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—— Abstract

We study a theory of asynchronous session types ensuring that well-typed processes terminate under

a suitable fairness assumption. Fair termination entails starvation freedom and orphan message
freedom namely that all messages, including those that are produced early taking advantage of
asynchrony, are eventually consumed. The theory is based on a novel fair asynchronous subtyping
relation for session types that is coarser than the existing ones. The type system is also the first of
its kind that is firmly rooted in linear logic: fair asynchronous subtyping is incorporated as a natural
generalization of the cut and axiom rules of linear logic and asynchronous communication is modeled
through a suitable set of commuting conversions and of deep cut reductions in linear logic proofs.
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1 Introduction

Session type systems [32, 33, 35] have become a widespread formalism for ensuring a variety
of safety and liveness properties of communicating processes through static analysis. Session
types specify the sequences of messages that can be sent over a channel, and the type system
makes sure that (1) well-typed processes comply with this protocol specification and that
(2) the peer endpoints of the channel are used according to compatible protocols.

Many session type systems are defined for a synchronous calculus or language even if the
actual underlying communication model is meant to be asynchronous. The point is that
synchronous theories of session types are simpler and easier to work with and most if not all
properties of a synchronous session type system hold even if the actual communication model
is asynchronous. However, awareness of the communication model can help relaxing the type
system and thus enlarging the family of well-typed processes. This observation has led to the
study of asynchronous subtyping relations for session types [40, 39, 11] allowing processes
to anticipate output messages with respect to the protocol specification they are expected
to comply with, provided that anticipated outputs do not depend on incoming messages.
This apparent violation of the protocol specification enabled by asynchronous subtyping is
harmless precisely because output actions are non-blocking in an asynchronous setting.

The available session type systems based on asynchronous subtyping focus on the en-
forcement of safety properties but struggle at ensuring liveness properties of many simple
communication patterns. As an illustration of such patterns consider a server that, in order
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to fulfill a request received from a session x, splits the request into an arbitrary number of

tasks handled by a separate worker and then gathers the partial results to answer the client.

We might be interested in establishing whether the client eventually receives a response.
To be more concrete, let us model the server as the term

x> {req : (y)(Split(z,y) | Worker(y))}

which indicates the input of the request followed by the spawning of a Split process and of a
Worker process connected by a new session y.
The Split process is modeled by the following definitions:

Split(x,y) = y < task.Split(x, y) @ y < stop. Gather{x,y) (1)
Gather(x,y) = y > {res : Gather(z,y),stop : wait y.x < resp.close x} (2)

according to which the server sends to the worker a non-deterministically chosen number of
tasks followed by a stop on session y, it then gathers from the worker an arbitrary number of
results followed by a stop, and finally sends back to the client a response on session .

One possible modeling of the worker process is according to the definition

Worker(y) = y > {task : y < res. Worker(y), stop : y < stop.close y} (3)

so that the worker sends a result for each task it receives. The eye-catching aspect of Worker
is that it does not interact according to the “complementary” protocol implemented on the
server side, at least not in the sense that is usually intended in (synchronous) session type
theories. Indeed, while the server first sends all the tasks and then gathers all the results,
the worker eagerly sends one result after receiving each task.

In an asynchronous setting, the fact that Worker sends some messages earlier than
expected is not an issue since output actions are non-blocking. However, we would like to
be sure that these early results do not keep accumulating and are eventually consumed by
Gather. There is nothing in the modeling of Split, Gather and Worker that prevents this
from happening, but we can prove the eventual consumption of every result only under the
assumption that sooner or later Split will send stop to Worker. If we broaden our viewpoint,
we see that the same assumption is necessary to prove that the client interacting with the
server does not starve. While the server is running, the client is awaiting for a response from
session x. In order to prove that the client will eventually receive a response, we have to
assume that Worker will terminate the session y, which in turn requires the assumption that
Split will eventually send stop to Worker. In general, the proof of any non-trivial liveness
property that concerns the eventual production or consumption of a message on a certain
session may require the assumption that every other session eventually terminates. For this
reason, ensuring the eventual termination of sessions should be a primary goal of any session
type system aimed at enforcing liveness properties. As we have seen in the discussion above,
proving the eventual termination of a session may require some fairness assumptions like
the fact that Split will eventually stop sending tasks. For this reason, in the literature such
eventual termination property is referred to as fair termination [30, 26, 2].

In this work we study a theory of asynchronous session types and an associated session
type system ensuring that well-typed processes are fairly terminating under a suitable fairness
assumption. The fair termination of processes entails the fair termination of the sessions they
operate on, hence that all messages produced — including those sent earlier than expected —
are eventually consumed and that all processes waiting for a message eventually receive
one. In other words, the very same type system prevents process starvation and ensures the
absence of orphan messages. Related works achieve these goals only partially:
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The theories of asynchronous session types developed by Mostrous et al. [40, 39], Chen et
al. [11] and Ghilezan et al. [29] require that every output can be only anticipated with
respect to finitely many inputs. Since there is no finite upper bound to the number of
tasks that Split can produce, each early res produced by Worker anticipates an unbounded
number of inputs leaving Worker out of reach for the aforementioned theories.
Bravetti, Lange and Zavattaro [8] study an asynchronous subtyping relation for session
types that allows early outputs to anticipate an unbounded number of inputs. However,
their subtyping relation disallows any covariance of outputs, which is needed to account
for the fact that the behavior of Worker is more deterministic than the behavior expected
by Gather. Indeed, while Gather expects to receive an arbitrary number of results,
Worker produces exactly as many results as the number of tasks it receives from Split.
None of the aforementioned works provides guarantees on the eventual fulfillment of
the client’s request, either because they do not make sure that every session eventually
terminates [11, 29] or because they do not take multiple sessions into account [29, §].
Ciccone, Dagnino and Padovani [14, 16, 13] study session type systems ensuring the fair
termination of sessions, but their works are based on synchronous communication models

that do not support any form of output anticipation like the one exemplified by Worker.

The theory of asynchronous session types that we propose in this paper addresses all
these limitations. In addition, we also make the following technical contributions:

We define a fair asynchronous subtyping relation for session types that is coarser than

those in the literature for the family of eventually terminating session types. Unlike many

existing fair/asynchronous subtyping relations [39, 14, 13, 8] our subtyping relation is

closed under duality. This property is key for proving the type system sound.

We give the first fair asynchronous semantics of session types using a labelled transition

system (LTS) defined by bounded coinduction [1, 18]. The adoption of this semantics

allows us to characterize fair asynchronous subtyping in a way that is structurally the

same as the one for the well-known synchronous subtyping defined by Gay and Hole [28].

Our theory of asynchronous session types with fair asynchronous subtyping is the first

one where the process model and the type system are rooted in linear logic [45, 10, 37].

We incorporate fair asynchronous subtyping in the type system as generalized forms of
the cut and linear logic axiom thanks to the aforementioned closure under duality. Also,
instead of introducing explicit message buffers, we model asynchronous communications

by means of suitable commuting conversions and deep cut reductions in linear logic proofs.

Structure of the paper. Section 2 describes our calculus of asynchronous processes and the
properties we enforce. Section 3 introduces the semantics of asynchronous session types while
Section 4 studies fair asynchronous subtyping and its properties. Section 5 describes the type

system and Section 6 illustrates some common usage patters of fair asynchronous subtyping.

Section 7 shows how our LTS can be easily tailored to characterize various asynchronous
subtyping relations that appear in the literature and compares them with our subtyping
relation. Section 8 discusses related work in more detail and Section 9 recaps and outlines
future work. Proofs and additional technical material are provided in the full paper [43].

2 A Calculus of Asynchronous Processes

In this section we present syntax and semantics of a calculus of asynchronous processes called
CaP and we formulate the safety and liveness properties that our type system guarantees. At
the surface level, CaP closely resembles other calculi of binary sessions based on linear logic
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Table 1 Syntax of CaP.

PQ == Process | done termination
Ty link | AT) invocation
| close z signal output | wait z.P signal input
| x<a.P  tagoutput | x> {a;: P}icr taginput
|  z(y)[P].Q channel output | z(y).P channel input
| PoQ choice | (2)(P|Q) composition

such as CP [45] or uCP [37]. The main differences between CaP and these calculi are that
CaP supports general recursion, it includes a non-deterministic choice operator and above all
it models asynchronous communication by giving a non-blocking semantics to output actions,
which essentially act like message buffers.

The syntax of processes is shown in Table 1 and makes use of an infinite set of channels
ranged over by z, y and z, a set Tags of tags ranged over by a, b, ... and a set of process
names ranged over by A, B, etc. The terminated process, which performs no actions, is
denoted by done. The term A(ZT), where T is a possibly empty sequence of channels, represents
the invocation of the process named A. We assume that for each such invocation there exists
a unique global definition of the form A(Z) = P that gives meaning to the name A. We also
assume that all invocations occur guarded by a prefix or by a non-deterministic choice. The
term x <> y models a link, that is a process that forwards every message received from x to
y and vice versa, effectively unifying the two channels. Links are typical of calculi based on
linear logic since their typing rule correspond to the axiom of the logic. The terms close z
and wait x.P model processes that respectively send and receive a termination signal on z.
Note that close = has no continuation, as is the case in most calculi based on linear logic,
whereas wait . P continues as P. The term z(y)[P].Q models a bifurcating session: it creates
a new channel y, sends y on z, forks a new process P that uses y, and then continues as Q.
The process z(y).P waits for a channel y from x and then continues as P. The terms z < a.P
and x > {a; : P;};c; model processes that respectively send and receive a tag. The sender
selects one particular tag a to send. The receiver continues as P; depending on the tag a;
that it receives. In the examples we sometimes use tags as an abstract representation of
more complex messages, such as requests or tasks. The term (z)(P | Q) models the parallel
composition of two processes P and @ connected by the channel z. We often refer to this
term as a cut, since its typing rule coincides with the cut rule of linear logic. Finally, the
term P & ) models the non-deterministic choice between P and Q.

