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—— Abstract

Static analyzers have been successfully developed to detect runtime errors in many languages.

However, the automatic analysis of functional languages remains a challenge due to their recursive
functions, recursive algebraic data types, and higher-order functions. Classic type systems provide
compositional methods that are in general not precise enough to prove the absence of runtime errors
such as assertion failures. At the other end of the spectrum, deductive methods are more expressive
but may require user guidance to prove invariants.

Our work describes a static value analysis by abstract interpretation for a higher-order pure
functional language. This analysis provides a sound and automatic approach to discover invariants
and prevent assertion and match failures. We have designed a compositional analysis: functions are
analyzed only once, at their definition site, generating a summary of their behavior. The summaries
can be viewed as input-output relations expressed with relational abstract domains. We present two
new abstract domains. A first abstract domain summarizes recursive algebraic data types. A second
abstract domain lifts existing disjunctive relational summaries to higher-order by formalizing them
as domains able to abstract higher-order functions. Both abstractions are parameterized by the
abstractions of basic types (strings, integers, ...). Thanks to this parametric nature, both domains
can be combined, allowing the analysis of higher-order functions manipulating algebraic data types
and, conversely, algebraic data types using functions as first-class values.

We have implemented this analysis in the open-source MOPSA platform. Preliminary evaluation
confirms the precision of our approach on a set of 40 handwritten toy programs as well as 20 programs
from the state-of-the-art Salto analyzer benchmark.
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1 Introduction

Thanks to strong static typing, functional programming languages such as OCaml are safer
than traditional imperative languages, as they “reduce the number of runtime errors |...]
found in Java and C#” [29]. Still, well-typed functional programs can occasionally go wrong
upon encountering runtime errors, such as out-of-bounds array accesses, arithmetic overflows,
non-exhaustive pattern matching or uncaught exceptions. In this work, we aim at statically
detecting such errors by developing a compositional static value analysis and targeting
higher-order pure functional languages. Our approach is rooted in the abstract interpretation
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framework, and leverages relational abstract domains to yield a high expressivity. In particular,
we explore a new compositional value analysis that can yield better precision than classic
type systems. The analysis is fully automated, contrary to more expressive approaches
traditionally based on deductive verification.

Value analyses based on abstract interpretation have been mostly developed to target
imperative programming languages [6, 9]. An ongoing research direction focuses on developing
compositional (or function-modular) analyses. These analyses consist in analyzing functions
once, at their definition site, to infer a summary; the summary is then applied to analyze
each function call. These methods significantly improve scalability when a function is called
multiple times, as summary applications are computationally cheaper than reanalyzing
a function at every calling context. Omne difficulty faced by compositional analyses is
precision loss: analyses need to produce a unique summary, correct for every possible
input of the analyzed function. A key ingredient to achieve interesting precision levels
is to rely on relational abstract domains which are able to express relationships between
variables. Relational domains have been used extensively in previous works to create input-
output relational summaries [26, 14, 17, 25]. However, relational domains are not always
sufficient to make up for precision loss, for example when very distinct function behaviors
are approximated as a single input-output relation. A second ingredient is the addition of
partitioning [30, 7] to create a set of separated summaries for each function, each summary
expressing different results on different inputs. Boutonnet and Halbwachs [8] developed
a method to compute disjunctive relational summaries that express precise properties of
first-order, numeric functions.

The static analysis of functional programs raises new challenges: analyzers need to handle
features such as user-defined algebraic data types (ADTs), higher-order functions, partial
application, recursive functions and polymorphism. This work presents a compositional
analysis which leverages relational abstract domains, exploring a new precision-scalability
tradeoff. The analysis supports a pure, monomorphic subset of OCaml, including recursive
ADTs, as well as both recursive and higher-order functions.

We present in Figure 1 a motivating example. This program defines a custom algebraic
data type, with one constructor containing functions. to_fun is a higher-order function,
as its result is a function. The definitions of values f1 and £f2 are performed through
partial application. In the case of the program in Figure 1, our approach analyzes function
to_fun once, at its definition site, and deduces a summary for this function. Under the
hood, our compositional analysis relies on two new, key abstract domains: one abstracts
user-defined algebraic data types, while the other abstracts higher-order functions. We rely on
a cooperation between these two abstract domains to infer a precise, disjunctive [8], summary
for to_fun. Handling partial applications is seamless, and our analysis is able to infer the
following summaries for functions £1 and £2: f1: 2 — 5,2 : x — = + 4. The analysis can
then perform further applications to conclude that r1 = 5,r2 = 9 fully automatically. Note
that both abstract domains can leverage arbitrary abstractions for leaf data types (integers,
strings, ... ). In particular, the summary of £2 is expressed precisely thanks to the relational
polyhedra domain [15].

In previous work, Lermusiaux and Montagu [27] implemented a value analysis for a large
subset of OCaml, which includes recursive ADTs and higher-order constructs. However, this
analysis is neither compositional nor relational. This simplifies the analysis of higher-order
functions, which can be triggered by analyzing functions only when their parameters are
known, at call site. In our example, a non-compositional analysis would analyze to_fun twice,
when computing the abstract values of r1 and r2. Bautista et al. [5] defined a compositional,
relational analysis for a toy imperative language extended with non-recursive ADTs. In
particular, their approach does not support recursive functions, nor higher-order ones.
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1 |type cstorfun = Cst of int | Fun of (int -> int)
2 let to_fun a =

3 match a with

4 | Cst n -> fun x -> n

5 | Fun £ -> f

6

7 |let f1 = to_fun (Cst 5)

g |let f2 = to_fun (Fun (fun x -> x + 4))
9 let r1 = f1 4

10 let r2 = £f2 5

Figure 1 Motivating OCaml program with key features from functional programming paradigm.

Contributions. This paper defines the following contributions:
We introduce a domain summarizing recursive algebraic data types (ADTs). This domain
is fully parametric in the abstraction of its base types (integers, strings, ...). Our domain
supports relational abstractions.
Independently, we define an abstract domain for higher-order functions, lifting previous
work on disjunctive relational summaries [8]. This allows the creation of a compositional
analysis for higher-order functions.
We illustrate how the two abstract domains can mutually benefit from each other on an
example, and provide a soundness statement about the overall analysis.
We have implemented these domains in the MOPSA platform [22]. Thanks to this
implementation, a preliminary evaluation confirms the precision of our approach on a set
of 60 toy OCaml programs (handwritten or from previous work [27]).

Outline. Section 2 presents the syntax of a functional language with standard semantics.
Section 3 provides background on compositional, relational analyses for the first-order case.

Section 4 proposes an abstract domain for recursive algebraic data types, and Section 5
presents our method to analyze higher-order functions. Section 6 highlights the cooperation
achieved by combining both abstract domains thanks to their parametricity. Section 7
presents our implementation, benchmarks, and experimental results. Section 8 presents
related work and Section 9 concludes.

2 Syntax of the Considered Functional Language

In this section, we present the syntax of a generic functional language, on which we will
define our analysis. Its key features are recursion, algebraic data types, and higher-order. We
limit ourselves to a monomorphic higher-order language without side-effects. This language
is described in Figure 2. V is the set of variables, @ any operator of the language (4, —,

X, /, =, etc.). £ is the set of expressions. fuv(e) is the set of free variables of expression e.

II, the set of patterns, contains the wildcard _, variables, integers, when clauses, and type
constructors. Free variables from the same pattern are required to be disjoint, as is the case
in OCaml: the same variable cannot be bound twice. Figure 3 describes the semantic domain
of the language. C is the set of all possible constructors. Semantic values of the language
V are integers, type constructors containing values, error w and continuous functions from
values to values, to which we add L (for non-termination). Finally, ¥ is the set of concrete
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Ei=2€V

|neZ | e1 @ e

leoer ... ep | fun 2y ...2, > €

| let * = e in eq | let rec z = e; in ey

| if e; then ey else e3 | assert e

| Cler, ... en) | match eqg with py —e1 | -+ | pm — em
Iu=_| €V |neZ|p whener | C(p1,...,Pn)

where Vi # j, fo(pi) N fo(p;) =0

Figure 2 Syntax of the functional language.

V=2t U{ C(ur,...,v) | C€Cu eV} ufwitu |V - VIt
neN

YX=V-=>V

E[-]:£€xX =V

Figure 3 Semantic domain of the functional language.

environments, associating a value to each variable. The concrete semantics of an expression
eis Efe] € ¥ — V. It associates a semantic value to an expression in an environment. This
semantics follows the standard for eagerly evaluated functional languages (such as OCaml).
It is standard, and not detailed here.

