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—— Abstract

We introduce the abstract notions of monadic operational semantics, a small-step semantics where
computational effects are modularly modeled by a monad, and type-and-effect system, including
effect types whose interpretation lifts well-typedness to its monadic version. In this meta-theory,
as usual in the non-monadic case, we can express progress and subject reduction, and provide a
proof, given once and for all, that they imply soundness. The approach is illustrated on a lambda
calculus with generic effects, equipped with an expressive type-and-effect system We provide proofs
of progress and subject reduction, parametric on the interpretation of effect types. In this way, we
obtain as instances many significant examples, such as checking exceptions, preventing/limiting non-
determinism, constraining order/fairness of outputs. We also provide an extension with constructs
to raise and handle computational effects, which can be instantiated to model different policies.
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1 Introduction

It would be hard to overstate the impact on foundations of programming languages of, on one
hand, the idea that computational effects can be modeled by monads [30, 31], and, on the
other hand, the technique based on progress and subject reduction to prove the soundness of
a type system with respect to a small-step operational semantics [47].

Moggi’s seminal work [30, 31] recognized monads as the suitable structure to modularly
describe the denotational semantics of effectful languages. The key idea was the distinction
between pure (effect-free) and monadic (effectful) expressions, also called computations, the
latter getting semantics in a monad. Haskell has firstly! shown that such an approach can be
fruitfully adopted in a mainstream language, through a monad type constructor allowing to
encapsulate effectful code. However, the structure of a monad? does not include operations
for raising effects, which need to be defined ad-hoc in instances. Algebraic and generic effects
[33, 34, 35], instead, explicitly consider operations to raise effects, interpreted by additional
structure on the monad. Such an approach, combined with handlers [37, 38, 4, 40], has been
exploited in fully-fledged programming languages, e.g., in Scala and OCaml 5.

1 Many other languages have then supported a monad pattern, e.g., Scheme, Python, Racket, Scala, F+#.
2 In Haskell, methods of the Monad typeclass.
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Monadic Type-And-Effect Soundness

To provide guarantees on, besides the result, the computational effects possibly raised by a
computation, type systems are generalized to type-and-effect systems. A great many of these
have been designed for specific calculi, modelling effects by relying on auxiliary structures,
e.g., memory in imperative calculi, and providing ad-hoc soundness proofs; Katsumata [25]
has provided a unified view of such systems, however based on denotational semantics. In this
paper, instead, we provide an operational meta-theory of monadic type-and-effect soundness,
analogous to the one mentioned above for usual type soundness based on small-step semantics,
progress and subject reduction [47]. To this end, we provide abstract notions of small-step
monadic semantics, type-and-effect system, and soundness, as detailed below.?

Operational semantics. We design a language semantics which is monadic, since effects are,
as customary, expressed by a monad, and simultaneously small-step, since we define sequences
of reduction steps. To this end, we start from a reduction from language expressions to
monadic expressions (in a given monad) required to be deterministic, and extend such a
relation to a total function, so to be able to combine steps by Kleisli composition, similarly
to the approach in [17]. In this way, reduction sequences are always infinite, so termination
is conventionally represented by monadic elements called results, which always reduce to
themselves without raising any effect. On top of the reduction, we define the finitary
semantics of an expression, which is either the monadic result reached in many steps, if any,
or divergence. This semantics does not describe the computational effects raised by infinite
computations. Hence, we define an infinitary semantics, obtained, as customary, as the
supremum of a chain of approximants, provided that the monad has the necessary structure.

Type-and-effect system. As done in [7, 6] for standard type systems, we abstractly model
a type-and-effect system as a family of predicates over expressions, indexed by types and
effect types, statically approximating the computational effects that may be raised during
evaluation. Effect types are required to form an ordered monoid, as typically assumed in
effect systems [32, 29] and proposed as algebraic structure by [25]. The relation between
an effect type and the allowed computational effects is specified by a family of predicate
liftings [21]. In this way the transformation from a predicate to a monadic one associated to
a given effect type is independent from the predicate and its universe.

Soundness. We provide abstract definitions of monadic progress and monadic subject
reduction, and a proof, given once and for all, that they imply soundness. The latter means
that, if a monadic element is the result of a well-typed expression, then it should be well-typed,
that is, satisfy the lifting through the effect type of well-typedness of values.

We illustrate the approach on Ay, a lambda calculus with generic effects, equipped with
an expressive type-and-effect system. We provide proofs of progress and subject reduction
parametrically on the interpretation of effect types. In this way, we obtain as instances
many significant examples, such as checking exceptions, preventing/limiting non-determinism,
constraining order /fairness of outputs on different locations. We also provide an extension
with constructs to handle effects, which can be instantiated as well to model different policies.

3 The term “effect” is used in literature both as synonym of computational effect, and in the context of
type-and-effect systems, as a static approximation of the former. We will use “effect” when there is no
ambiguity, otherwise “computational effect” and “effect type”, respectively.
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Qutline. Section 2 reports the background on monads. Section 3 introduces monadic
operational semantics, exemplified through Ay, in Section 4, where we also design a type-
and-effect system, discussing its soundness. The approach is formalized by the abstract
framework in Section 5; the proof technique introduced there is applied in Section 6 to Ay.
Finally, in Section 7 we enhance the example by handlers, and in Section 8 we discuss related
and future work, and summarize the contributions. Omitted proofs can be found in the
extended version [9].

2 Preliminaries on monads

Monads [13, 43] are a fundamental notion in category theory, enabling an abstract and unified
study of algebraic structures. Since Moggi’s seminal papers [30, 31], they have also become
a major tool in computer science, especially for describing the semantics of computational
effects, and integrating them in programming languages in a structured and principled way.
In this section, we recall basic notions about monads, and provide some examples. We will
focus on monads on the category of sets and functions, denoted by Set, referring the reader
to standard textbooks [41] for a detailed introduction in full generality.

A monad M = (M,n, 1) (on Set) consists of a functor M: Set — Set and two natural
transformations 1 : Id = M and p : M? = M such that, for every set X, the following
diagrams commute:

MX M rex 20X ary M3x M Ay
in / HMX\L \L,ux
idar x idarx

MX M2X o mx

The functor M specifies, for every set X, a set M X of monadic elements built over X, in
a way that is compatible with functions. The map 1y, named unit, embeds elements of X
into monadic elements in M X, and the map px, named multiplication, flattens monadic
elements built on top of other monadic elements into plain monadic elements.

From these data, one can derive an operation on functions of type X — MY, dubbed
Kleisli extension, which is crucial for modelling computational effects using monads. For all
sets X,Y, we have a function (—)': (X — MY) — (MX — MY), defined by f1 = juy o M/,
that is, first we lift f through M to apply it to monadic elements and then we flatten the
result using py. It is easy to see that the operation (—)T satisfies the following equations for
all f: X - MY and g:Y - M Z:

. T
n;{ZIdMX fTonX:f gTofT:(gTof)

Actually, a monad can be equivalently specified in the form of a Kleisli triple (M, n, (f)T> [28],
where M is a mapping on sets, 7 is a family of functions nx: X — M X for every set X, and
(—)T is a family of functions (—)T: (X > MY)— (MX — MY), for all sets X,Y, satisfying
the three equations above. In particular we have ux = id}Lw x-

Functions of type X — MY are called Kleisli functions and play a special role: they can
be regarded as “effectful functions” from X to Y, raising effects described by the monad M.
Indeed, from the Kleisli extension, we can define a composition on Kleisli functions, known
as Kleisli composition: given f: X — MY and ¢g:Y — MZ we set

gxf=g'of=pzoMgof

7:3
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Intuitively, g * f applies f followed by g, sequentially composing the effects they may raise.
It is immediate to see that Kleisli composition is associative and nx is the identity Kleisli
function on the set X, that is, nx is the function raising no effects.

We introduce some useful notation, corresponding to standard operations of monadic
types in languages, where such types are assigned to expressions with effects. Given « € M X,
f:X = MY and g: X — Y, we set

—>=—MX - (X > MY)—=> MY a>=f=fl(a)
map: (X = Y) > MX - MY mapga = Mg(a)

The operator >>= is also called bind. As its definition shows, it can be seen as an alternative
description of the Kleisli extension, where the parameters are taken in inverse order. This
view corresponds, intuitively, to the sequential composition of two expressions with effects,
where the latter depends on a parameter bound to the result of the former. The operator
map describes the effect of the functor M on functions. That is, the lifting of function g
through M is applied to a monadic value a. Note that bind and map are interdefinable:

a>=f=py(mapfa) mapga = a>=(ny og)

Furthermore, we can express Kleisli composition using bind: (g * f)(z) = f(x) >=g.
In the following examples we characterize the monads by defining bind rather than
multiplication y since this is often more insightful, and customary in programming languages.

» Example 1 (Exceptions). Let us fix a set Exc. The monad Eg = (Egyc, 8, ufe<) is
given by Fg.X = Exc+ X, and

f) if @ =11(x)
« otherwise (o = 15(e) for some e € Exc)

175 (2) = 12(x) ax»=f= {

where + denotes disjoint union (coproduct) and ¢1, to the left and right injections, respectively.
We will omit the reference to the set Exc when it is clear from the context.

» Example 2 (Classical Non-Determinism). The monad P = (P, ¥, u¥) is given by PX = p(X),
that is, PX is the set of all subsets of X, and

' (z) = {=} a>=f=|]f(x)

rea

A variant of this monad is the list monad L = (L,n", u), where the set LX of (possibly
infinite) lists over X is coinductively defined by the following rules: € € L(X) and, if x € X
and | € L(X), then x: [ € L(X). We use the notation [z1,...,z,] to denote the finite list
T1: ...: 2, e Then, the unit is given by n% () = [z] and the monadic bind is corecursively
defined by the following clauses: e »= f = ¢ and (z: 1) >= f = f(x)(I >= f), where
juxtaposition denotes the concatenation of possibly infinite lists.