It is known that links in conjunction with bifurcating sessions can be used to encode
session delegation, whereby processes exchange an ezisting (rather than new) channel z on
2. This behavior can be modeled by a term of the form x(y)[y +> z].P. As we will see in
Section 6, CaP links also act as explicit casts enabling useful forms of subsumption.

The notions of free and bound channels for processes are defined as expected with the
proviso that a process of the form z(y)[P].Q binds y in P but not in ). We identify processes
up to renaming of bound channels and we write fn(P) for the set of channels occurring free
in P. Also, for every global definition A(Z) = P we assume fn(P) = {Z}.

We have anticipated that CaP adopts an asynchronous communication model. In practice
this would be implemented by FIFO buffers storing messages that have been produced but
not consumed. In CaP, we model asynchrony giving a non-blocking semantics to the output
actions z(y)[Q].P and x < a.P. That is, we allow the continuation P to reduce and/or
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Table 2 Structural pre-congruence and reduction semantics of CaP.

[s-cALL] Ay J P AT =P
[S-LINK] Ty Jyox

[s-comm] (@)(P|Q) 2 ()(Q|P)

[s-waIT] (z)(Bz[wait y.P] | Q) 2 wait y.(z)(B:[P] | Q) T #y
[s-CASE] (@)(Bely > {ai : Pitier] | Q) 2 y > {a; : (2)(Bu[P] | Q)}ier T #y
s-somN] (#)(Baly(=).P| Q) 2 y(2)(@)(BalP] Q) 741,z & fn(By)
(s-PULL-0) (2)(BL[P] | Bl <)) 2 B,[(x)(P | Byl  y])]

(s-pULL-1] (@) )IPLQIR) I y(>)@)(P|R.Q @ +y.acf(P)
s-puLL2) (@)(B,[P] Q) 2 B,[(@)(P| Q)] v 4y, & fn(B,)
[s-PULL-3] B.[y(2)[P].Q) 2 y(2)[B.[P]].Q x#y,x € f(P)
[s-PULL-4] B.[B,[P]] 3 B,[B.[P]] x #y,x € fn(P)
[R-CHOICE] PP, — P ke{1,2}
[r-1iNK] (@)e | P) > Plofs)

[R-CLOSE] (x)(close x| wait z.P) —

[R-sELECT] (x)(z < ag.P| B[z > {a; : Qi}icr]) — ( V(P | B:[Qk]) kel
[R-FORK] (@)(z(y)[P).Q | Bel(y)-R]) = (y)(P | (2)(Q | B[R]))

[R-CUT] ()(P|R) = (z)(Q[ R) P—Q
[R-BUFFER] B, [P] — B,[Q] P—Q
[R-STR] P—qQ PJIR—Q

interact with other sub-processes even if the prefix has not been consumed. In a sense, we
consider the prefixes x(y)[Q] and x < a as floating messages or parts of a buffer associated
with channel z. In general, we call buffer any term generated by the following grammar:

Buffer By =] ]x<ta.B | z(y)[P].Bx

A buffer is either empty, represented by a hole [], or a tag a sent on z followed by a buffer
for x, or a fresh channel y (with associated process P) sent on x and followed by a buffer for
x. Note that the annotation x in the metavariable 5, is meant to bind the channel on which
the messages in the buffer have been sent. Therefore, having at our disposal a buffer B, , we
can write B, for the buffer that has the same structure as B, but where = has been replaced
by y. Buffers vaguely resemble reduction contexts, except that they allow us to place a hole
behind output prefixes since these are meant to be non-blocking. Hereafter we write B,[P)]
for the process obtained by replacing the hole in B, with P.

The operational semantics of CaP is given by a structural pre-congruence relation J and
a reduction relation —, both defined in Table 2. In simple words, structural pre-congruence
relates processes that are essentially equivalent except for the order of independent actions,
while reduction describes communications and the resolution of non-deterministic choices.

We can roughly classify the rules for structural pre-congruence in four groups. The first
group contains [s-CALL], [s-LINK]| and [s-comM], which capture expected properties of process
invocations, links and parallel compositions: a process invocation A(T) is indistinguishable
from P if A(Z) = P; a link z + y is indistinguishable from y < z; a cut (z)(P | Q) is
indistinguishable from (z)(Q | P), that is parallel composition is commutative.

The second group of rules contains [s-walIT], [s-casg] and [s-JoIN]. These rules allow an
input action on some channel y to be extruded from a cut on z when = # y. The purpose of
these transformations is to move inputs on y close to outputs on y, so as to enable interactions
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in the session y. These transformations correspond to well-known rearrangements of linear
logic proofs (for example, they are sometimes referred to as external reductions [3, 25]), except
that in CaP we allow the input prefix to be found within an arbitrary buffer B, coherently
with the intuition that (output) actions in a buffer are non-blocking. The side condition
z & fn(B,) in [s-J0IN] makes sure that free occurrences of z in B, are not accidentally captured
by the binding prefix. Since we consider processes (and buffers) modulo renaming of bound
names and there is an infinite supply of names, the bound z can always be renamed so as to
enable this process transformation.

The third group of rules contains [s-PuLL-0], [s-PULL-1] and [s-PuLL-2]. These rules are
similar to those of the second group, except that they allow whole buffers of messages on y to
float through cuts on  when x # y. [s-PULL-2] is simple and speaks for itself while [s-PULL-1]
deals with the case in which the name x bound by the cut occurs in the process P associated
with a fresh channel z sent on y # z. In this case the cut as a whole becomes associated with
z. In principle we should also specify the side condition x ¢ fn(@), but this condition holds
for well-typed processes when x € fn(P). The rule [s-PULL-0] covers a somewhat peculiar case
of [s-PULL-2], whereby a buffer B, can be extruded from the cut on x because there is a link
x <+ y that acts as a forwarder from x to y. Note that the extruded buffer B, turns into By,
so as to reflect the forwarding effect of the link.

The fourth and final group of rules contains [s-PuLL-3] and [s-PuLL-4]. These rules allow
buffers for different channels to be permuted. Again [s-PULL-3] deals with the special case in
which a channel z occurs in the process P associated with a fresh channel z.

In the definition of structural pre-congruence there are some glaring omissions (e.g.
associativity of parallel composition) and very few rules are invertible. This is not because
the missing rules would be unsound, but because they turn out to be unnecessary for proving
that well-typed processes are deadlock free and fairly terminating.

Base reductions consist of [R-CHOICE], [R-CLOSE], [R-SELECT] and [R-FORK]| which respectively
model the reduction of a non-deterministic process, the termination of the session x and the
consumption of tags and channels sent on channel z. The rules are almost standard, except
that [R-sELECT| and [R-FORK] allow input actions on x to operate from within arbitrary buffers
for x. The buffers represent asynchronously sent messages that do not block subsequent
actions. At the logical level, these interactions correspond to deep cut reductions in a sense
that resembles deep inference [31], whereby logical rules can be applied deep within a context.
Unlike [R-sELECT] and [R-FORK], there is no buffer around wait z.P in [R-cLosg]. This rule
implies that a session cannot be closed unless all the messages (asynchronously) produced
therein have also been consumed. Note that this property is enforced by the type system
and is not meant to be checked at runtime. Rules [R-cuT], [R-BUFFER] and [R-STR] propagate
reductions across cuts and buffers and close them by structural pre-congruence.

Hereafter we write —* for the reflexive, transitive closure of —. We write P — if P — @
for some Q and P - if not P —.

We can now formally define the safety and liveness properties we are interested in.

» Definition 1 (deadlock freedom). We say that P is deadlock free if for every Q such that
P —* @ -» we have (Q J done.

Deadlock freedom is an instance of safety property. A deadlock-free process either reduces
or it is (structurally pre-congruent to) done. For example, the process () = Q() @ Q() is
deadlock free (we have () — Q()) whereas (x)(close y | wait z.done) is deadlocked. When a
deadlock-free process stops reducing, it contains no pending actions and all of its sessions
have been closed. In particular, all the messages in buffers have been consumed.
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The liveness properties we are interested in are related to termination, of which there
exist several variants. A reduction sequence of P is a sequence (P, Pp,...) such that Py = P
and P; — P, whenever ¢ + 1 is not greater than the length of the sequence. A run is a
maximal reduction sequence, in the sense that either it is infinite or the last process in the
sequence (say P,) does not reduce (that is, P, ). We say that P is weakly terminating if it
has a finite run, that P is terminating if every run of P is finite, and that P is diverging if
every run of P is infinite. For example, () @ done is weakly terminating but not terminating,
done @ done is terminating, and Q() is diverging. Note that here we call “termination” the
mere inability to reduce further and not the fact that a process has become done. For
example, done, close z and (x)(close y | wait x.done) are all terminated (they do not reduce),
but only done is also deadlock free. So it really is the combination of deadlock freedom

(Definition 1) and some termination property that we wish to enforce with our type system.

