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—— Abstract

Deadlock freedom is a crucial property for message-passing programs. Over the years, several different
type systems for concurrent processes that ensure deadlock freedom have been proposed; this diversity
raises the question of how they compare. We address this question, considering two type systems not
covered in prior work: Kokke et al.’s HCP, a type system based on a linear logic with hypersequents,
and Padovani’s priority-based type system for asynchronous processes, dubbed P. Their distinctive
features make formal comparisons relevant and challenging. Our findings are two-fold: (1) the
hypersequent setting does not drastically change the class of deadlock-free processes induced by
linear logic, and (2) we relate the classes of deadlock-free processes induced by HCP and P. We prove
that our results hold under both synchronous and asynchronous communication. Our results provide
new insights into the essential mechanisms involved in statically avoiding deadlocks in concurrency.
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1 Introduction

The deadlock freedom property (DF, in the following) is a crucial guarantee for message-
passing programs. Informally, DF ensures that processes “never get stuck” — an essential
requirement in concurrent and distributed software systems, where even a single component
that becomes permanently blocked while waiting for a message can compromise reliability. As
illustration, consider a toy concurrent program in the language of Gay and Vasconcelos [14]:

let (z1, z) = receivexy in send 42y let (y2, k) = receiveys in send ‘hello’ xo
Y Y Y

We have two concurrent threads, each running an expression with two actions in sequence.
This program is evaluated under a context that binds together x; and x2 and declares them
as endpoints of the same linear channel (same for y; and y2); we omit it for readability.
Given a linear channel x, “send v z” sends value v along x and returns the continuation of
xr, whereas “receive z” returns a pair with the continuation of x and a received value. The
threads are thus engaged in separate but intertwined protocols (one along x;, the other
along y;). Each thread should receive on a channel and then send a value on the other.
However, the output matching the input in one thread is blocked in the other — the program
is stuck. The key challenge in enforcing DF is thus performing the non-local analysis needed
to avoid circular dependencies between threads, which are often less apparent than in this
program.
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Contrasting Deadlock-Free Session Processes

An expressive model for concurrent processes, the 7w-calculus offers a convenient basis
for developing analysis techniques for message-passing programs in different paradigms [32].
Several type systems that enforce (forms of) DF have been proposed over the years (see,
e.g., [21, 11, 5, 27, 7, 34, 1]). They avoid circular dependencies in processes using different
insights, which raises the question of how they compare. In this paper, we rigorously compare
some representative type systems for DF to better understand their underlying mechanisms.

A key motivation for studying type systems for concurrent processes is their suitability for
developing advanced analysis techniques at an appropriate level of abstraction — these typed
frameworks have been directly incorporated into languages such as Scala [33], OCaml [28, 17],
and Rust [24]. Also, concurrent processes offer an adequate representation level for verifying
liveness properties in real Go programs [25, 26]. Moreover, type systems for the m-calculus are
the basis for static analyzers (such as Kobayashi’s TyPiCal [20]) and can be ported to enforce
DF for higher-order concurrent programs [29]. Type systems based on the Curry-Howard
correspondence between session types and linear logic (“propositions-as-sessions” [3, 37])
enforce DF; they entail topological invariants on processes, key to ensure deadlock and
memory leak freedom in concurrent programs [18]. Further understanding the essential
mechanisms that enforce DF in logic-based session types is a central topic in our work.

Prior work by Dardha and Pérez [9] contrasts type systems for DF by relating the classes
of processes they induce. They compare a priority-based type system by Kobayashi [21]
and a type system derived from “propositions-as-sessions”. Writing K and L to denote
the respective classes of processes, a result in [9] is that L C K: there exist deadlock-free
processes that cannot be typed by logic-based type systems. The class K\ L includes, for
instance, process networks organized in circular topologies (e.g., the dinning philosophers). It
also includes process Py below, in which two processes interact along independent protocols
(sessions):

Py & (vayms) (v yiyo) (21(2).71(42).0 | Tz(hello).ys(k).0)

Above, “(v x122)” declares a new session with linear endpoints z7 and zq, and “z(y).Q” (resp.
“T(v).Q") denotes an input (resp. output of value v) along x with continuation Q. Py is the
deadlock-free variant of the program given above, now neatly specified as a process. In L,
processes can share at most one session in parallel, whereas processes in P, share two: the
session “zyx5” for exchanging “hello” and the session “y;y2” for exchanging “42”. In [9],
both compared classes rely on a reduction semantics; accordingly, DF concerns the absence
of stable states with pending reduction steps on linear names/channels.

Here we extend the work in [9] by considering type systems not studied there: (i) Kokke
et al.’s HCP [23] and (ii) Padovani’s priority-based type system [27], here dubbed P. Their
distinctive features make formal comparisons relevant and challenging, as we discuss next.

Derived from “propositions-as-sessions”, HCP is based on a presentation of classical linear
logic (CLL) with hypersequents. HCP has been studied in several works, which have deepened
into its theory and applications [22, 12, 31]. In HCP, the semantics of processes is given by a
Labeled Transition System (LTS), rather than by a reduction semantics. This unlocks the use
of well-established analysis techniques, notably observational equivalences, to reason about
typed processes. The (typed) LTS for HCP includes the usual rules for observing actions
and synchronizations, here dubbed regular transitions, but also rules that allow for delayed
actions (i.e., observable actions due to prefixes not at top-level) and self-synchronizations (i.e.,
internal actions that do not require the interaction of two parallel processes). Remarkably,
the bisimilarity induced by the LTS coincides, in a fully-abstract way, with a denotational
equivalence over processes — this gives a strong justification for the design of the LTS. Typing
ensures progress: well-typed processes not equivalent to 0 always have a transition step.
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An intriguing observation is that there are HCP processes that are stuck in a reduction-
based setting but have synchronizations under HCP’s LTS. We discuss two interesting
examples, using “z().Q” and “Z().Q” to denote empty inputs and outputs, respectively:

Process P, 2 (vaa')2’().x().0 is self-synchronizing: it does not have any reductions,

whereas P; = 0, as in HCP synchronizations do not need a parallel context to be enabled.

Process P, 2 (vaz')(vyy')@().z().0 | /{).’().0) is arguably the paradigmatic example

of a deadlock, with two independent sessions unable to reduce. In HCP, thanks to delayed

actions, we have both P, = (vyy')(5().0 | ¥'().0) and P, = (v z2')(Z().0 | 2().0).

This observation shows that comparisons such as [9] should accommodate other semantics
for processes, beyond reductions, which entail other definitions of DF and induce new
deadlock-free processes (such as P; and P»). This begs a first question:

(Q1) What is the status of delayed actions and self-synchronizations, as typable in HCP,
with respect to DF? Do they induce a distinct class of deadlock-free processes?

Considering Padovani’s P means addressing the case of processes with asynchronous
communication, widely used in real programs. In the m-calculus, asynchronous communication
is obtained by defining outputs as non-blocking actions; only inputs can block the execution
of a process [2, 16]. Asynchrony and DF are then closely related: because an asynchronous
setting involves the least amount of blocking operations, it offers the most elementary scenario
for investigating DF [35]. Now, the comparisons in [9] are limited to synchronous processes;
we then observe that they should be extended to address asynchronous communication, too.
Let us write H and PP to denote the class of processes induced by HCP and P, respectively, and
C to denote the class of processes induced by CP (a fragment of HCP without hypersequents
and with a restricted form of parallel composition). We consider the second question:

(Q2) What is the status of H and C with respect to asynchronous processes in P?

Interestingly, our two questions are intertwined: HCP and P are related due to asyn-
chrony. Our insight is that delayed actions in HCP already implement an asynchronous
semantics. To see this, consider the process Py = (vzz')(vyy')(m().7().0 | 2’().y'().0),
which is not stuck: the output on y is not really blocking, as delayed actions allow to
anticipate the output (and synchronization) on z. In other words, P3 is morally the same
as (vax)(wvyy)(@().0|Z().0 | 2'().4'().0). We thus conclude that the (typed) operational
semantics for HCP admits many synchronous-looking processes (such as P3) that actually

behave in an asynchronous way; this naturally invites the question of how H relates to P.

Contributions and Outline. This paper offers conceptual and technical contributions. From
a conceptual view, we reflect upon the significance of formally comparing different type
systems for concurrency, while uniformly presenting various notions in the literature. On
the technical side, we address (Q1) and (Q2), thus extending and complementing [9]. A
key discovery is identifying commuting conversions and disentanglement as key notions for
characterizing deadlock-free processes in HCP — as we will see, these notions define sound
process optimizations that respect causality and increase parallelism. As our results hold
also in an asynchronous setting, not treated in prior work, our findings are most related to
abstractions and mechanisms used in practical concurrent programming. More in detail:
§ 2 We introduce SP, a session 7w-calculus that we use as baseline for comparisons, as well
as CP and HCP, the type systems resulting from the Curry-Howard correspondence with
CLL and CLL with hypersequents, respectively.
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Figure 1 Overview of main results. Above, Hf, Hg, P, C, and plP stand for classes of deadlock-free
SP processes. The red arrow represents optimizations (commuting conversions and disentanglement)
that relate Hr and Hg. The green lines denote the correspondence C = uP. The dotted line means
that P’ and P” are the representatives of P in Hg and P, up to an encoding.

§ 3 We define C and H: the classes of deadlock-free SP processes induced by CP and HCP,

respectively. We identify two relevant sub-classes of H:

HEg: Processes that use the Full LTS.

Hg: Processes that only use Regular transitions (no delayed actions/self-synchronizations).
In our main result (Corollary 53), we prove that for every process P € H, there exists an
observationally equivalent process P’ € Hg. Enabled by process optimizations induced
via commuting conversions and disentanglement, this result shows that delayed actions
and self-synchronizations are inessential when it comes to DF, addressing (Q1).