» Example 3 (Probabilistic Non-Determinism). Denote by DX the set of probability subdis-
tributions o over X with countable support, i.e., «: X — [0..1] with }  _y a(z) <1 and
supp(a) = {z € X | a(x) # 0} countable set. We write r - o for the pointwise multiplication
of a subdistribution o with a number 7 € [0,1]. The monad D = (D, n?, uP) is given by

77“]’(213)1/*%{1 v a>=f=> o) f(z)

0 otherwise aeX
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» Example 4 (Output/Writer). Let (Out, -, &) be a monoid, e.g., the monoid of strings over a
fixed alphabet. The monad O = (O, 1%, u®) is given by OX = Out x X and

n°(z) = (e, x) (0,2) >= [ = {o-m(f(2)), m2(f(2)))

Combining this monad with the exception monad of Example 1, we obtain the pointed output
monad, whose underlying functor is given by O’X = Out x (X + {L}).

» Example 5 (Global State). Let S be a set of states. The monad S = (S, 7%, 1i°) is given by
SX =S5—-S5SxX and

1 (x) = 5 = (s,2) a>=f=s— f(m(a(s)))(m(als)))

We can combine this monad with the exception monad of Example 1 obtaining Sg. =
(SExe, 758, uSec) where Sge = S — (S x X) + Exc and 77??“(30) =5 ngEiCX(<s7x>) and
a>=f=s (a(s) >=g, (x+— f(x)(s)). This combination yields a monad thanks to the
fact that S determines a monad transformer [27, 22].

3 Monadic operational semantics

In this section we abstractly describe a framework for (deterministic) monadic operational
semantics, adapting from [16, 17].

» Definition 6. Let £ be a triple (Exp,Val ret), called a language, with Exp the set of
expressions, Val the set of values, and ret:Val — Exp an injective function. A monadic
operational semantics for £ consists of:

a monad M = (M, n, u)

a relation —C Exp x MExp, called monadic (one-step) reduction, such that

— is a partial function and
for all v € Val, ret(v) 4.

The set Exp contains expressions that can be executed, while Val contains values produced
by the computation. The inclusion ret identifies the expressions representing successful
termination with a given value. The elements of MExp, called monadic expressions, are the
counterpart of expressions in the monad M. The relation — models single computation steps,

which transform expressions into monadic ones, thus possibly raising computational effects.

Finally, the first requirement on — ensures that it is deterministic, while the latter one that
expressions representing values cannot be reduced.

Assume a monadic operational semantics (M, —) for a language (Exp, Val, ret). In standard
(small-step) operational semantics, starting from the one-step reduction we can model
computations as (either finite of infinite) sequences of reduction steps. In particular, finite

computations are obtained by the reflexive and transitive closure —* of the one-step reduction.

Starting from the monadic one-step reduction, which is a relation from a set to a different
one, there is no transitive closure in the usual sense.

In the solution proposed in [16], the monadic reduction can be an arbitrary relation;
however, this requires a relational extension of the monad [3]. On the other hand, given
a relation —C Exp x MExp which is a total function, we can define, by iterating Kleisli
composition, a relation —*C Exp x M Exp which plays the role of transitive closure, as in [17].

Our aim here is to define —* taking the second approach, which does not require relational
extensions. Unfortunately, the monadic reduction, exactly as the standard one, is by its own
nature a partial function, where some expressions, representing terminated computations,

7:5
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cannot be reduced. Notably, those representing successful termination with a value, and
others, intuitively corresponding to stuck computations. To obtain a total function, we
extend the monadic reduction to configurations (expressions, values, or a special result wrong).
In particular, expressions representing terminating computations reduce to (the monadic
embedding of) a value, and wrong, respectively. In this way, we can define the transitive
closure by Kleisli composition, as formally detailed below.

Set Res = Val + Wr, where Wr = {wrong}, that is, a result r is either a value, modelling
successful termination, or wrong, modelling a stuck computation. Then, we consider the set
Conf = Exp + Res of configurations, ranged over by c. We have the following commutative
diagram of coproduct injections:

Res Res

Lval Lw,
Val = > Res — Wr

LConf
Conf N\ Res Conf
tval bwr

Conf

As customary, with a slight abuse of notation, we identify elements with their images along
such injections. We use E, Vv, R and C to range over monadic expressions, monadic values,
monadic results and monadic configurations, respectively, that is, elements of MExp, MVal,
MRes and MConf. Since monads on Set preserve injections [1], by applying M to the
diagram above we get another diagram of injections:

Res Res

Mgy bwr
MVal MRes MWr

1, Conf
A Mo l %f

M Conf

In the following, we use some shortcuts for the application of such injections: notably, we
write £ for Mg (£), R for M2 (R) and ¥ for M5 (V).
We can now extend the monadic reduction — to configurations, getting the relation

Hg Conf x M Conf shown in Figure 1. As said above, reduction is extended to expressions

(exe) e —E ()
EXP ~ RET
e W E ret(v) E} nConf(v)
2 J 6 ﬁ g e (1)
(wrone) e —> Nconf(Wrong) e # ret(v) for all v € Val (res) T ——> Nconf ()

step step

Figure 1 Monadic (one-step) reduction on configurations.

which represent terminated computations, which reduce to the monadic embedding of the
corresponding value or wrong, respectively; moreover, it is extended to results (either values
or wrong) as well, which conventionally reduce to their monadic embedding.

It is immediate to see that o is (the graph of) a total function from Conf to M Conf,
which we simply write step. Clearly step is a Kleisli function for M, hence we can define the
“monadic reflexive and transitive closure” ;tgp»*g Conf x MConf of promdlly follows:

c—=*C
step
(REFL) — % (sTEP) % —
¢ s Nconf (€) C ey C>=step
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These rules are analogous to those defining the reflexive and transitive closure of a standard
one-step relation. In (REFL) a configuration reduces, rather than to itself, to its monadic
counterpart. In rule (STEP), E)* is combined with g rather than by standard composition,
through the >= operator. That is, a computation is extended by one step through a monadic
binding of the previously computed monadic configuration C to the step function.

Equivalently, we can define the Kleisli n-th iteration step™ of the step function by setting
step® = nconf and step™! = step * step™. Then, the following holds:

» Proposition 7. ¢ E)* ¢ if and only if step™(c) = C for some n € N.

In a similar way, we can define a small-step reduction on monadic configurations. Recall
that the Kleisli extension of step gives the function step’: M Conf — M Conf.

» Definition 8. The small-step reduction induced by o is the relation = on M Conf
defined by: ¢ = ¢ iff stepf(c) = .

Then, since = is a relation on M Conf, we can consider its (standard) reflexive and transitive
closure =*C M Conf x M Conf, which describes computations on monadic configurations.

» Proposition 9. ¢ =* ¢ if and only if ¢>=step™ = ¢’ for some n € N.
Combining Propositions 7 and 9, we get the following corollary which relates ;:gp_)* and =*.

» Corollary 10. The following are equivalent:
1. c—*cC

step
2. nconf(c) =* ©

3. ¢ W* c =* ¢, for some ¢’ € MExp

To use the above machinery for describing the semantics of expressions, we essentially
follow the approach in [17], with minor adjustments to fit our context.

First of all note that, being defined on top of a total function, =* has no normal forms.
However, monadic results should intuitively correspond to termination. Formally, this is
a consequence of the proposition below, stating that a monadic configuration which is a
result only reduces to itself; hence, when a monadic result is reached, its reduction continues
with an infinite sequence of trivial reduction steps, which can be seen as a representation of
termination. Hence, the outcome of a (terminating) computation is a monadic result.

» Proposition 11. kR = ¢ if and only if C = R.

Thanks to the above proposition, we can prove the following, stating that the monadic result
of a computation, if any, is unique.

» Proposition 12. Ifc E)* Ry and c W* Ry, then Ry = Ry.

Hence, we can define a function [—].:Exp — MRes + {oo} describing the semantics of
expressions as follows:

. A
], = {R ife —)step R

oo otherwise

This is called finitary semantics, as it describes only monadic results that can be reached
in finitely many steps. In other words, all diverging computations are identified and no
information on computational effects they may produce is available. Even worse, when the
monad supports some form of non-determinism, we may have computations that terminate
in some cases and diverge in others, but the finitary semantics considers them as diverging,
as they never reach a result after finitely many steps.

77
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To overcome this limitation, again following [17], we introduce an infinitary semantics,
which is able to provide more information on diverging computations. To achieve this, we
need to assume more structure on the monad M. Recall that, given a partially ordered set
(P,C), an w-chain is an increasing sequence (z,,)nen of points in P. We say that (P, C) is
an w-CPO if it has a least element L and every w-chain in (P, E) has a supremum | |,y Zn-
A function f:(P,C) — (P’,C’) between w-CPO is said to be w-continuous if it preserves the
least element, and suprema of w-chains. Note that an w-continuous function is necessarily
monotone. Then, we have the following definition:

» Definition 13. An w-CPO-ordered monad M = (M, C,n, u) is a monad (M, n, u) together

with a partial order Cx on M X, for every set X, such that

1. for every set X, the poset (MX,Cx) is an w-CPO and

2. forall sets X,Y, the Kleisli extension (—)T: (X - MY) = (MX — MY) is w-continuous
with respect to the pointwise extension of Ty to function spaces X —MY and MX—MY .

