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Abstract
We study a general class of nonlinear iterative algorithms which includes power iteration, belief
propagation and approximate message passing, and many forms of gradient descent. When the input
is a random matrix with i.i.d. entries, we use Boolean Fourier analysis to analyze these algorithms
as low-degree polynomials in the entries of the input matrix. Each symmetrized Fourier character
represents all monomials with a certain shape as specified by a small graph, which we call a Fourier
diagram.

We prove fundamental asymptotic properties of the Fourier diagrams: over the randomness of the
input, all diagrams with cycles are negligible; the tree-shaped diagrams form a basis of asymptotically
independent Gaussian vectors; and, when restricted to the trees, iterative algorithms exactly follow
an idealized Gaussian dynamic. We use this to prove a state evolution formula, giving a “complete”
asymptotic description of the algorithm’s trajectory.

The restriction to tree-shaped monomials mirrors the assumption of the cavity method, a 40-
year-old non-rigorous technique in statistical physics which has served as one of the most important
techniques in the field. We demonstrate how to implement cavity method derivations by 1) restricting
the iteration to its tree approximation, and 2) observing that heuristic cavity method-type arguments
hold rigorously on the simplified iteration. Our proofs use combinatorial arguments similar to the
trace method from random matrix theory.

Finally, we push the diagram analysis to a number of iterations that scales with the dimension n

of the input matrix, proving that the tree approximation still holds for a simple variant of power
iteration all the way up to nΩ(1) iterations.
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1 Introduction

We study nonlinear iterative algorithms which take as input a matrix A ∈ Rn×n, maintain a
vector state xt ∈ Rn, and at each step
1. either multiply the state by A, xt+1 = Axt.
2. or apply the same function ft : Rt+1 → R to each coordinate of the previous states,

xt+1 = ft(xt, . . . , x0).
This class of algorithms has been coined general first-order methods (GFOM) [15, 64]. GFOM
algorithms are a simple, widespread, practically efficient, and incredibly powerful computa-
tional model. Alternating linear and nonlinear steps can describe first-order optimization
algorithms including power iteration and many types of gradient descent (see [15, 33]).
This definition also captures belief propagation and other message-passing algorithms which
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play a central role not only in the design of Bayes-optimal algorithms for planted signal
recovery [29], but also recently in average-case complexity theory for the optimization of
random polynomials [4].

In machine learning and artificial intelligence, deep neural networks exhibit a similar
structure which alternates multiplying weight matrices and applying nonlinear functions.
Remarkably, viewed from this level of generality, the line blurs between neural networks and
the gradient descent algorithms used to train them.

Despite the widespread use of GFOM and deep neural networks, developing a mathematical
theory for these algorithms continues to be a major challenge. Thus far, it has been difficult
to isolate mathematical theorems which describe key phenomena but avoid being too specific
to any one setting, model, or algorithm. That being said, one effective theory has emerged
at the interface of computer science, physics, and statistics for studying a class of nonlinear
iterations known as Belief Propagation (BP) and Approximate Message Passing (AMP)
algorithms. This theory is most developed for inputs A that are dense random matrices with
i.i.d entries, also known as a mean-field models in physics, and which can be considered the
simplest possible model of random data.

The analysis of BP and AMP algorithms in this setting can be summarized by the state
evolution formula [25, 11]. This is an impressive “complete” description of the trajectory of
the iterates xt ∈ Rn, in the limit n → ∞. Specifically, state evolution defines a sequence of
scalar random variables Xt such that for essentially any symmetric quantity of interest related
to xt, the expectation of a corresponding expression in Xt approximates the quantity with an
error that goes to 0 as n → ∞. This yields analytic formulas for quantities such as the loss
function or objective value achieved by xt, the norm of xt, the correlation between xs and xt

across iterations, or the fraction of xt’s coordinates which lie in the interval [−1, +1]. The
ability to precisely analyze the trajectory and the fixed points of message-passing algorithms
(through Xt with large t) has been key to their applications.