We work under the hypothesis that programs are well-typed. The type inference works
as usual on functional languages [20, 31]. This way, some situations where an expression
evaluates to the error w are statically detected. However, well-typedness is not enough to
prevent all possible kinds of errors, such as assertion failures, or match failures in the presence
of when clauses. Our analysis focuses on those. During the analysis, we use type information,
as well as user-defined type definitions, to select relevant abstract domains.

To simplify presentation, int type represents mathematical integers: working on ma-
chine integers and statically detecting overflows would only require adding assertions when
performing arithmetic operations. Similarly, even though the language is pure, we can still
handle array bound checks with a simple translation of programs with arrays to array-less
programs: array accesses are replaced with assertions that indices are within the array range,
abstracting away the content of the array.

3 Compositional and Relational Analysis at First-Order

Since the concrete semantics is uncomputable, we propose an abstract semantics for our
language. This section provides background on relational analyses, and compositional
interprocedural analyses for first-order programs with integers and pairs. We start by
introducing an abstract semantics compatible with numerical relational analyses through
the introduction of symbolic expressions (Section 3.1), and then describe how this abstract
semantics can be lifted to perform compositional analysis of recursive functions (Section 3.2).
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The analyses we describe feature two notable strengths: their definition is domain-
modular — i.e. fully parametric in the underlying abstract domains — and supports precise
relational inference — allowing us to express relationships between variables. We believe that
this approach, originally formulated by the authors of the MOPSA framework [22], provides
greater expressivity than traditional static analysis definitions. However, this generic and
domain-modular approach requires additional formalization efforts to define domains.

3.1 Relational Analysis

We define a computable abstract semantics E[e] of an expression e, based on abstract
domains. It delegates the abstraction of an object of type 7 (e.g. integers, pairs, and after
Section 4, ADTs) to the abstract domain D,. We denote the union of those domains as D.
Usually, such a semantics takes as parameter an expression e and an abstract environment
(abstracting the possible values of all the variables), and returns an abstract value representing
the set of possible values of the expression (in the abstract domain corresponding to the type
of the expression). However, this formulation cannot easily express a relationship between
the value of the expression and those of the variables. Indeed, let us consider the program in
Figure 4. A numerical domain such as the interval domain can abstract x and y independently,
as x € [1,10] and y € [2,11], but cannot infer the relation y = x + 1. To overcome this
limitation, we use an abstract numerical domain able to store relations between variables —
e.g. the polyhedra domain [15]. However, expressing relations between numeric variables
from the program, that is, x and y, is not sufficient to leverage those relational information
to pair, since we have no way to express a relation between the second field of pair and y.

Following the works of Chevalier and Feret [10], Journault et al. [22], we introduce
intermediate variables (also named ghost variables), in addition to the initial program
variables. Here, we introduce two intermediate variables p; and ps, which respectively
represent the first and second fields of pair. In practice, we keep separate the set of program
variables V and the set V of intermediate variables on which a (possibly relational) numerical
domain will express semantic constraints. We then keep a map from program variables in
V to their abstract values in V¥, which can either be an element of an abstract domain, or
an intermediate variable. In our example, Vy is {z,y, p1,p2} whereas V = {x,y,pair}. The
map is then m = x — z,y — y,pair — (p1,p2). The possible values of variables in Vy are
then represented as an abstract element from a (possibly relational) abstract domain Dy. If
the chosen numerical domain Dy is the polyhedra domain — which can express conjunctions
of linear constraints — we can infer: d=1<z <10Ay=x+1Ap1 =yA1l<py <y €Dy
Note that the relation between the second field of pair and y was not expressible without
introducing p. Such intermediate variables will be especially useful when abstracting
algebraic data types in Section 4.

An abstract environment in ¢ is then the pair of a map m € V — V* and an element of
the possibly relational numerical domain d € Dz. Thus, of = (m,d) € XF.

As a last step, we define abstract expressions £F, a lifting of abstract values where numerical
intermediate variables can instead be numeric expressions £z, that is, symbolic operations
between intermediate variables and integers. The abstract semantics of an expression e is
then: Efe] : Xf — &% x 4. It evaluates an expression e in an environment and returns an
abstract expression into a new environment. Let p be the program in Figure 4, and ag a
starting environment with no information on program variables. The analysis of p is:

Ej[[p]]o—g = (p17p2)7(x —>an_> yapair_> (P17p2)7
1<z<10Ay=z+1Api=yA1l<p2<y)

32:5

ECOOP 2025



32:6

Compositional Static Value Analysis for Higher-Order Numerical Programs

1 |let x = random 1 10 in

2 |let y =x+ 1 in

3 |let pair = (y, random 1 y) in
4 pair

Figure 4 Example program motivating relational analysis.

Set of program variables \%

Set of intermediate variables Vz

Union of non-numerical domains D

Numerical domain Dy,

Abstract values VE=DUVy,

Abstract environments T = (V= V) x Dy

Concrete numerical environments Y7 =V, — Z

Numeric expressions Eru=n€Z|veVy|e @ea, where eg,es €&y
Abstract expressions E=pDU&

Abstract semantics of expr. e Effe] : 2F — £ x #

Figure b Formalization of the abstract semantics.

The abstract expression (p1,p2) is a symbolic pair of intermediate variables p1,ps € Vg,
therefore (p1,p2) € &z. Figure 5 summarizes all abstract sets.

Assignments. Our abstract environments are made of two components (m,d) € ¥*: a map
m from variables to abstract values and an element d of the relational domain. To define
assignments in such an environment, we write:

m[x — v] the map m € (V — V*) where variable x € V is now bound to the value v € V¥;

Eﬁz [x — v]d € Dz the result of the assignment in an element d € Dy of variable x € Vy
to a value or a numeric expression v.

» Definition 3.1 (Abstract assignment). The abstract assignment of a program variable x € V
with abstract value v € V¥ in environment (m,d) € X is then:

(m,d)[x = v] = (m[x - xLEﬁZ[[x - U]]d) if x: int
(m[x — v],d) otherwise

Intuitively, the assignment is delegated to the numerical domain for integer variables, and it
s a simple map update otherwise.

Join. We denote the join between two environments as L, which lifts the join operators
from underlying components. The join is defined pointwise between two maps in V — V¥
each variable maps to a join of its abstract values from both maps in the relevant domain.
We rely on the join of the numerical abstraction for the second component of the abstract
environment. Note that this join can be heterogeneous [24], if both elements are not defined
on the same set of variables (this will be further developed in Section 4). The meet M is
defined similarly.
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Concretization. The concretization of an abstract environment is based on the concretization
vz of the numerical domain, and on the concretizations -, of the domains D, abstracting
objects of type 7. Those domains can be relational, so the concretization of a value can
depend on other variables’ concretization, following a construction defined by Monat [32].
Consequently, v, takes as parameter an element of the domain D, together with a concrete
numerical environment oy € Xy,

» Definition 3.2 (Environment concretization). Given of = (m,d) € X¥, its concretization is:
’YZﬁ(mvd) = {J €eX | Jdoz € ')/Z(d)vvx € V,.’t : T7U(x) € VT(m(x)aaZ)}

This concretization thus depends on the concretizations for ground types (such as integers,
strings, etc.), but also on the concretizations for functions and algebraic data types. Those
will be defined in Section 4 and Section 5.

» Remark 3.3 (Implicit concretization signature). Even though the concretization v, takes as
parameter a concrete environment, we can lift this definition so that it takes as parameter
an abstract environment by writing:

Yr (euv (mv d)) = U VT(eﬁ7 UZ)

oz€vz(d)

We simply join concretizations for every concrete numerical environment abstracted by d.
Our abstract semantics takes as input an abstract environment and returns an abstract value
in an abstract environment. With this notation, given e : 7 and ¢! € %, we can write the
concretization of the abstract semantics Ef[e]o? € D, x ¥, and we can write v, (Ef[e]o?).
In particular, this will be useful when stating the soundness theorem (Section 6.2).

Error propagation. To simplify the presentation, errors are implicitly propagated: if a
sub-expression evaluates to the error w, then so does the whole expression.

3.2 Compositional Function Analysis

Since an important contribution of this article is to design a compositional analysis, we first
introduce how we analyze first-order functions in a compositional fashion, before extending
our analysis in Section 5 to higher-order.

Compositional analysis aims at over-approximating all the possible behaviors of a function
at definition site. The function is analyzed once and for all, and we then store the result
of the analysis, its summary. Since the language is pure, the function does not modify the
environment (no side-effects). Its behavior can then be represented by a relation between its
inputs and its output, using a relational domain.

Let F7 be the set of functions of type 7 = 7 — .-+ — 7,41. Since we are restricted
to first-order in this section, 7; are base types such as integers or pairs. Given a set V of
variables for inputs and output, we denote R(V) as the abstract domain chosen to represent
relations between those. It abstracts X|y, i.e. concrete environments restricted to V. It is
provided with its concretization v, : R(V) — S|y, with a lifting A, : R(V) — £* and with a
projection operator proj, such that proj,(c*) € R(V) only keeps information on variables
in V.