The termination property we target in this work is called fair termination [30, 26, 2]. Fair
termination consists of those processes such that all of their infinite runs are considered to be
unrealistic or unfair and therefore can be ignored insofar termination is concerned. We could
say that these processes may diverge in principle, but they terminate in practice. Clearly,

fair termination depends on a fairness notion that discriminates fair runs from unfair ones.

Among all fairness notions, here we consider a particular instance of full fairness [44].
» Definition 2. A run is fair if it contains finitely many weakly terminating processes.

Remember that a run is a maximal reduction sequence of a process. So, along a fair run
the process only has finitely many chances to terminate. This can happen either because
the run is finite (the process eventually terminates) or because the run contains a diverging
process (at some point termination is no longer possible). For example, the infinite run
(Q() @ done, £(), . ..) is fair because only the first process in it is weakly terminating. We find
it useful to also look at the negation of the notion of fair run: an unfair run is necessarily
infinite and contains infinitely many weakly terminating processes. In other words, an unfair
run describes a computation along which termination is always reachable, but it is never
reached as if the process is avoiding it on purpose. For example, if A() = A() ® done then
the infinite run (A(), A(),...) is unfair because done is always reachable but never reached.

» Definition 3. We say that P is fairly terminating if every fair run of P is finite.

For example, A() = A() @ done is fairly terminating whereas () @ done is not because
it has an infinite fair run. There are two reasons why full fairness is a suitable fairness
assumption in our setting. First, full fairness has been shown to be the strongest conceivable
fairness assumption [44], which means that it allows us to target the largest family of fairly
terminating processes. Second, it has been observed [12] that this family admits the following
alternative characterization which does not mention fair runs at all.

» Theorem 4. P is fairly terminating iff each Q such that P —* Q is weakly terminating.

The relevance of this characterization rests in the fact that it provides the key proof
method for the soundness of our type system. Indeed, suppose that the type system ensures
that well-typed processes weakly terminate. We expect the type system to also enjoy subject

redution, namely the property that well-typed processes always reduce to well-typed processes.

But then, using the right-to-left implication in Theorem 4, the very same type system also
ensures that well-typed processes fairly terminate.

» Example 5. Consider the Split process defined in (1). We derive

Split{x,y) — y < task.Split(x,y) — -+ — (y < task)™.Split{zx,y)
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where (y < task)™ denotes n subsequent y <1 task prefixes, using repeated applications of
[R-cHOICE] and [R-BUFFER]. Notice how the messages pile up as the process reduces and
also that, at any time, the process may reduce to (y < task)™.y < stop.Gather(z,y) which is
weakly terminating. That is, Split(zx,y) is fairly terminating by Theorem 4. We also have

(y)(Split(z,y) | Worker(y)) =" (y)((y < task)™.Split{x, y) | (y < res)™. Worker(y))

for every n and m, indicating that Split has produced m +n tasks and Worker has consumed
only m of them. Since Split can always send stop and consume all the res messages produced
by Worker, we also have

(y)((y < task)™.Split{x, y) | (y < res)™. Worker(y)) —* x < resp.done -

indicating that (y)(Split(x,y) | Worker(y)) too is fairly terminating by Theorem 4. J

3 Asynchronous Session Types

3.1 Syntax

Session types are generated by the productions below
Session type S, T =1L |®{a;:Si}ier | &{a;: Sitier | ST |SBT

and adhere to the usual interpretation given to propositions of multiplicative additive linear
logic (MALL) [10, 45]: the constants 1 and L describe processes respectively sending and
receiving a termination signal; the additive connectives ®{a; : S;}ier and &{a; : Si}ier
describe processes sending and receiving a tag a; and then behaving according to S;; the
multiplicative connectives S ® T and S % T' describe processes exchanging a channel of type
S and then behaving according to T
Compared to the usual linear logic propositions, we observe the following differences:
The additive connectives are n-ary instead of binary and make use of explicit tags for
improved generality and readability. In each additive connective &{a; : S;};cr and
&{a; : S;}ier we assume that the set I is finite and that the tags a; are pairwise disjoint.
The additive constants 0 < &{} and T = &{} are defined as degenerate (empty) versions
of the additive connectives instead of being built-in.
The productions shown above are meant to be interpreted coinductively. That is, we
consider session types the possibly infinite reqular trees built using the above productions.
We define possibly infinite session types as solutions of equations of the form S = ---
where the metavariable S may occur (guarded) on the right hand side of “=". It is a known
fact that every such finite system of equations admits a unique regular solution [17].

The dual of a session type S, denoted by S+, describes the mirrored protocol of S and is
corecursively defined by following equations:

]_J' =1 @{81 : S'L}f_E] = &{81 : Sf'}ie[ (S@T)J_ = SL ?S)TJ_
1t=1 &{ai : Si}iLeI = @{ai : Sil}ie[ (SQS)T)L =gt ®TL

We say that the session types of the form 1, ®&{a; : S;};cr and S®T are positive, whereas
the session types of the form L, &{a; : S;}icr and S % T are negative. Positive session types
describe protocols that begin with an output action, whereas negative session types describe
protocols that begin with an input action. We write pos(S) and neg(S) to state that S is
positive and negative, respectively.
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Table 3 Labelled transition system for asynchronous session types.

[MUST-1] [MUST-®)] MAY-®]

T % T
151 ST 5T ST % SeT
[MusT-_L] [MUST-%8] [MAY-73]

T %7
L2 syT 5T ST % SHT

[MUST-&)] [MAY-@)] [FAIR-O]
70
Viel:S -5, 3kel:S -5,

®{ai : Sitier = Sy ®{a; : Sitier Rt ®fai: Titier  ®{ai: Sitier LN ®{a; : Ti bier
[MUST-&] [MAY-&] [FAIR-&]
lo
Viel:S, -5, JGel:S 5T,
&{ai : Si}ie] ﬁ) Sk &{ai . Si}ie[ !—U> 85{21z : Ti}ie[ &{al : Si}ie[ !—0> &:{al : Ti}ie]

3.2 Fair Asynchronous Semantics

We define the labelled transition system (LTS) for session types using the rules in Table 3.

Labels of the transition system can be of the form ?¢ (input of a message of type o) or
lo (output of a message of type o) where o is a message type of the form x (the type of a

termination signal), a (the singleton type of the tag a) or S (the session type of a channel).

Hereafter we use ¢ and 7 to range over message types and «a and § to range over labels.
Before we describe the rules in detail, we must point out two unusual but important
aspects of the LTS. First of all, the LTS is specified as a Generalized Inference System (GIS
for short [1, 18]). A GIS consists of two sets of rules, those that are meant to be interpreted
coinductively (the singly-lined rules in Table 3) and those that are meant to be interpreted
inductively (the singly-lined rules plus the doubly-lined rules in Table 3). If we call —~;,q the
relation that is defined by the inductive part of the GIS, then the actual relation — being

defined is the largest one included in —2..4 that satisfies the singly-lined rules in Table 3.

The interested reader may refer to the literature for a thorough presentation of GIS [1, 18],
but the examples we are about to discuss should suffice to clarify the nature of transitions.
The other unusual aspect of the LTS is that a transition S — T is not an indication of
what a process complying with S necessarily does, but rather of what the process is allowed
or able to do. In particular, a transition S % T means that a process complying with S is
allowed to output a message of type o, even though S may be negative. We say that this
is an early output transition because it describes an output that may occur ahead of time.
Dually, a transition S % T means that a process complying with S is eventually able to
input a message of type o, even though S may be positive. We say that this is a late input
transition because it describes the consumption of a message that may occur later on.

The axioms [MUST-*] are used to derive what we call immediate transitions. These are
the expected transitions of session types, whereby no input is late and no output is early.
For technical reasons it is convenient to have transitions also for 1 and L. In this way we
do not have to distinguish 1 and | from other non-terminated protocols when defining our
notions of generalized duality (Definition 8) and subtyping (Definition 12).
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The rules [MaY-*] deal with late inputs and early outputs. As an example, consider the
session type S = &{a: ®{c: T}} for which we may derive the transition sequences

S e{c: TS T and S-S5 &{a:T-5T

The sequence on the left, obtained by [MusT-&]| followed by [MusT-4], is an ordinary one:
actions are performed according to the syntactic structure of the type. The sequence on the
right, obtained using [MUST-®], [MAY-®] and [MUST-&], is peculiar to the asynchronous setting:
it describes a situation in which the output !c may be performed earlier than the input 7a.
Since communication is asynchronous and c is going to be sent anyway, a process complying
with S might choose to send it early, before waiting for a. Note that this is just a possibility:
a process strictly adhering to the transition sequence on the left would still comply with S.

A dual reasoning applies to late inputs. If we consider the type S’ = @{a: &{c: T'}} we
may derive the transition sequences

S & T ST and S S @fa:T ST

Again, the sequence on the left is standard. The sequence on the right, obtained using
[MUST-&], [MAY-&] and [MUST-@], says that a process complying with S’ is able to consume a
¢ message, even though this will happen only after the process has sent a. The fact that the
input action is late cannot cause issues, since both the outgoing a and the incoming c are
sent asynchronously with a non-blocking operation.