State evolution for BP/AMP iterations was originally predicted using a powerful and
influential technique from statistical physics known as the cavity method. Variants of BP
have been studied in physics as “non-linear dynamical systems” as far back as the work of
Bethe [10], although the algorithmic perspective came into prominence only later. The cavity
method and the related replica method were devised in the 1980s [68, 69, 59, 60], initially as
a tool to compute thermodynamic properties of disordered systems, and later as a tool for
analyzing belief propagation algorithms. Since their introduction, the cavity method and the
replica method have served as two of the most fundamental tools in the statistical physics
toolbox.

The deployment of these techniques has undoubtedly been a huge success; there are many
survey articles offering various perspectives from different fields [87, 65, 46, 88, 31, 29, 89, 16].
However, the reality is that the situation is not as unified as the above picture would suggest,
due to a major issue: the physical methods are not mathematically rigorous.

At present, there exists a significant gap between how results are established in the
physical and mathematical literature. The two general types of results are: 1) simple
non-rigorous arguments based on the cavity/replica method; 2) mathematically rigorous
arguments that confirm the physical predictions, but with technically sophisticated proofs
that can’t closely follow the path of the physical reasoning. For example, the state evolution
formula was first proven by Bolthausen [11] using a Gaussian conditioning technique which
is fairly technically involved. Although many proofs have been found for predictions of the
cavity and replica methods, none can be said to clearly explain the success of the physicists’
techniques.
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It has appeared that the physicists have some secret advantage yet unmatched by rigorous
mathematics. Is there a simple and rigorous mathematical framework that explains why the
assumptions made by physicists always seem to work?

1.1 Our contributions
We introduce a new method to analyze nonlinear iterations based on Fourier analysis, when
the input to the algorithm is a random matrix with i.i.d entries. Our framework gives proofs
that are able to closely follow heuristic physics derivations.

Our strategy is to replace the original iteration (xt)t≥0 by an idealized version xt ≈ x̂t,
which we call the tree approximation to xt. The analysis then follows a two-step structure:
1. The tree approximation x̂t tracks the original iteration xt up to a uniform Õ(n− 1

2 )
entrywise error. Hence, any reasonable asymptotic result established on (x̂t)t≥0 (such as
the joint distribution of their entries) automatically extends to (xt)t≥0.

2. Cavity method-type reasoning can be rigorously applied to the tree approximation. In
cases where x̂t has already been analyzed in physics, one can essentially copy the heuristic
physics derivation.

Analyzing x̂t is a significant simplification compared to the entire state xt – in fact,
we show that the former follows an explicit Gaussian dynamic. The simplification directly
yields a state evolution formula for GFOM algorithms, as well as rigorous implementations
of physics-based cavity method arguments (in the algorithmic or “replica symmetric” setting
of the method). In other words, our new notion of tree approximation matches implicit
assumptions of the cavity method and gives a way to justify them.

We define the tree approximation x̂t essentially as follows: we expand the entries of xt as
polynomials in the entries of the input matrix A ∈ Rn×n. If we represent the monomials (e.g.
A12A23A24) as graphs in the natural way, then x̂t consists of only the monomials appearing
in xt whose graph is a tree. Hence, we will show that the state of an iterative algorithm can
be tightly approximated using the much smaller set of tree monomials.

1.1.1 Fourier diagrams
We view iterates of a GFOM with polynomial non-linearities as vector-valued polynomials
in the entries of A. These polynomials have the symmetry that they are invariant under
permutations of the row/column indices of A.

The polynomial representation can be visualized using Fourier diagrams, each of which
is a small graph representing all the monomials with a given shape. For example, here are
three Fourier diagrams along with the vectors associated with them.