We denote the domain chosen for functions of type 7 as D, = V" x V x R(V). This way,
a function is abstracted as: the names z1,...,x, of its formal inputs, a result variable, and
a relation between those variables.

32:7

ECOOP 2025



32:8

Compositional Static Value Analysis for Higher-Order Numerical Programs

» Definition 3.4 (Functions concretization). The concretization v, : D X Xz — F7 is:

77((I1,...,In7T,p),_) = {f - T ‘ v(ala"'van) T X X T,

[.’1?1 = al] ce [acn = CLnHT = f(ah .- -aan)} € Wr(p)}

A function f is abstracted as (z1,...,2n,r,p) if the relation between its inputs and its
output can be described by p. _ € ¥z is not used by the concretization, as the summary
relies on its own relational abstract element p.

We now describe the transfer functions used by the compositional analysis.

Function definition. Intuitively, the analysis of functions needs to generate a summary
valid for all inputs. Thus, the body is analyzed with the most general inputs: the inputs are
initialized at T, the domain maximum (meaning we have no information on their values).
We project the result on input and output variables. This way, we get the most general
input-output relation, usable at any call site. Note that relationality is critical there, enabling
us to discover relevant information on the function behavior despite making no hypothesis
on the values of the inputs.

Ef[fun 2 - - - 2, — body]o* = let eﬁ,o’g = Ef[body]o*[zy = T,..., 2, — T] in

(@1, s 20), 7, proj, (of[r — €])), o

Recursive functions. For recursive functions, the concrete semantics has to compute a least
fixpoint of the function concrete semantics F":

E[let rec f =e;1 in eglo = let F(v) = Efes]o[f — v] in Efez]o[f — Up(F)]

We use a standard technique from abstract interpretation [12] to obtain a computable
abstract semantics, in three steps. First, thanks to Kleene’s theorem, we rewrite the least
fixpoint as the union of iterations of the analysis of the function, starting from f — L, i.e.
Ifp(F) = |J F*(L). Second, we move to the abstract semantics by using an iteration from

kEN

f — L., but evaluate the function body in the abstract domain with F'. Third, we use
a widening operator V. instead of a join to enforce the convergence in finite time. The
widening operator is a component-wise lift, similar to the definition of the join operator on
abstract environments in Section 3.1.

Ef[let rec f = e1 in ezo? = let L, = ((x1,...,2n),7 [r = L][x; = Tlicn) in
let F: D, — D, = v = fst(E*[e;]|o*[f — vf]) in
let s = V. F¥(L,) in

keN
Ef[ea]o®[f — o]

This reasoning extends to mutually recursive functions by iterating on a vector of function
abstractions.

Function application. When applying a function ey to inputs of abstract values eg, we
intuitively combine the current environment and the summary relation p. Before the
combination, both abstract environments need to be defined on the same set of variables. We
rely on two auxiliary functions: add_vars : ¥ x P(Vz) — £ which extends the definition
domain of an abstract environment with a set of variables, and dom : ¥ — P(Vz) which



M. Valnet, R. Monat, and A. Miné

provides the definition domain of an abstract environment. The combination also requires
additional equality constraints [x; = eg] between formal arguments x; and values eg. These
equality constraints are delegated to the filter function® of the relevant abstract domain.

Effeo ... enﬂag =let ((z1,...,2n), r,p),ag = E*[eo]ot in
let Vi € [0,n — 1] 6§+1, O’?_,'_l = Eﬁ[[e,;ﬂﬂag in
let of = add_vars(c?, dom(p)) in
let p = add_vars(\,(p), dom(ct)) in

T, (JfL t p)[z1 = e§7...,xn = eBL]

Compositionality. A key observation on our abstract semantics is that the function is
analyzed at definition site. Consequently, we analyze it only once. At any call site, we
only instantiate the resulting summary with input values. At first-order, Boutonnet and
Halbwachs [8] proved that such a compositional analysis leads to a more efficient analysis for
a function used at many call sites. Therefore, it can help the analysis to scale up.

Note that the purity hypothesis is necessary here: abstracting functions as input-output
relations is correct only because the function does not modify the memory state. To handle
side-effects, we would need to modify this abstraction to track mutability of the memory
state, e.g., using extra input-output arguments to functions to model the mutable part of
the state. Keeping compositionality while overcoming this limitation is left for future work.

In conclusion, this section defined a compositional analysis for first-order functions, both
relational and fully parametric in the choice of abstract domains used to represent ground
types. These features will be at the core of our abstractions for ADTs and higher-order
functions.

4  Abstracting Recursive Algebraic Data Types

Algebraic objects are basic blocks of functional languages. Lists, trees, abstract syntax trees,
etc. are defined using algebraic data types. To analyze them, we need a specific domain for
objects of user-defined type:

type T=Crof iy % kT |- | Cpof Ty % Tym,

This section defines an abstraction for user-defined algebraic data types which is fully
parametric in the abstraction of base types (integers, strings, etc). We illustrate our con-
struction on integer base types, as these are very common, and many numerical abstractions
already exist to serve as parameter. It also allows us to show that our analysis can be
relational when parameterized with relational base domains. This relationality is a crucial
factor to make compositional analyses precise, as exemplified in Section 4.3.

4.1 Parametric Relational Domain with Symbolic Variables

4.1.1 Domain

Let n be the number of constructors and m; the number of fields of constructor C;. Let
C, ={C; | 1 < i < n} be the set of constructors of type 7. Let T, be the set of finite
concrete objects of type 7. For recursive types, T, can be infinite. To provide a computable

L The filter function models the effect of a test or a guard in the domain, by selecting environments
satisfying a conditional — here, [z; = ef]

329
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abstract semantics, we chose to summarize (or “smash”) together all the elements of a given
field that are nested in an abstract data type. For instance, when abstracting a list of
integers, a single abstract integer variable will be used to represent all the possible values of
all the elements of the list. More generally, infinite sets of unbounded data-structures can be
abstracted using a finite number of dimensions — here, one per field.

We construct systematically an abstraction for values of type 7 from existing abstractions
for values of types 7; ; used in the definition of 7. However, in order to avoid cyclic definitions
in the case of recursive types, we start from given domains DBM defined only when 7; ; # 7.
The case of recursive types is well-founded, as is the case of user-defined types using fields
of previously defined user-defined types. For simplicity, this definition omits the case of
mutually recursive types, which does not pose additional theoretical issues.

» Definition 4.1 (ADTs domain). We derive domains D?J used to abstract the value of the
j-th field of the i-th constructor as follows:

PCr) ifrij=1
Dg,j - VZ Zf Tij = int

Dt otherwise
2,3

Finally, values of type T are abstracted in D%, defined as follows:
pt= J[ )" =P

1<i<n

1<j<m;
Intuitively, D! abstracts an object x of type T as ((gi.;)i.;, ¢) such that:
Gij € (Df,j)J- abstracts every j-th field of C; nested in z;
% € P(C,) is the set of possible constructors C; for x.

D% delegates the abstraction of field (4, j) to Dg’j. If this field is recursive, Dgyj =P(C,),
meaning that we only keep track of its possible start constructors. If this is an integer field,
Dg ; = Vz, meaning that we create a symbolic variable z.i.j € Vz, to represent every field
(4,7) nested in x. The numerical domain can then infer relations between them. When the
field is neither recursive nor an integer, we delegate the abstraction to the domain chosen to
abstract objects of type 7; ;. In this case, D ; = Di .

By smashing every constructor field in one summary variable, we use an abstraction of
fixed size to represent unbounded objects of recursive type. This approach shares similarities
with the approach of Gopan et al. [18]. They use a fixed number of dimensions to over-
approximate numeric values in unbounded collections, to analyze e.g. dynamic arrays or
heap-allocated structures. Summarization variables consequently abstract more than one
object. Note that smashing is done at the variable allocation site: each variable of type 7
defines a set of numerical variables — the abstraction is called object-sensitive [39].