§ 4 To address (Q2), we define P: the class of deadlock free SP processes induced by P,
and its sub-class pP (“micro P”), which is inspired by CP. We prove that C = uP
(Corollary 74), thus casting Dardha and Pérez’s key finding into the asynchronous setting.
Our main results are: Theorem 76, which precisely relates the classes H, Hg, Hg, and P;
and Corollary 77, which strengthens Corollary 53 by considering DF in P. Moreover, we
introduce SP®, an asynchronous variant of SP, and its corresponding classes of processes.
We show how to transfer Theorem 76 and Corollary 77 from SP to SP® (Corollary 88).

Figure 1 offers a graphical description of the classes of processes and some of our main results
(Corollaries 53 and 74 and Theorem 76). For simplicity, the figure does not depict several
encodings needed to bridge syntactic differences between the various classes of processes /
type systems under consideration; Figure 12 (Page 26) presents a detailed version. In § 5 we
collect some closing remarks. The extended version of the paper [19] contains omitted proofs.

2 Session Processes and Their Type Systems

We present SP, our reference language of session processes. As observed by Dardha and
Pérez [9], this is a convenient framework for formal comparisons, because typing in SP ensures
communication safety but not DF. We also present CP and HCP, the two typed languages
based on “propositions-as-sessions”, and recall useful associated results.

2.1 Session Processes (SP)

SP is a core session-typed m-calculus, based on the language defined by Vasconcelos [36]. We
assume a base set of variables, ranged over by x,y, ..., which denote channels (or names):
they can be seen as endpoints on which interaction takes place. Processes interact to exchange
values v,v’,...; for simplicity, values correspond to variables, i.e., v ::= . We write Z to
denote a finite sequence of variables. The syntax of processes is as follows:

P = 0|z().P|x(y).P|P|P| (vay)P |z().P|z().P
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(v zy)(@(v).P | y(2).Q [ §) — (vay)(P [ Q{Y/z} | 5) R-Cowm
(vzy)(@().P|y().Q) — P|Q R-EmpTYCOM
R-PAR R-REs R-STRUCT
P—P P— P P=P P —Q Q=qQ
PlQ—P|Q (vay)P — (vay)P’ P—Q
PlQ =Q|P P|0O=P
PI(@QIR) = (P|Q)|R (vay)P = (vyx)P

(vzy)P|Q = (vay)(P|Q) if z,y ¢ £v(Q) (vay)(vwz)P = (vwz)(vezy)P

Figure 2 SP: Reduction semantics (top) and structural congruence (bottom).

Process 0 denotes inaction. Process T{v).P sends v along x and continues as P. Process
z(y).P receives v along = and continues as P{Y/y}, i.e., the process resulting from the
capture-avoiding substitution of y by v in P. Process P; | P» denotes the parallel execution

of P and P,. Process (v ay)P declares  and y as co-variables, restricting their scope to P.

That is, restriction declares co-variables as dual ends of a channel. Finally, Z().P and z().P
denote empty output and input (close and wait), which represent the closing of session x.

As usual, z(y).P binds y in P and (v zy)P binds z,y in P. The sets of free and bound
variables of P, denoted fv(P) and bv(P), are defined accordingly. The semantics of processes
is given using a reduction relation, defined next.

» Definition 1 (SP: Reduction). Reduction for SP, denoted —, is defined by the rules in
Figure 2 (top). It relies on structural congruence, denoted =, the smallest congruence on
processes that satisfies the azioms in Figure 2 (bottom).

We now define session types, which express protocols associated to channels:

» Definition 2 (SP: Session Types and Typing Environments). The syntaz of session types
and typing environments is inductively defined as follows:

T,S =:=?S.T|!S.T |end; | end, I :=0|Tz:T

The type !S.T (resp. 7S.T') is assigned to a channel able to send (resp. receive) a value of
type S and to continue as 7. For convenience, we have two different types for channels with
terminated protocols, denoted end; and end;. Duality on types ensures that the endpoints of
a channel agree on the protocol they describe:

» Definition 3 (SP: Duality). The dual of S, denoted S, is defined as follows:

?7S.T £18.T IS T £28.T end> £ end, end; £ end,

» Definition 4 (SP: Typing Judgment and Typing Rules). The judgment I g P describes a
well-typed process under the typing environment I'. The typing rules for SP are shown in
Figure 3. We shall write P € SP if I' -5 P, for some I.

We now state the properties of well-typed SP processes, whose proofs follow [36]:

17:5
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INACT EINpPUT EOutprUT PAr
L'k, P Ik, P s P Tk @
5 0 L,z :end bg z().P D,z :end b5 Z().P I, Tobs P Q
RES o Out IN
De:T,y: Tk, P Iz:Ukg P Ny:T,z: Uk P
'k (vay)P T,z T.Uv:T kg T(v).P T,z ?T.U bg z(y).P

Figure 3 SP: Typing Rules for Processes.

» Theorem 5 (SP: Preservation [36]). Suppose I' g P. If P = Q then T 4 Q. Also, if
P— Q@ thenT' 4 Q.

We will be interested in well-formed processes, defined using two auxiliary notions. First,
we say that P is prefized at x, written Pr(P) = z, if P has one of the following forms:
z().P', T().P, x(z).P’, or T(v).P'. Second, we say a process (vzy)(P | Q) is a redex if:
(1) P=x().P' and Q =7().Q', or (2) P = z(z).P’ and Q = 7(v).Q’. We may now define:

» Definition 6 (SP: Well-formedness). A process is well-formed if for each of its structural
congruent processes of the form (vxiy1) ... Vanyn)(Py| -+ | Pm) where Pr(P;) =z, and
Pr(P;) = yi, then (v xryi)(P; | Pj) is a redex.

» Theorem 7 (Safety [36]). Typable processes are well-formed.

As a consequence of Theorems 5 and 7 we obtain the main guarantee of SP: typable
processes only reduce to well-formed processes.

» Corollary 8 ([36]). IfT' g P and P —* Q, then Q is well-formed.

Even though typability ensures well-formedness, which excludes error processes such as
(vay)(@(W).P | y().Q) and (vzy)(z().P | y().Q), typability in SP also admits well-typed
process that exhibit unwanted behaviors, in particular deadlocks. Before illustrating this
fact, we give the first definition of deadlock freedom that we will encounter, which follows [9].
We write (v zy)Q to stand for (vx1y1) - - (v zpyn)Q, for some n > 0.

» Definition 9 (SP: Deadlock Freedom). A process P € SP is deadlock free, written Dg(P),
if the following condition holds: whenever P —* P’ and one of the following holds: (1) P! =

(vay)(@i(v). Q1 | Q2), (2) P' = (vay)(zi(2).Q1 | Q2), (3) P = (vay)(z:()-Q1 | Q2), or
(4) P' = (vry)(T().Q1 | Q2) (with z; € T in all cases), then P — R, for some R.

Hence, Dg(P) is read as “P is deadlock-free in SP”. Later on, we will encounter analogous
notations for HCP and P; they will be denoted Dy (P) and Dp(P), respectively.

» Example 10 (SP: A Typable but Deadlocked Process). Consider the process Pjg defined as
Pio 2 (Vi) (v aaye) (v ork:) (v vaks) (21 (21) -22(22).C1 | 2(v2) 1 (v1).C)

where C; £ 21().22().21().22().0 and Co 2 77().7().k1().k2().0. Similar to P, (§ 1), the
structure of actions in process Pjg induces a circular dependency that prevents synchroniza-
tions: we have that =Dg(Pyo) and yet Pjg is well-typed with the empty environment.
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c-1 C-1 C-Mixo Cc-®
P, T P T,y: A Qr.Az:B
z[] 0z :1 x().PF. T,z L Ok 2y (P Q)F.T,AJz: A® B
C-w C-Cur C
Pr.T,y:Ax:B Pr.T,z: A Qr.Ay: At b
xz(y).Pt.T,x: AB (vay)(P| Q). T, A [ty Fex: Ay: AL

Figure 4 CP: Typing rules for processes.

2.2 CP and HCP

The languages CP and HCP use the same syntax. Here we consider HCP as presented by
Kokke et al. [23] (other variants have been studied in, e.g., [13]). Assuming an infinite set of
names (x,y, z,. .. ), the set of processes (P,Q,...) in CP and HCP is defined as follows:

PQ:=0 | (vay)P ‘ PlQ | [z < y] ‘ x[y].P | x(y).P | z[].P | z().P

Most constructs are similar to those in SP; differences are the forwarder process [z > y],
which equates z and y, and process z[y]. P, which denotes the output of the private name
y along z, with continuation P. Also, the empty output is now denoted z[].P. In z[y].P
and z(y).P, the name y is bound in P. We write P{%/y} to denote the capture-avoiding
substitution of y for x in P. We write fn(P) to denote the free names of P. We use 7 to
range over prefixes: z[yl, z(y), z(), [].

The types assigned to names correspond to formulas of classical linear logic (CLL):

AB:=1|1|A®B|A%B

The assignment x : A says that x follows the input/output interactions described by A.

Assignments x : A® B and x : A’ B are read as sending and receiving an object of type A
along z, with continuation B, respectively. There is a duality in the interpretation of the
following pairs: ® and ’; 1 and L. Formally, the dual type of A, denoted A~ is defined as

11421 1t21  (AeB)t4L£AteBt (A9 B)tL2AteBt

Let T', A range over environments, unordered collections of assignments. Given an environment
A=uxy: Ay, ... 2, Ay, its domain, written dom(A), is the set {x1,..., T, }.

» Definition 11 (CP). Typing judgements for CP are of the form P\, T', with typing rules
as given in Figure 4. We shall write P € CP if P, I', for some T

Observe how typing in CP induces a specific shape for output processes: z[y].(P | Q).

This is not the case in HCP, where processes are described by hyperenvironments, unordered
collections of environments: H,G :=T7 || --- || T'y.

» Definition 12 (HCP). Typing judgements for HCP are of the form P Fy G, with typing
rules as given in Figure 5. We shall write P € HCP if P\, G, for some G.