» Example 14. The powerset and list monads of Example 2 are w-CPO-ordered with
the subset and prefix ordering, respectively. The subdistribution monad of Example 3 is
w-CPO-ordered with the pointwise ordering on subdistributions. The other monads of
Section 2 can also be turned into w-CPO-ordered monads, but require adjustements, typically
a combination with the exception monad. For instance, in Example 4, the output monad is
not w-CPO-ordered in general, but its pointed version is w-CPO-ordered when the underlying
monoid is an w-CPO and the multiplication is w-continuous in the second argument.

From now on, we assume the monad M to have an w-CPO-ordered structure. Our goal is
to define a function [—]e: Exp — MRes modelling the infinitary semantics of expressions.
To this end, we first define a function res: M Conf — MRes extracting monadic results from
monadic configurations. Let resg: Conf — MRes be the function given by

1 c=e
reso(c) = { Res

Nres(r) Cc=T

and set res = resg. The key point is that the total relation = on monadic configurations is com-
patible with the order Cres under the application of res, as the following proposition shows.

» Proposition 15. If ¢ = ' then res(C) Cges res(c’).

For every e € Exp and n € N, we define [¢e],, = res(step™(e)). From Propositions 7 and 9, we
easily derive step™(e) = step”*!(e), and, by Proposition 15, [e],, Cres [€]ns1. Hence, the
sequence ([e],)nen is an w-chain in (M Res, Cres) and so we define the infinitary semantics as

leloo = |_| leln

neN

Intuitively, [e], is the portion of the result that is reached after n reduction steps. Hence,
the actual result is obtained as the supremum of all such approximations and it may be never
reached, thus describing also the observable behaviour of possibly diverging computations.

We conclude this section by stating that infinitary and finitary semantics agree on
terminating computations.

» Proposition 16. If [e]. = R, then [e]o = R.
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4 Example: a lambda calculus with generic effects

The aim of this section is twofold:
to ilustrate the monadic operational semantics in Section 3 through a simple example
to equip such example with a type-and-effect system, and to discuss how to express and
prove type soundness with respect to finitary/infinitary semantics
To this end, we introduce Ay, a call-by-value A-calculus with generic effects. Here X is a
family of sets {3 }ren of k-ary operations raising effects. We choose generic rather than
algebraic effects, thus avoiding explicit continuations, to have a style more convenient for a

programmer [40], and a more significant monadic reduction.*

The syntax is shown in Figure 2. We use 7 as metavariable for sequences vy, ..., v,, and
analogously for other sequences. We assume variables z, v, f, ..., using the last for variables
v = z|recflz.e]l... value
= vv' | op(v) | return v |do z=e1; ey | ... expression

Figure 2 As: fine-grain syntax.

denoting functions. We adopt, as customary, the fine-grain approach [26], where values are
effect-free, whereas expressions, also called computations, may raise effects. Dots stand for
additional, unspecified, constructs, such as operators of primitive types, conditional, etc.

To illustrate type soundness with respect to the infinitary semantics as well, the calculus
includes recursive functions; notably, rec f.Az.e is a function with parameter z and body e
which can recursively call itself through the variable f. Standard lambda expressions can be
recovered as those where f does not occur free in e, that is, when the function is non-recursive,
and we will use the abbreviation Az.e for such expressions.

In this section, Exp and Val denote the sets of closed expressions and values of Ay,
respectively. In the following, we define a monadic (one-step) reduction for the language,
parametric on a monad M = (M, n, u), being a relation — on Exp x MExp. As in Section 3,
we use V and E to range over MVal and M Exp, respectively.

This relation is modularly defined on top of a “pure” reduction —, on Exp x Exp. In our
example, such relation only reduces function calls into the corresponding bodies, as shown in
Figure 3; other rules should be added to deal with additional language constructs, as we will
do for handlers in Section 7. Do expressions are, then, normal forms for the pure reduction,
and will be handled by the rules of the monadic reduction.

v=recf.\1.e

(aPF) v = elv/f][v' /]

Figure 3 Pure reduction.

Rules defining the monadic reduction are given in Figure 4. As mentioned, they are
parametric on the underlying monad; more in detail, they depend on the following ingredients:

The function ng«: Exp — MExp embedding language expressions into their counterpart

in the monad, written simply 7 in this section.

The function map: (Exp — Exp) — MExp — MExp lifting functions from expressions to

expressions to their counterpart in the monad.

4 Tn the case of algebraic effects there would be no monadic reduction inside a context, as in rule (DO).

7:9
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Moreover we assume, for each operation op with arity k, a partial function runop:VaIk — MVal,
returning a monadic value expressing the effects raised by a call of the operation. The function
could be undefined, for instance when arguments do not have the expected types.

e—p e
(rore) T n(e’) (prreet) op(T) — map (return [ ]) run,,(7)
e1 > E
™) 4o ¢ = return v; e — n(e[v/z]) ™) Soz= e1; eo—map(doz=][]; e2)E

Figure 4 Monadic (one-step) reduction.

Rule (PURE) propagates a pure step, embedding its result in the monad. In rule (EFFECT),
the effect is actually raised. To this end, we apply the function of type MVal — MExp
obtained by lifting, through map, the context return [ ] to the monadic value obtained from
the call. Here we identify the context return [ |, which is an expression with a hole, with
the function v — return [v] of type Val — Exp. In rule (RET), when the first subterm of a
do expression returns a value, the expression is reduced to the monadic embedding of the
second subterm, after replacing the variable with the value. Rule (po), instead, propagates
the reduction of the first subterm. To take into account raised effects, we apply the function

of type MExp — MExp obtained by lifting, through map, the context do z = [ ]; ez to
the monadic expression obtained from e;. Analogously to above, we identify the context
do z =[]; ez with the function e — do z = [¢]; ey of type Exp — Exp.

The following property is needed to have an instance of the framework in Section 3.
» Proposition 17 (Determinism). If e — E1 and e — Ey then Ey = Es.

‘We show now some examples of expressions and their monadic operational semantics. We
assume the calculus to be extended with standard constructs, such unit, 0, succ, true and
false constructors, pred selector, iszero test, and conditional. We write e; e’ for do z = e; €
when z does not occur free in €', and sometimes, to save space, n for succ™0.

» Example 18. Set, as underlying monad, the monad of exceptions introduced in Example 1,
where EX = X + Exc. For each e € Exc, we assume an operation raise(e), with

MUNpaige(ey: 1 — MVal MUNpaise(e) = L2(€)

The function predfun = Az.if iszero z then raise(PredZero) else return predz raises
the exception PredZero when the argument is 0. The following are examples of small-step
reduction sequences on monadic configurations®:

predfunsucc0 = if iszero succO then raise(PredZero) else return 0
if false then raise(PredZero) else return O

return 0

0

predfun 0 if iszero 0 then raise(PredZero) else return 0
if true then raise(PredZero) else return 0
raise(PredZero)

PredZero

N 2

5 Where we omit the injections from monadic expressions and values.
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In the first reduction sequence, all steps are derived by rules (PURE) in Figure 4 and (ExP) in
Figure 1, except for the last one, which is derived by rule (rReT) in Figure 1. Analogously in
the second reduction sequence, where the last step is derived by rule (ErrecT) in Figure 4 and
(exp) in Figure 1. Note that, here and in the following examples, after reaching a monadic
result the sequence of steps continues with an infinite sequence of steps, in the case above
0 = 0 and PredZero = PredZero steps.

» Example 19. Set, as underlying monad, the monad of non-determinism of Example 2, in
the variant of the possibly infinite lists. We assume a constant operation choose, with

FUNchoose: 1 — M Val FUNchoose = [tTue, false]

Then, e = do y = choose; if y then return 0 else return succ0 reduces as follows.5
[e] = [doy=true; if y then return 0 else return succ0,
do y = false; if y then return 0 else return succO]
= [if t then ret 0 else ret 1,if f then ret 0 else ret 1]
= [return 0,return succO]
= [0,succO]

Given chfun® = rec f.Az.do y = choose; if y then return = else f succ z, the expression
chfun® 0 reduces as follows:

[chfun® 0] [do y = choose; if y then return 0 else chfun’ succ0]

=
= [do y = true; if y then return 0 else return chfun® succ 0,
do y = false; if y then return 0 else chfun’ succ0]

[if t then ret 0 else ret 1,if f then ret 0 else chfun®1]
[return 0, chfun’ succ0]

[0, chfun® succ0]

[0,do y = choose; if y then ret succ0 else chfunTss0]

[0, succ 0, chfun® succ succ 0]

AU}

Note that the second reduction is non-terminating, in the sense that a monadic result (a
list of values) is never reached. Hence, with the finitary semantics, we get [chfun® 0], = oco.
With the infinitary semantics, instead, we get the following w-chain:

[],...,[0],...,[0,succO], ..., [0,succO,...,succ™0], ...,

whose supremum is, as expected, the infinite list of the (values representing the) natural
numbers. On the other end, given the function

chfunt = rec f-Az.if iszero z then ret z else do y = choose; if y then ret z else fpredz
we get [[chfunt succ” 0], = [chfun succ™ 0] = [succ”0,...,0].

» Example 20. Set, as underlying monad, the monad of probabilistic non-determinism of
Example 3. We consider a discrete uniform distribution over a set of two elements and use
the same function choose, now returning the list consisting of the values true and false
with probability 1, that we denote by [ : true, 1 : false].