» Example 4.2. Let us illustrate this abstraction on lists of integers, defined as:
type list = Cons of int * list | Nil

We use the interval domain (i.e., Dz = I) to abstract integers. The set of possible
constructors is Cyjs¢ = {Cons,Nil}. The constructor Cons has two fields. The first one,
containing integers, is represented by D§,1 = Vg, that is, a numeric variable, abstracted in o*
as an interval. The second, recursive, one is represented by DQ,Q = P(Ciist). The constructor
Nil has no field to be represented. The global abstraction for lists of integers is then:

Dliar = ((DL)* % (DE2)*) X P(Criee) = (V£ X P(Crisn)*)  P(Caser)
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4.1.2 Concretization
Let 77, , be the concretization for Df , When 7; ; # 7. It is provided by the domain DL r

» Definition 4.3 (ADTs concretization). We define vy, : Dt x %z — P(T,). For (9,%) € D,
o7 € Xz

v ((9,%),0z) = { T ‘Hi, r=Ci(Ti1,- s Tim;) N Ci €E A

Vj i € {'77((.9’91’,3‘)702) fr;=1 }

Ve, (9ij.0z)  otherwise

Since type 7 is finite, recursion is well-founded (z; ; contains strictly less constructors
than x). An object x : 7 is abstracted as (g, %) if:
it starts with C; € €,
and every j-th field of C; accessible in z
either starts with constructor in g; ; C C;, in the recursive case (7, ; = 7),
or can be abstracted as g; ; otherwise.
gi,; represents every j-th field from C; nested in x, while ¥z keeps track of numeric variables.

» Example 4.4. Following Example 4.2, we consider the integer list abstract value (g,%) =
((r,{Cons,Nil}), {Cons}) with numerical environment oz = [r — [1,10]]. Its concretization
Mist((g,€),07) is the set of non-empty lists containing integers between 1 and 10:

{x:int list | x = Cons(h,q)Ah € [1,10] Aq € 7ist(((r, {Cons,Nil}), {Cons,Nil}),0z)}

Let us consider [ = Cons(1, Cons(4, Cons(10,Nil))). We have | € v1i5:((9,%), 0z), mean-
ing that (g, %) is a correct over-approximation of [.

4.1.3 Lattice Operators

We now define lattice operators. Since our domain is relational, operators are defined on
environments. As seen in Section 3, environments are pairs, composed of a map from
program variables to objects from their abstract domains, together with an element from
the numerical relational domain. We denote lattice operators for the numerical relational
domain as (E,,U,,N,, V). We denote operators for nyj as (Cp, ;,Up, ;,Np, ;, VD, ;). We
define an intermediate inclusion between two ADT abstractions, interpreted outside their

457 Dago

abstract environment. We simply lift inclusions Cp, ;.

» Definition 4.5 (Environment-free inclusion). For (g1,%1), (g2, 62) € Dt abstract elements:
(91,%1) Ck (92, %2) <= €1 C €2 AVi.j,gl; Ep,, 97,

(91,%1) QE (g2, %>) then means that the non-numerical fields of (g1, %1) are more pre-
cise than those of (g2, %2). To compare numerical fields, we need to check inclusion on
environments:

» Definition 4.6 (Inclusion). We define CFf: Xf — Xf:
(m1,dy) CF (my,dy) <= Vo:7,mi(v) CL ma(v) Ady C, dy

An environment (mq,d;) is more precise than (ms,ds) if for every program variable,
the abstraction of this variable is more precise in m; than in ms, and its abstraction for
numerical variables, d;, is more precise than ds.
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» Example 4.7. Following Example 4.2 on integer lists, we have for instance:
((2.1.1,{Ni1}), {Cons}) C}.., ((2.1.1,{Cons,Ni1}), {Cons})
So we can deduce:

(x = ((x.1.1,{Nil}), {Cons}), {3 < x.1.1 < 6})
C* (z — ((2.1.1,{Cons, Nil}), {Cons}), {2 < 2.1.1 < 7})

To define the meet, join and widening operators, we also start by defining those operators
on the environment-free ADT abstractions, that is, ignoring their numerical part. Similarly,
we lift operators from domains Df’ ;- Those operators are defined between objects giving the
same name to their summarization variables.

» Definition 4.8 (Environment-free operators). For O € {U,N, V}, for (91, %1), (92, %>) € Di:
(91.61) OF (92,%2) = (9. 61 O 62) where g is defined by Vi, j, gi; = g¢; Op, , 97,

(g1,%1) O (g2, €,) performs a join (resp. meet or widening) between non-numerical fields
by delegating the operation to the relevant domains. Afterwards, to perform the operation
on numerical fields too, we need to perform it on environments:

» Definition 4.9 (Operators). For 0 € {U,N, V},we build OF : £ — ¥4:
(ml,dl) Dﬁ (mg,dg) = (U T — ml(v) DE_ mg(’U), d1 DB, d2)

Performing an operation between two environments consists in performing it on each
variable abstraction in both maps, pointwise, and between both numerical abstract elements.

Note that the inclusion test, meet, join, and widening for the numerical relational domain
operate on heterogeneous environments, that is, environments that may be defined on different
sets of variables. We rely on the technique from Journault et al. [24] to lift classic relational
domains (such as polyhedra) to the case of heterogeneous environments.. The soundness
proof of our operators is a direct consequence of their soundness proofs [21].

4.1.4 Constructor Transfer Function

We then define the transfer function of constructors. Given an abstract environment O'g

and a concrete expression Cy(eq, ..., e,), we compute a sound abstraction (g, %) in a new
abstract environment:

B[ Clen, ... en) Job = let Vi € [1,n] vi,0f = Effe;]o?_, in (1)
let (g°, ), 0* = fold ((¢°,0) < (1)), ,_) 7% in 2)
let ¢°, of = Oy sr (fold(g° <—,; v))) ot in (3)
0 if 4 = e
let g = gy;Usnd(v;) ifi=kAm;=7 0 )
go . otherwise o
@] i,
(97 {Ck})a O-ﬁ
The abstract semantics of Cy(ey,...,e,) is an element of D%. The only possible start

constructor is Cy. We abstract its fields as g, which is computed as follows. First, we
recursively compute abstractions for e; in v; (1). We then define g° = (g7;):,;. We use the
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fold operator, defined by Gopan et al. [18] for summarization variables of arrays and lifted
there for ADTs. It folds inside every gaj all abstractions for the j-th fields of C; nested
inside every recursive field abstraction v; (2). After the first folding, gg ; abstracts possible
values in the j-th field of C; nested at a depth of at least 1 in . Then, we need to update
it with every possible values in j-th fields of C; nested at any depth in xz. First, we add
non-recursive information at depth 0, that is, updating gg, ; with j-th field of C} at depth 0,
v; (3). To do so, we compose (), for every non-recursive field (k,j), the fold operator to
add v; as a possible abstract values for field 927 i Finally, the possible start constructors of
e;, that is, snd(v;), are added as possible start constructors for the j-th field of Cj, (4).

» Example 4.10. Following previous examples on integer lists, given of € f:
EANil]o® = ((n1.1, 1), {Nil}),o*[r.1.1 — 1]

Ef[Cons(10,Nil)]o* = ((r.1.1,{Nil}), {Cons}), o¥[r.1.1 — L Uy [10,10]]
[E*[Cons(1, Cons(10,Ni1))]o* = ((r.1.1,{Nil, Cons}), {Cons}), o[r.1.1 — [1,10]]

Note that we rely on type information to delegate abstraction of a given field to the
relevant domain. We discuss related implementation details in Section 7.1.

4.1.5 Abstraction Precision

» Example 4.11 (Abstraction of trees). We start with ag an empty environment. As an
illustration for this abstract domain, consider:

1 |type tree = Node of tree * int * tree | Leaf of int
> |let x = Node(Node(Leaf(250), 100, Leaf(251)), 1, Leaf(252))

Here, Ef [Node(Node, (Leaf(250), 100, Leaf(251)), 1, Leaf(252))]]ag =((9,%),o") with:

(9,%9) = (({Node,Leaf}, x.1.2, {Leaf }, 2.2.1), {Node})
of = ([£.1.2 = vp10], [£.2.1 = veo1], [Ve1.2 — [1,100]][vg.0.1 — [250,252]])

Yereo((9, ), 0%) = {x | z = Node(t1,n,t3) A n € [1,100]
A tl S 7tree(<g> {N0d67 Leaf}))tQ S ’Ytree(gv {Leaf})}

It abstracts the set of trees starting with Node, only growing to the left, where the content
of Leaf fields are between 250 and 252, and the content of Node between 1 and 100.

Note that our summarization abstraction can quickly lose precision, even when the
structure size is known statically. To limit this, we could keep track of x’s exact content and

summarize only when needed for convergence (recursive call), or for a certain depth of x.

Such features are not yet implemented. Note that though of identical type, Node and Leaf’s
integer fields are summed up separately.