As it is clear looking at the rules [MAY-®] and [MAY-&], late inputs and early outputs
concerning a branching session type must be derivable for every branch: a message may
be sent early (before an input) only if it is independent of the input; a message may be
received late (after an output) only if it is independent of the output. For example, if we
take S = &{a: ®{c: S1},b: ®{c: Sa,d: S5}} then we can derive

S % &{a:S,b: Sy} andalso S —% @{c:Sd: S35} —S; butnot S- 8

no matter what S’ could be. A process complying with S may send c early, before receiving
either a or b, since the output of c is allowed regardless of the input. On the contrary, the
output d is allowed only if the input is b and so it cannot be anticipated before the input.
Symmetrically, if we consider the session type T'= @{a: &{c: T1},b: &{c: To,d : T5}}, we
may derive

TS @f{a:T,b: Ty} andalso T -2 &{c:Th,d:T5} —T5 butnot T —%7T"

The (late) input transition c is enabled because the process is able to receive ¢ regardless
of the tag a or b that it sends. On the contrary, the input transition on d is enabled only if
the process sends b.

A subtler case of late input is illustrated by the session type S1 = @{a: S1,b: &{c: S2}},
which describes the behavior of a process that sends an arbitrary number of a’s or a b and
then waits for a c. Since the singly-lined rules in Table 3 are interpreted coinductively, we can

derive S —% 51 where S7 = @{a: S7,b: S2} by means of the following infinite derivation:

— [MAY-®] . [MUST-&]
Sl —C> Si &{C : SQ} —C> SQ (4)

[MAY-@)]

?
Sy 5 8
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The transition S N S says that a process complying with S; performs a late input of
c. Compared to the other examples of late inputs, this one looks more questionable and for
a good reason: it may be the case that a process sending an infinite sequence of a’s complies
with S1. So, claiming that such process is eventually able to input a ¢ may lead to a message
remaining orphan. In this work, however, we assume that a well-typed process complying
with S; will also be fair, in the sense that it will eventually stop sending a’s and will send
the b ensuring that the ¢ message is consumed. The same assumption is made, in dual form,
for early outputs. For example, the session type T} = &{a: T1,b : ®{c: T} } performs the

early output transition T} o T| where T] = &{a: T{,b: To}. That is, a process complying

with T3 is allowed to send c early because it is guaranteed to eventually receive a b message.

The infinite derivation that we have just shown in (4) reminds us that we must be careful
in the use of coinduction for defining the LTS. Indeed, an unconstrained use of coinduction
would allow us to derive early/late transitions that do not correspond to any “real” action
of a session type, solely using [May-*] rules. Consider for example the infinite session type
S = @{a : S}, which allows sending a neverending sequence of a’s. It is easy to derive

S 2% S for every ¢ by an infinite derivation consisting of [Mav-®] rules only, despite the
protocol described by S does not enable any input transition! Of course we want to make
sure that, whenever we derive a late/early transition, this is justified by the use of at least
one [MUST-*] rule somewhere in the derivation. This is the reason why the LTS is defined

through a GIS and not simply by the (coinductively interpreted) singly-lined rules in Table 3.

On the one hand, we want to make sure that that a late/early transition is enabled along

every branch of a session type. This is an invariant property enforced by the [MAY-*] rules.

On the other hand, we want to make sure that there exists at least one branch along which
the transition eventually originates for real. This is a well-founded property enforced by the
[MusT-*] rules. As it has already been observed elsewhere [15], GIS are a convenient way
of defining relations like — that mix invariant and well-founded properties at the same
time. The effect of defining the LTS as a GIS is that, whenever we build a (possibly infinite)
derivation for S —= T using the singly-lined rules, we must also be able to find, for each
judgment S; —% T; in this derivation, a finite derivation for S; g T;. In (4) this is
achieved easily, as shown below:

. [MUST-&]
&{C . 52} '—C>ind 52

. [FAIR-@)]
S1 —ind 51

Notice the key role of [FarR-@] in building this finite derivation for S lnnd S1. Since Sy
is an infinite session type, we would not be able to find a finite derivation for Sy iﬂnd St
if we insisted on using [MAY-®] only, since this rule requires us to derive the late input
transition in every branch of the session type. Instead, according to [FAIrR-@®] it suffices to find
one branch along which we can eventually derive the late input transition directly. In the
literature on GIS the doubly-lined rules are called corules. Here, we have called them [FAIR-®]
and [FATR-&] because they somehow capture the fairness assumption of the LTS: whenever we
derive late/early transitions in a looping session type like Sy and T}, the fairness assumption
makes sure that the conversation eventually follows a branch leading out of the loop.

There is one exception to what we have just said about transitions being eventually
derived by [MusT-*] rules. Recalling that 0 = ®{} and T = &{}, by [May-®] and [MaY-&] we
can easily derive 0 2% 0and T -% T for every o. These derivations are trivially valid for
the GIS since they are finite. We might be tempted to flag these cases as pathological. After
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all, the protocol 0 describes an unrealistic process that is able to input anything and the
protocol T describes a uncontrollable process that may output anything. While it is true
that such behaviors are practically useless, we will see in Section 4 that the derivability of
these transitions for 0 and T has an important impact in the resulting subtyping relation,
for which 0 and T will play the role of least and the greatest element.

Hereafter, we let o and 1 range over finite sequences of labels, we write —~—=" for the
composition —% + - 2% we write S — if S - T for some T and S —» if not S —=.

3.3 Properties of Asynchronous Session Types

To substantiate the claim that each transition derivable by the GIS is “real” (i.e. it originates
from the syntax of the session type), we prove that every input/output transition can
be derived by the application of an axiom in Table 3 after every maximal, strongly fair
sequence of immediate outputs/inputs. Strong fairness is a weaker assumption implied by
the full fairness of Definition 2 [44]. Formally, a (possibly infinite) sequence of transitions
So 25 81 2% .- is strongly fair 26, 44] if, whenever some S’ occurs infinitely often in the
sequence SS; --- and S —— T”, then also T” occurs infinitely often in the same sequence.
Intuitively, a strongly fair sequence of transitions does not discriminate those transitions
that are enabled infinitely often. For example, if S = ®{a: S,b: T}, the infinite sequence
S 25§ 2 ... of transitions is strongly unfair, because the transition S T s infinitely
often enabled but never performed. On the contrary, if S = ©{a : S}, then the infinite

|
sequence S — S 25 ... of transitions is strongly fair.

» Theorem 6. Let a be the label of an input/output transition. Then S > if and only if
every mazimal, strongly fair sequence of immediate output/input transitions S =% S; =2 ...
is finite and ends in some T such that T —— is derivable by an aziom in Table 3.

Note that, in the statement of Theorem 6, we cannot require the transition 7 — to be
immediate because of the phony early/late transitions enabled by 0 and T.

We are accustomed to think that session types are used to describe race-free interactions,
but we have seen examples of session types that simultaneously enable both input and output
transitions. When this happens, such transitions are independent and do not interfere with
each other. We formalize this fact by establishing a diamond property for session types.

» Proposition 7. If S 1% S and S T S, then S’ 2T and 8" 25T for some T.

4  Fair Asynchronous Subtyping

We define the subtyping relation for asynchronous session types in three steps. First of all,
we formalize what we mean by correct asynchronous composition between the session types
describing the protocols implemented by two processes using the two endpoints of a session.
In many session type systems, this notion coincides with session type duality. Since we have
to take asynchrony into account, duality alone is too strict so we need a notion of correct
composition using the LTS defined in Section 3. Once this notion is in place, asynchronous
subtyping can be defined as the relation that preserves correct asynchronous composition.
This relation is “sound” by definition, but its properties can be intrinsically difficult to
grasp. The final step will be to provide a precise (i.e. sound and complete) alternative
characterization of asynchronous subtyping that sheds light on its properties.
The definition of correct asynchronous composition is given below.
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» Definition 8. We say that R is a correct asynchronous composition if (S,7) € R implies:
either pos(S) or pos(T);

if S 2% S and o € {x} U Tags, then T 2% T and (8", 7") e R;

if T ’é T’ and o € {» }UTags then S =% §' and (S',T') € R;

sz Y Sy, then T —> T5 and (51,T1) € R and (S2,T>) € R;

L if T T, Ty, then S 5, Sy and (S1,T1) € R and (S2,T2) € R.

We write X for the largest correct asynchronous composition.

LI\

In words, Items 2-5 state that (S,7T") forms a correct composition if, whenever one of the
two types performs a (possibly early) output transition !o, the other type is able to respond

with a (possibly late) compatible input transition ?7 and the continuations remain correct.

In general this is not enough to guarantee progress because early outputs are only allowed
but not mandatory. For example, the types &{a : @{b: 1}} and &{b: ®&{a: L}} satisty
Items 2 and 3, but two processes strictly adhering to these protocols (i.e. without performing
early outputs) would starve. Item 1 requires that at least one of the two types is positive,

namely that at least on one side of the session the outputs are guaranteed to be immediate.