CP and HCP differ in process composition, which is key to exclude the circular dependencies
that lead to deadlocks: it is realized by Rule C-CuT in CP and Rule H-CuT in HCP. The
former requires two premises describing processes that share exactly one session; typing
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H-Mix, H-Mixo H-p H-1 H-1

PteH QFu G PHyH | A Py H

PlQFHIG 0k - [z ylbaae: Ay AY 20PraH [ Az L o[ PHyH|2:1
H-® H-% H-Cur
PryH|Ay:A|T,z: B Py G| Ay:Bx: A PFHHHA,:U:AHF,y:Al
2yl Py H || AT,z: A® B z(y).PryG||A,z: A% B (vay)PHy H || AT

Figure 5 HCP: Typing rules for processes.

involves both composition and restriction and induces tree-like process topologies. The latter
involves one premise only, which describes a process in which the separation between z and
y is made explicit by

Every P typable in CP is also typable in HCP, but the converse does not hold. We have:

“H”

at the level of hyperenvironments; typing involves restriction only.

» Lemma 13 (Relation Between CP and HCP [23]). If P+, T then P, T.

» Example 14 (The converse of Lemma 13 does not hold). To illustrate a process typable in
HCP but not in CP, consider P14y = (v z1y1) (v 2oy2) (v vik: ) (v vaks) (P, | PJy), where:

P1/4 £ ],‘1(2’1).]}2(2’2).371().l‘g().Zj().ZQ().O
Py & yifor].([v] © vi] [gelva].([vy < v2] [ €)) € = 4u[].0] 4[]0 [ k1[].0 ] k2[].0

We have Py by - . First, P/, by 210 L9 L xg 0 L9 1 follows from several applications
of Rules H-L and H-®. To type P{y, we first obtain C Fyy; : 1 ||y : 1 || k1 : 1 || k2 : 1,
crucially using Rule H-Mixs several times to compose the four independent processes. Because
[vh > vo] by v+ 1,v9 : L, by Rules H-Mixy and H-® we have: ys[vh].([vh <> vo] | C) Fy y1 :
1| y2:1®1,09: L | ky:1] ka:1. We proceed similarly to type the output on y; and
complete the typing of P/,. Finally, to compose Pj, and Py, we apply H-Mixy and H-CUT.

Now, C cannot be typed in CP: there is no rule similar to Rule H-M1xs, which can
compose independent processes. Hence, P4 is not typable in CP.

In general, the composition of two processes that share more than one session cannot be
typed in CP. Now consider Q14:

Q14 = (vuok) (v vrky) (v 22y2) (v 1y1) (Ply | ya[v].([v] > v1] | 91[].0)
| y2[v3]-([v5 ¢ va] | 42[].0)) | k1[].0) | k2[].0)

Observe how @14 modifies P4 by keeping P/, unchanged and dividing the two outputs in
P/, into threads that can be composed separately using Rule C-CuT. We have Q14 F¢ - .

Given a Pty G, with G =T || --- || T, we are interested in partitioning the free names
in P according to the environments I'y,...,I';,. These name partitions describe which names
are used by each parallel component of P; they are defined considering all the different
hyperenvironments under which P is typable.

» Definition 15 (HCP: Name Partitions). Given G =Ty || --- || Ty, we define Part(G) =
{dom(T'1),...,dom(T'y)}. Given P, its name partitions are np(P) = {Part(G) | P I G}.

x *p y holds whenever there is a G € np(P) such that x and y belong to different proper
subsets of G. Also, x ®p y holds whenever x and y belong to the same proper subset of G.

» Example 16. Consider the process Pig = z().(2[].0 | y[].0): it can be typed under the
hyperenvironments G = 2 : L,z : 1| y:1and H 2 z2:1 | 2 : L,y: 1. Given this,
np(Plﬁ) = {{{I7 Z}v {y}}7 {{Z}a {Ji, y}}}7 and we have, €8 Y*pg 2 and z ®pPig Y-
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o o 4] 7re{Jc[yLJL‘(y)vw()JEH}7T

[zey] [z ] lyora] ™
[z y ——0 [y ——0 P — P
1 / _ l ’ _ [y<>z] /
P—= P bn(l)nfn =0 — bn(l)Nfn(P) =10
PlQ—=P|Q PlQ=P|Q (vay)P = P'{%/z}
p 201v0, pr P=,Q QL>R_ pLp z,y ¢ en(l) z*p/yREs
(vazy)P 5 P’ PLR (vay)P IN (vay) P’
2l2’) | 9(8), PLP QL Q bn@l)nbn)=0
p 2=l p o - Q@ — Q  bn(l) nbn(') Sy
(wayP 5 (vay)(va'y )P PIQHL P Q
PLP a¢en(l) PL P f(P)#£0 PLP zd ¢en(l) zipa o
1 2
2[].P 5 z[].P 2().P 5 z().P' 2[z'].P 5 z[z'].P’
P L) Pz ¢en(l) z®@p z’ - m.P L) P fn(m) *x.p fn(l) B
z(z").P KN z(z").P’ xp = pr

Figure 6 The LTS for HCP (Definition 17) includes rules for actions and communication (top)
and for delayed actions and self-synchronizations (bottom).

The semantics of HCP is given in terms of a Labeled Transition System (LTS):

» Definition 17 (HCP: LTS). The binary relation on HCP processes L s defined by the
rules in Figure 6, with action labels defined as follows:

LU= [e o 9] | aly] | 2(y) |20 | <[] | 1]1]7

In the following, fn(l), bn(l), and cn(l) denote the free, bound, and channel names of I,
respectively. They are defined as follows: fn([x <> y]) = {z,y}, fn( ) =bn(r) £ 0, fn(z[y]) =
fn(z(y)) = fn(z()) = fn(z()) 2 z, and bn(z[y]) = bn(z(y)) £ {y}. Also, fn(l; | Iy) =
fn(ly) Ufn(ly), and bn(ly | Iz) = bn(ly) Ubn(ly). Moreover, cn(l) = fn(1) U bn(l).

The rules in Figure 6 are inspired by proof-theoretical transformations on HCP’s proof
derivations [23]; they can be divided into two classes. The rules above the line are usual
formulations for actions, structural rules, and communication. Actions can appear in parallel
in a label, and compatible actions in parallel induce a 7-transition. The five rules below the
line formalize delayed actions and self-synchronizations. Intuitively, the first four rules allow
to observe an action [ in a delayed style; such an action must be independent from the prefix
at the top-level (on z). The last rule, |7, implements self-synchronization for a process 7. P:
the (top-level) prefix 7 is considered in parallel with a (delayed) action ! emanating from P.

» Example 18. To illustrate the LTS of HCP, recall the processes P; and P, from § 1. In HCP,
they are denoted as: Pig 2 (vx2’)(z[].2'().0) and Q15 £ (vzx') (v yy')(y[].2().0 | '[].4/().0).
Consider the following type derivation, parametric on w, z:
(I Hol
w().0Fyw: L

sz: -
T w00 w: L) 21 Tt
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Thus, Pyg is typed as Il , followed by an application of Rule H-Cut. Also, Q15 is typed by
II, , and IL, .+ followed by an application of Rules H-Mixy and H-CuT. Because Rule C-1
only types empty outputs followed by 0, neither P;g nor (J1g are typable in CP.

By Rules | 7 and L1 in Figure 6, Pjg — 0. Similarly, y[].z().0 | 2'[].¥’().0 =011,
y[].0 | ¥'().0 by Rules 7, m; and SYN. Finally, by Rule L1, Q15 — (vyy')(y[].0 | '().0).

We now recall some useful notions and results from [23].

» Definition 19 (HCP: Weak LTS and Bisimilarity [23]). L s the smallest relation such that:
(1) PZs P for all P; (2) and if PZ> P/, P’ 5 @, and Q' = Q, then P 5 Q.

A symmetric relation R is a bisimulation if P R Q implies that if P L P’ then Q LN Q' for
some Q' such that P’ R Q. Bisimilarity is the largest relation =~y that is a bisimulation.

Well-typed processes satisfy readiness, defined as follows:

» Theorem 20 (HCP: Readiness [23]). Let Py 'y || --- || T. For every i € [1,n], there
exist © € dom(T;), l,,, and P’ such that P Ly pr,

In HCP, transitions associated to sessions in different partitions can be fired in parallel:
> Lemma 21 ([23]). If P, G| T,z : A| Ay : B, P2 P/, and P 2= P", then there
erists Q s.t. P % Q (up to a-renaming).

» Definition 22 (HCP: Structural Congruence). Let =y be the smallest congruence relation
generated by the axioms:
P|Q =4 Q| P P|0 = P

PI(QIR) = (P|Q)|R (vay)P =y (vyz)P

vay)P | Q =x (vay)(P|Q) ifz,ydm(Q)  (vay)(vwz)P =4 (vwz)(vay)P

Because of Readiness (Theorem 20), HCP also satisfies progress:

» Corollary 23 (HCP: Progress [23]). If P € HCP and P #4 0, then P L pr for some I, P'.

In order to relate with reduction-based semantics (in SP), we define the following:

» Definition 24 (HCP: Reduction). We write —* for the reflexive, transitive closure of —.
» Lemma 25. Let P € HCP s.t. Pty -, then exists P’ s.t. P —* P' =4 0.

Proof sketch. We prove it in two steps: (1) We prove that if P #y 0, then there exists P’
st. P P, and P’ I, -. This ensures the existence of a 7-transition in every step. (2) We
then prove that 0 can be reached in finitely many steps. See [19] for details. <

Inspired by Lemma 25 we have the following definition of deadlock freedom for HCP.

» Definition 26 (HCP: Deadlock Freedom). Let P € HCP. We say that P is deadlock free,
written Dy (P), iff there exists P! s.t. P —* P’ =4 0.