6 We use t, £, ret, and s, for true, false, return, and succ, to save space.

ECOOP 2025
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Then, [1: e] and [1 : chfun’ 0] reduce analogously to the previous example:
1 1
[1:€]=>*[§IO,§ZSUCCO]
[[1:chfunT0]] =* [} :0 L succ0 L succ? 0 L. succ®0] =
: 5:0:7¢ g 16

Again, the second reduction is non-terminating, hence, with the finitary semantics, we get
00, whereas, with the infinitary semantics, we get an w-chain whose supremum is the infinite
list where each (value representing the) number n has probability QH%

» Example 21. Set, as underlying monad, the output monad of Example 4, in its pointed
version. As a simple concrete choice, we take as elements of Out sequences of pairs (¢, succ™ 0)
where ¢ ranges over a fixed set Loc of output locations modeling, e.g., file names or output
channels. We assume, for each ¢, an operation write(f): Nat — Unit, with

({¢,v),unit) if v = succ™0
rungrice(ey: Val — MVal rUNgrice(sy (V) =
eel) w0 () {undeﬁned otherwise

Given two distinct output locations ¢, ¢/, and the functions

wfun® = rec f.\z.write(f)(z);write(l')(x); f succ x
wfunt = rec f.\z.write(f)(z);write(¢')(z);if iszero z then unit else fpredx
we get, as in the previous examples, the following semantics:
[wfun® 0], = oo
[wfun® 0o = ((€,0) - (¢/,0) - (¢, succ0) - (¢, succ0)-...,L)
[wfunt s™ 0], = [wfun*s" 0]s = ((£,8™0) - (£/,8™0) - ... (£,0)- (¢',0),unit)
In the first two cases the reduction does not terminate, so no value is returned. With the

finitary semantics also no effect is produced, whereas with the infinitary semantics the effect
is the infinite sequence of outputs.

In order to equip the calculus (Figure 2) with a type-and-effect system, we need the ingredients
shown in Figure 5. Besides types, which are functional types and additional unspecified

T == ...]|T—=gT" type
I' v= 2:T context

Figure 5 Types and contexts.

types, we consider effect types (effects when there is no ambiguity), ranged over by F, meant
to be static approximations of the computational effects raised by an expression. As formally
detailed below, effects are sets of (possibly infinite) sequences of operations. In this way, they
are expressive enough to approximate computational effects in many different monads, as we
will describe in Section 6, and we abstract away from details of a syntactic representation,
which of course would be needed in a real language. Functional types are annotated with an
effect, approximating the computational effects of calling the function. Finally, we assume
operations to be typed; formally, for each op, we write op: T1 ... T, — T.

Set 3°° the set of either finite or infinite sequences of operations. We use «, 5 to range
over elements of X°°, denote by e the empty sequence, by op:a the sequence consisting of op
followed by «, and by - sequence concatenation, coinductively defined by:

ef=p (op:a)-B = op:(a-p)
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As customary, we write op for the sequence op:e.
An effect is a non-empty subset of ¥°°. We denote by - composition of effects, defined by:

E-E' ={af|a€E,BeE}

Absence of effects is modeled by the set {e}; the empty effect, if allowed, could be assigned
to non-terminating computations which never call operations; however, since E-} = (), effects
assigned to a previous terminating computation would be lost.

The type-and-effect system is shown in Figure 6. The subtyping judgment has shape

TI<T, Ty<T,

(SUB-FUN) TiopTy < T{%El TQ/ E C £ (SUB-REFL) @
T<T T <T T<T ECF
(SUB—TRANS) T S T” (SUB—TE) W

D,f: T—gT z:Tke: T'E

. - T(2)=T -ABS T"E' < T'E
(rvan) I'kFz: T (2) (r-ams) I'-recfAz.e: T—gT’ -
'k (I Tl—)ET _
Ik T Thuo:T Vielan ©_ b0
(T-APP) Tr 2 2 TE Ty < T4 (T-0P) T l_UL (71) - ;'T }n op:Ty... T, —» T
V1 Vg - . op(v) 0P Tz/ S TZ Vi cln
I'tv: T I'ke : ThE Tz:Tob e: TE
(T-RET) Y (T-DO) il Lt Al 2”@ 2 T < Ty

't return v: T¢} I'Fdoz=¢e1; ea: T'E-Ey

Figure 6 Type-and-effect system.

T < T'. In (suB-FUN) inclusion of effect types is propagated to functional types. Moreover
subtyping is, as expected, covariant/contravariant on the result/parameter of functions. The
other rules are standard.

The typing judgment for values has shape I' - v : T, since they have no effects. The
judgment for expressions, instead, has shape I' e : TE.

Rule (1-var) is standard. In rule (1-aBs), a (possibly recursive) function gets a functional
type, consisting of parameter /result types and effect, if the body, in a context where parameter
and function are added with their types, gets a subtype and a subeffect of the result type
and effect of the function. In rule (T-APP), an application gets the result type and the effect
of the applied function, provided that the argument type is subtype of the expected one. In
rule (T-op), calling an operation raises the corresponding singleton effect, provided that the
argument types are subtypes of the expected ones. In rule (T-RET), an expression representing
a value has the trivial effect, and, in (T-D0), a sequential composition of two computations
has the composition of the two effects.

» Example 22. We show some typing judgments which can be derived for the previous
examples. We assume primitive types Nat and Bool, an empty type Bot subtype of any type,
the singleton type Unit for the constant unit, and the obvious typing rule for conditional
which takes the union of the effects of the two branches. Finally, we denote by o™ and a* a
finite and infinite concatenation of as, respectively.

1. In Example 18, with, for each e € Exc, raise(e): 1 — Bot,

0E predfun : Nat%{e,raise(PredZero)}Nat
0 b predfunv : Nat!{e,raise(PredZero)}if() - v : Nat

7:13
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Note a significant feature of our type effects: differently from, e.g., Java checked excep-
tions, we can distinguish code which may raise an exception, as expressed by the effect
{e,raise(PredZero)}, from code which necessarily raises an exception, as expressed by
the effect {raise(PredZero)}, which is assigned, e.g., to the function Az.raise(PredZero).
More in general, our type effects can force computational effects to be raised.

2. In Example 19, with choose: — Bool,

0+ chfun' : Nat—{choosen |n>1}Nat
(= chfun : Nat— (cnoosen [n>0} Nat

Again, the effect of the first function forces non-determinism, differently from that of the
second one. Apart from that, the two effects are very similar, even though calls of the
first and second function always diverge and terminate, respectively. Indeed, as usual,
effect types only provide a static approximation of the computational effects.

3. In Example 21, with, for each output location ¢, write(f): Nat — Unit,

0+ wfun' : Nat—{(urite(e) write(e’))»1Unit
0 F wfun® : Nat—{(urice(e) urite () i[>0 URit

Here the difference between the effects of the two functions is even more significant: in
the former, the sequence of two write calls is necessarily done infinitely many times, in
the latter it can be done any arbitrary, yet finite, positive number of times. Moreover, in
this case effects also provide an information on the the order among different write calls;
for instance, here a write(¢) call should be always followed by a write(¢') call.
We discuss now how to express and prove type soundness. Recall that the monadic operational
semantics defined in Section 3 constructs, on top of the one-step reduction:
a finitary semantics [—].: Exp — MRes + {oco}
an infinitary semantics [—]oo: Exp — MRes
where Res = Val + Wr, with the latter modelling a stuck computation. Hence, we expect a
sound type-and-effect system to guarantee, first of all, that
(1) the (monadic) result of a well-typed expression is never wrong
analogously to what we expect for a standard type system. In the standard case, we also
expect the result, if any, to be in agreement with the expression type. Here, since the
expression has an effect as well, approximating the computational effects raised by its
execution, we expect that
(2) the monadic result, if any, is in agreement with the expression type and effect
In finitary semantics, (2) imposes nothing on diverging expressions, since they have no monadic
result, whereas, in infinitary semantics, (2) is significant for diverging expressions as well.
To formally express (2), we need to derive, from the well-typedness predicates (one for
each type and effect), analogous predicates on monadic results. In the following section, this
is achieved through a predicate lifting [21] A, that is, a way to lift, for every set X, predicates
over X to predicates over M X. Intuitively, A adds requirements on the computational
effects,expressed by an effect type, that is, lifting provides an interpretation of effect types.

5 Monadic type-and-effect soundness

The standard technique for proving type soundness with respect to a small-step operational
semantics is as a consequence, by a simple inductive argument, of progress and subject
reduction properties [47]. In this section, we introduce an analogous technique for monadic
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operational semantics. Notably, we express progress and subject reduction for the monadic
one-step reduction, and prove that they imply soundness. We develop our technique for type-
and-effect systems [45, 32, 46, 29, 25], that is, formal systems providing an (over)approximation
not only of the result of a computation, but also of its computational effects.

Following [7, 6], a type system can be abstractly seen as a family of predicates over
expressions and values indexed by types. In a type-and-effect system, predicates over
expressions will be indexed not only by types but also by effect types, describing the
computational effects that expressions can produce during their evaluation, as defined below.

» Definition 23. A type-and-effect system © = <Ty75,WTE,WTV> for a language L =
(Exp, Val, ret) consists of the following data:

a set Ty of types

an ordered monoid £ = (Eff, <., 1) of effect types

for every T € Ty and € € Eff, predicates WT\T/ C Val and WT5s C Exp such that

e = ¢’ implies WTE,E - WTE’E, and

ret(v) € WTS_ iff v € WTY and 1 < ¢
The ordered monoid is a typical structure for effect systems [32, 29, 25]: 1 represents the
absence of computational effects, e - €5 represents the composition of computational effects
described by €7 and €5, and €1 =< €5 states that the effect type 1 is more specific than es.

The two families WTY and WTE are, for each index, predicates over values and expressions,
respectively: WT\T/ is the set of values of type 7, and WTE’E
7 which may raise effects described by . The first requirement, that is, monotonicity with
respect to the order, states that the latter actually models if €1 < &5, then &7 is really more
specific than 5. The second requirement states that an expression which is the embedding
of a value has the same type, and an effect type which is not forcing any effect.”