This is enough to ensure progress. For example, we have &{a: @{b: 1}} x &{a: &{b: L}}
as well as @{b: &{a:1}} x d{a: &{b: L}}.
It is easy to see that x is symmetric and that duality implies correctness:

» Proposition 9. S+ x S holds for every session type S.

Other properties of x are more surprising. For example, if S = &{a: S,b: ®{c:1}} and
R = ®{a: R}, we have that S x R does not hold because of the early output transition
S — to which R is unable to respond. The lack of compatibility between S and R is due to
the fact that (the process behaving as) S makes a fairness assumption on the behavior of
the process it is interacting with. More precisely, a process complying with S assumes that
sooner or later a b message will be received, finally enabling the output of c. In anticipation
of this, the process may decide to perform an early output of ¢, but in doing so it would
generate an orphan message when interacting with another process adhering to R, which is
not honoring this fairness assumption. It is also easy to see that 0 x S holds for every S
and that T x S implies S = 0. These properties of 0 and T follow directly from the [MAY-®]
and [MAY-&] rules that we have commented in Section 3.

» Example 10. Let !a.S stand for @{a: S} and (1a)”.S stand for la...!a.S with n la prefixes.

Consider the session types S = @®{task : S,stop : T} and T = &{res : T,stop : L} and
U = &{task : @{res : U},stop : &{stop : 1}} which respectively describe the behaviors of
Split, Gather and Worker of Section 1 on the channel y. It is easy to establish that

S Z{(S, (Ires)™.U) | n € N} U {(T, (Ires)™.Istop.1) | n € N} U {(L,1)}
is a correct asynchronous composition hence S x U. 1

We can now define fair asynchronous subtyping semantically using Liskov’s substitution
principle [38] where the property being preserved is session correctness (Definition 8).

» Definition 11 (fair asynchronous subtyping). We say that S is a fair asynchronous subtype
(or just subtype) of T, notation S < T, if R x T implies R x S for every R.

Paraphrasing, this definition says that a process using a channel x according to T' can be
safely replaced by a process using = according to S when S is a subtype of T. Indeed, the
peer process, which is assumed to use the same channel z according to some session type R
such that R x T, will still interact correctly after the substitution has taken place.
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A few subtyping relations are easy to figure out. For example, we have 0 < S and
S < T for every S because of the properties of 0 and T that we have pointed out above.
It is also easy to see that ®{a : &{b : S}} < &{b: ®{a : S}} holds in an asynchronous
setting. After all, the process that behaves according to @{a : &{b : S}} is sending a tag
a that also the process that behaves according to &{b : ®{a : S}} may anticipate. Note
that the inverse relation &{b: ®{a: S}} < ®&{a: &{b: S}} does not hold, despite the fact
that ®{a : &{b: S}} and &{b : ®{a : S}} perform exactly the same transitions, because
&{a:@{b: St}} forms a correct asynchronous composition with @{a : &{b : S}} but not
with &{b: @{a: S}} (Item 1 of Definition 8 is violated).

The above notion of subtyping is sound “by definition”, but provides little information
concerning the shape of related session types. To compensate for this problem, we also give a
sound and complete coinductive characterization of <, which relates directly to Definition 8.

» Definition 12 (coinductive asynchronous subtyping). We say that S is a coinductive
asynchronous subtyping if (S,T) € S implies:

1. either pos(S) or neg(T);

if T =% T and o € {+} U Tags, then S -5 S and (S, T") € S;

if S 2% 8" and o € {*} U Tags, then T % T and (8", 17" e S;

if T 5Ty, then S 25 Sy and (S1,Ti) € S and (S, Ts) € S;

if S 2% Sy, then T 5 Ty and (S1,T1) € S and (Se, Tp) € S.

LA

Ttems 2-5 of Definition 12 specify the expected requirements for a session subtyping
relation: every input transition of the supertype 7" must be matched by an input transition
of the subtype S and the corresponding continuations should still be related by subtyping;
dually, every output transition of the subtype S must be matched by an output transition of
the supertype T and the corresponding continuations should still be related by subtyping.
Interestingly, these items are essentially the same found in analogous characterizations of
synchronous subtyping for session types [28], modulo the different orientation of < due to our
viewpoint based on the substitution of processes rather than on the substitution of channels.!
However, the clauses of Definition 12 are not mutually exclusive, because the same session
type may perform both input and output transitions. Also, session types related by subtyping
need not start with the same type constructor. In this respect, Item 1 makes sure that the
smaller session type can only anticipate (and not postpone) outputs, as argued above.

Definition 12 is a sound and complete characterization of <.

» Theorem 13. < is the largest coinductive asynchronous subtyping.

Using Definition 12 and Theorem 13 we can prove some significant properties of <:
(input contravariance) &{a; : S;}ier < &{a; : S;}icy if J C I by Item 2;

(output covariance) ©{a; : S;}tier < ®{a; : S;}icy if I C J by Item 3;

(output anticipation) @{a; : &{b; : Sij}tier}tjes < &{b; : ®{a; : Si;};jcs}icr. Note that
the inverse relation does not hold, despite these two session types have exactly the same
transitions, because of Item 1.

There are exceptions to output covariance and input contravariance when one of the two
types specifies a non-terminating protocol. The next example illustrates one of such cases.

! The interested reader may refer to Gay [27] for a comparison of the two viewpoints.
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» Example 14. Consider S = &{a: S,b: @&{c: 1}} and T = &{a : T}. Despite S is a
subtype of T for other session subtypings [28, 39, 11, 8], we have S £ T because S % and

T —%. To see the reason why admitting this relation could cause a problem, consider a
process that complies with the protocol R = @{a : R}. Such a process would output infinitely
many a’s and would not expect to input anything. Still, if we consider S’ = &{a: S’,b: 1}
we have that @{c: S’} < S holds. That is, a process complying with ®&{c : S’} performs
immediately the early output in S. By transitivity of < (whose validity is implied by
Theorem 13), we would also have @{c: S’} < T. Now the problem is clear: R x T holds,
but a process complying with R would not be able to handle the incoming ¢ message if we
composed it with a process complying with &{c: S'}. J

The cases in which co/contra variance does not hold have no impact on the typeability of
CaP processes: since our type system ensures the fair termination of well-typed processes,
protocols like T' in Example 14 are not inhabited. We will see in Section 7 that < includes
other subtyping relations supporting full co/contra variance for the family of fairly terminating
session types, those that always allow the protocol to end.

» Example 15. We borrow a scenario from Bravetti, Lange and Zavattaro [8] to showcase
an interesting example of fair asynchronous subtyping. Imagine a system made of a ground
station and a satellite such that, at each flyby, the satellite sends data from the previous orbit
and receives commands to execute in the next one. In principle, the ground station should
follow the protocol U = &{data : U,stop : V} where V = @{cmd : V,stop : L}. However,
since the flyby window may be short, it makes sense to implement the ground station so
that it communicates with the satellite in full duplex by anticipating the output of the
commands. In this case, the ground station follows the protocol S = @{cmd : S,stop : T’}
where T' = &{data : T,stop : L}. Is this implementation correct? We can answer in the
affirmative by proving S < U with the diagram below, which represents a coinductive
asynchronous subtyping containing the pair (S,U). In the diagram we also use the types
S’ = @{task : §',stop: L} and U’ = &{res: U’,stop: L}.

?data
@)
/
lemd, daty (T,U") w} 7%

(L, L

cmd

Note that S allows for the anticipation of an unbounded number of outputs before an

)

unbounded number of inputs. J
We now list a few properties of <. First of all, we establish that < is closed by duality.
» Proposition 16. If S < T, then T+ < S*.

Proof. By Theorem 13 it suffices to show that if S is a coinductive asynchronous subtyping,
then so is ST = {(T+,S1) | (S,T) € S}. This follows immediately from Definition 12. <

Then, we show how to characterize x solely in terms of <

» Theorem 17. S x T if and only if S < T+
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Finally, we observe that similarly to the other asynchronous session type theories correct
composition is undecidable. The source of undecidability follows from the possibility to use
communicating buffers to model unbounded memories like tapes of Turing Machines [36] or
queues of Queue Machines [6].

» Theorem 18. Given two types S and T, the problem of checking S x T is undecidable.

As a direct consequence of Theorems 17 and 18, we have that checking S < T is also
an undecidable problem. Despite these negative results, the coinductive characterizations
of correctness (Definition 8) and subtyping (Definition 12) are useful to prove that these
relations hold in specific cases, as done in Examples 10 and 15.

5 Type System

In this section we describe the type system for CaP ensuring that well-typed processes weakly
terminate, besides being free from communication errors and deadlocks. Theorem 4 then
allows us to conclude that the very same type system also ensures fair termination when
we make the fairness assumption stated in Definition 2. The type system is based on the
proof rules of MALL but also includes typing rules for the non-logical process forms, namely
termination, process invocation and non-deterministic choice.

5.1 Measuring Processes and Type Annotations

It is a known fact that infinitary proof systems for linear logic (e.g. uMALL [3, 25]) require
validity conditions to enjoy the cut elimination property. As a consequence, the infinitary
type system for CaP requires validity conditions to ensure the (weak) termination property.
We implement these validity conditions using the technique of Dagnino and Padovani [19]
and decorate types and typing judgments with quantitative information that estimates the
amount of effort required to terminate a process. It is natural to measure such effort in
terms of number of reductions of that process (Table 2). Since most reductions arise from
session interactions and each session interaction involves a process outputting a message on
a channel (with a positive type) and a process inputting a message from the same channel
(with a negative type) we count the number of process forms representing outputs to establish
the number of reductions that are necessary to normalize a process. In the presence of
branching processes (those whose behavior depends on a tag received from a channel), we
can tentatively compute an upper bound for terminating each branch.