Zi :=
n∑

j=1
i, j distinct

Aij Z′
i :=

n∑
j,k=1

i, j, k distinct

AijAjk Z′′
i :=

n∑
j,k=1

i, j, k distinct

AijAik

In general, a Fourier diagram is an undirected rooted multigraph α = (V (α), E(α)) which
represents the vector Zα ∈ Rn whose entries are:

Zα,i :=
∑

injective φ : V (α)→[n]
φ( )=i

∏
{u,v}∈E(α)

Aφ(u)φ(v) , for all i ∈ [n] . (1)

ICALP 2025



102:4 Fourier Analysis of Iterative Algorithms

We use ∈ V (α) to notate the root vertex.
The symmetry of the GFOM operations ensures that in the polynomial representation

of an iterate xt, all monomials corresponding to the same Fourier diagram come with the
same coefficient. Therefore, any iterate xt of a GFOM with polynomial non-linearities can
be expressed as a linear combination of Fourier diagrams, in which case we say that it is
written in the Fourier diagram basis.

We emphasize that these diagrams are constructed by summing over injective embeddings
φ : V (α) → [n], a crucial detail for the results that follow. The term “Fourier” reflects that
this basis of polynomials is a symmetrized version of the standard Fourier basis from Boolean
function analysis (see Section 6).

1.1.2 Asymptotic diagram analysis
It turns out that something special happens to the Fourier diagram basis in the limit n → ∞ ,
when A is a symmetric matrix with independent mean-0, variance- 1

n entries. Informally, the
entries of the diagrams become mutually independent, and the following properties hold.

The Fourier diagrams with cycles are negligible.
The Fourier tree diagrams with one branch from the root are independent Gaussian
vectors.
The Fourier tree diagrams with several branches from the root are Hermite polynomials
in the Gaussians represented by the branches.

Most importantly, the only non-negligible contributions come from the trees. Based
on this classification, we define the tree approximation x̂t of an expression xt written in the
Fourier diagram basis to be obtained by discarding all diagrams with cycles.

The reason that cyclic Fourier diagrams are negligible is combinatorially intuitive: cyclic
diagrams sum over fewer terms than tree-shaped diagrams. For example, the left diagram is
a sum over ≈ n4 terms, each mean-zero with magnitude ∼ n−2, so the overall magnitude is
Θ(1). The right diagram is a sum over ≈ n3 terms, again of magnitude n−2, so the overall of
order of the diagram is Θ(n−1/2).

We now state our main theorems. In all of them, we assume that A is a symmetric matrix
with independent mean-0 variance- 1

n entries (see Assumption 2.1). First, we formalize the
classification above by proving that all joint moments of the Fourier diagrams converge to
those of the corresponding random variables in a Gaussian space.

▶ Theorem 1 (Classification theorem). For any k ≥ 0 independent of n, for all connected
Fourier diagrams α1, . . . , αk and i1, . . . , ik ∈ [n] (allowing repetitions in αj and ij),

EA

 k∏
j=1

Zαj ,ij

 = E

 k∏
j=1

Z∞
αj ,ij

 + O(n− 1
2 ) ,

where for any connected Fourier diagram α and i ∈ [n],
1. Z∞

α,i = 0, if α has a cycle.
2. Z∞

α,i ∼ N (0, |Aut(α)|) independently, if α is a tree whose root has degree 1.
3. Z∞

α,i =
∏

τ hdτ (Z∞
τ,i ; |Aut(τ)|) if α is a tree consisting of dτ copies of each tree τ from

case 2 merged at the root, where hdτ
are the Hermite polynomials (defined in Section 2).
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Next, we prove that the tree approximation of a GFOM closely tracks the original iteration.
This addresses the first of the two steps from the overview of our method.

▶ Theorem 2 (Tree approximation of GFOMs). Let t be a constant, xt ∈ Rn be the state of
a GFOM with polynomial non-linearities, and x̂t ∈ Rn be the state obtained by performing
the GFOM operations on only the tree diagrams. Then with high probability over A, we have
∥xt − x̂t∥∞ = Õ(n− 1

2 ).