Consider now an operational semantics (M, —), with M = (M, u,n), and focus, e.g., on
reduction from expressions to monadic expressions. To express type preservation, we should
define, for each 7 and ¢, the monadic counterpart of WTEyE7 being a predicate on MExp. The
key idea is to obtain such predicate by applying a predicate lifting [21], that is, a way to
lift, for every set X, predicates over X to predicates over M X, adding requirements on the
computational effects modeled by the monad. In our case, for each effect type ¢, the predicate
lifting modularly models the meaning of e, that is, the computational effects approximated
by e, independently from the set X and the predicate A, as formally detailed below.

For a set X, we denote by P(X) the poset of all subsets (a.k.a. predicates) on X, ordered by
subset inclusion. For a function f: X — Y, we have a monotone function Ps: P(Y) — P(X),
given by the inverse image: for A C Y, Py(A) = {x € X | f(x) € A}. That is, Py is a
predicate transformer, giving, for each predicate A on Y, the weakest condition elements
of X should satisfy to be mapped by f in elements satisfying A. These data determine a

is the set of expressions of type

functor P: Set® — Pos, where Pos denotes the category of posets and monotone functions.

» Definition 24 (Interpretation of effect types). Let M = (M, u,n) be a monad, and £ =
(Eff, <, -, 1) an ordered monoid of effect types. Then, an interpretation of £ in M consists of a
family A of monotone functions X\ : P(X) — P(MX), for every ecEff and set X, such that
1. X5 (Pr(A)) = Parp(A5 (A)), for every A CY and function f: X —-Y

2. ¢ <& implies N5 (A) C X5 (A), for every A C X,

3. AC P, (Ax(A)), for every AC X,

4. X x (A5 (A) S Py (A5 (A)), for every AC X.

7 For instance, in Example 22(1), we have {¢} < {¢, raise(PredZero)}, whereas {€} £ {raise(PredZero)}.
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The family A = (A\°).ces is a family of predicate liftings for the monad M, indexed by
effect types. For a subset A C X, the subset A5 (A) € M X contains monadic elements which
agree with A and whose computational effects are described by e.

Item 1 states that A5 is natural in X, that is, for every ¢ € Eff, we have a natural
transformation \° : P = P o M°P.® The naturality on X ensures that the semantics of each
effect type is independent from the specific set X, thus depending only on the functor M.

Item 2 states that A5 is monotone with respect to the order on effects, that is, computa-
tional effects described by e are also described by &’

Item 3 states that monadic elements in the image of nx contain computational effects
described by 1, that is, no computational effect.

Finally, in Item 4 we consider elements of M?X whose computational effects are described
by lifting predicates to M X through ¢’, and then by lifting through . By flattening such
elements through ux: M?X — M X we obtain elements whose computational effects are
described by the composition ¢ - &’.

» Remark 25. The monad M with an interpretation A determine a structure on the functor P,
which can be described as a graded /parametric monad [14] on P in an appropriate 2-category
(see e.g., [10]). Equivalently, A determines a graded/parametric monad above M [25, Def. 2.6]
along the fibration obtained from P by the Grothendieck construction [18].

» Example 26. Consider the exception monad Eg, of Example 1 and the ordered monoid
(p(Exc + {none}), C, -, {none}) where E;-Eo = (E;\{none})UEy, if none € E;, and E;-E5 = Ey,
otherwise. For every E € p(Exc + {none}), set X, and A C X, the assigment

A+ (E\ {none}) if none€E

E otherwise

N (4) = {

determines an interpretation of effect types into Eg,. Intuitively, the interpretation of E
requires exceptions possibly raised to be in E; and, if it is allowed that no exception be raised
(none € E), requires the predicate A to be satisfied.

» Example 27. Consider the powerset monad P of Example 2.
1. Taking the ordered monoid ({0,1}, <,V,0), for every set X and A C X, the following
assignments determine two interpretations of effect types into P:

Vk(4) = {B e PX|BC A},

K (A)={BePX|B=0or BNA#0}and

Vo (A) =3%(A) ={Bc PX|BC AandtB <1}
where #B is the cardinality of B. Intuitively, in both cases, the interpretation of 0
disallows non-determinism, while the interpretation of 1 requires the predicate A to be

always satisfied, according to V, and satisfied in at least one case, according to 3.
2. Taking instead the ordered monoid (NU {o0}, <, -, 1), we can give a finer version of V:

V%(A)={B € PX|BCAand B <n}
V¥(A) = {B e PX|BC A}

In this way, we can quantify the level of non-determinism in terms of the maximum
number of possible outcomes.

8 Here MO°P: Set®P — Set°P denotes the functor defined exactly as M but on the opposite category.
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Similar interpretations can be defined for the list and subdistribution monads of Example 3.

» Example 28. Consider the output monad O of Example 4 for the monoid (A%, - €) of
possibly infinite words over A and the ordered monoid (NU {oo}, <, +,0) of effect types.
For a word o € A%, we write || for its length, which is an element of NU {cc}. For every
n € NU {oo}, set X and A C X, the assignment \%(A) = {{0,z) € OX |z € A,|o| < n}
determines an interpretation of effect types into Q. Intuitively, such interpretation imposes
an upper bound (or none) to the length of the outputs.

» Example 29. Let £ be an ordered monoid of effect types and A an interpretation of &£
into a monad M. Let £ be another ordered monoid. To give an interpretation of £ into
M, it suffices to give a lax monoid homomorphism f:£' — £, that is, a monotone function
f:(Eff', =") — (Eff, <) such that 1 < f(1’) and f(g})- f(h) = f(€} -€5). Then, we can define
an interpretation p of £ into M by setting p¢ = A€ for all &’ € Eff’.

Let us fix a monadic operational semantics (M, —) for a language £ = (Exp, Val, ret), a
type-and-effect system © = (Ty, £, WTE,WTV) for £, and an interpretation A of £ into M.
Then, we can formally state monadic progress and monadic subject reduction.

» Definition 30 (Monadic Progress). The type-and-effect system © has monadic progress if

ec WTE,E implies either e = ret(v) for some v € Val, or e — E for some E € MExp.

» Definition 31 (Monadic Subject Reduction). The type-and-effect system © has monadic
subject reduction if e € WTE ande » E imply E € A\Z! (WTE ) for some €1 -9 < €.

T,E Exp T,E2

Monadic progress is standard: a well-typed expression either represents a value or can
reduce. Monadic subject reduction, instead, takes into account effects: if an expression of
type 7 and effect € reduces to a monadic expression E, then E “has type 7 and effect €” as well,
meaning that: € can be decomposed as €; - €2 and E contains computational effects described
by €1 and expressions of type 7 and effect €5. In other words, the type 7 is preserved and the
effect € is an upper bound of the computational effects produced by the current reduction
step, described by e1, composed with those produced by future reductions, described by es.

Our next step is expressing type-and-effect soundness. In standard small-step semantics,
soundness means that, starting from a well-typed expression, if termination, that is, an
expression which cannot be reduced, is reached, then such expression should be a well-typed
value. In our monadic operational semantics, termination is conventionally represented by
monadic results. Hence, an analogous statement is that, starting from a well-typed expression,
if termination, that is, a monadic result, is reached, then this should be a well-typed result,
meaning that is satisfies the lifting through the effect type of well-typedness of values.

Again slightly abusing the notation, we will consider predicates WT\T/ on values also as
predicates on results. Note that in particular wrong ¢ WTY for all 7 € Ty.

» Definition 32 (Finitary type-and-effect soundness). The type-and-effect system © is finitarily
sound if e € WTE _ and [e], = R imply R € g (WTY).

T,€

This notion of soundness is very general: whenever an expression of type 7 and effect ¢
evaluates to a monadic result, this belongs to the interpretation of ¢ applied to (the image
of) values of type 7. Hence, the nature of the soundness property heavily depends on the
interpretation X\ of effect types. For instance, considering the interpretations for the powerset
monad of Example 27, ¥ and 3 induce induce a notion of must-soundness, and may-soundness,
respectively: the former ensures that the evaluation of a well-typed expression never reaches
wrong, while the latter only that it either diverges or reaches at least a well-typed value.
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More specifically, it is not guaranteed that the monadic result is actually a monadic value.
Formally, viewing MVal as a subset of MRes, the inclusion /\ﬁes(WT\T/) C MVal does not
hold in general, as happens for instance with the 3 interpretation. However, we can recover
this property when the interpretation A enjoys an additional condition, as detailed below.

Given f: X — Y, the mapping P;: P(Y) — P(X) has a left adjoint P/: P(X) — P(Y),
that is, a monotone function such that, for every A C X and B C Y, Pf(A) C B if and
only if A C Py(B). The function P/ is the direct image along f, that is, for A C X,

PI(A) = {f(x) | z € A}. Then, the following is an easy observation.

» Proposition 33. If \ satisfies
5. X (P/(A)) CPMI(NL(A)) for f: X - Y and AC X
then Ago (WTY) C MVal.

Proof. Recall that we are implicitly using an inclusion LS;’T: Val — Res. Making it explicit,

the thesis becomes Ag (P (WTY)) C PWa (MVal). This follows from A& (P4 (WTY)) C
PMEE (A, (WTY)) C PMS (MVal). <
Note that the inclusion in Item 5 is actually an equality, since the converse always holds
thanks to Item 1 of Definition 24, as P/ is the left adjoint of P;. This ensures that a monadic
result R € )\ERES(WT\T/) contains only values of type 7, hence, in particular, cannot contain
wrong. In fact, the 3 interpretation of Example 27 does not satisfy Item 5 of Proposition 33.