Let us use the definitions in Section 1 to walk through this approach on increasingly com-
plex examples. To start, consider the process Gather, which we repeat here for convenience:

Gather(z,y) = y > {res : Gather(z,y),stop : wait y.z < resp.close x}

Now suppose that n is the measure associated with Gather and note that Gather is
a branching and recursive process. The res branch does not contain any output actions,
whereas the stop branch performs two outputs on x. Therefore, n should satify the relations
n > n (for the res branch) and n > 2 (for the stop branch) whose least solution is n = 2.
That is, Gather weakly terminates by performing at most two outputs. Note that the actual
number of interactions performed by Gather depends on the number of received res messages
and may be larger than 2. However, these received messages are accounted for in the measure
of the sender, while the measure 2 we give to Gather only accounts for the messages sent by
Gather.
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If we now consider the process
Split(z,y) = y < task.Split(x,y) ® y < stop. Gather{z,y)

we have to measure a non-deterministic choice. Since non-deterministic choices are performed
autonomously by a process and we are interested in proving that processes weakly terminate,
we can measure a non-deterministic choice by considering the branch with the least measure
and the additional reduction due to [R-cHOICE]. So, in this case, the measure of Split — say
m — must satisfy the equation m > 1 4+ min{1 4+ m, 3} where 1 + m is the measure of the
left branch and 3 is the (least) measure of the right branch, having already established that
Gather can be given measure 2. The least least solution of this constraint is m = 4.
A more challenging process to measure is

Worker(y) = y > {task : y < res. Worker(y), stop : y < stop.close y}

in which each task input is immediately followed by a res output. If we try to measure Worker
following the same reasoning applied to Gather, we end up looking for some n satisfying the
system of inequations n > 1+ n (for the task branch) and n > 2 (for the stop branch). Since
no n satisfies these inequations, we have to refine our measuring strategy or else Worker
would end up being ill typed. This is precisely what happens in some type systems ensuring
the fair termination of sessions [14, 12] which is unfortunate because Worker is not ill behaved
after all: the fairness assumption we are making ensures that the number of tasks will be
finite, albeit unbounded. Likewise, the number of results will be finite but unbounded as
well. The problem is that we are unable to find a single measure for Worker that accounts
for all possibilities.

We refine our measuring technique allowing the measure of Worker to depend on the tags
it receives. We realize this dependency by annotating tags with measures that are charged
to senders and discharged from receivers. To see this mechanism at work in the case of Split
and Worker, consider the following annotated session types:

S = @{task! : S stop” : T} (5)
T = &{res” : T,stop” : 1} (6)
U = &{task! : {res’ : U}, stop” : d{stop’ : 1}} (7)

The annotations in task! and stop” mean that a process like Split, which complies with
S, is charged by 1 unit of measure whenever it sends task and by 0 when it sends stop. This
measure is charged in addition to the cost of the output it is performing and accounts for
the cost of sending the result in Worker. Since this cost is already charged on Split, it can
be discharged from the task branch of Worker when we compute its measure, as shown by U.
This way we end up solving for Worker the equations n > n (for the task branch) and n > 2
(for the stop branch) whose least solution is n = 2. In principle we have to reconsider the
measure we gave to Split to account for the 1 unit that is now charged for each output of
task, but since the measure of Split was determined by the stop branch (which has a null
annotation) it remains unchanged.

From now on we consider a refinement of the session types presented in Section 3 where
tags are annotated with natural numbers. These annotations do not interfere in any way with
the properties and characterizations of session types we have presented there and in Section 4,
with the proviso that wherever we have written matching message types in Sections 3 and 4
we mean that measures also match. In particular, Definition 8 entails that the amount of
measure charged on one side of the session matches the amount of measure discharged from
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Table 4 Typing rules for CaP.
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PEFMT  QF™T PF"T,y:S QF'Ax:T PH'T,y:Sa:T
PaQHT™T r(y)[PL.QFT"T T Az S®T z(y).PF'T,z: ST
@] [&]
PH"T,z: Sy Viel:PF"T™iT x:8;
x<ap PHEITTTET s @{al S bier x>{a;: Pilicqus F' Dox c &{a)" : Sitier
[LINK] [cuT]
n PH"T,z: 8 Q" Ajx: T
14+n S < T m+n SwT
reoyHE " Sy T (x)(P| Q)+ A

the other side of the session (like for S and U above) and the clauses of Definition 12 entail
that matching actions in session types related by subtyping carry the same measure. In
principle, it would be possible to relax these constraints and allow some variance of measure
annotations. Since we do not have concrete examples that take advantage of this further
refinement, we spare the additional complexity.

5.2 Typing Rules

The typing rules for CaP are shown in Table 4. Judgments have the form P " T" where P is
the process being typed, n is its measure and I is a typing context, namely a partial function
that maps channels to types. We let I" and A range over typing contexts, we write () for the
empty context, x : S for the singleton context that maps = to S, and ', A for the union of T’
and A when they have disjoint domains. The typing rules shown in Table 4 are meant to be
interpreted coinductively, hence a process is well typed provided there is a (possibly infinite)
derivation built using those rules. The structure of the rules is essentially the same of other
session type systems based on (classical) linear logic [45, 37, 19], so we will mainly focus on
those aspects of the rules that are new or different in our setting.

The rule [DONE] states that the terminated process can have any measure and is well
typed only in the empty context.

The rule [caLL] states that a process invocation is well typed in a context z : S if so is its
definition in the same context. Recall that a typing derivation can be infinite in the case of
recursive processes and note that the measure of the invocation may be larger than that of
its definition, allowing some measure to be discarded from one invocation to the next. This
is not strictly necessary for the soundness of type system, but it is sometimes convenient to
obtain simpler typing derivations.

The rules [1] and [L] deal with session termination in the expected way. The measure of
close z is strictly positive whereas the measure of wait z.P coincides with that of P since the
measure n in a typing judgment I' F” P only accounts for the outputs performed by P.
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The rules [®] and [?] deal with the communication of channels. The measure of a channel
output z(y)[P].Q accounts for both the measure of P (the process being spawned that uses
one end of the fresh session y) and the measure of @, while the additional unit of measure
accounts for the output being performed. The measure of a channel input z(y).P simply
coincides with that of the continuation process.

The rules [@] and [&] deal with the communication of tags. The measure of a tag output
x < a.P accounts for the measure of the continuation P and of the measure annotation m
associated with a in the type of x, while the additional unit of measure accounts for the
output being performed. The measure of a tag input > {a; : P;};¢cs is the residual measure
of each branch after the measure annotation m; associated with a; in the type of = has been
discharged. Note that a tag input may in general provide more branches than those actually
occurring in the type of z. As a special case, [&] also captures the introduction rule for T in
MALL. In particular, we have z > {} F" ',z : T for every n and every I.

The rule [cnoice] deals with non-deterministic choices in the expected way. The rule does
not specify which branch of a non-deterministic choice determines the measure of the whole
choice. Since the typeability of a process rests on its measurability, the obvious strategy is
to pick the continuation with the smallest measure (¢f. Section 5.1).

The rule [LINK] is a generalization of the axiom in MALL. It allows the unification of x
and y provided that S+ < T (or equivalently T+ < S, by Proposition 16) where S is the
type of x and T is the type of y. As we will see in Section 6, this formulation of the link
typing rule allows us to capture some recurring usage patterns of subtyping. A link has a
strictly positive measure since it accounts for one [R-LINK] reduction.

Finally, the rule [cuT] rule ensures that the processes P and ) connected by the new
session z use the channel correctly requiring S x T to hold where S is the type of = as
used by P and T is the type of x as used by (). Note that this correctness condition can be
equivalently expressed in terms of subtyping with the relation S < T+ by Theorem 17. The
measure of the composition is the combination of the measures of P and Q.