The statement of this theorem exactly isolates a key and subtle point: not only are the
cyclic diagrams negligible at time t, but they will never blow up to affect the state at any
future time. The fact that “approximation errors do not propagate” is what gives us the
ability to pass the algorithm to an asymptotic limit.1

The proof of Theorem 2 is intuitive. According to the diagram classification theorem,
we can tease out the approximation error for xt as the monomials with cycles, whereas the
approximating quantity x̂t consists of the tree monomials. When a GFOM operation is
applied, the cycles persist in all cyclic monomials, and hence they continue to be negligible.

As a direct consequence of these results, we deduce a very strong form of state evolution
for all GFOM algorithms. The theorem below paints a nearly complete picture of the
evolution of xt as n independent trajectories of a single random variable Xt which is an
“idealized Gaussian dynamic” in correspondence with x̂t.

▶ Theorem 3 (General state evolution). Let t be a constant, xt ∈ Rn be the state of a GFOM
with polynomial non-linearities, and let Xt be the asymptotic state of xt (Definition 15).
Then:

(i) For each i ∈ [n], (x0,i, . . . , xt,i)
d−→ (X0, . . . , Xt). Furthermore, the coordinates’

trajectories {(x0,i, . . . , xt,i) : i ∈ [n]} are asymptotically independent.
(ii) With high probability over A,

1
n

n∑
i=1

xt,i = E[Xt] + Õ(n− 1
2 ) .

Quantities such as the norm of xt can be computed using part (ii) along with one additional
GFOM iteration that squares xt componentwise. Without much extra work, Theorem 3 also
encapsulates other key features of previous state evolution formulas including quantitative
error bounds (similar to the main result of [75]) and universality (the main result of [6]).2

1.1.3 The cavity method
To explain the cavity method in one sentence, it allows you to assume that “loopy” message-
passing algorithms on random graphs behave as if on a tree, gaining extra properties such
as the independence of incoming messages. It turns out that the assumption of being on a
tree matches the restriction to tree-shaped monomials in A, leading to a way to rigorously
implement simple cavity method reasoning.

1 This directly addresses a question raised in the seminal paper of Donoho, Maleki, and Montanari on
approximate message passing [26, Section III.E].

2 Similarly to [6], our technical analysis assumes that the nonlinearities in the GFOM are polynomial
functions, but other works have been able to handle the larger class of pseudo-Lipschitz non-linearities.
We do not find this assumption to be too restrictive since it is known in many cases that we can
approximate the non-linearities by polynomials [38, Appendix B].

ICALP 2025
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We formalize two types of cavity method arguments. For the first one, we introduce
a combinatorial notion of asymptotic equality ∞= which can rigorously replace heuristic
approximations in the cavity method.

▶ Definition 4 ( ∞= , informal version of [40, Definition 4.4]). Let x
∞= y if x − y is a sum of

constantly many diagrams with cycles.

As an application of this definition, we implement the cavity method argument that
belief propagation and approximate message passing are asymptotically equivalent for dense
random matrices. We refer to [40, Section 5] for some background and the definition of these
message-passing iterations.

▶ Theorem 5 (Equivalence of BP and AMP). Let mBP
t and mAMP

t be the iterates of respectively
the belief propagation and the approximate message passing iterations on the same input
matrix A and the same polynomial non-linearities. Then with high probability over A,∥∥mBP

t − mAMP
t

∥∥
∞ = Õ(n− 1

2 ).

We also use ∞= to prove a fundamental assumption of the cavity method for belief
propagation iterations on dense models, namely that the messages incoming at a vertex are
asymptotically independent.

▶ Theorem 6 (Asymptotic independence of incoming messages). Let mBP
t be the iterates of a

belief propagation iteration. For any j ∈ [n], the incoming messages at j, {mt
i→j : i ∈ [n], i ≠

j}, are asymptotically independent.