From now on, we assume that © has monadic progress and monadic subject reduction,
and our goal is to prove that they imply type-and-effect soundness.

We first extend the type-and-effect system to configurations, defining WTS’7E C Conf as

Wre,

O WTE 4+ WTY if1=e
WTE’6 otherwise

Note that wrong is never a well-typed configuration, while configurations which are values of
type T are well-typed with type 7 and effect € only when ¢ is larger than 1, that is, the type
effect does not force raising effects.

Then, we should extend monadic progress and monadic subject reduction to the reduction
relation g However, since it is a total function, it trivially enjoys progress, hence, we only
have to deal with subject reduction. In the proof, we also use monadic progress of the monadic
reduction — on expressions to ensure that wrong, which is ill-typed, is not produced.

» Lemma 34. If c € WTS_ and ¢ — C, then c € )\‘?onf(Wng) with g1 - €9 < €.

€ step

Proof. We split cases on the shape of c.
c=-¢e. From e € WTE}8
e — B. In the former case, C = nconf(v) and, by Definition 23, 1 < ¢ and v € WTY.
Hence, the thesis follows by Definition 24(3), taking €1 = 1 and e3 = . In the latter case,
c=E= MLEQSF(E) and, by monadic subject reduction, E € )\E;p(WTE ), with g1 -9 < €.

T,E2
From WTE ., = P,eor(WTT ), by Definition 24(1),

T,€2

we derive e € WTE,E. By monadic progress, either e = ret(v) or

(WTZ_,) = A8

T,E2 Exp

EE\!

Exp (Pbgg;f(WTc ) :prgg;f()‘?onf(WTc )

T,€2 T,€2
which implies that & = M LE:Sf(E) € ,\ggnf(WTﬁs ,)» as needed.

c=r. Sincer € WTS757

1 < . By definition of e Ve also know that C = ncenf(v), hence, the thesis follows

from Definition 24(3) taking e; = 1 and g2 = €. <

we have r # wrong, hence r = v and this implies that v € WT\T/ and
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Then, we obtain the following result, showing a form of soundness for the multistep
reduction on configurations.

» Theorem 35. Ifc € WTS, and ¢ e Cr then € € AL (WTS ) with e1-e3 X €.

T,

Proof. By induction on rules defining E)

(REFL). We have C = ncons(c). By Definition 24(3), ¢ € WTS’E - ’Pnc(mf()\éonf(WTsys)),
which implies C = nconf(c) € )‘Conf(WTE,E)' This proves the thesis since 1-¢ < ¢.

(STEP). We know that ¢ W ¢; and ¢ = C; >=step. By induction hypothesis,
Ci € )\Conf(WTS,EQ) with €1-e9 < e. By Lemma 34, we derive WTS,E2 C ’Pstep()\Conf(WTC 1))
with €] - e}, < e3. Then, using Items 1 and 4 of Definition 24, we have

C1 € /\Conf (WTS €2 ) - )\?onf (PSteP (>\Conf (WTC ))) = PMstep ()\?\}IConf ()\Conf (WTC )))
C Pusstep (P,uconf (Ai;)nafl (WTC ))) = Pliconto Mstep ()‘zlonsf1 (WTC ))
= P(step (/\g)ngf1 (WTC ))

This implies that ¢ = (step)'(cy) € )\?o:f/l (WTE,EQ), hence the thesis follows observing
that (e1-¢€})-eh <e1-e2 S e. <

» Theorem 36 (Finitary type-and-effect soundness). If eeWTT . and [e],=R then REX*(WTY).

Theorem 36 states that monadic progress and monadic subject reduction imply soundness with
respect to the finitary semantics. To state an analogous result for infinitary semantics, the
interpretation of effect types has to take into account the additional structure of the monad.

» Definition 37. Let Ml = (M,C, u,n) be an w-CPO-ordered monad. An interpretation A of
€ in M is w-CPO-ordered if, for every effect type € € Eff, set X, and A C X, we have

1. Lx € X% (A4) and

2. for every w-chain (an)nen in MX, an € X5 (A) for all n € N implies | |, .y an € A5 (A).

For example, the interpretations in Example 27 are w-CPO-ordered and also that in Ex-
ample 28 can be turned into an w-CPO-ordered one if applied to the pointed output monad.
Finally, the construction of Example 29 applies to w-CPO-ordered interpretations as well.

From now on, we assume that the monad M has an w-CPO-ordered structure and the
interpretation A of effect types is w-CPO-ordered as well.

» Definition 38 (Infinitary type-and-effect soundness). The type-and-effect system © is
infinitarily sound if e € WTT . implies [e]oo € Agee(WTY).

Infinitary soundness states that the limit behaviour of an expression of type 7 and effect
type € is a monadic result belonging to the interpretation of € applied to values of type 7.
Observations in Proposition 33 applies to infinitary soundness as well.

In order to prove that monadic progress and monadic subject reduction imply infinitary
soundness, we first need a simple property of the function res = resg,7 introduced at page 8,
which is at the basis of the definition of the infinitary semantics.

> Lemma 39. If c € WTS_ then resp(c) € A (WTY).

» Theorem 40 (Infinitary type-and-effect soundness). If e € WT . then [e]oo € Ageo(WTY).

ECOOP 2025



7:20

Monadic Type-And-Effect Soundness

6 Example of soundness proof

We show an instance of the technique introduced in the previous section, by proving monadic
progress (Theorem 42) and monadic subject reduction (Theorem 45), hence, type-and-effect
soundness, for our example. Recall that monadic reduction in Section 4 is parametric on a
monad M, and, for each operation op with arity k, a partial function runop:VaIk — MVal.

The type-and-effect system defined in Section 4 is an example of Definition 23, where,
omitting empty environments and environments in judgments for simplicity:

Ty is the set of types T as in Figure 5

& = (Eff,C, -, {e}) where Eff is the set of non-empty subsets of 3

WT%E(e) iff Fe: T'E' for some T', E' such that T'!E' < TIE.

WTY.(v) iff - v : T’ for some T" such that 7" < T

In order to prove progress and subject reduction properties, we need a last parameter,
that is, an interpretation \ of effect types. Since the proof is parametric on the computational
effects raised by operations, these two parameters should agree, as described below.

for each op: Ty ... T, — T, and v such that +v: T and T <T
(RUN)  runo, (D) € ALZPH(WTY)

» Example 41. We describe interpretations of the effect types suitable for the examples in
Section 4. Such interpretations are defined by first mapping® the effect types into one of the
ordered monoids in Section 5, and then taking the interpretation of the latter into the monad;
in this way, as described in Example 29, we get an interpretation of the original effect types.
In other words, for an instantiation of the calculus on specific monad and operations, sets of
possibly infinite sequences could be reduced to simpler effect types, as exemplified below.

1. In Example 18, we reduce effect types to sets whose elements are either exceptions or none:

[e] = {none} [raise(e):a] = {e} [E] = U [«]

acE

That is, effect types are mapped into those of Example 26, so that, if [E] = E, then

WTY. +Eifec E

AN(WTY) =
vall 7) {E otherwise

In this way, monadic values!? (either values or exceptions) are well-typed if they are either
exceptions in E, or, if it is allowed that no exception be raised (none € E), well-typed
values. Note that an expression such as, e.g., raise(e) ;raise(e’), gets the effect (reducing
to) {e}, highlighting the fact that raise(e’) cannot be reached.

2. In Example 19, the simplest interpretation is to reduce effect types to either 0 or 1:

[ =0
[choose:a] =1
[E] =1if [a] =1 for some a € E,0 otherwise

9 In all the examples it is easy to see that the mapping is a lax monoid homomorphism.
10We explain how the lifting works on values; of course the same applies to expressions and configurations.
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That is, effect types are mapped into those of Example 27(1), so that, if [E] = 0, then
ALWTY) = M (WTY) = {V € PVal | VC WTY% and £V < 1}
If, instead, [E] = 1, then we can choose

either A7, (WT%) = Vi, (WT%) = {V € PVal | V C WT¥%.}
or A2, (WT%) =3, (WT%) ={V e PVal | V=0 or VAWTY, # 0}

In this way, monadic values (sets of values, representing possibile results of a computation)
are well-typed with a type effect (reducing to) 0 if they have at most one element, and
this element, if any, is well-typed; in other words, the computation is deterministic. On
the other hand, they are well-typed with a type effect (reducing to) 1 if all the values in
the set are well-typed, or there is at least one well-typed value, respectively.

3. A finer interpretation for Example 19 is to reduce effect types to the ordered monoid
(NU {o0}, <, -, 1) of Example 27(2), thus controlling the level of non-determinism:

[choose™] = 2" for n € N, [choose“] = oo

[E] = sup{[e] | o € E}

Indeed, each call can be seen as a node in a binary tree of choices. In this way, if
[E] = k € NU {oc}, then monadic values (sets of values, representing possibile results
of a computation) are well-typed with E if there are at most 2¥ values, hence possible
results, in the set and these are all well typed.

4. In Example 21, a possible interpretation of a sequence of write(¢) is its length:

[write(¢)"] =n for n € NU {co}
[E] = sup{[a] | - € E}

That is, effect types are mapped into NU {oco} as done in Example 28, so that, if [E] = n,
then A7, (WT%) = AL, (WT%) = {(o,v) € OVal | v € WT' and | ¢ |< n}. In this way,
an upper bound (or none) is imposed on the length of the produced outputs.

5. A finer interpretation for Example 21 is obtained by taking effect types as they are, and
A(WTY) = {(o,v) € OVal | v € WT, extract(c) € E} where, if ¢ = (£1,n1) ... (€, n1.),
then extract(c) = write(f;) ... write(fy).In this way, effect types can express properties
about the order, or the fairness, in which write operations to different output locations can
be performed. Similar sophisticated properties can be expressed in cases where different
operations can be performed, e.g., reading and updating in the global state monad.