HCP has a denotational semantics that interprets well-typed processes as sets of possible
interactions on their free names. Given a process P, its set of denotations is written || P||.
Denotational equivalence, noted =, is the typed relation defined as: P = @ iff ||P|| = ||Q||-
We shall rely on denotational equivalence; its exact formulation, given in [19], is interesting
but not crucial for following our results. We notice that =g is sound wrt = and that our
results are reflected by bisimilarity, as ensured by the following result:

» Theorem 27 (HCP: Full Abstraction [23]). For well-typed processes: mey==.
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3 The Role of Delayed Actions and Self-Synchronizations in DF

We have seen that SP defines a flexible typing discipline that admits deadlocked and deadlock-
free processes. Also, we saw the way in which CP and HCP enforce DF by typing, and
that the latter’s LTS allows for delayed actions and self-synchronizations. By defining two
classes of SP processes, C and H, which capture typability as in CP and HCP, respectively
(Definition 34), we study whether delayed actions and self-synchronizations influence DF.

We proceed as follows. As we have seen, Dy (P) means that P is deadlock free by
considering all sources of behavior, including delayed actions and self-synchronizations; we
shall also define DE (P) to mean that P is deadlock free by considering regular transitions only.
Our main result is Corollary 53, which ensures: (1) delayed actions and self-synchronizations
are inessential when it comes to DF, and (2) given an encoding [ -] : SP — HCP, for a
process P € SP such that Dy ([P]), there is a P’ that simulates P, and DJ([P']).

3.1 From SP to HCP

We start by translating processes in SP into processes in HCP:

» Definition 28. Let P € SP. The encoding [ -] : SP — HCP is a homomorphism except for
the case of free output, defined as [T(v).P] = x[y].([y <> v] | [P]). For types, we define:

[end:] 2 1L [end] 21 [?T.S]2[T]%[S] ['T.S] 2 [T]* ®[S]
For typing environments, we define: [0] = 0 and [T,z : T] = [['],z : [T].
Regular Transitions do not depend on self-synchronizations or delayed actions:

» Definition 29 (HCP: Regular Transitions). A derivation T for P AN Q is denoted T : P 4 Q.
We define RT(T) iff T is derived only using rules above the horizontal line in Figure 6.

» Example 30. Recall the processes Pig and Q15 from Example 18, which use self-
synchronizations and delayed actions, respectively: we have that Ty : Pig — 0, and
Ty : Qs = (vyy')(y[].0 | ¥'().0). Therefore, -RT(T}) and —RT(T3).

The encoding of free output induces transitions involving the forwarder process, not
present in the source SP process. We handle the substitutions induced by forwarders in
Rule AxCut (Figure 6) as follows:

» Definition 31 (HCP: Ready-for-Substitution). Let P € HCP. We say that P = (v xy)P’
is ready for substitution of z for x, written RS, ,(P), if there exists z € fn(P) and P’ s.t.

p e, P', and (vay)P = P'{%/z}. Otherwise, we write =RS(P).

We may now define transitions for processes that are ready for a substitution.

» Definition 32 (HCP: Eager-to-Rename). The relation # on HCP processes is defined as:

(PLQARS, Q=P L Qs wmd  (PLHQARSQ=PLQ

Intuitively, El—R> executes outputs and forwarders in one single step. When [P] only relies

on regular transitions we have the following operational correspondence result.

17:11
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» Theorem 33 ([ - |: Operational Correspondence). Let P € H.
1. If T : [P] ET—R> R and RT(T), then P — Q s.t. [Q] = R.

2. If P — Q, then [P] ETTJ R s.t. R=y4[Q].

Proof sketch. Part (1) is proven by case analysis in —, and (2) is proven by induction in
the derivation of —. See [19] for details. <

Following Dardha and Pérez [9], we now define C and H as the classes of SP processes
that are also typable in CP and HCP, respectively:

» Definition 34 (Classes C and H). The classes C and H of SP processes are defined as:
CE{PeSP|T'ts P A [P] [T}
H2{(PeSP|Tr PAT=Ty....,Tu A [PlFy [Tl | | [Tal}

Hence, in writing “P € H” we are not referring to an HCP process directly, but rather to
a SP process P (in the sense of § 2.1) that is related (up to [-]) to some (typable) HCP
process. This is how SP offers a unifying framework for comparing different type systems.
As a direct consequence of Lemma 13 and Example 14 we have that C C H.

3.2 A Refined Account of H, Based on Deadlock Freedom

As explained in the previous section, HCP enjoys liveness properties corresponding to the
LTS. If we focus only on 7-transitions (cf. Definition 24) we obtain the following results.
We extend Definition 29 (regular transitions) to sequences of transitions, as follows:

» Definition 35 (HCP: Regular Sequence of Transitions). Assume Py,..., P, in HCP and

transitions T; : P; l—) P;i1. We say that a transition sequence p : P l—1> e l—> P, transitions
regularly iff RT(T;) for alli=1,...,n. We write RT(p).

We are interested in processes whose transitions are regular, thus we refine deadlock
freedom in HCP (Definition 26) as follows:

» Definition 36 (HCP: Deadlock Freedom based on Regular Transitions). Let P € HCP. We
say that P is deadlock free without delayed actions and self-synchronizations, written DISI(P),
iff Dg(P), p: P —=* P' =40, and RT(p).

In turn, Definitions 26 and 36 allow us to refine the definition of H (Definition 34):
» Definition 37 (HCP: Sub-classes of H). We define the following classes of DF processes:
Hr £ {P € H| Du([P])} Hr £ {P € H| DF([P])}
By Definitions 34 and 37 we have Hg C Hg C H.
» Example 38. Consider the SP processes:
Pys £ (vw2)(@().(vay)(@().0 | y().2().0)) Qss = (vwz)(@().0| (vay)(@().0 | 2().5().0))

We have Psg € Hf \ Hg and Q3s € Hg. Although —Dg(Psg), the HCP process [Pss] has a
T-transition due to a delayed action, and therefore Dy ([Pss]).

» Theorem 39. If P € Hg, then Dg(P).

Proof. It follows from Theorem 33 and Definitions 9 and 37. <



J. C. Jaramillo and J. A. Pérez

2().2'().P ~e 2'().x().P 2().2'(y).P ~¢ 2’ (y).x().P
z(y).a' (y).P ~ce ' (y).x(y).P z().2'[y'|.P ~ce 2'[y].x().P
zlyla'(y).P ~ee ' (y).xly] P x[].a'(y).P ~ee ' (y).x]].P

zlyla'[y'].P ~e [y ).xly].P wl].a'[y'].P ~e [y ).x[].P

z[].2'[].P ~c 2'[].2[].P z[].2'().P ~¢ o' ().2[].P

(vay)(@'().P) ~cc 2’ ()-(vay)(P) (vay)(@'[].P) ~ee 2'[].(vay)(P)
vay)(@'(y').-P) ~e o' (y').(vay)(P) (vay)(@'[y].P) ~c 2'[y].(v 2y)(P)

Figure 7 HCP: Commuting Conversions (Definition 40).

From Hg to Hg via process optimizations. We now embark to show how to transform
processes in Hg (where self-synchronizations and delayed actions are used) into processes in

Hg (where they are not). Intuitively, we would like to transform, e.g.,

(vwz)(@().(v2y)(T().0 | y().2().0)) (vwz)(w().0 | (vay)(z().0 | 2().y().0))

The transformation from Hg to Hg is formalized by Theorem 47. To achieve it, we leverage
two existing ingredients. The first ingredient is the notion of commuting conversions: sound
transformations on processes that involve actions from independent sessions (cf. [10, 30]).

into

» Definition 40 (HCP: Commuting Conversions). We define ~.. as the smallest congruence
on HCP processes induced by the equalities in Figure 7.

The transformations induced by =~.. have a proof-theoretical origin, and so they are

type-preserving, which ensures that they do not alter the causality relations on processes.

We can show that that ~.. is sound wrt ~y, i.e., if P ~. Q then P ~y Q.

» Example 41. Recall processes Pj,, Pj;, and P4 from Example 14. We illustrate the
optimizations on processes induced by commuting conversions by combining Py} and the

process Q1 = T2(22).21(21).21().22().21().22().0, as follows:
Py £ (vauy) (v zays) (v viky) (v vsks) (Quu | Piy)

Note that a 7-transition along the sessions x1y; or x2y2 in Py; would depend on a delayed
action. Now, we can use a commuting conversion to swap the order of the inputs, effectively
anticipating the input on z1: Q41 ~ce x1(21).22(22).21().22().21().22().0 = P{,; therefore,
Py1 ~¢ P14. Clearly, there is a transition sequence p : P14 —*=g 0 s.t. RT(p).

The second ingredient is disentanglement, which also induces optimizations on processes:

» Definition 42 (HCP: Disentanglement [22]). Disentanglement is described by the smallest
relation ~» on (lyped) processes closed under the rules in Figure 8. We write ~* for the
reflexive and transitive closure of ~.

Each of the process transformations in Figure 8 is justified by an operation on derivations;
this way, e.g., for the second rule we have:

PH; G| T QbFyH

PlQrsG|H|T
z).(P|QFsG||H| Dy L

PHG|T
2(). Py G| T,z : L QFysH
z().P| Qs G| H|T,z: L

H-L

H-Mixo
H-L

~

H-Mixs

17:13
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[Py Gl z:1

2(). (Pl Qs G| H|Dyx: L
(vay)(P| Q) F Gl H|T | A

2yl (P Q) G| H|T,Az: A® B
z(y).(P| Q) Fy G| H|T,Az: A% B

2[]0| PG| z:1
2).P|QF, G| H|T,z: L
(vzy)P QG HIT A
[y P| QG| H|T,Az: A® B
z(y)P|QF, G| H|T,Az: A2 B

S

Figure 8 HCP: Disentanglement (Definition 42). See [19] for details.

This way, disentanglement proceeds by the repeated application of the rules from Figure 8
to the derivation of P F; Ty || - - || Ty, which aims at moving downwards the instances of
Rule H-Mixy (cf. Figure 5). If H-Mixs gets stuck in either H-CuT or H-®, then it becomes
an instance of C-CUT or C-®, respectively (cf. Figure 4).