» Example 19. Let us build a typing derivation for the server = > {req : (y)(Split{z,y) |
Worker(y))} using the types S, T and U defined in Equations (5)—(7). It is convenient to also
use the type V = @{resp’ : 1}. Table 5 shows the typing derivations for the Split, Gather
and Worker processes. Note that the measures obtained for these processes coincide with
those previously inferred in Section 5.1. From S x U (Example 10) we derive

Split(x,y) F* 2 : V,y: S Worker(y) F>y: U

5 [cuT]
(y)(Split(x,y) | Worker{y)) F° x: V ]
x> {req : (y)(Split(x,y) | Worker{y))} F°  : &{req® : V}
confirming that the server is well typed. a

5.3 Properties of Well-Typed Processes

We conclude this section presenting a series of results showing the main properties of well-
typed processes, starting from the preservation of typing under reductions (i.e. subject
reduction) which underlies most of the subsequent results. Subject reduction is formulated in
a slightly non-standard way because the typing context may become “smaller” — i.e. “more
precise” — according to the subtyping relation < after each reduction. This is a consequence
of the formulation of the rule [LiNk], where the types of x and y need not be dual to each
other, but can be related by subtyping. In the statement of Theorem 20, we write < for the
pointwise extension of subtyping to typing contexts.
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Table 5 Typing derivations for Split, Gather and Worker.

close z H' z:1

(@]
x <resp.close x F2 x: V

: L]
Gather(z,y) F> 2 : V,y: T wait y.x < resp.close z F> x: V,y: L

y > {res : Gather(x,y),stop : wait y.x < resp.close 2} F2 z: V,y: T

[CcALL)
Gather{(z,y) F> z: V,y: T
: : [LINK]
Split(z,y) F* z: V,y: S Gather(z,y) F> 2z :V,y: T o)
b D
y < task.Split(z,y) FC x: V,y : S y < stop.Gather{z,y) F* = : V,y: S : ]
CHOICE
y < task.Split(zx,y) ® y < stop. Gather(z,y) ' 2 : V,y: S : |
CALL
Split(x,y) Fr z: V,y: S
— 1]
Worker{(y) H* y : U - closeyFH y:1 -
57 57
y < resp. Worker{y) >y : @{resp® : U} y < stop.close y 2 y : ©{stop” : 1} ]

y > {task : y < resp. Worker(y), stop : y < stop.close y} F* y : U
Worker(y) >y : U

[cALL]

» Theorem 20 (subject reduction). If P — @, then P +" T implies Q V™ A for some A <T.

In general it is not possible to establish an order relationship between m (the measure
of the process after the reduction) and n (the measure of the process before the reduction)
because of the rule [cnoice]. However, when P — it is always possible to reduce P so that its
measure strictly decreases. This is the key reasoning for the forthcoming termination results.

While deadlock freedom (Definition 1) is usually taken for granted for session type systems
based on linear logic, where it is a straightforward consequence of cut elimination, its proof
for CaP is more elaborated because of the deep cut reductions that model asynchrony. In
particular, all of the reduction rules of Table 2 except [R-CcLOSE] take into account the presence
of message buffers. The commuting conversions dealing with message buffers play a key role
in rearranging the structure of processes so as to guarantee deadlock freedom in the presence
of asynchronous communications.

» Theorem 21 (deadlock freedom). If P F" (), then P is deadlock free.

Theorem 21 holds for closed processes (those well typed in the empty context), but its
proof is based on a more general productivity result [43] that applies to open processes as well.
Intuitively, a productive process is always able to reduce or it is structurally precongruent to
another process that exposes some actions on a free name.

Next we have two termination results. The first one ensures that well-typed processes are
weakly terminating, namely that they have (at least) one finite run.

» Theorem 22 (weak termination). If P F" T, then P is weakly terminating.

Weak termination is a liveness property and, as such, its proof is based on a well-founded
argument. The quantity n is one of the components of a lexicographically ordered pair that
serves as basis for the induction. The other component of the pair measures the depth of the
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“unguarded” top-level structure of the process which is guaranteed to be finite because of
the guardedness restriction we have assumed on processes in Section 2. This component is
needed to cope with the typing rules [carL] and [cuT] for which the measure of the premise(s)
is not necessarily smaller than the measure in the conclusion of the rules.

Theorem 22 can be strengthened to a termination result for deterministic processes, those
that do not contain non-deterministic choices.

» Theorem 23 (termination). If P is deterministic and P " T', then P is terminating.

The combination of Theorem 22 with Theorem 21 also guarantees the absence of orphan
messages. Indeed, suppose that P is a well-typed closed process and P —* ) where Q
contains non-empty buffers. By Theorems 21 and 22 we know that () —* done. Since in a
closed process messages cannot simply disappear and the only way of consuming them is by
means of the reductions [R-cLOSE], [R-FORK] and [R-SELECT|, we know that all the messages in
Q@ have been received.

Finally, using the proof principle stated in Theorem 4 we obtain, as a straightforward
corollary of Theorem 22, that well-typed processes are fairly terminating (Definition 3).

» Corollary 24. [f P+" T, then P is fairly terminating.

6 Subtyping Usage Patterns

A typical usage of subtyping is to make sure that processes occurring in different branches
of a non-deterministic choice P; & Py or of a tag input z > {a; : P;};cr can be typed in the
same typing context. Indeed, the typing rules [cHOICE] and [&] require each P; to be typed
in the same typing context (with the exception that in [&], the type of z can be different in
each branch), but there are cases in which this requirement is overly restrictive.

As an example, consider a variation of the scenario depicted in Section 1 in which the
worker behaves either as Worker(y) (as defined as in Equation (3)) or as BatchWorker(y)
that first gathers all tasks and then sends back all the results. The BatchWorker(y) version
can be modeled by the equations

BatchWorker(y) = y t> {task : BatchWorker(y),stop : SendResults{y)}
SendResults(y) = y < res.SendResults{y) @ y < stop.close y

for which it is easy to obtain a derivation BatchWorker(y) -y : S* where S is defined as in
Equation (5). Ideally, we could express the server using a non-deterministic choice, thus:

x> {req : (y)(Split{x,y) | (Worker(y) ® BatchWorker(y)))}

however, this process turns out to be ill typed because Worker(y) and BatchWorker(y) use
the channel y according to different types. Moreover, it should be clear that there is no
one-size-fits-all session type that can be associated with y.

We can exploit the relation U < S+ to make Worker(y) (which complies with U defined
in Equation (7)) look like a process that complies with S*. In many type systems with
subtyping, this is simply achieved with an application of the subsumption rule. The type
system we have presented for CaP does not have a subsumption rule, but this rule is derivable
thanks to the formulation of [LiNK]. In our specific example, we can derive

LINK
zHy#z:Ul,y:SJ‘[ ] Worker(z) & z: U

(2)(z < y | Worker(z)) Fy: St

[cuT]
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to obtain an implementation of the streaming worker that complies with S*+. Now we derive
(2)(z ¢ y | Worker(z)) ® BatchWorker(y) -y : S*

to obtain a well-typed worker. Incidentally, this example also illustrates the reason why
Theorem 20 is formulated so that, when P — @, the typing context of () may be smaller
(according to <) than the typing context of P. Indeed we have (2)(z > y | Worker(z)) @
BatchWorker(y) — (2)(z <> y| Worker(z)) — Worker(y) and we would not be able to obtain
a typing derivation for Worker(y) Fy: S+.

Another typical usage pattern for links is the implementation of delegation, whereby
the endpoint of an existing session is exchanged through another session. Because of our
formulation of [LINK], in our type system this mechanism also enables a form of substitution
principle for channels so that a channel of type T can be safely used where a channel of
type S is expected if S < T (the reason why this formulation of the substitution principle
may seem to go in the wrong direction is again due to the fact that we adopt the viewpoint
whereby session types describe processes rather than channels).

To illustrate this usage pattern, consider the typing derivation

T [LINK] n— — :
yzEy:Uz: T PHF'T,z:V QF"Ax:Wy:S

z(yly < 2 PH T,2: UV, 2: T [®] (). QF" Az SBW
(@) (z(y)ly <> 2.P | x(y).Q) " DA 2 T

[cuT]

which concerns the composition of a process x(y)[y < z].P that delegates z to another
process z(y).Q). Note that the sender delegates a channel of type T while the receiver
expects to receive a channel of type S. In order for the cut to be well typed we must have
UV x SHW, that is U x S and V x W. The application of [LINK] requires U+ < T,
that is 7+ < U by Proposition 16. From this relation and U x S we deduce T+ x S by
definition of <. Using Theorem 17 we obtain T+ <8+, that is S < 7.

7 Comparison With Other Subtyping Relations

In this section we provide a more detailed comparison between < and some connected
subtyping relations appeared in the literature. We show that < is coarser than these relations
when we focus on the family of First-order Fairly-terminating Session Types (FFST). Fairly
terminating session types are those describing protocols that can always eventually terminate.
The reason why this family is relevant for us is that fairly terminating session types are the
only inhabited types in our type system: since well-typed processes are fairly terminating
(Corollary 24), they only use sessions that can always eventually terminate. For simplicity
we also focus on first-order session types (without the multiplicative connectives ® and
%) because the handling of higher-order communications varies substantially depending on
whether the type system is based on linear logic or not.

To carry out the comparison between < and the other subtyping relations we define two
restricted versions of the transition relation ——. We write — for the relation inductively
defined by the [MusT-*] rules and we write == for the relation inductively defined by the
[MUsT-*] and [MAY-*] rules. So we have —— C E= C -~ but the relation —— only allows
immediate transitions and == differs from —— because early outputs and late inputs can
only be preceeded by a bounded number of inputs and outputs, respectively. For example, if

S:&{a:S,b:EB{c:1}}andT:&{a:T,b:1},WehaveSL>TandSt:!ft>.
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We define fairly terminating session types thus:

» Definition 25. We say that S is fairly terminating if, for every mazximal strongly fair
sequence S = So — Sy 25 Sy 25 ... starting from S, there exists k such that Sj, € {1,1}.

Gay and Hole [28] introduced the first synchronous subtyping relation for session types.

We qualify this relation as “synchronous” because it does not allow any form of output
anticipation. However, it supports unconstrained output covariance and input contravariance
as shown in its characterization below, which uses immediate transitions only.