We state now monadic progress and monadic subject reduction for the type-and-effect system

in Section 4; as shown in Section 5, they imply monadic soundness. We report only the proof

of monadic subject reduction; other proofs and lemmas they depend on are given in [9].

» Theorem 42 (Monadic Progress). If e € WT';E then either e = return v or e — E.

The proof of monadic subject reduction uses the standard substitution lemma, and subject
reduction for the pure relation —, defined in Figure 3. Both properties do not involve any
monadic ingredient, and are proved by standard techniques.

» Lemma 43 (Substitution). If I',Z: T+ e: TIE and T' < T , then - v : T’ implies
Tt e[v/z]: T"E' with T'"'E' < T'E.

» Lemma 44 (Subject Reduction). If - e : T'E and e —, ¢ then & ¢ : T'|E' with
T'"E' < T'E.

7:21
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» Theorem 45 (Monadic Subject Reduction). Ife € WTT g ande— EthenE € )\EXP(WTT B)
for some Ey and E, such that E1-E; C F.

Proof. From e € WTET)E we get - e: T'IE' and T"1E’ < T!E. By induction on the reduction

rules of Figure 4.

(pure) In this case e =, ¢’ and E = n(¢’). From - e : T'!E’ and Lemma 44 we get - ¢’ : T1!E;
and T1!E; < T'IE’ and, by transitivity of <, ¢’ € WTETyE. From Definition 24(3) we
derive n(e’) € )\éxi(WTET,E) with {e}-F C E.

(effect) In this case e = op(7) and E = map (return [ |) v, with v = run,,(7). From
rule (t-or), op: Ty ... T, = T/ and + 7 : T and T < T and E' = {op}. Hence, by
rule (RUN), V € )\{{,le} (WTV,). Let f:Val — Exp be defined by f(v) = return v, then
E = map (return [ ]) v = M f(Vv). From Definition 24(1) and WTY, = Pf(WT%’{E})

v eI WTY) = AP (Pr(WTS () = Pars OLP WT ()

This implies £ = M f(v) € AP (WTG, (). Since T/ < T, WT5, [, € WT5, (), hence
by monotonicity of )\ézg}, we get E € /\,{Eis} (WTS, {E}) with {op}-{e} = {op} C E.

(ret) In this case e = do = return v; ¢’ and E = n(e'[v/z]). From rules (1-po) and (T-RET),
Fo:Tyandz: T{F e : T'NE', with Ty < T{. By Lemma 43, we get I €'[v/z] : T"!E"
with T"1E"” < T'|E’. Hence, T"!E"” < T\E and so €'[v/z] € WTET,E. Finally, from

Definition 24(3), n(€'[v/z]) € )\EX'};(WT g) with {e}-E = E.
(do) In this case e = do z = e;; eg and E = map(do z = [ |; e2)E; and e; — E;. From
rule (1-p0), F € : TY!Ey and z : T] F ex : T'\Ey with E' = E- E2 and Ty < Ty.
Hence, from e; € WTT1 £, > by induction hypothesis we get that E; € )\Exp(WTT ) with
E{-E} C Ey. Let f:Exp — Exp be defined by f(2) = do z = &; ey, hence E = Mf(El)

By rule (T-po), we know that & € WT j implies f(e) € WTT, b C WT'; Bmy that
is, WTETI,E C Py (WTET ip,)- From Deﬁmtlon 24(1) and monotonicity of )\ » We get
Ep € AEXp(WTTl By) € Exp(Pf(WTT BBy)) = Prs(A EXp(WTT B-By))

that is, E= M f(E1) € /\Exp( ETE, ,), and we get the thesis since Ej-Ej-FEy C Ey-Ey C
E. <

The results hold for the core calculus in Figure 2, for an arbitrary family ¥ of operations.
The calculus, the type system and the proofs can be modularly extended by just considering
cases for additional constructs, as we will do in Section 7 for handlers. Extending the

subtyping relation, instead, requires some care to preserve the needed properties.!?

7 Handlers

We extend Ay, with handlers, showing how our framework can deal with more sophisticated
language features and, at the same time, how proofs can be modularly extended. In particular,
it is important to illustrate that monadic semantics can incorporate handlers. Constructs and
terminology are inspired by those for algebraic effects, see, e.g., [40]; however, the approach
is different since our calculus, being based on generic effects, has no explicit continuations.

1 For instance, adding Bot < T for all T as in Example 18 is sound since Bot is an empty type.
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e == ...|handle ewith h expression with handler
h == TCaxmr—e handler

c = op(T) >y, e clause

W = cls mode

Figure 7 Syntax of handlers.

The syntax is reported in Figure 7. A handler specifies a final expression, and a sequence

of clauses, assumed to be a map, that is, there can be at most one clause for an operation.
Such a clause, if any, handles a call of the operation by executing the clause expression.

After that, the final expression is either executed or not depending on the mode, either ¢ or
s, for “continue” and “stop”, respectively. As illustrated in the following examples, a c-clause
replaces an effect with an alternative behaviour in a continuous manner, whereas in s-clauses
handling the computational effect interrupts the normal flow of execution.

h=%¢z+— e

(WITH-DO) - - — -
handle do y = e1; e with h —, handle e; with G, y — (handle e; with h)

(WITH-RET) -
handle return v with h —, do z = return v; ¢

(WITH-CONTINUE) Op(T) e e€cC

handle op(7) with h —, do z = e[v/7]; ¢

(WITH-STOP) Op(f) s e€’C

handle op(7) with h —, €[v/T]

opdc

(WITH-FWD)

handle op(7) with h —, do z = op(7); €
e—p €
handle e with h —, handle €’ with h

(WITH-CTX)

Figure 8 Pure reduction with handlers.

The pure reduction extended with handlers is shown in Figure 8. The behaviour of an
expression with handler depends on the shape of the handled expression.

In case of a do composition of two subexpressions, the do is eliminated by reducing to
the first subexpression with as final expression the second one; clauses are propagated to
both the subexpressions. In case of a return, the handler is eliminated by reducing to the do
composition of the handled expression and the final expression.

In case of an operation call, the behaviour depends on whether a matching clause is found
or not. If it is found, then the clause expression is executed, after replacing parameters
by arguments, as shown in rules (wWITH-CONTINUE) and (wITH-sTOP). In a c-clause, the
final expression is executed as well. If there is no matching clause, instead, the handler is

eliminated, by reducing to the do composition of the operation call and the final expression.
The outcome is that the operation call is forwarded to be possibly handled by an outer level.

gFinally, the contextual rule is as expected.

To extend the type-and-effect system, we rely on filter functions associated to handlers,
which describe how they transform effects, by essentially replacing operations matching some
clause with the effect of the clause expression.

7:23
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To this end, first we define a (handler) filter H to be the information about transforming
effects which can be extracted from a handler, as shown in the top section of Figure 9. Then,
given a filter H, we define the associated function F g: Eff — Eff. This function, as shown in
the bottom section of Figure 9, is obtained on top of the function Fg: X — Eff* which
transforms a single possibly infinite sequence of operations into a possibly infinite sequence
of effects. The latter is transformed into a unique effect by taking the possibly infinite
concatenation of its elements, denoted e°: Eff*® — Eff. Finally, the function is extended to
effects (sets of sequences) in the obvious way.

H = C,E filter
C op —, E clause filter

H=o0p, =, Ei...op, =, En, B
Fp: 3 — Eff*° coinductively defined by:

Fule)=F

Ful(op;:a) = E;:Fr(a) 1€l.n,u=c
Fu(op;:a) = E; 1€l.n,pu;=s
Fu(op:a) = {op}:Fu(a) op # op,; for alli € 1.n

For: Eff — Eff
Fu(E) =Uyep{e®Fu(a)}

Figure 9 Filters.

Tke:TE
;7T +h: T"H g
' TF handle e with h: TIFy(E) = =

(T-wITH

Dz:Tke:TE
F; T” l_ C; . Cz T/ < T'/
RN S e ema @ TC L O B

Iz:Thke: T'E' op: T — T
;T op(T) —ce:opc B T < T
Iz:Tke: T'E op: T — T
;T Fop(T) —se:op—s BN T < T

(T-CONTINUE)

(T-sTOP)

Figure 10 Typing rules for handlers.

In Figure 10 we show the typing rules for expressions with handlers. In rule (T-witH),
in order to typecheck an expression with handler, first we get the type and effect of the
handled expression. The type is used to typecheck the handler, as (subtype of the) type of
the parameter of the final expression, see rule (T-HANDLER). Typechecking the handler we
get a type, being that of the final expression, which will be the type of the whole expression.
Moreover, we extract from the handler a filter, which is used to transform the effect E of the
handled expression, getting the resulting effect of the whole expression. In detail, as formally
described in Figure 9, the filter transforms any sequence of operations in F by replacing the
first operation matching some clause, if any, with the effect of the clause expression; then,
the remaining sequence is disregarded if the clause is s, otherwise filtered in turn. If the
sequence to be filtered is finite, and no matching s-clause is found, then the final effect is
appended in the end.
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In rule (T-HANDLER), as said above, the type on the left of the judgment is used as type
of the parameter of the final expression, whose type will be returned by the handler. This
type is also needed to typecheck s-clauses, see below. The filter extracted from the handler
consists in a clause filter for each clause, and the effect of the final expression.

