x, +y, —x and —y. Without loss of generality,
assume that it contains the +y-direction as in Figure 2, and let 7 be the ray emanating from
p and going towards the +y-direction. Let ¢ be a point moving from p along 7. During the
movement of ¢, if y(q) = y(v) for a vertex v of the triangle containing ¢ and ¢ # p, it stops,
and we add ¢ to S. It is easy to see that ¢ always stops before moving out of R. We repeat
the procedure until S becomes feasible.

p
Figure 2 Point ¢ moves from p along 7. It stops when y(q) = y(v) for a vertex v of the triangle

containing q.

Table 1 shows that the above algorithm uses no more Steiner points than the size of V,
for type ortho instances.

Table 1 |V| is the size of the instances. |S| is the average number of Steiner points added, when
we executed the algorithm five times for each instance of type ortho.

V| 10 | 20 40 60 80 100 150 250
S| || 3.0 | 9.3 | 23.6 | 38.4 | 45.4 | 74.6 | 125.2 | 184.9

We can apply the algorithm to some instances of type point-set and simple-polygon

by invoking MakeNonObtuseBoundary procedure whenever we add a new Steiner point.

MakeNonObtuseBoundary finds an obtuse triangle from DT(V US, R, E) having its hypotenuse
on the boundary of R, and adds the projection from the opposite vertex onto the hypotenuse
to S. It repeats until there is no such obtuse triangle. See Figure 3.
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() (b)

Figure 3 (a) Instance point-set_60_27bc003d of type point-set and (b) its feasible solution obtained
by our incremental algorithm.

2.2 lterated local search

We introduce our local search algorithm. Starting from S := (3, the algorithm runs insertion
steps and deletion steps alternatingly to update S.

Unlike the incremental algorithm in Section 2.1, our local search algorithm may place
non-grid Steiner points in the insertion step. We first observe the following. Let I = (V, R, E)
be an instance. Consider a feasible solution S of I. Fix a point s € S, and let T'(s) be the set
of triangles in DT(V U S, R, F) with s as a vertex. Since all triangles in T(s) are non-obtuse,
their union is a convex polygon P. The interior of P does not contain any constraint edge
if and only if s does not lie on any constraint edge. See Figure 4(a, b). If s lies on some
e € F, then PNe is an edge connecting two vertices of P, and P does not contain any other
constraint edge. See Figure 4(c). Based on the observation, we consider the following.

P!
(a) (b) (c)

Figure 4 Union P of T'(s). Black points are the given points in V, and red points are the Steiner
points. (a) s lies in the interior of P and s does not lie on any e € E. (b) s lies on the boundary
of P. (c) s lies on some e € E.

P
P

» Problem 2. Given a convex polygon P, find a point s € P such that Aspq is non-obtuse
for any edge pq of P. Additionally, if a diagonal e of P is given, s must lie on e.

Fix an edge pg of P and consider the triangle Aspq for a point s € P. We have Zspq < /2
and Zsgp < w/2 if and only if s lies in the strip L perpendicular to pg, with each bounding
line going through p and g, respectively. We have Zpsq < 7/2 if and only if s lies outside the
disk D having pq as its diameter. See Figure 5(a). Summing up, Aspg is non-obtuse if and
only if s lies in R(pq) := L\ D, and s € P is a solution of Problem 2 if and only if it lies in
the intersection of R(pq)’s for every edge pg of P. See Figure 5(b). A similar subprocedure
was previously introduced by Erten and Ungor [8], and it was also used in the team Naughty
NOTers’ approach [1], named as polygonCenter. If a diagonal e is given additionally as in
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the problem statement, we check if such intersection of R(pg)’s intersects e. We solve its
generalized version, Problem 3, defined as follows, because there may be no solution for
Problem 2. Let Vp be the set of vertices of P, and let Ep :={eNP |e € E}.

Figure 5 (a) R(pg) N P. (b) The intersection of R(pq)’s for every edge pg of P.

» Problem 3. Given a convex polygon P and a set of constraint edges Ep in P, find a point
s € P minimizing the number of obtuse triangles in DT(Vp U{s}, P, Ep).

To solve Problem 3, we need to define the following sets.

D: the set of circles, each having an edge of P as its diameter.