Disentanglement increases the parallelism in processes. This way, e.g., for Pi4 and Q14
(Example 14) we have: Py ~»* Q14. Also, note that Rule H-1 types z[].P F, T' || = : 1,
induces a discrepancy: at the process level, the rule places the empty output in sequential
composition with P, whereas at the level of typing x : 1 is placed in its own partition,
enforcing independence from all names in fn(P). Disentanglement solves this discrepancy.
Consider, e.g., process Pig = (v zz')(z]].2’().0): we have Pig ~* (vaz’)(z[].0 | 2/().0).

» Lemma 43 (Disentanglement [23]). If there exists a derivation d of Pty T || -+ || Tn,
then there exist derivations dy,...,dy of Py T'1,..., P, F. 'y, in CP, and

. P b Ty - P, . T,
PryTy |- [[Tn  ~ Lol < H-Mixs
Pl [Py Dol Ty

where we use the double line to indicate multiple uses of the same rule.

The following result ensures that process observations are invariant under disentanglement.
Moreover, since instances of H-CUT are turned into instances of C-CuT, disentangled processes
do not feature occurrences of restriction between sessions in sequential composition.

» Lemma 44. Suppose P € HCP. If P ~* P’ then P =~y P’.

Proof. We prove that if P ~»* P’ then P = P’ by induction on the length k of ~~*. For the
base case (k = 1) we proceed by a case analysis in the last rule applied in the type derivation
of Pty G. The fact that P a4 P’ follows from Theorem 27. <

Given a process P, the rules for disentanglement can be applied in any order; we therefore
define a set of disentangled processes:

» Definition 45 (HCP: Disentangled Processes). Given P € HCP, the set DIST(P) is defined
as follows:

P ~* P,

Dist(P) 2 1 P’ e Hep
IST(P) { € HC ‘P’:P1|~--\Pnl—Hl“lH-nHFn, P1I—CF1,-~-,PnI—CFn}

From Lemma 44 we have that all disentangled processes are observationally equivalent:

» Lemma 46. Let P € HCP. If Q, R € DisT(P), then Q ~y R.
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Proof. From Lemma 44, P ~y P’ for all P’ € DisT(P). By Definition 19, ~y is transitive.
Hence, for all Q, R € DIST(P), Q ~y R. <

We use disentanglement to prove that if Dy;(P) then there is a P’ s.t. D (P’), with P =~ P'.
The following main result establishes that the notions of Dy (+) (Definition 26) and DR (-
(Definition 36) are equivalent, up to commuting conversions and disentanglement.

» Theorem 47. For all processes P € HCP s.t. Dy (P), then there exist P',Q € HCP s.t.:
(1) P’ € DisT(P), (2) P' =~ Q, (3) P ~u Q, (4) DF(Q).

Proof sketch. Parts (1)-(3) follow from Definitions 40 and 45 and Lemma 44. For part (4)
we show that self-synchronizations and delayed actions are eliminated by means of disentan-
glement and commuting conversions, respectively. See [19] for details. |

Theorem 47 concerns HCP processes. To lift this result to SP, we need some results.

» Lemma 48. Let P € H. There exists P’ € H s.t.: (1) [P] ~* [P']. (2) [P] =~ [P'].

—cc

Proof. The items follow by induction on the length of ~~* and ~%_, respectively. For (1) in
the base cases we proceed by a case analysis in the last rule applied in the type derivation of
[P] Fy [T]; it shows the structure of [P]] and by Definition 28 we obtain the structure of P.
The proof finishes by applying a single step of ~~ to the type derivation of [P] k-, [I'] and

replicating it to the derivation of I' =g P. The proof of (2) proceeds similarly. <
Lemma 48 ensures that the following definition is sound:

» Definition 49 (Lifting Commuting Conversions and Disentanglement to SP). Let P, P’ € H.
We write P ~~* P’ and P ~%_ P', whenever [P] ~* [P'] and [P] =%, [P'] hold, respectively.

—cc —cc

Having disentanglement in SP, we aim to prove that the resulting disentangled process

simulates the original process. To define simulation in SP, we need the following notion:

» Definition 50 (SP: Labelled Reduction Semantics). Let P € SP, then P—==(Q whenever:
(1) P = (vay)@().P | y(2).Q | R) — (vay)(P' | Q{Yz} | R) = Q, or

(2) P'= (vam)(@0-P | 50).Q' | R) — wag)(P' | @ | )= Q.

> Definition 51 (SP: Simulation). A binary relation S in SP is a (typed) simulation if

whenever (P,Q) €S thenT k¢ P, T'F5 Q and PZEL P implies Q==5Q' for some Q' s.t.

(P',Q") €S. We write P < Q whenever (P,Q) €S for a (typed) simulation S.

In the LTS semantics of HCP, the processes P and ) from Theorem 47 are bisimilar; however,
in a reduction semantics, any transitions of P that use delayed actions or self-synchronization
would be considered as deadlocks, and then ) would only simulate P. Formally:

» Theorem 52. The relation S = {(P,R) | P € H,and P ~~ R} is a simulation.

Proof sketch. By induction in the structure of P, with a case analysis in ~». See [19] for
details. |

Finally, Corollary 53, given below, brings Theorem 47 to SP: it shows that even though in
HCP both Dy (-) and DY (+) are equivalent, in SP those notions are related via a simulation.

» Corollary 53. Given P € Hg, then there exist Q € H and P’ € Hg s.t.: (1) [Q] €
Dist([P]), (2) [Q ~%. [P'], (3) P S P, (4) [P] ~u [P'].

Proof. It follows by Lemma 48 and Theorems 47 and 52. <
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Table 1 Inventory of type systems, classes of processes, and encodings considered in the paper.
Shaded cells concern elements used in the case of asynchronous processes (§ 4).

SP Definition 2 C Definition 34 || [-]:SP — (H)CP | Definition 28
CP Definition 11 H Definition 34
HCP Definition 12 || Hf, Hg | Definition 37

P Definition 58 P Definition 67 {-}/:SP — P | Definition 65
uP Definition 62 ulP Definition 67 {-):SP*— SP | Definition 82
SP* Definition 78 || C*, H® | Definition 86

» Example 54 (Corollary 53, At Work). Consider the process Ps4 and its encoding into HCP:

Psy = (vwz)(@().(vay)@().0 | (vku)(k().0 | y().2()-1().0)))
[Psall = (vw2)(w[].(v 2y)(2[].0 | (v ku)(k().0 | y().2()-u[].0)))

Note that =Dg(Ps4) but [Ps4] has two 7-transitions:

[Psall = (vay)(@[].0 | (v ku) (k-0 | y().u[].0)) —"=x 0 (1)
[Psa] 5 (vwz)(w[].(vku)(k().0 | 2().u[].0)) =*=x 0 (2)

where the transition in (1) is due to a delayed action on z and a self-synchronization along
the session wz, and the transition in (2) is due to a delayed 7-transition along the session xy.
Hence, Dy ([Ps4]). Via disentanglement we obtain:

[Psa]l ~ (vwz)(w[].0 | (v ay)(@[].0 | (v ku)(k().0 | y().2()-u[].0)) = R’

In R’ neither a delayed action nor a self-synchronization are needed, thus DIFfI(R’ ). We could
also give priority to the 7-transition along wz; however, because the input on z is not at the
top-level, a synchronization on wz still requires a delayed action. This shows the need for
commuting conversions. Indeed, by using ~.. we obtain:

R~ (vwz)(w[].0 | (vay)(@[].0 | (vku)(k().0 | 20)-y().u[].0)) = R

We have that DF(R). Moreover, there is a process P’ in SP s.t. [P'] = R:

P2 (vwz)(@().0 | (vay)(@().0 | (vku)(k().0 | 2().5().7().0)))
Notice that P54 < P’ follows trivially since Dg(P’).

4 The Case of Asynchronous Processes

Up to here we have addressed (Q1) by considering the relation between Hg and Hg in HCP.
We now turn our attention to (Q2) and consider the interplay of DF and asynchronous
processes as typable by Padovani’s type system for asynchronous processes, here dubbed P [27].

We proceed as follows. In § 4.1 we recall Padovani’s type system and introduce P, the
class of SP processes induced by P, and its sub-class uP, derived from the type system uP.
In § 4.2, we show that ulP = C (Corollary 74). In § 4.3, we establish a key result: the precise
relations between H, H, Hg, and P (Theorem 76). Also, we revisit Corollary 53 from the
standpoint of P: we prove that the process P’ € Hg (obtained via commuting conversions
and disentanglement) is also in P (Corollary 77). In § 4.4 we present SP®, an asynchronous
version of SP, and show how to extend our results for SP to SP® (Corollary 88).

Table 1 summarizes all technical ingredients, including those introduced in this section.
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4.1 The Type System P

We summarize the linear fragment of the type system P by Padovani [27], which streamlines
Kobayashi’s type system for deadlock freedom [21]. We assume sets of channels a, b, ... and
variables x,y, . ..; then, names u, v, ... are either channels or variables. We find it convenient
to use processes with polyadic communication:

Pi=ul{zy,...,z,) |u?(21,...,2,).P | P| Q| (va)P |0

Two salient features are the output ul{xy,...,x,), which does not have a continuation, and
“(va)P”, the standard restriction construct of the m-calculus. Notions of free and bound
names are as usual: in the process u?(z1,...,z,).P, x1,...,z, are bound in P; in (v a)P, a
is bound in P. We write fn(P) and bn(P) for the free and bound names of P, respectively.

The reduction semantics is closed under a structural congruence, denoted =p, which
is standardly defined by the following axioms: (i) P | Q= Q | P, (ii) P | 0 = P,
(i) P | (@1 R)=s (P | Q) | R, () va)P | Q= (va)(P | Q) (if = ¢ f(Q)), and
(v) (va)(vy) = (vy) (v 2)P.