» Example 4.12 (Relationality). Consider this program manipulating integer variables a and
y of unknown value:

1 let z = Cons(a, Nil) in
2 let x if y <= 2xa + 1 then Cons(y, z) else Cons(2 * a + 1, z)
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With the polyhedra domain of Cousot and Halbwachs [15], the analysis is able to infer

relational properties:

((2.1.1,{Ni1}), {Cons}), [2.1.1 = q]

(((#.1.1, {Cons,Nil}), {Cons}), [z.1.1 = 2.1.1 Uy][y < 2a + 1][z.1.1 = a]) Uf,,,
(((x.1.1,{Cons,Nil}), {Cons}), [z.1.1 = z.1.1 U 2a + 1][y > 2a + 1][z.1.1 = a])

—((x.1.1, {Cons,Nil}), {Cons}), [z.1.1 < 2a + 1][2.1.1 = a]

zZ —r
T —

We can then prove: z;; < 2a+ 1, that is, every element of the list is smaller than 2a + 1,
without assuming any bound on a. This relational aspect is crucial to infer input-output
function summaries for generic inputs.

4.2 Pattern-Matching Abstract Semantics

Pattern-matching is a key construct to manipulate ADTs. We define their abstract semantics.
We use as intermediate function match? : V¥ x 2f x IT — %f x f. Given an abstract value vf,
an abstract environment of and a pattern p, it returns two abstract environments. The first
is an over-approximation of environments from o, in which p and v* can match. The second
is an over-approximation of environments in which they cannot. We rely on a filter function
F* from the numerical domain. It restricts an abstract environment to keep only those where
a given boolean predicate evaluates to true. It is useful to model the when guards appearing
in patterns:

match?(vf, oF, p when e;) = let Ug,auﬁ’o = match®(o¥, v¥,p) in

let e}, of = Ef[e;]of in
(Foler #010%) , (o, U FoLet = 0o

Thus, v! matches p when e; in environments where v and p match, and when el is
non-zero. The other cases are simpler.

Ef [match eg with py — ey | -+ | P — em]of =

let U?,O‘EJ = match?(E*[eg]o?, p1) in

let e’l = match eg with ps = ea | -+ | pm — e in
Ef[e;]of U EF[e)]o", , if m > 1
{w}, ot ifm=0A0"# 1

The abstract semantics of pattern matching is the abstract union of all interpretations
of branches e;, in an environment in which ey matches the pattern p; but not the previous
patterns p; for j < i. We add {w} (match failure) if some part of the environment did
not match any pattern. Our analysis can thus target match failure, i.e. when no pattern
caught the value of eg. This is the case if o # 1 when no pattern is left. To the best of our
knowledge, this is the first value analysis handling when clauses in pattern-matching exploiting
value information to precisely detect non-exhaustive pattern-matching. The OCaml compiler
does warn on non-exhaustive pattern-matching but, since its analysis is not value-sensitive,
it is more conservative. For the following program, it will issue a “non-exhaustive pattern
matching” warning, whereas our analysis, knowing that 1 starts with Cons, can prove that
no case is left unmatched:
let 1 = Cons(1, Nil) in let x = match 1 with Cons(h,Nil)-> h.
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1 let rec filter_le inf 1 =

2 match 1 with

3 | Cons(h, q) when h > inf -> filter_le inf q

4 | Cons(h, q) when h <= inf -> Cons(h, filter_le inf q)
5 | Nil -> Nil

6 in

7 |let x = Cons(0, Cons(5, Cons(11, Nil))) in

s |let y = filter_le 4 x in
9 |let hd = match y with Cons(h,q) -> h | Nil -> 0 in
10 |assert(hd <= 4)

Figure 6 A recursive function manipulating recursive algebraic objects.

4.3 Example

Before defining a domain for higher-order functions, we show with an example how our
compositional function analysis works together with our ADT summarization domain and
the abstract semantics of pattern-matching. We consider the program in Figure 6. It defines
a function filter 1le. This function of type 7 = int — 1list — list takes as inputs an
integer inf and a list [ and keeps only the elements of [ that are lower than inf.

Let body be the body of the function filter le. We analyze it with unknown inputs,
in 0% = [l — T|[inf — T]. Its abstract semantics is F : vt — fst(E*[body]o?[f — v¥]). To
get the abstract semantics of the recursive function, we compute the abstract fixpoint of the
body semantics (Section 3.2). Starting with filter le at 1, = ((inf,1),r,of[r — 1]), we
compute the fixpoint V,enF"™(L;):

F(L,)=E[fun [ inf — body]o*[filter le — 1,
= ((inf,1), ((r.1.1, L), {Cons}, o*[r.1.1 — L])) Ut L
= (L,,{Cons,Nil},c*[r.1.1 — 1))
F%(L,;) = F(((inf,1), (r1.1, L), {Cons,Nil}, o%[r.1.1 — 1]))
= (((inf,1), (r.1.1, {Cons,Nil}), {Cons,Nil}), o [r.1.1 < inf])
F3(1,) = F(L,)

nzNF"(J_T) = (((inf,1), (r.1.1, {Cons,Nil}), {Cons,Nil}), o [r.1.1 < inf])

By iteratively computing the summary of the function, we are finally able to infer that
the elements in the output list (r.1.1) are lower than input inf. We denote this result as V4,
assign it to filter_le and continue the analysis:

E*[let rec filter 1le = body in e]o’ = let of = of[filter le — V4] in Ef [[eﬂ(ﬁ
We abstract the assignment into x:

[ [Cons(0, Cons(5, Cons(11, Nil)))ﬂag = let of = O'%[:E.l.l — 0Uz 5 Uz 11] in
((2.1.1,{Cons, Ni1}), {Cons}), o’ = V3, 0}
E*[let = = Cons(0, Cons(5, Cons(11,Nil))) in egﬂag = let ag = ob[z — V5] in Ef [[egﬂog
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We then abstract the assignment into y by applying filter 1le.

Ef[filter 1le 4 xﬂag = ((r.1.1,{Cons,Nil}), {Cons, Nil}),

(o*[r.1.1 < inf))[inf = 4][l = o5 (x)]

((r.1.1,{Cons,Ni1}), {Cons,Nil}), o[r.1.1 < 4] = V3, 0}
FEf[let y = filter le 4 x in 62]]0’5 = let O'g = Ui[x.l.l —0Uz 5 Uz 11][y — V3] in
E*[es]o

We then evaluate e; = match y with | Cons(h,q) — h | Ni1 — 0. We assign the result
to hd.

Ef[er]o? = h,ol[hd < 4]

Since hd < 4, the assertion is proven. More generally, the summary for filter_le proves
that for any list [ and integer inf, filter 1le inf [ is a list whose content is lower than inf.
The analysis also proves that the pattern-matching inside the function body is exhaustive.

5 Higher-Order, Disjunctive Relational Summaries

In a higher-order setting, functions can be inputs or output of other functions. This is a key
concept of functional programming, making programs harder to analyze. We consider the
program from Figure 1 and highlight the benefits of compositional analyses on this example.

Non-compositional analysis. Different choices were made in the literature to analyze
higher-order functions. A method giving precise results [27] is simply to defer the analysis of
to_fun’s body until we know its parameters, or an abstraction of them. Consequently, the
body analysis is performed at every call site. Thus, the definitions of £1 and £2 only trigger
a store of their definition code. When we compute r1 and r2, all inputs are known, yielding:
r1 =5,r2 =9. This method is able to infer precise results for r1 and r2, with the drawback
that the function body is reanalyzed at each call site. This is costly, and hinders scalability.

Compositional analysis. To circumvent this cost, we can perform a compositional analysis,
where a function is analyzed only once, at its definition site. This is how filter_le was
analyzed in Section 4.3, at first-order. Since functions are abstracted as points in the
polyhedra space, intuitively, manipulating them as first class values for higher order does
not add further complexity. The function domain is simply based on the polyhedra one. We
can analyze to_fun once and for all, supposing that we do not know anything about f’s
behavior. We get r1 = T,r2 = T. This loss of information is due to a join of both possible
cases from to_fun’s behavior. However, this is not inherent to compositional analysis, since
the specification of to_fun is:

n if c = Cst(n)
f(z) if ¢ =Fun(f)

It is thus possible to describe to_fun’s behavior without a priori information on possible

to_fun(c,x) = {

values for ¢, as long as disjunctions on those possible values are possible. The precision loss
mentioned above was indeed due to the impossibility to express disjunctions when abstracting
higher-order functions. This is why we focus in this section on lifting partitioning methods
to higher-order.
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5.1 Partitioning Function Summaries

Even at first-order, a similar precision loss occurs on very simple programs:

let binary x = if x > O then 10 else -10

By conducting a compositional non-relational analysis with the interval domain, we are
only able to infer that the output is in [—10, 10], a quite weak result. This comes from the
fact that binary has two very distinct behaviors depending on the input value. Joining
them induces a precision loss. The issue can be overcome by partitioning on the input [7],
then keeping separate those behaviors: Az.(z > 0 Ares =10) V (x < 0Ares = —10). Note
that relationality cannot, on its own, overcome this cause of imprecision. The polyhedra
domain gives the same result as intervals on binary. However, Boutonnet and Halbwachs [8]
successfully use relationality and partitioning together. Consider the following example:

let max x y = if x >= y then x else y

With the interval domain, even with partitioning, we cannot express anything interesting
about max, whereas the polyhedra domain alone can only infer: Azy.x < res Ay < res. But
with disjunctive relational summaries, we can separate disjunct behaviors, then summarizing
the maximum function with: Azy.(z < yAres =y)V(z > yAres = x). Maintaining multiple
partitions is costly, so a key point of partitioning is to decide when to partition and when to
merge different behaviors. Various heuristics were developed on that topic. Those methods
are compatible with recursion. Indeed, Bourdoncle [7] and Boutonnet and Halbwachs [8] are
able to give precise summaries for McCarthy 91 function.