L: the set of lines, each perpendicular to an edge of P and going through one of its

endpoints.

C: the set of circumcircles of the triangles in DT(Vp, P, Ep).

Consider the arrangement A of DULUCU Ep in P. For each cell of A, the number of obtuse
triangles is the same. Thus we aim to find a vertex v of A minimizing the number of obtuse
triangles in DT(Vp U {v}, P, Ep).

Since we are using exact arithmetic, it consumes too much time and space to exactly
compute vertices of A. So instead, we approximate each point with another point at close
range with simpler coordinates. For each vertex of A that does not lie on any constraint
edge, we approximate both its x- and y-coordinate using quantized values represented as i - g
for some integer 7 and a fixed parameter ¢ € Q. For each vertex of A lying on a constraint
edge, we approximate only one of its coordinates with the quantized values, to ensure that
the approximated point also lies on the constraint edge. We start with ¢ = 1 and make it
smaller whenever the algorithm gets stuck. From the approximated points, we choose one
minimizing the number of obtuse triangles. If there are multiple such points, we choose a
point at random. Let AddPoint(P) be the corresponding subprocedure.

In the insertion step, we first compute DT(V U S, R, F). If it is non-obtuse, we are done.

Otherwise, we pick an obtuse triangle ¢ in DT(V U S, R, E) at random. Then we compute a
maximal convex polygon P which is the union of some triangles in DT(V US, R, E) containing
t. This is done by maintaining a convex polygon P, starting from P =t and adding triangles
incident to P until there is no triangle ¢’ such that PU#t’ is convex. Finally, we add a point to

S obtained from AddPoint(P). During each insertion step, we repeat the above several times.

In the deletion step, we randomly choose a Steiner point p, and remove every Steiner
point (including p itself) within distance r - d where r is a parameter that increases as time
goes by, and d is the distance between p and its closest Steiner point.

We store the current solution as the best solution whenever the number of obtuse triangles
decreases, or the number of Steiner points decreases while the number of obtuse triangles
remains the same. In each iteration, we start from the best solution and apply the insertion
and the deletion steps alternatingly. Figure 6(a) illustrates a deletion step, and Figure 6(b)
illustrates a non-obtuse solution obtained by running an insertion step afterwards.
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(a) (b)

Figure 6 (a) Given a Steiner point p, we remove every Steiner point whose distance from p is
at most r - d, for some parameter r and the distance d between p and its closest Steiner point gq.
(b) Applying a deletion step and an insertion step in order reduces the number of Steiner points by
two.

3 Results

We implemented our algorithms in Python 3. We used two servers: (i) 4.40GHz Intel Core i5
12400F CPU with 32GB RAM, and (ii) 4.70GHz AMD Ryzen 9 7900 CPU with 32GB RAM.

We now discuss the results. We have found non-obtuse triangulation for all 150 instances.
We ranked first on 34 instances including 4 exclusive ones, see Figure 7. We ranked second in
almost all the other instances, including 35 instances where we used only one more Steiner
point than the best solution. As a result, we ranked second among 19 teams, and reached

the top among the junior teams.
E

<M

(c) (d)

Figure 7 Our exclusive best solutions: (a) point-set_10_f999dc7f, (b) simple-polygon_80_7b8f6c4c,
(c) simple-polygon-exterior_10_a5f0f2fc, and (d) simple-polygon-exterior_20_92dcd467.
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We analyze our results by the types and the sizes of the instances. We achieved the

highest average score for instances of ortho types. See Figure 8(a). We got higher scores for
smaller instances than for the larger instances. See Figure 8(b).

Average score
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W Naughty NOTers W Naughty NOTers
. Gwamegi (Ours) | -0 . Gwamegi (Ours) |
m Top-4 average I Top-4 average
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Input type The number of input points
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Figure 8 Average score compared with Naughty NOTers [1] and with top four teams (Naughty

NOTers, Gwamegi, KITriangle, and Obtuse Terminators). We write ORTHO for ortho type instances,
PS for point-set type instances, SP for simple-polygon type instances, SPE for simple-polygon-exterior
type instances, and SPE-20 for simple-polygon-exterior-20 type instances. (a) Average score per input
type. (b) Average score per number of input points.
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