The second way that we formalize the cavity method reasoning is through the idealized
Gaussian dynamic Xt in Theorem 3. We recover the vanilla form of state evolution for
approximate message passing, since in this case, Xt has a simple description.

▶ Theorem 7 (Asymptotic state of AMP). Consider the AMP iteration

xt+1 = Aft(xt, . . . , x0) − 1
n

t∑
s=1

n∑
i=1

∂ft

∂xs
(xt,i, . . . , x0,i)fs(xs, . . . , x0) . (2)

The asymptotic state of (x0, x1, . . .) is a centered Gaussian vector (X0, X1, . . .) with covari-
ances given by the recurrence, for all s, t,

E [XsXt] = E [fs−1(Xs−1, . . . , X0)ft−1(Xt−1, . . . , X0)] .

The subtracted term in Equation 2 is called the Onsager correction which, as we show, is
carefully designed to cancel out a backtracking term in the asymptotic tree space [40, Lemma
5.11].

We emphasize that Theorem 5 and Theorem 7 are known. They were originally predicted
with the cavity method, then later confirmed by rigorous proofs (in [6] and [11, 7, 15],
respectively). The main message about our proofs is the new and quite comprehensive
perspective obtained through the tree approximation, providing a clear way in which GFOM
algorithms on dense random inputs “can be assumed to occur on a tree”.

Finally, we provide an exposition in [40, Section 5.5] of the breakthrough iterative AMP
algorithm devised by Montanari to compute ground states of the Sherrington–Kirkpatrick
model [62, 2, 3]. We explain from the diagram perspective how the algorithm is the optimal
choice among algorithms which “extract” a Brownian motion from the input.
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1.1.4 Taking the tree approximation farther

The asymptotic theory above applies to an iterative algorithm running for a constant number
of iterations. Although this “short-time” setting is used in a large majority of previous works
in this area, there is interest in extending the analysis to, say, O(log n) iterations, which
may be enough to capture planted recovery from random initialization and distinct phases of
learning algorithms [50].

Can we use the tree-like Fourier characters to analyze the long-time behavior? We show
in [40, Section 6] that some care needs to be taken. First, we prove a positive result, that
the tree approximation continues to hold for nΩ(1) iterations for a simple belief propagation
algorithm (debiased power iteration, or asymptotically equivalently, power iteration on the
non-backtracking walk matrix),

x0 = 1⃗ , xt+1 = Axt − xt−1 . (3)

▶ Theorem 8. Generate xt ∈ Rn from Equation 3 and let x̂t be the tree approximation to
xt. Then there exist universal constants c, δ > 0 such that for all t ≤ cnδ,

∥xt − x̂t∥∞
a.s.−→ 0 .

However, we also identify some problems with the technology which suggest that new ideas
will be needed to completely capture the long-time setting. We observe that the asymptotic
Gaussian classification theorem is no longer valid for diagrams of size t ≈ log n. Finally, we
identify a further threshold at t ≈

√
n iterations beyond which the tree approximation we

use seems to break down.

1.1.5 Conclusion

We demonstrate that for iterative algorithms running on dense random inputs, trees are
all you need. The tree-shaped Fourier diagrams form an asymptotic basis of independent
Gaussian vectors associated to an arbitrary Wigner matrix. This basis seems extremely
useful, and we are not aware of any previous works on it.

We note that from the outset, it is not at all clear how to find this basis. Individual
monomials (i.e. Boolean Fourier characters) such as A12A23A34 and A12A23A13 have the
same magnitude, and the asymptotic negligibility of the cyclic terms including A12A23A13
only appears after summing up the total contribution of all monomials with the same
shape. Furthermore, grouping terms in a different way does not identify our notion of tree
approximation, such as by allowing repeated indices in Equation 1 (as done in [6, 38]). In
this repeated-label representation, there is no clear notion of tree approximation of iterative
algorithms (in fact, with this alternative definition, the iterates of a GFOM can always be
represented exactly with trees!) or of the simplified Gaussian dynamic on trees, which is
central to our approach.