We want to benefit from this precision improvement at higher-order. In a higher-order
setting however, functions are first class values: they can be input or output of other functions,
etc. As first class objects, they should be represented as abstract values. Compared to
previous works at first-order, we then need to define the abstract domain of functions. To
the best of our knowledge, this is the first presentation of disjunctive summaries as a domain
abstracting functions complete with all its lattice operators, including join and widening.

5.2 Disjunctive Relational Summaries as a Domain on Functions

As in Section 3.2, we choose (R(V), T, UL, M, VE, 4, proj,, \.) a relational domain on V.

This way, the formalization is independent of the chosen domain.

» Definition 5.1 (Function domain). Given a function type T =11 — -+ 75, = 7, we define
FE the set of elements abstracting functions of type 7. Let n; be the number of variables
necessary to abstract an object of type T;.

]ﬂﬁ_ ={(Vir,@)pmp) |V = (21, 20), Vi, € V' Vi, joi # j = 2 # 25,7 €V,
Vi e [1,m],p; € R(VU{r}H}

A function is thus abstracted as a triplet of: a n-tuple of input variables, an output

variable, and a collection of m relations abstracting different cases in the function’s behavior.

m

We denote (z1,...,2n),7 (D1,---,Pm) 88 AZ1...Zn. V pi(21,...,2pn,7). For example, let
i=1

add x y = x + y is abstracted as ((z,y),r, (r = x + y)), written A\zy.r =z +y.
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» Definition 5.2 (Function concretization). For 7 =13 — -7, = 7, f = ((Zs)iep,n]> 7
(pi)ici,m]) € FE, the concretization is:

’VT(fai):{fiT|V(a17...’an);7'1><...><7—n7

m

@1 = ar] - (e = anllr = flar,. . an)] € \ 70 (p)}
i=1
This concretization is simply an update of Definition 3.4, with a disjunction of relations
instead of a unique one.

» Example 5.3. For f* = A\zyz9.(x1 < 22 A7 > 0)V (21 > 29A7 < 0), 7 = int — int — int:

o (ff ) ={f:N= NN | Va2 €N,
r1 < T2 — f(l‘l,mz) >0ATL > 10 — f($1,$2)<0}

That is, f* represents all functions whose result is lower than 0 when the first input is the
smallest, and greater than 0 otherwise.

We need to define comparison, join, meet, and widening operators on functions. Since we
consider only well-typed programs, those operators will be defined for functions of identical
type: in particular, they will have the same number of parameters. These definitions build
upon relational domain operators.

Note that renaming the inputs or the output of the function does not change its concret-
ization. Without loss of generality, we assume when comparing two functions that they use
the same names for inputs or outputs (this can always be ensured by renaming). We then
define abstract inclusion, meet, join, and widening operators on the functional domain:

» Definition 5.4 (Inclusion). For f = V.7, (fi)[1,m], 9= Vo7, (9i)[1,na] » the inclusion Cct oon
Piois: f CF g < Vie[1,m],35 € [1,n2], fi CF g;

f is included in g if every disjunct of f is included in a disjunct of g. This order is the
classic order for disjunctive completion domains [1].

» Example 5.5. With this definition, given two functions of type int -> int:

z, s x=0Ar=10
c<1Ar=T

x>1Ar=10
, {le/\rlO
C x”]n’

r<O0Ar=T

» Definition 5.6 (Meet). Given f = V,r,(fi)ic[1,m,] and g = V,7,(gi)ic[1,m,], the abstract

intersection of functions is defined as I_Igc:

m2

frhg=Vvr | | |(finkg)

J=1 ie1,n1]

That is, given a disjunct f;, we compute its meet with every disjunct g; and then join
them together, keeping n; partitions. Indeed, for performance reasons, we do not want
to maintain all (quadratic) combinations of pairwise intersections. This method ensures
that we keep the number of partitions used in the right argument. This abstraction of the
meet is then not commutative. An alternative definition would partition with regard to the
abstraction with the highest number of disjuncts, which would likely be more precise. An
experimental study, left for future work, could be led to determine the best version.
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» Example 5.7. Given two functions of type int -> int with different input partitioning:

n>0AN1<r<3 1
I_If n,r,<{n=0Ar=3

n>1N2<r<4
n?”‘?
{n<0/\—3§r§—1
n<ON—-A4<r<-2

- (n>1A2<r<3)LE (n=0,r=3)L0% L,
Ly L En <OA—=3<r<—2

n>0AN2<r<3
:n7/r’
n<OAN=-3<r<-2

» Definition 5.8 (Join). Given f = V,r,(fi)icpi,n] and g = V,7, (9i)ie[1,ns], the abstract
union of functions is defined as |_|§c. We write G; = {g; | 1 < j <na A proj,.(g;) C proj,.(fi)}
the set of g; whose constraints on the inputs are included in the constraints of f;, and
G ={g; |1<j<naAV1<i<mny,g; ¢G;} the set of g; not included in any G;.

FUbg=vir,(fi || g)ietrmnV (9)jeltnalng cc
9;€G;

That is, we keep every disjunct f;, and join them with disjuncts of g respecting their
conditions on the input. We add disjuncts g; that are compatible with no f;. Similarly to

the meet operator, we do not want to simply keep every disjunct, so as to limit their number.

» Example 5.9. Given two functions of type int -> int:

n>0N1<r<3

n<OAN=-3<r<-1

n>1N2<r<A4
n,r,{ I—lﬁf n,r,A{n=0Ar=3

n<ON—-4<r< -2

M>0A1<r<3)En>1A2<r <4 (n=0Ar=23)
=n,r
(n<O0A=3<r<-1Uf(n<0A-4<r<-2)

n>0N1<r<4
=n,r,
n<OAN—4<r<-1

Widening is defined the same way as join, replacing I_If) with Vg. However, to ensure
convergence, we also limit the number of disjuncts to a user-controlable constant. When
performing widening, we join disjuncts when necessary to respect this limit, before delegating
widening to the underlying domain.

In conclusion, we defined the set F* alongside its concretization, inclusion, join, meet,
and widening operators, as an abstract domain for functions of type 7. We now explain how
to apply a computed summary in F? at a call site, to evaluate the effect of a function call.
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5.3 Function Application with Partitioning

Function summaries being now disjunctive, we need to update the semantics from Section 3.2:

Eeq ... ex]o* = let (z1,. .., 20,7 (Bi)icp.m]) op = Ef[eo]o® in (5)
let Vi € [0,k — 1] €f, 1,08, = E¥[es1]of in (6)
let Vi € [[1,m] alﬁm = add_vars(a,ﬁ€7 dom(p;)) in (7)
let Vi € [1,m] p; = add_vars(/\r(pi),dom(afb)) in (8)
let Vi € [1,m] p} = (p: ¥ o, )y = €] jequa in 9)
let X ={zpq1,...,25} in (10)

(X) r, (projr(p;,))zeﬂLm]]/\p;;éJ_) ’O'j:i lfk <n

T, (p;)1.,5[[1,m]]/\p',ﬁél otherwise

First, we compute the semantics of the function ey (5). Then we compute sequentially
the semantics of its argument expressions eq, ..., ex (6). As in Section 3.2, we extend p; and
U,ﬁC to the same definition domain (7,8). We combine them and add to each function disjunct
p; the equality constraint between formal argument x; and value 62 (9). X is the set of free
formal arguments (not bound to an actual argument) in case of partial application (10).

Partial application comes naturally (case k < n in (11)). When partially applying a
function, we project the result on the set of remaining variables. The result is then a set of
relations consisting in a disjunctive summary. It abstracts the function resulting from the
partial application. When the application is total (otherwise in (11)), there is no remaining
parameters: we simply change the format of the result. In both cases, we remove empty

disjuncts p, = L, which correspond to unsatisfiable constraints on the inputs.