For each clause, the extracted filter consists of the operation name, mode, and effect of
the expression, as shown in rules (T-coNTINUE) and (T-STOP). A c-clause is meant to provide
alternative code to be executed before the final expression, hence the type of the clause
expression should be (a subtype of) the return type of the operation. In a s-clause, instead,
the result of the clause expression becomes that of the whole expression with handler, hence
the type of the former should be (a subtype of) the latter.

» Example 46. We show handlers for some of the previous examples. A handler of shape
T, T+ return z is abbreviated by €.

1. Set h = raise(PredZero)() —s return 0. Then

handle predfun0 with & =* handle raise(PredZero) with &
= return 0
= 0

As shown in Example 22(1), we get the judgment @) - predfun 0 : Nat!{e, raise(PredZero)}.
On the other hand, with the handler we get

() - handle predfun0 with A : Nat!{e}

since Fp({¢,raise(PredZero)}) = {e} where H = raise(PredZero) s {e},{e} is the
filter extracted from h. As the reader could expect, an s-clause is appropriate in this case.
With a c-clause, see rule (T-coNTINUE), the type of the clause expression should be (a
subtype of) the return type of the operation, which is Bot. Since no value has type Bot,
no value could be returned, as already noted in [35].12

2. Assuming the function even: Nat — Bool checking the parity of a number, set

hy = write((')(z) — write(l)(z)
ha

write(¢')(z) —. if even(r) then return z else write(l)(z)
Then

[handle wfun' 0 with hi]eo (€,0) - (€,0) - (£, 1) - (£, 1) - ...- ({,m) - (L,m) - ..., L)
(¢ 4,1

=
[handle wfun® 0 with hoJeo = ((£,0) - (£,1) - (£, 1) ... (€,2K) - (£, 2k+1) - (£,2k+1) - ..., L)
[handle wfun* n with hi], = ((¢,n) - (£,n) -...- (£,0) - (£,0),unit)

(£,
[handle wfun* 2k with ho], = ((£,2k) - (€,2k—1) - (¢,2k—1)...- (£, 1) - (¢,1) - (£,0),unit)

In this case, a c-clause is appropriate, since the aim is to continuously handle the write(¢')
operation. By the typing judgments shown in Example 22(3), we get

0 F wfun® 0 : Unit!{(write(l) - write(¢'))*}
0 F wfunt : Unit!{(write(f) - write(¢’))® |n > 1}

12 Hence, the clause expression could only be another raise or a diverging expression.
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On the other hand, with the handler we get, with a ::= € | write(¥)

() - handle wfun® 0 with hy : Unit!{(write(() - write())*}
() - handle wfun' 0 with hy : Unit!{c - write(£))*}
0 F wfuntn : Unit!{a -write())® |n > 1}

As already noted, effect types only provide a static approximation of the computational
effects; notably, in the last two judgments, the effect type contains other sequences besides
the two which can be actually performed, depending on the argument.

Soundness for handlers. The results of Section 6 can be extended to handlers. For monadic
subject reduction we only need to show subject reduction for the newly introduced rules,
since they are pure. The proofs of the results are in the extended version [9].

» Lemma 47 (Monadic Progress for handlers). Set e of shape handle _ with _.
If-e: T'E then e — E for some E € MExp.

» Lemma 48 (Subject Reduction for handlers). Set e of shape handle __ with _.
IfFe: T\E and e =, ¢, thent € : T'\E’ such that T'\E' < TE.

8 Related work and conclusion

Monadic semantics. The idea that monads can model computational effects in programming
languages goes back to the pioneering Moggi’s work [30, 31]. He showed that one can use
(strong) monads to organise the denotational semantics of effectful languages, interpreting
impure expressions as functions (actually arrows of an arbitrary category) returning monadic
values, which can be sequenced by Kleisli composition. However, the structure of a monad
does not include any operation for actually raising computational effects, which thus need to
be defined ad-hoc in specific instances. Moreover, monads are difficult to combine, requiring
non trivial notions like monad transformers [27, 22].

To overcome these difficulties and make the model closer to the syntax, Plotkin and Power
[33, 34, 35] introduced algebraic effects which, instead, explicitly consider operations to raise
computational effects. These can be interpreted by additional structure on the monad and,
moreover, when equipped with an equational theory, they actually determine a monad, which
provides a syntactic model for the language. Thus, one reduces the problem of combining
monads to the much easier problem of combining theories [20], greatly increasing modularity.

An alternative, essentially equivalent, way of interpreting algebraic operations is by means
of runners, a.k.a. comodels [39, 36, 44, 2]. Roughly, runners describe how operations are
executed by the system, that is, how they transform the environment where they are run.
This essentially amounts to giving an interpretation of operations in the state monad. More
general runners, where the system is modelled in a more expressive way, are considered by [2],
where the state monad is combined with errors and system primitive operations.

On the operational side, algebraic effects are typically treated as uninterpreted operations,
that is, the evaluation process just builds a tree of operation calls [23, 42, 48, 40]. Monadic
operational semantics for A-calculi with algebraic effects are also considered, mainly in the
form of a monadic definitional interpreter (see, e.g., [27, 12, 15, 11, 8]). That is, they directly
define a function from expressions to monadic values, which essentially corresponds to our
infinitary semantics. Small-step approaches are also considered by [16, 17]. The former
tackles a different problem, that is, studying monadic rewriting systems, which require the
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use of sophisticated relational techniques, and thus restricts the class of available monads. We
can avoid these difficulties since we focus on deterministic rewriting, which can be addressed
using just sets and functions. The latter, instead, studies a specific calculus where, as already
noticed, the way sequences of steps are constructed is very close to ours; however, they do
not need to introduce wrong in configurations, as type errors are prevented syntactically.

Type-and-effect systems. Type-and-effect systems, or simply effect systems [45, 32, 46,
29, 25], are the most popular way of statically controlling computational effects. Many have
been designed for specific notions of computational effect and implemented in mainstream

programming languages, the most well-known being the mechanism of Java checked exceptions.

Katsumata [25] recognized that effect systems share a common algebraic structure, notably
they form an ordered monoid, and gave them denotational semantics through parametric
monads, using a structure equivalent to our notion of interpretation (see Remark 25).

Effect handlers. Plotkin and Pretnar [37, 38] introduced effect handlers as a generalisation
of exception handling mechanisms. They are an extremely powerful programming abstraction,
allowing to describe the semantics of algebraic operations in the language itself, thus enabling
the simulation of several effectful programs, such as stream redirection or cooperative
concurrency [38, 24, 4, 40]. When a call to an algebraic operation is caught, the alternative
code can resume the original computation using a form of continuation-passing style. Other
forms of handlers have been considered, notably, shallow handlers [24, 19], where only the first
call to an operation is handled. Our handlers are inspired by those for algebraic effects, see,
e.g., [40]; however, the approach is different since our calculus has no explicit continuations.

Summary. In the research on foundations of programming languages, it is a routine task to
describe execution through a small-step reduction, and prove progress and subject reduction
for the type system. Can this be smoothly combined with the long-established approach
where computational effects are modularly modeled by a monad, so to enjoy all the advantages
of separation of concerns? The answer provided in this paper is yes. Notably, we provide a
meta-theory defining abstract notions of monadic small-step semantics and type-and-effect
system, and prove that type-and-effect soundness is implied by progress and subject reduction
properties, with an inductive argument similar to the standard one.

This overall achievement relies on two key specific contributions. On one hand, we
provide a canonical way to construct, on top of a monadic reduction, a small-step operational
semantics where computations, even though always represented by infinite sequences, can be
distinguished as either non-terminating, or successfully terminating, or stuck. On the other
hand, we provide a formal model of the “meaning” of effect types, independent in principle
from the underlying language and type system.

Discussion and future work. The way we define the “transitive closure” of a monadic
reduction, which is a relation from a set to a different one, is similar, as said, to that proposed
by [17]. Notably, such reduction is assumed to be deterministic, since starting from an
arbitrary relation would require a relational extension of the monad [3]. Confluence as
well would require strong assumptions on the monad, notably some form of commutativity,
ruling out most of the relevant examples. Moreover, the aim here is to prove soundness for
programming languages, which typically adopt a deterministic evaluation strategy. Differently
from [17], we provide a language independent definition; moreover, whereas they consider an
intrinsically total reduction, in this paper, as mentioned above, we address the additional
problem to characterize stuck computations, as needed to express soundness.
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In our framework, non-termination is always possibile, rather than be considered as an
effect. This is essentially a choice we made, possibly influenced by the fact that in standard
soundness we have three possible outcomes: non-termination, termination with a value, and
stuck. The coinductive Delay monad [5] could be an alternative approach to define the
infinitary semantics, assuming a way to be combined with the monad modeling computational
effects, that is, a distributive law. The relationship between these two approaches, as far as
we know, is not clear, and is an interesting direction to be investigated.

Our definition of w-CPO-ordered monad is given for monads on Set. A challenging
and relevant problem is to consider a category different from Set; our feeling is that the
notion could be generalized by considering a monad M on a category C such that the Kleisli
category C" is CPO-enriched.

In this paper, where the focus is different, we did not study decidability of the type-
and-effect system; we did not even provide a syntactic representation of effects, which are
considered semantic entities, notably possibly infinite sets of possibly infinite sequences. Of
course decidability is a very important issue to be investigated; the first step should then be
to choose a finite representation, e.g., by means of a system of guarded equations.

We illustrated our approach by a lambda-calculus with generic effects. Clearly, it would
be important to investigate how other calculi can be formalized as to take advantage of the
meta-theory. Notably, we plan to apply the approach to an object-oriented calculus.

Finally, here we considered non-standard handlers, as our calculus is based on generic
effects and so it does not use explicit continuations. Hence, it would be nice to investigate the
precise relationship between them and handlers for algebraic effects used in the literature.
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