» Definition 26. We write <s for the largest relation such that S <s T implies:
1. either pos(S) or neg(T);

2. if TV T then S —% S and S’ < T';

3. if S5 S then T =S T’ and §' <, T'.

Mostrous et al. [40, 39] studied the first asynchronous subtypings for session types. Chen et
al. [11] subsequently refined the relation of Mostrous and Yoshida [39] so as to avoid orphan
messages. The resulting relation has been shown to be the largest one included in the original
asynchronous subtyping that is closed under duality [7]. Using our LTS we can characterize
the asynchronous subtyping relations in this line of research by the following definition.

» Definition 27. We write <, for the largest relation such that S <, T implies:
1. either pos(S) or neg(T);

2. if TS T then SES S and S' <. T';

3. ifSHD S then TES T' and S' <a T'.

Like <s, also <, supports unconstrained contravariance of inputs and covariance of
outputs but the clauses (2) and (3) are more genereous because early/late transitions enable
the anticipation of outputs. For example, ®{a : &{b : S,c: &{d : T}}} <, &{b: ®{a:
SY,c:&{d: ®{a: T}}}. However, the use of == (instead of =) in Definition 27 means
that anticipated outputs can only be preceeded by a bounded number of inputs. If we
consider S = &{b: S,c:1} and T = &{b: T,c: d{a: 1}} we have ®{a: S} £, T because
S 25 and T =2. Note that clause (2) incorporates the condition of Chen et al. [11] that
guarantees orphan-message freedom: if the subtype S anticipates an output and T starts
with an input, i.e. S 2% and T =5 for some o and 7, then clause (2) guarantees that S
performs a corresponding late input transition.

The use of E= is both a strength and a limitation of <,. It is a strength because, just
like <, the property that <, prevents orphan messages holds regardless of any fairness
assumption. It is a limitation in the sense that, as we have seen since Section 1, there are
contexts in which it is desirable to work with a coarser asynchronous subtyping relation. To
overcome this limitation, Bravetti et al. [8] have characterized a fair asynchronous subtyping
relation which, in our setting, translates to the use of —— instead of E=, as shown below.

» Definition 28. We write <s, for the largest relation such that S <f T implies:

1. either pos(S) or neg(T);

2. if TS T then S % S and S' < T';

3.4 S W7 S then T % T and S' <@ T and T 2T implies S N for every sequence ¢
of input labels.
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Note that the clauses (2-3) of Definition 28 are not symmetric, implying that <g, is not
closed under duality. While clause (2) supports input contravariance, differently from all
the other considered subtypings clause (3) disallows output covariance altogether. If we
take S = @{task : S;stop : T}, T = &{res : T,stop : L} and U = &{task : ®&{res: U}, stop :
@®{stop : 1}} from Example 10, we have U %z St because S+ PN but U R
This formulation of clause (3) is due to the fact that <f, unlike <, <, and < as well, is
meant to preserve fair session termination (at the type level) which requires a controlled
form of output covariance that Bravetti et al. [8] have conservatively approximated in this
way. The next example shows that removing the additional conditions in clause (3) may
compromise fair termination.

» Example 29. Counsider the session types S = &{play : @{win : S,lose : S}, quit : 1} and
U = @{play : &{win : ®{quit: L},lose : U}} where S specifies the behavior of a slot machine
that allows players to play an unbounded number of games and U specifies the behavior
of a player who plays relentlessly until he wins a game. Not only do we have S x U, but
also the composition of S and U is fairly terminating in the sense that, at each stage of the
interaction between player and slot machine, it is always possible to extend the interaction so
that the player wins. If we now consider an unfair implementation of the slot machine such
that its actual behavior is described by the session type T = &{play : ®{lose : T}, quit : L},
we have that T' < S and therefore T' x U still holds, but the composition of 7" and U is no
longer fairly terminating. Therefore T' €5, S and rightly so. In our setting, preserving fair
session termination at the type level is not so important because the type system is able to
enforce fair termination at the process level anyway thanks to its logical foundation. N

» Theorem 30. For FEST session types we have <s C <, and <; C < and < C <.

8 Related Work

Asynchronous subtyping. The asynchronous subtyping relations for binary session types
defined in the literature [39, 11, 8] are formulated syntactically using input contexts to identify
the output actions in the larger session type that have been anticipated in the smaller session
type. The work of Ghilezan et al. [29] considers multiparty sessions: in their setting a smaller
session type can anticipate outputs also w.r.t. outputs sent to a different partner. This is
achieved by considering also appropriate output contexts. We follow a different approach:
once we have defined a LTS for session types that captures their asynchronous semantics
(Definitions 11 and 12), we are able to provide a characterization of < that is essentially the
same as the one for synchronous subtyping (Definition 26).

It is worth pointing out that there is no contradiction in the fact that our subtyping relation
turns out to be coarser than others that have been proved complete [9] or precise [11, 29].
The point is that the completeness of a subtyping relation for session types is always relative
to a notion of correct session composition. Depending on this notion, the induced subtyping
relation may vary. Our subtyping relation is coarser than <, [39, 11] because it relies on a
fairness assumption that enables a larger degree of output anticipation and it is coarser than
<fa [8] because it is not meant to preserve fair session termination and therefore it allows
(almost) unconstrained output covariance.

Asynchronous subtyping relations for session types are known to be undecidable [36, 6, 7]
and < is no exception (Theorems 17 and 18). Despite the proof technique adopted to prove
our undecidability results is similar to those used in other papers [6, 8], we could not directly
derive our results from the undecidability of other relations because < is coarser.
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A synchronous version of fair subtyping for session types has been studied by Padovani [41].
This relation is stricter than < because it does not allow early outputs and it is meant to
preserve fair session termination. Unlike the other fair/asynchronous subtyping relations for
session types (with the exception of the orphan message free subtyping of Chen et al. [11]),
< is closed under duality (Proposition 16).

Fair session termination. Type systems ensuring the fair termination of binary sessions
have been studied by Ciccone, Dagnino and Padovani [14, 16, 42, 13]. These works are all
based on a synchronous communication model. The technique adopted in this paper for
measuring processes is essentially the same presented by Dagnino and Padovani [19] which in
turn is an elaboration of resource-aware session type systems [22, 21, 23]. Fair termination is
a weaker form of termination [30, 2, 26]. Session type systems enforcing the termination of
well-typed processes are typically based on linear logic [45, 37] where termination is a direct
consequence of the cut elimination property of the logic.

Logical approaches to asynchrony and subtyping. The literature on asynchronous sessions
is mostly based on calculi that are not connected to linear logic and where buffers are modeled
explicitly. A notable exception is the work of DeYoung et al. [24] which presents a type system
based on linear logic for an asynchronous calculus of sessions. In that work, asynchrony is
intended as the fact that outputs are non-blocking, but no anticipation is allowed. The basic
idea is the same used in the encoding of binary session into the linear m-calculus [20]: session
communications make use of explicit continuation channels and outputs can be spawned as
soon as they are produced leaving the sender process free to reduce further.

The deep cut reductions of CaP bear some similarities with deep inference [31], whereby
logical rules (including the cut) may operate on “deep” fragments of a proof derivation. At
this stage we are unable to say whether there is a more meaningful connection between our
modeling of asynchrony and deep inference.

The use of links to incorporate subtyping in the type system echoes the approach studied
by Horne and Padovani [34] who give a coercive semantics to subtyping in a logical setting:
a subtyping relation S < T' corresponds to a forwarder process (i.e. a link) that consumes
a channel of type St and operates on a channel of type T. In CaP, the availability of the
native link is fundamental since buffers may grow arbitrarily and the forwarder process is
neither finitely representable nor finitely measurable in general.

9 Concluding Remarks

Sessions are meant to enable the compositional enforcement of safety and liveness properties
of communicating processes. However, most liveness properties concerning one particular
session — like the fact that a given message is eventually produced or consumed — can only be
ensured if one makes the assumption that every other session eventually terminates. For this
reason, the eventual termination of sessions is of primary importance. From the property
that a session eventually terminates, other properties of interest usually follow “for free” as a
straightforward consequence of session typing.

In this paper we have introduced a new theory of asynchronous session types that ensures
the eventual termination of every session under a full fairness assumption. As a consequence,
every produced message is guaranteed to be eventually consumed and every process waiting
for a message is guaranteed to eventually receive one. This theory improves previous ones in
a number of ways: we define a novel fair asynchronous subtyping relation that supports the
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anticipation of outputs before an unbounded number of inputs, output covariance and that
is closed under duality; we extend the soundness properties to multiple, possibly interleaved
and dynamically created sessions; we base our theory on a calculus of asynchronous processes
whose features, types and typing rules are rooted in linear logic.

Clearly, the undecidability results about the correctness of session composition and of fair
asynchronous subtyping are an obstacle to the applicability of the presented theory. While
decidable approximations of these notions have been presented in the literature [5, 8, 4], they
cover relatively small families of session types. In future work we envision the possibility to
define sound (but necessarily incomplete) algorithms for checking correct composition and
subtyping inspired by the coinductive characterizations of correct session composition and of
fair asynchronous subtyping introduced in this paper.

We also conjecture that our semantic approach to subtyping based on an LTS with
early/late transitions scales smoothly to the multiparty setting where it may lead to simpler
characterizations of (fair) asychronous subtyping relations. It may be interesting to verify
the validity of this conjecture in future work.
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