» Example 5.10. The summary of the function max is (z, y), 7, (r > yAr = z)V(x < yAr =y).
Then partially applying it with one argument a, we get the abstraction:

Ef[max a[{a >5} =y,m{(a>yAr=ara>5)V(a<yAr=yAa>5)}

This way, we deduce that the function returns a result which is always greater than 5, and is
y if it is greater than a and a otherwise.

5.4 Function Analysis with Partitioning

We update function analysis semantics from Section 3.2 to allow a disjunctive result:

Ef[fun 2y - - - 2, — body]o® = let ¢y, ..., c, = get_preconditions(body) in (12)

let Vi € [1,p], €, 0! = Ef[body] (o A ¢i)lz; — T] (13)

and s; = proj,.(o?[r — €f]) in (14)

((xla“';xn)ara (si)ie]]l,p]]) 7Jﬁ (15)

The get_preconditions helper function scans the body to get a set of predicates (c1,. .., ¢p)

suitable for partitioning (12). Then, we analyze the body of the function with each precon-
dition ¢; (13) and get a set of possible behaviors s; (14). The function is then abstracted
as the disjunction of those behaviors for the function (15). Note that we do not keep
partitioned states inside the analysis of a recursive function, to avoid the risk of diverging
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sets of partitions. Consequently, when applying a function inside the body of the recursive
function, we immediately merge cases. also note that this definition is independent of the
chosen get_preconditions partitioning heuristics.

We chose to use a heuristics, so called local reachability, introduced by Boutonnet and
Halbwachs [8]. We try to partition regarding conditions controlling reachability to certain
key points — branches in conditional branching or pattern matching. Note that finding
those preconditions is a pre-analysis, performed just before analyzing the function itself.
Consequently, when a function body we are either analyzing or pre-analyzing performs a
function call, the abstract summary of the called function is already available (or it is set to
bottom if this is the first iteration of a recursive call).

To sum up the method, the body of the function is pre-analyzed to decide a partitioning
on the inputs. It starts with a precondition I*, which can be T, and follows those steps:

1. Analyze the function body with an interprocedural analysis and note 7"5 the result at each
reachable control point;

2. Choose a control point for which rf # 1

3. Choose an abstract value s* which is complementable, i.e. its complementary can be
expressed in the domain (note that = < y as well as x > y tests are always complementable

for polyhedra on integers) such that proj, (rf) C¥ sf. We get disjuncts I* M s* and I* 1 5.
We may iterate this algorithm to get more disjuncts and gain more precision.

6 Combining both Domains into an Analysis

Sections 4 and 5 presented, respectively, independent extensions of a first-order numeric

analysis to algebraic data types and to higher-order functions. Thanks to their parametricity,

we can combine these two extensions to analyze our target language from Section 2:
Algebraic data types can contain higher-order values (i.e., functions). Indeed, the
parametricity of the ADT abstraction supports functions as leaf data types, themselves
represented by the higher-order part of our work.
Function summaries from the higher-order section can express precise properties on ADTs
they manipulate (including the case of recursive functions manipulating recursive ADT).
Indeed, the abstract domain representing functions is parametric in the domain chosen to
express relations between inputs and outputs (e.g., polyhedra).

We show how the resulting analysis performs on our example function to_fun and state its

soundness theorem.

6.1 Analysis Cooperation Example

We choose as relational domain the polyhedra domain, combined with a domain stating the
equality of functions. We analyze our example from the introduction. We recall its code:

1 let to_fun a =

2 match a with
3 | Cst n -> (fun x -> n) (* pi1 *)
4 | Fun £ -> f (¥ p2 *)

Pre-analysis by local reachability. We analyze the function with a classic relational analysis.
We denote the control point after the first branch of the match as p; and the one after the
second branch of the match as p;. We denote possible constructors of a as a..

ECOOP 2025
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The analysis in p; gives us rf = (z,7,7 = n), [a. = {Cst} Aa.1.1 = n] # L. We see that
proj({ac,a.1.1,a.2.1},7%) = [a. = {Cst}] is complementable, of complementary [a, = {Fun}].
Consequently, we get two disjuncts: a. = {Cst} and a. = {Fun}.

Full analysis. Let body be the body of to_fun.

Ef [body]ot[a. = {Cst}]

Ef[fun a — body|o? = (ac,a.1.1,a.2.1),r,
| ulo® = ( ) {Eﬁ[[bodyﬂgﬁ[ac — {Fun}]

We analyze the first case. We have match®(o¥[a. = {Cst}],a,p1) = oF[a. = {Cst}], L so:

E[body]o*[a. = {Cst}] = E*[fun 2 — n]o*[a. = {Cst}] U* L?
= (z,r',7" =n),la. = {Cst} Aa.l.1l =n]

Similarly, for the second case:

E[body]o*[a. = {Fun}] = E*[fun = — n]o*[a. = {Fun}] U* 1*
= f,[ac = {Fun} A a.2.1 = f]

In the end, the semantics of to_fun is:

[ac = {Cst} Ar=(z,r,r =a.l.l)]

Ef[fun @ — body]o® = (ac,a.1.1,a.2.1), 7,
[a. = {Fun} A a.2.1 = f]

We denote this summary as s and bind to_fun to s in the environment. Note that this

summary is as precise as in the concrete. We can evaluate £_1 = to_fun Cst(5) and £_2 =
to_fun Fun(fun z — n):

E*[to_fun Cst(5)]o* = r,o%[a. = {Cst} A7 = (x,7,7" = a.1.1)]
[ac = {Cst} Aa.l.1 =5]
=r,0%la. = {Cst} Na.l1=5
Ar = (z,r') 7" =a.l.l)]
Ef[to_fun Fun(fun z — n)]jo’ = r,0%[a. = {Fun} A a.2.1 = f]
[a. = {Fun} A a.2.1 = (z,7",7" = 2+ 1)]
=r,0%a. = {Fun} A a.2.1 = (z,7', 7' =z 4+ 1)
Ar=a.2.l1]

In both cases, one of the summary disjuncts has an empty intersection with the environ-
ment, so it does not appear in the final state. Applying the summaries, we are able to infer
r1: 5,72 : 9. In the end, we are able to recover the same precision as a non-compositional
method (Section 5) while staying compositional. This way, we do not have to re-analyze
to_fun’s body when computing r; and ry, instead using the summaries inferred at call site.
Additionally, we get a precise contract for to_fun, which is valid for every input.

6.2 Analysis Soundness

The analysis defined in this article is sound, i.e. the analysis of a program P over-approximates
the reachable states of P. Section 3.1 defined the concretization of abstract environments
(Definition 3.2) and the concretization of the abstract semantics of an expression (Remark 3.3).
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» Theorem 6.1. The abstract semantics EY is sound, i.e.:
Vo e X,Vot € S¥ Ve : T € &,0 € v5i(0f) = Ele]o € v, (Ef[e]o?)

Proof. The proof is by induction over the syntax of expression e. <

7 Experimental Evaluation

7.1 Implementation

The methods described in the article were implemented in MOPSA [22], an open source and
multi-language platform to ease the development of abstract analyzers. Similarly to other
static analyzers by abstract interpretation, such as Astrée [6], Frama-C [9], Infer [16], or
Julia [40], MOPSA is based on a composition of several abstract domains. Compared to them,
it goes further in terms of modularity, enforcing a finer level of granularity of abstractions. It
encourages relational abstractions for all types and features powerful domain communication
mechanisms (such as reduced products, cartesian products, expression rewriting) and supports
the reuse of abstractions in the analysis of widely different languages (such as C [37, 23] and
Python [33, 34, 35]). The core of the platform is composed of 22 000 LoC of OCaml.

We added 3 000 LoC to support OCaml analysis and to implement the algebraic data
types and higher-order domains described in the article. Our analysis is fully automatic:
it leverages typing information from the frontend — handled by the OCaml compiler — to
automatically associate abstract domains to values, based on their types. The user sets
a global precision level by selecting more or less expressive domains for base types (e.g.,
polyhedra or intervals for integers). Choosing the best precision/performance trade-off is a
long-standing problem for the analysis of any language. It is not addressed by this paper.

In MOPSA, a configuration file describes how domains are combined to define an analysis.
A configuration for our analysis is shown in Figure 7. Sequences delegate the analysis of an
expression to the right-hand side domain when relevant. Reduced products perform reductions
between both domain results. Cartesian products implement collaborations between domains.
ML.program is the frontend, handling the import from the OCaml compiler. ML.intraproc
handles conditionals and assertions. ML.let_rec computes an abstract fixpoint for recursive
definitions of variables. Domains ML.functions (defined in Section 5.2) and ML.adts (defined
in Section 4.1) depend on each other because of their parametricity. They share underlying
domains for ground types, here strings and integers. MOPSA includes a Universal language,
implementing ready-to-use abstractions for basic constructs. Here, integers are abstracted
by the reduced product of the polyhedra domain U.polyhedra and the congruence domain
U.congruences. U.string abstracts strings. The configuration could be defined using other
domains for ground types as well. Our implementation is parametric in those domains.