As we show, the Fourier tree approximation leads to streamlined proofs of several
arguments based on the cavity method. We believe that this framework has potential to
generalize well beyond the Wigner case and to address outstanding open problems in the
area – such as the long-time setting mentioned above.

ICALP 2025
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1.2 Related work
1.2.1 Comparison with prior work
Our analysis is based on the recent “low-degree paradigm” in which algorithms are analyzed
as low-degree multivariate polynomial functions of the input [49]. Several recent works have
used a similar approach for iterative algorithms [6, 63, 38], with subtle but crucial differences
to our work.

Bayati, Lelarge, and Montanari [6] decompose the AMP iterates into certain “nonreversing”
labeled trees. They also observe that the Onsager correction corresponds to a backtracking
term. Montanari and Wein [63, Section 4.2] introduce an orthogonal diagram basis (similar
to our Fourier diagram basis) in their proof that no low-degree polynomial estimator can
outperform AMP for rank-1 matrix estimation. Ivkov and Schramm [38] use a repeated-label
representation to show that AMP can be robustified.

Diagrammatically, the main advantage of our method is the precise choice of the Fourier
diagram basis. By summing over injective a.k.a. self-avoiding labelings φ in Equation 1,
each diagram exactly describes all monomials with a given shape. When working with other
polynomial basis, for example diagrams with repeated labels [6, 38] (see [40, Appendix A.3]),
the key properties of the Fourier diagram basis (the family of asymptotically independent
Gaussian vectors and the associated Gaussian dynamic) do not seem clearly visible. In
particular, previous work does not show the tree approximation.

Our results stated above which are cavity method-based reproofs of existing results are
Theorem 5, which essentially follows from [6, Proposition 3], and Theorem 7, which was first
proven by Bayati and Montanari [7]. Notably, Bayati, Lelarge, and Montanari [6] use an
approach based on the moment method as we do. Their proof is somewhat more technical, it
does not use the Fourier diagram basis, and it is not able to clearly follow the simple cavity
method argument that we reproduce in [40, Section 5.2.1].

We also compare our state evolution formula for GFOM in Theorem 3 with a state
evolution formula for GFOM proven by [15]. They give a reduction from GFOM to AMP to
derive a state evolution formula for GFOM. The corresponding description of the asymptotic
state X0, . . . , Xt is inside a very compressed probability space generated by t Gaussians with
a certain covariance structure.

Our description of the random variables X0, . . . , Xt (necessarily having the same distri-
bution) has a simpler interpretation inside a larger probability space generated by (Z∞

σ )σ∈S .
Both descriptions of the asymptotic state Xt are likely to be valuable for different purposes
or explicit calculations. Our formulation of state evolution also includes the asymptotic
independence of the trajectories of different coordinates.

1.2.2 Analyzing algorithms as low-degree polynomials
Our technical framework is adapted from the average-case analysis of Sum-of-Squares al-
gorithms. The Sum-of-Squares algorithm is a powerful meta-algorithm for combinatorial
optimization and statistical inference [73, 30]. Sum-of-Squares has been successfully analyzed
on i.i.d. random inputs using graph matrices, which are a Fourier basis for matrix-valued
functions of a random matrix A in the same way that our diagram basis is a basis for
vector-valued functions of A.

The theory appears much more pristine in the current setting, so we hope that the
current results can bring some new clarity to the technically challenging works on Sum-
of-Squares. Many key ideas on graph matrices are present in a pioneering work by Barak
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et al. which analyzes the Sum-of-Squares algorithm for the Planted Clique problem [5]
(building on earlier work [20, 57, 35]). Analytical ideas were subsequently isolated by Ahn,
Medarametla, and Potechin [1] and Potechin and Rajendran [71, 72] and developed in several
more works [34, 74, 42, 41, 44, 43, 47]. Several recent works have made explicit connections
between AMP, Sum-of-Squares, and low-degree polynomials [63, 38, 76, 77]. Another similar
class of diagrammatic techniques are tensor networks [61, 48].