Reduction is then defined as

al{vy,...,vn) | a?(x1,. .., xn). P —p P{V1s-- - U0/, .. 20}

» Example 55. Differently from SP, channels in Padovani’s framework are used exactly once.
Structured communications can of course be still expressed, using continuations. Consider
the process Pss = (v x)(Qs5 | Rs5) with

Qs5 = (va)(ve)(zla,c) | c{a)) Rss = 27(21,w).w?(2z2).(vr) 21 1{r) | 227 (w).0)

Q55 sends the two endpoints of a channel: the first is sent along 2 (together with a continuation
channel c¢), and the other is sent along ¢. Channel a occurs in both outputs, but these
occurrences actually denote different endpoints; this difference will be justified by typing (cf.
Example 59). Rss receives these endpoints to implement a local exchange of name 7 along a.

Padovani’s type system ensures the absence of pending communications in a process with
respect to a channel. To formalize this notion, we rely on reduction contexts, defined as
Cu=[o] | (C|P) | (va)C. We may now define the following auxiliary predicates:

out(a, P) & P=pClal{e)] A a ¢ bn(C) in(a, P) & P=pCla?(z).Q] N a¢ bn(C)
sync(a, P) < (in(a, P) A out(a, P))

Intuitively, predicate in(a, P) holds if a is free in P and there is a subprocess of P that can
perform a linear input on a. Predicate out(a, P) holds if a is free in P and a subprocess of
P is waiting to send a value v. Predicate sync(a, P) denotes a pending input/output on a
for which a synchronization on a is immediately available. This way, to formalize a pending
input/output for which a synchronization on « is not immediately possible, we define:

wait(a, P) < (in(a,P) V out(a,P)) A —sync(a,P)
Thus, ensuring no pending communications in P means ensuring —wait(a, P) for every a.

» Example 56 (Predicates at work). Consider the process Psg = a?(z).b!(vy) | b?(y).a!(va),
which has a circular dependency. We have: (1) out(a, Psg) and out(b, Psg). (2) in(a, Psg) and
in(b, Psg). (3) —sync(a, Psg) and —sync(b, Psg). (4) wait(a, Psg) and wait(b, Psg).
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Type System. To ensure absence of pending communications, P relies on priorities. Let
D, q, - .. denote subsets of {?,1} (polarities). Types for channels are defined as follows:

tu=plt, ...t

where n € Z is the priority of a channel, which indicates urgency for its use: the lower the
number, the higher the urgency. We write # for {?,!}. This way, # and ) are even polarities.

» Example 57 (Priorities). To illustrate types and priorities, recall again the process Psg =
a?(x).bl{vy) | b?(y).al{vy). As we have seen, we have wait(a, Psg) and wait(b, Psg).

Let us assume that x,y,v1,ve are all typed with some type t. By inspecting the left
thread of Psg, we infer that a and b must be typed as ?[t]™ and ![¢]", respectively, for some
m,n. Then, by inspecting the right thread, we infer that ¢ and b must then be typed with
11t]™ and ?[t]™, respectively. This way, their types in the composed process are #[t]™ (for a)
and #[t]™ (for b). Looking again at the left thread, as the input along a is blocking the
output along b, we must have m < n; in the right thread we have the exact opposite situation,
thus n < m. These unsolvable inequalities reveal the circular dependency between a and b,
which will make Psg not typable in the type system P.

We now summarize how typing excludes pending communications. Type environments
I[,I7,... are finite maps from channels to types. We write dom(T") for the domain of T
We write I', I” for the union of I and IV when dom(I") N dom(I') = (). We write + to
denote a partial composition operator on types defined as: p[s1, ..., 8| + q[s1, ..., 8m|" =
(pUqQ)[s1,..-,8m]™ if pN g =0, and undefined otherwise. For type environments we have:
[+ T 21,1 if dom(T) Ndom(T") = 0, and (T,u:t) + (I",u:s) = (T +IV),u:t+s. Let
Zt = ZU{T}, where n < T for every n € Z. The functions | - |, from types to Zt, and $"
from types to types are defined as follows:

2 {n if t = p[s|"and p # 0 ghy 2 {p[s]"*h if t = p[s|"and p # 0

T otherwise otherwise

Intuitively, the function $" allows us to shift priorities. We say that a type ¢ is unlimited,
written un(t), iff [t| = T. We write un(T') iff all the types in the range of I" are unlimited. We
are now ready to give the typing rules, considering only processes with biadic communication,
for simplicity. The rules for monadic communication are as expected.

» Definition 58 (P). The typing rules for processes use judgements of the form T' b, P and
I'kpe: t and are presented in Figure 9. We shall write P € P if T Fo P, for someT.

Rule T-IN is used to type inputs u?(x1,x2).P, where u has type ?[t1,t2]™. The condition
n < |I'| ensures that u has been assigned the highest urgency; accordingly, the types of x and
y are shifted by n. Rule T-OUT, used to type outputs on channels of type ![t1,t2]", follows a
similar principle: the types of z and y are shifted by n, since they must have lower urgency
than w. Rule T-NEW is used for restricting new channels with full (#) or empty (0) polarity.

» Example 59. Recall processes Q55 and Rs5 from Example 55. Consider types s’ = $1![([]4]?
and s = $2?[0[]*]'. Note that s’ + s = #[0[]*]>. Process Q55 is typed as follows:

a:s,c:$2s] ko a: s, e $L7[s]t T-OuT a:stpa:s T-Our
a:s c:$2s)t xS, $12s] By 2l{a, c) a:s,c:ls]?Fp cla) T-Pan
a: #0043, 2 Vs, $12[s] Y, e - #[s]? Fp 2)a, ) | cN{a) TNEW
a: #0043, 2 s, $12s] Fp (ve)(ala, e) | cl{a))
' T-NEw

x M8 822 By (va)(ve)(ala,e) | cl{a))
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T-IDLE T-PAr T-our
un(F) Fl |_P P1 PQ l_P P2 F, €1 : $nt1, €2 ! $nt2 }_P €1 . $nt1, €9 $"t2 un(F)
Fl—PO 't +1 |—p P |P2 F+UI![t1,t2]n l_P u!<€1,€2>
T-IN T-NEwW
Toz:$"t,y: 8"t P n < || Tya:p[t]" Fp P p even
T+ u:?ty, ta]" bp u?(x,y).P 'k (va)P

Figure 9 P: Typing rules for asynchronous processes.

M-IDLE M-Ovut
un(T") T,oeq: 871,60 : $"ta F5 €1 : $7t1,e2 : $™¢2  un(D)
FF{;O F+UI![t1,t2]n Fg U!<€1,62>

M-IN

Dya:$"t,y: 8"t P n<|T
T+ w:?[ty, o)™ Hb u?(z,y).P

M-NEw-PAr
Ty,a:plt]*+5 P To,a:q[t]" H Q dom(T'1) Ndom(Ty) =0, pU q even

I+ To by (va)(P Q)

Figure 10 puP: Modified typing rules for asynchronous processes.

Similarly we can check that x :?[s’,$1?[s]']! I, Rss. Note that z is typed with opposite
polarities in Q55 and Rjss; thus by applying Rules T-PAR and T-NEW we obtain - Pss.

We may now characterize deadlock freedom. Let us write —§ to denote the reflexive,
transitive closure of —p. Also, write P ——p if there is no @ such that P —p Q). We have:

» Definition 60 (P: Deadlock Freedom [27]). We say that P € P is deadlock free, written
Dp(P), if for every Q such that P —§ (v a)Q ——p we have —wait(a, Q) for every a.

We have that processes typed in the empty environment are deadlock free:

» Theorem 61 (P: Deadlock Freedom [27]). If F; P, then Dp(P).

4.2 Relating P and C

We now consider pP (“micro P”), which is a fragment of P that is similar to CP. We also
define the encoding { - |}/ : SP — P, and P and uP the classes of SP processes that are
captured by P and uP, respectively. These are all ingredients for our results in § 4.3.

» Definition 62 (uP). The typing rules for processes are presented in Figure 10. A judgement
I'H5 P denotes that P is well typed in T'. We shall write P € uP if T' =5 P, for some T.

wP results from P by replacing Rules T-PAR and T-NEwW in Figure 9 with Rule M-NEwW-
PAR, which combines restriction and parallel just as Rule C-CuT in Figure 4.

» Lemma 63. [fT . P then 'k, P.

ECOOP 2025
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Proof sketch. By induction on the type derivation, with a case analysis in the last rule
applied. See [19] for details. <

» Corollary 64. Ift, P, then Dp(P).
Proof. It follows by Lemma 63 and Theorem 61. |

We now define an encoding from SP to P, following a continuation-passing style (cf. [8]). Let
f be a function from names to names. We use the following conventions: f, stands for f(z),
and f, {x — ¢} stands for the function f’ s.t. f'(z) =cand f'(y) = f(y) if x # y.

» Definition 65. The (partial) encoding { -}/ : SP — P is parameterized by a function,
ranging over f,g, from names to names, and is defined for processes as follows:

{z(0). P} & (vm)(fol{ fo,m) [ m2(k).(v ) (K){e) | {P}E7D))
{z(2).P} £ f.2(2,m).(v a)(m{a) | a?(c) [P}
{z().0}" £ (vr)falir)
{z0.P}F & f.2(r).{P}Y (with r ¢ £v(P)Ubv(P))
()P} & [P} o

and as a homomorphism for P | Q and 0. The encoding of session types is as follows:

{lend: ]} 27[0[)]" {ts.T 22{TT, L {SH)"
flend ]} 210[]]" {2s.T) 2U{T), LLSH P

Typing environments are encoded inductively as {0} = 0 and {U,z : T}/ & (T}, f. : {T].
The values of i, and n are calculated when checking in uP the typablity of {T}F H5 {P}7.

Intuitively, the encoding of processes in Definition 65 collapses the two endpoints of a
session into a single name in P. The encoding of Z(v).P mimics both the sequential structure
of a session and synchronous communication. {Z(v).PJ}f sends the (renamed) value f, and
a new channel m along which an input m?(k). blocks the continuation {P}}/{#~¢} and
receives the channel along which the the continuation ¢ of the session x will be sent. Dually,
{z(2).P]}7 receives the intended value and the channel m, which sends the channel a, along
which the continuation of the session x will be received. Finally, the encoding is partial
because {{Z().P]}/ is only defined when P = 0: this allows us to characterize the session
processes captured in CP, where the empty output has no continuation (see Definition 11).