On a technical note, our ADT domain required support for heterogeneous operations,
that is, operations on environments defined on different sets of variables [24], which is the
case when joining two match cases. Our functions’ domain required adapting the already
existing trace partitioning [30] for C-like languages on the platform. Sound operations on
summarization variables from Gopan et al. [18] were already part of the platform and were
leveraged when handling summarization variables of recursive algebraic data types.

7.2 Experiments

We tested our implementation on the examples from this article as well as 40 handwritten
programs highlighting the precise handling of recursive functions manipulating algebraic data
types, functions partitioning on algebraic constructors, partial application, algebraic data
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e Sequence

@ Reduced product

@ Cartesian product

OO0Caml

(O Universal

/

U.congruences

Figure 7 OCaml configuration in MOPSA.

®

U.polyhedra

Program name Analysis (ms) || Program name Analysis (ms)
numeric_loop3b.ml 12 filter_le.ml 131
binomial.ml 400 || make_list.ml 131
mc91.ml 30 || match_when.ml 9
tak.ml 923 is_exhaustive.ml 10
abs.ml 15 || partial_app.ml 15
xor.ml 36 embed_fun.ml 9
rec_add.ml 44 || to_fun.ml 11
non_terminate.ml 6 f_from_g.ml 11

Figure 8 Benchmarks for the OCaml analysis.

types containing functions, etc. In particular, it inferred correct summaries for filter_le
and to_fun functions. Additionally, we selected 20 programs from Salto’s benchmarks [27]
that are compatible with the current limitations of our approach, i.e. they do not contain
modules, nor imperative features, nor polymorphism. Figure 8 displays the analysis time for
an extract of our 60 programs. The first five programs are from Salto’s benchmarks. The
programs we consider are small: they consist in around a dozen lines each.

Precision. For most numerical recursive functions (e.g. binomial, ackerman, mc91), our
relational compositional analysis gives results at least as precise as Salto’s non-compositional
and non-relational approach, but with only one analysis of the body. This illustrates how
relationality and disjunctions can recover precision lost by compositionality, thus enhancing
performance when the analyzed function is analyzed multiple times. Besides, for some
functions, no precise invariant can be discovered without relationality — e.g. rec_add, or
numeric_loop3b from Salto’s benchmark. Our analysis was therefore of the same precision
or better than Salto on 14 out of those 16 examples. Finally, as explained in Section 4.2 our

analysis is the first to support when clauses, and to detect non-exhaustive pattern-matching.

Performance. All our tests were performed on a Intel(R) Core(TM) i7-8565U CPU 1.80GHz
with 16 GB of RAM. The analysis for those small programs is lower than a second. The
slowest analysis was for the tak function, making three recursive calls in its body. Those
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runtimes are comparable to the analysis performed by Salto — less than a second. The
runtime difference on the (small) benchmarks available is not significant enough to deduce
that one analysis is faster, and to evaluate which part of our method results in a speed-up and
which part in a slowdown. Moreover, Salto and MOPSA feature different abstractions beside
compositionality that may impact the analysis time as well. A more thorough evaluation of
runtime trade-offs is thus left for future work. Previous work by Boutonnet and Halbwachs [8]
at first-order concluded that summary construction time is often negligible with regard to
total analysis time. Besides, in our implementation, maintaining a summary is equivalent to
storing it (they are immutable, as functions are currently pure). We optimistically hope that
future work would draw a similar conclusion on higher-order programs.

Note that our method’s interest goes beyond performance: it automatically generates
contracts for higher-order functions. Therefore, it plays a role in proving not only the
absence of runtime errors, but also refined properties on the program behavior, being able to
automatically discover functions specifications.

8 Related Work

Type systems. To prove properties on functional programs, type systems are widely used.
The simplest ones already prevent some errors, such as adding a function to an integer.

More expressive type systems, used for program verification, include dependent types, and in
particular refinement types. They have enjoyed a steady popularity over the years [44, 43],

relying under-the-hood on SMT solvers to reason on properties, mainly numeric ones.

Although formulated within the framework of abstract interpretation, we believe our work
shares similarities, as it provides a compositional analysis and infers numeric invariants.

Deductive methods. Deductive methods, such as Cameleer [38] or F* [41], can prove
precise properties, such as correctness with regard to a specification, but need often both
user annotations and SMT solvers. It differs from our goal, a fully-automated and solver-free
method, to infer semantic properties.

Non-value abstract interpretation analysis. Whereas many works approach static analysis
of functional languages, they often focus on control flow analysis, which, as precised in Liang
and Might [28], does not suffice to keep track of values through flow. Cousot and Cousot [13]
define higher-order functions abstractions, e.g. as relations or as sets. They also formulate
refinements, e.g. disjunctive completion. They are however mainly interested in comportment
analysis such as strictness or termination. We use similar abstractions and refinements, but
to define a value analysis. Besides, we support algebraic data types with an abstraction fully
parametric in possibly relational domains. Montagu and Jensen [36] develop methods to infer
a form of frame condition for pure functional higher-order languages, i.e. identifying equality
relations between parts of algebraic values. They suffer from the same lack of information
when applying an input function as we do. They are however limited to non-recursive types,
and cannot handle complex numeric relations.

Abstract interpretation-based value analysis. In our experimental evaluation, we compared
to Salto [27], a static value analyzer verifying OCaml programs. It supports a wider subset
of the language, such as side-effects and modules. Their method differs from ours, being
non-relational and non-compositional. Our compositional approach could be more scalable.
Journault et al. [24] propose a relational abstract domain for trees but are limited to this
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specific data structure. Bautista et al. [3], Bautista et al. [4] describe a relational abstraction
for numeric algebraic values and infer structural equalities between non-numeric fields, but are
limited to non-recursive objects. Valnet et al. [42] support recursion, but not higher-order.

Compositional analysis. Input-output relational analysis has been long studied, first applied
to while programs [26]. Our method can be seen as an extension of symbolic relational
separate analysis from Cousot and Cousot [14], extended to support ADTs and higher-order.
This is a long-known method [14] to improve analysis scalability. Compositionality has
been used in multiple settings: Farzan and Kincaid [17] use them to analyze independently
decomposed parts of a program and Kincaid et al. [25] for inter-procedural analysis, analyzing
procedures independently of their calling context, once and for all. Codish et al. [11] develop
a compositional analysis for logic programs, therefore proving it useful in a declarative context.
Bautista et al. [2, 5] define an ADT domain in an input-output analysis for non-recursive
imperative programs. In the MOPSA platform [22], a prototype modular analysis was
implemented for C programs manipulating strings [23]. To improve precision, Bourdoncle [7]
expresses non-relational disjunctive summaries. Boutonnet and Halbwachs [8], on which we
built upon, permit relationality. All those methods are however limited to first-order.

9 Conclusion and Future Work

This article presents two abstract domains, one tailored to handle recursive ADTs, and the
other one to represent functions used as first-class values, as well as higher-order functions.
Thanks to the parametricity of both domains, each domain can leverage the other, e.g. to
abstract functions manipulating ADTs (and conversely). The combination of these two
domains yields a compositional and relational analysis for a pure functional programming
language. This analysis has been implemented into the MOPSA framework to analyze a
pure subset of the OCaml language. Our preliminary evaluation shows the precision of our
approach on 60 programs, including 20 benchmarks from Salto [27].

We now review the limitations of our approach and discuss future work. The language
we have studied here is pure; extending our analysis to support references will be challenging.
Our analysis focuses on a monomorphic functional programming language; we could rely, in
future work, on the polymorphic equality domain from Montagu and Jensen [36] to handle
polymorphism. Our current analysis does not detect arithmetic overflows: we believe this
is an important, yet orthogonal concern. Our analysis is technically able to infer ranges
of numerical variables and can thus detect overflows. However, our OCaml analysis does
not support the wraparound semantics of overflows for now. To the best of our knowledge,
there are no compositional value analysis currently tackling this issue, even in the case of
first-order imperative languages. Previous work on compositional static analysis for first-order
languages (e.g. Boutonnet and Halbwachs [8]) proved that compositionality is useful for
scaling up. We postulate that similar speed-ups could be achieved in a higher-order setting
with compositional analyses. While this article provides a contribution towards this goal by
proposing a precise and compositional analysis, we have not evaluated its scalability in our
preliminary experiments. We believe this work is a first step towards automatically proving
functional properties (e.g., sorting [19]) in a functional setting with higher-order functions.
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