» Example 66. Consider the process Pss = (v 2y)(T(v).R | y(2).Q) in SP. We show {Pse]}/
and illustrate its reductions. Let us assume Pgg is well-typed. Because of linearity of = and
y, they only appear in the left and right subprocess, respectively. Let f = {x,y — d} and
g1 = {z — c},g2 = {y — '}, then we have:

{Pes)® = (wd)({[z(0)-R} | {y(2)-Q1)
= (vd)((vm)(d(v,m) [ m?(k).(v ¢)(kc) | {R}))
| d?(z,m).(va)(m'Ka) | a?(<).{Q}*))
—e (vm)(m?(k).(v o) (kK e) [ {R}) | (va)(mla) | a?(c){Q}7{Y/2}))
— e (va)((ve)(al(e) [ {R}) | a?(¢) QI {Y/2})
—r OB [{Q}"{Y2,9¢})
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Our main result concerns the classes of processes associated to P and P, which we define
by mirroring the definition of C and H (Definition 34):

» Definition 67 (P and ulP). The classes of processes P and ulP are defined as follows:
PE{PeSP |k P AT (P}  wP2{PeSP|THy P A{T} H {P}}

The following result establishes an operational correspondence between a process and its
encoding, what will allows us to capture deadlock free session processes via the encoding.

» Theorem 68 (Operational Correspondence for {| - }/). Let P € uP. We have:
la. If P = (vay)(@().Q1 | v().Q2 | 9), then 3Q € P such that {P}/ —p Q and
Q= {(vay)(Q1 | Q2 | S)}.
b. If P = (vay)(@(v).Q1 | y(2).Q2 | S), then 3Q € P such that {P}/ —¢ Q and
Q=5 [ 7)(Q1 | a2} | S)I.
2. If {P]}¥ —» R, then either:
a. 3P’ € SP such that P — P’ and R=p {P'}}/, or
b. 3Q € P, and P’ € SP such that R —2 Q, P — P’ and Q = {P']}/.

Proof. By assumption, P € P and so we have that I' =g P, for some I', and {T'}/ -5 {P}/

is defined. Moreover, by Corollary 8 P is well-formed. We consider each item separately.

Item 1(b) follows by Definition 65 and the rest of the analysis proceeds as in Example 66;
Item 1(a) is similar. Ttem (2): If {P}}Y —p R, then {P}/ =p (va)(d!(d) | d?(z).K | S). By
typability of P and Definition 65 one of the two possibilities apply:

i P = (v)(@().0 | yO.K' | 8, [} = S, [K'} = K and f = f/, {z.y - d},

it P=wazy)(@(v).S1 |y(z).K'| S2) and f = [/, {z,y — d}
In case (i) {P} = (va)((vr)d(r) | d?(r').K | S) —»p (va)(K | S) and P =
(vzy)@).0 | yO.K' | §) — (vay)(K' | §”), which verifies case (2a). In case (ii)
we proceed as in Example 66, which verifies case (2b). <

As a consequence of Theorem 68 we have the following result, which shows the relation
between deadlock-free processes in ulP.

» Corollary 69. Let P € uP. Dg(P) iff Dp({P]/).

Proof. For each direction we prove its contrapositive. We discuss only the right-to-left
direction; the analysis for the left-to-right direction is similar. By Definition 60, there
exist R and a s.t. {P}f —} (v@a)R —=p and wait(a, R). If wait(a, R) holds because
in(a, R) then R =p (va)(a?(z).Q | S). By Theorem 68 and Definition 65 there exists
P' = (vay)(z(w).Q" | 8") s.t. P —* P and R=p {P'}}’. Note that P’ —, since otherwise
by Theorem 68(1), (v@)R —p R” for some process R, contradicting our assumption, thus
—Dg(P). The case when wait(a, R) holds because out(a, R) proceeds similarly. |

Corollary 69 allows us to detect DF session processes via the encoding.

4.3 Comparing H and P

From § 3 we infer that a process P € H, typed as [P] F4 'y || -+ || T'n, can be decomposed
into processes Py . Ty, ..., P, ¢ I'. Moreover, by Lemma 48 (disentanglement in SP) we
infer that processes P, ..., P, have a pre-image in SP, therefore Vi € [1,n]. P, € C C H.
As an important preliminary step, we first prove that C = ulP (Corollary 74). We split
the proof in two separate inclusions. The following lemma is useful to prove that C C uP.
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» Lemma 70. Let T' and P be an environment and a process in P, resp. The following hold:

1. IfT'H, P, then $"T' , P.

2. IfT 5 P, then $"T 5 P.

3. Let PeP. IfT H; P and un(T), then U,z : T +5 P, with x fresh wrt P.

4. LetTy,...,T, be typing environments in SP, then {T'y,--- T, }¥ = T4} +--- + {T.]}},
for some renaming function f.

5. Let T be a session type. Then {T|}f + $™{T}/ = p[T']", for some m >0, n€Z, T' a
type in P, and p even.

Proof. (1) Proven in [27]. (2) Follows from Lemma 63 and item 1. (3) Follows by induction

on the type derivation. (Figure 10). (4) Follows immediately by linearity of names in I';, for

i € [1,n]. (5) Follows by induction on the structure of T <

» Theorem 71. C C uP.

Proof sketch. By induction on the type derivation I' ¢ P with a case analysis in the last
rule applied. See [19] for details. <

To prove the other direction we need the following result.

» Lemma 72. Let S and T be session types. We have: (1) {S}f + {T|/ is defined iff
T=S5.(2)[S]=(sD+

Proof. Item (1) follows by Definition 65 and def. of +. Item (2) follows immediately by
induction in the structure of S and Definition 28. <
» Theorem 73. ulP C C.

Proof sketch. By induction on the type derivation I' k4 P with a case analysis in the last
rule applied. See [19] for details. <
» Corollary 74. C = uP.

Proof. It follows by Theorems 71 and 73. <

Main Results. We may now return to considering H. Note that H \ P # §: to see this,
consider, e.g., the self-synchronizing process P; € Hr from Example 18. Using Corollary 74
and disentanglement (Definition 42) we show that given a process P € Hg, we can find a
deadlock-free process P’ € P. Formally, we have:

» Theorem 75. Given P € Hg, 3P’ € Hg s.t. P' € P, [P] =4 [P'], and Dp({P'}7).

Proof. By Corollary 53, [P] ~*~*, [P'] = P1 | --- | Py, and by Lemma 48 Vi € [1,n],
there exists P/ € C s.t. [P/] = P;. From Corollary 74 and Lemma 63 we infer {P/}f € P,
Vi € [1,n]. Moreover, by repeatedly applying Rule T-PAR we have that P’ € P. Finally,
Dp({P']}/) follows from Theorem 39 and Corollary 69. <

The following result relates H, its subclasses H and Hg, and P.

» Theorem 76. The following hold: (1) P\H # (. (2) He \P # 0. (3) PN Hg # 0.

Proof sketch. We give witnesses for each statement; see [19] for details. |
Finally, from Theorem 75 we have the following result, which complements Corollary 53:

given P € HE, there exists a bisimilar process P’ € Hg NP via disentanglement. Note that
this result applies in particular to processes in HE \ P.

» Corollary 77. Given P € Hg, there exists P’ € Hg s.t. (1) P < P, (2) [P] =x [P], and
(2) Pp({P'}).
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A-Our A-IN A-INACT
Ny:T,w:Skg P
v:T,c: S,z \T.S kS T(v,c) T,z :?T.S bg 2(y, w).P -3 0
A-EINPUT A-EOuTpPUT A-RES o A-PAR
re=s P Dox:T,y:THS P ik P Iy kS Q
I,z :end? F§ x().P x :end F§ T() Lk (vay)P I,Tebg P Q

Figure 11 SP®: Typing Rules for Processes.

4.4 Asynchronous Session Processes

Up to here, we have considered asynchronous communication somewhat indirectly: we have
examined the type system for asynchronous processes P, defined its associated classes P and
ulP; and related them to C and HEg. To treat asynchronous communication directly, here we
consider SP®, an asynchronous variant of SP, and discuss how to transfer our results from
§§ 3 and 4.3 from SP to SP® by leveraging an encoding (- )) : SP* — SP.

SP®: Asynchronous SP. We define SP® as a variant of SP with asynchronous communica-
tion. Considerations about variables, endpoints, and values are as for SP (cf. § 2.1). The
syntax of processes is largely as before; only constructs for output and input are modified:

P = 0]z().P|Z() |z | 2(y,w).P| P |P| (vay)P

Process T(v,c) sends names v and ¢ along z: the former is a message and the latter is
a continuation. Because it has no continuation, this process may be seen as an “output
particle” that carries a message. Accordingly, process z(y, w).P receives two values v and ¢
along x and continues as P{V/y, ¢w}, i.e., the process resulting from the capture-avoiding
substitution of y by v, and w by ¢ in P. The construct for empty output is also modified. In
both z(z,y).P and (vay)P x,y are bound in P.

» Definition 78 (SP®). The typing rules for processes are presented in Figure 11. A judgement
' F§ P denotes that P is well typed in T'. We shall write P € SP® if T'§ P, for some T.

Most typing rules are self-explanatory. Rule A-EOUTPUT types an empty output without
continuation. Rule A-OUT types the output particle Z{(v, c) where z :!T.S. Since the output
has no continuation, the session name c typed as S serves a a continuation name for z. Dually,
Rule A-IN types x as 77T.S provided that y and w are typed as T and S in P, respectively,
thus, w serves as a continuation for z in P.

The reduction semantics for SP® is defined as follows:

(vay)(@(v, o) | y(z,w).Q | S) — (Q{Y2Yw}|59) A-Com
(vay)@() |y).QS) — Q| S A-EmvpTYCOM

Structural rules and the congruence = are defined as in Figure 2. A labeled reduction
semantics P—==() for SP® follows easily from Definition 50.
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» Example 79. Consider the process Pjg from Example 10, which is typable and deadlocked
in SP. The following process can be seen as the analogue of Pjy but in the asynchronous
setting of SP®. We define Prg as (v z1y1) (v xayz2) (v v1k1) (v vaks) P, where

1()11)2()21()22()0
) | (verd)@itvr, en) [ () [ B1() [ R2()

Note how ¢; and co serve as a continuation for y; and g9, respectively. There exist processes
T:T T:T
@1, Q2 such that Prg Wy Q) =22 Q) —*=

P2 21(21,w1).22(22, wa).w
c

| (v cacy) (T (vz, c2) |

We define DF for SP® by adapting Definition 9:

» Definition 80 (SP®: Deadlock Freedom). A process P € SP® is deadlock free, written
Da(P), if the following holds: whenever P —* P' and one of the following holds: (1) P’ =

(v 2y)(Tifv,c) | Q2), (2) P = (vay)(zi(y).Qr | Q2), (3) P’ = (vay)(z:().Q1 | Q2), or
(4) P' = (v2y)(Ti() | Q2) (with xz; € T in all cases) then there exists R such that P' — R.

» Example 81 (Comparing DF in SP and SP®). As just illustrated by means of processes Pig
(from Example 10) and Prg, moving to an asynchronous setting may solve certain deadlocks:
we have = Dg(Pio) and Dy (Prg).

On the other hand, moving to an asynchronous setting alone does not resolve the problem.
Consider the process Qs1 = (v 22y2)(y2().0 | (v21y1)(10).(T2() | 71()))). Clearly, Qs: is
typable in SP®. Also, let Qj, be the SP variant of Qg; with 0 as continuation for outputs,
ie., Qi 2 (vray2)(y20).0 | (vz1y1)(y1()-(T2().0 | T1().0))). We have that Qf; is typable in
SP and that -Dg(Q%;) and =D, (Qs1).

Our goal is to transfer our technical results for SP to the asynchronous setting of SP®.
To this end, we define the following encoding:

» Definition 82. We define the encoding (- ) from SP® to SP as follows:

(@, ) 2 F(0) F(c) 7().0 (ends)) 2 end;
{2y w).P) 2 a(y).a(w).2().(P) (lendy) 2 end,
(2().P) 2 2().(P) (IT.8) 21T.15.end)
(@) £7().0 (7T.5)) 277.75.ends

and as an homomorphism for 0, P | Q, and (vxy)P.

» Example 83 ((-)), At Work). Consider again the process Prg. We have seen that D, (Prg).
We now check that (- )) does not add deadlocks by verifying that Dg({(Prg))):

(Pro) (v a191) (v w2ya) (v vik1) (v vaka) (P")
(P") Zx1(21).m1 (wr).21().w(22) w2 (w2). 29 (). wr (). wa ()21 ()-22().0
| (v cach) (G (va) T2 (c2) Fa().0 | &5().0)
| (verd) @ (on) Filer) 31()-0 | ¢4 ().0) | k1().0 | k2().0

: 3
T: T2y
=Q=—= =Qy —*=0.

T:Z1Y1 3

One can show that there exist @1, Q2 such that (Prg))

By a similar analysis to the one for Theorem 68, we have the following result:
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» Theorem 84 (( -)): Operational Correspondence). Let P € SP®. The following holds:

1. if P = (vay)(z(w, 2).P | g{vi,ve) | R), then 3Q € SP s.t. (P) —3 Q and Q =
(P{v1/w,v2/z} | R)).

2. If P=(vay)(z().P | 9().0 | R), then 3Q € SP s.t. (P) — Q and Q = (P | R)).

3. If (P) — @', then either: (i) there ewists Q € SP s.t. Q' —2 Q, P — P’ and
(P") =Q, or (it) P— P" and (P") = Q.

Using Theorem 84 and Definitions 9 and 80 we formalize our claim from Example 83:
() does not add deadlocks.

» Theorem 85 (Correspondence DF). For all P € SP®, D, (P) iff Dg((P))).

Proof sketch. For each direction we prove its contrapositive and proceed by contradiction.

See [19] for details. <

Using the encoding (- )), and inspired by Theorems 84 and 85, we can define the following
classes of asynchronous processes by relying on their synchronous counterparts:

» Definition 86. The classes of asynchronous processes are defined as follows:

C*2£{PeSP"|(P)eC} P"2{PeSP"|(P)eP} uP"2{PecSP"|(P) € uP}
H*£{PeSP" | (P)cH} HE2{PeSP"|(P)cHr} Hi2{PecSP"|(P)cHg}

Each asynchronous class is contained (up to (- ))) in its corresponding synchronous class:

» Lemma 87. Let P € SP". The following hold: (1) If P € C®, then (P)) € C. (2) If
P € H*, then (P) € H. (3) If P € P%, then (P) € P. (4) If P € uP®, then (P) € uP.
(5) If P € HE, then (P)) € Hf. (6) If P € Hg, then (P)) € Hg.

Proof. It follows straightforwardly from Definition 86. <

Thus, we can transfer our main results (Corollaries 53, 74, and 77) to SP® via (- )). For
instance, Corollary 53 is transferred to SP® as follows, using Lemma, 87, and Theorem 84:

» Corollary 88. Given P € HE, there exist Q € H and P’ € H} s.t.: (1) [Q] € DisT([(P)]),
(2) [Q] ~%. [€P')], B) (P) < (P'), (4) [(P)] ~u [(F)]-

5 Closing Remarks

Enforcing DF is a relevant issue for message-passing programs, and type systems for concurrent
processes offer a convenient setting to develop analysis techniques that detect insidious circular
dependencies in programs. Because there exist different type systems that enforce DF it is
natural to wonder how they compare.

We have studied this question in the general and expressive setting of the m-calculus.

Our approach aims at establishing the key strengths and limitations of three representative
type systems: SP, the reference language for session-typed processes; HCP, the session-typed
language based on “propositions-as-sessions” and hypersequents; and P, the priority-based
type system for asynchronous processes. Figure 12 gives an overview of our main technical
results, refining Figure 1. We briefly discuss their broader significance. Our work can
be seen as covering three dimensions of comparison: type systems (SP, HCP, P), process
semantics (reduction semantics and LTS), and several definitions of DF (cf. Definitions 9,
26, 36, 60, and 80). Clearly, each type system connects these dimensions in its own way via
meta-theoretical results (e.g., type preservation). From this perspective, considering a type
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Figure 12 Overview of main results (detailed version). The inclusions between the classes of
processes follow from Theorem 76. The red arrow stands for the relation ~~*~7, (disentanglement
and commuting conversions) from Corollary 53, where Pi,..., P, € C. This arrow, together with
{P'}¥ € P, represent Corollary 77. The green lines represent Corollary 74 (C = uP).

system such as HCP, which comes with an LTS for typed processes with very distinctive
features (delayed actions and self-synchronizations), brings significant value to our results.
In contrast, the work of Dardha and Pérez [9] (the most closely related work) considers
different type systems for synchronous processes but only under a reduction semantics, which
influences the definition(s) of DF to be considered.

Our key discovery is identifying the role that commuting conversions and disentanglement
have in the class of deadlock-free processes induced by HCP (Corollary 53). Although
studying the practical ramifications of our results goes beyond the scope of this paper, two
observations are relevant. First, our results pave the way for developing extensions of the
static analyzer TyPiCal [20] that support the mechanized analysis of (session) processes
with asynchronous communication. Second, commuting conversions are already important in
practical developments, such as execution strategies in abstract machines for session-typed
programs [4] and definitions of session subtyping [6, 15] that enable flexible programming
interfaces. An in-depth exploration of these latent connections between our results and tools
for the analysis of message-passing programs is left for future work.

It is worth stressing that HCP’s LTS enjoys strong logical and denotational justifications;
by identifying disentanglement and commuting conversions as key notions for DF, we provide
new insights into HCP and its LTS. This way, our work sheds new light into the foundations of
HCP, its positioning within the line of work on “propositions-as-sessions”, and its expressive
power. For instance, it is surprising that processes that share more than one session are
typable in HCP, in the sense of Example 14. While Kokke et al. [23, 22] have studied
disentanglement as a tool to relate HCP and CP, here we uncover its connection with DF.
Also, their work on HCP™ (HCP with a reduction semantics but without delayed actions and
self-synchronizations) is complementary to our findings. In this sense, our work also offers
good motivations for the use of LTSs with regular transitions as the semantics for logic-based
session processes (which usually rely on reduction semantics).

It is remarkable that HCP and P are not just two type systems relevant for a formal
comparison, but that they are actually connected thanks to asynchrony (an important aspect
not covered in Dardha and Pérez’s work); the connection is made precise by Theorem 76
and Corollary 77. Here again delayed actions in HCP result to be insightful for an enhanced
understanding of logic-based session types. In this line, we observe that De Young et al. [10]
study asynchrony under “propositions-as-sessions”, and in particular explain the role of
commuting conversions, which in an asynchronous setting act as as structural congruences
(cf. Definition 40). In the synchronous case, they correspond to behavioral equivalences [30].
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An interesting point concerns the exact relation between our class C (Definition 34) and
the class L in Dardha and Pérez’s work. There is a key difference between the two: while
they consider CP with a typing rule for independent parallel composition (cf. Rule H-Mixs
in Figure 5), we only have Rule C-Mixq in Figure 4. The reason is technical: it is known
that having both Mixg and Mixy induces the conflation of the units 1 and L, which conflicts
with the distinction made by HCP’s denotational semantics (see [19] for details). (In [9], the
conflated type is denoted “e”, and there are no process constructs for session closing.) For
the sake of consistency with the denotational semantics, we opted to not include this rule.
Therefore, there are processes that are not in our class C but are in Dardha and Pérez’s L.

Having discovered the relation between DF and commuting conversions and disentangle-
ment, an interesting item for future work is revisiting the process transformations proposed
by Dardha and Pérez [9] using disentanglement. To focus on the fundamental issues of DF
enforcement, we have not covered processes with recursion/sharing; we also plan to consider
typed languages with constructs for shared servers and clients.
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