1.2.3 Statistical physics and the cavity method
The cavity and replica methods are widely used in statistical physics to compute the free
energy, complexity, etc. of Gibbs distributions on large systems, or similarly to compute the
satisfiability threshold, number of solutions, etc. for many non-convex random optimization
problems. For an introduction to statistical physics methods in computer science, we
recommend the surveys [55, 88, 31], the book [65], and the 40-year retrospective [16]. The
cavity method is described in [58] and [65, Part V].

Rigorously verifying the predictions of the physical methods has been far from easy for
mathematicians. To highlight some major landmarks in the literature over the past decades,
tour-de-force proofs of the Parisi formula for the free energy of the SK model were developed
by Talagrand [81, 82] and Panchenko [67]. Ding, Sly, and Sun [22, 21, 23] identified the
satisfiability threshold for several random optimization problems including k-SAT with large
k. Ding and Sun [24] and Huang [36] rigorously analyze the storage capacity of the Ising
perceptron, assuming a numerical condition.

Note that the results above are strictly outside the regime of the current work. They
require the replica method in “replica symmetry breaking” settings, whereas we study the
simpler but related cavity method in the replica symmetric setting. k-SAT is also a sparse
(a.k.a. dilute) model whereas our results are for dense (a.k.a. mean-field) models. Despite
these differences, our results tantalizingly suggest that it may be possible to validate the
physical techniques in a more direct and generic way than taken by current approaches.

Other authors have also directly considered the cavity assumption, albeit using a less
combinatorial approach. Both proofs of the Parisi formula implement analytic forms of
the cavity calculation ([82, Section 1.6] and [67, Section 3.5]). The cavity method can
also be partially justified for sparse models in the replica symmetric regime using that the
interactions are locally treelike with high probability [8, 18].

Diagrammatic methods are common in physics, and in fact they have been used in
the vicinity of belief propagation even since a seminal 1977 paper by Thouless–Anderson–
Palmer [83] which introduced the TAP equations. A version of the tree approximation
actually appears briefly in their diagrammatic formula for the free energy of the SK model
in Section 3. However, it has not been clear how or whether these arguments could be made
rigorous, and to date, rigorous proofs have not directly followed these approaches.

1.2.4 Belief propagation and AMP
Belief propagation originates in computer science and statistics from Pearl [70]. In the
current setting, we can view the underlying graphical model as the complete graph, with
correlations between the variables induced by the random matrix A. State evolution was
first predicted for BP algorithms in this setting by Kabashima [45] and Donoho–Maleki–
Montanari [25]. Since the first rigorous proof of state evolution by Bolthausen [11], his
Gaussian conditioning technique has been extended to prove state evolution for many variants
of AMP [7, 39, 54, 78, 9, 79, 3, 80, 53, 29, 28, 32, 37].

ICALP 2025
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A notably different proof of state evolution by Bayati, Lelarge, and Montanari [6] uses a
moment-based approach which is closer to ours (see also follow-up proofs [17, 19, 84, 27]).
These proofs and also ours show universality statements which the Bolthausen conditioning
method cannot handle.

All of the above works restrict themselves to a constant number of iterations, although
some recent papers push the analysis of AMP in some settings to a superconstant number of
iterations [75, 13, 85, 86].

Very recently, [51, 50] managed to analyze t = Ω̃(n) iterations of AMP in the spiked
Wigner model. This last line of work is especially intriguing, given that our approach seems
to break down at t ≈

√
n [40, Section 6.1].

The perspective that we take is slightly different from most of these papers. Whereas
previous works analyze the asymptotic distribution of the AMP iterates over the randomness
of A, we give an explicit function x̂t which exactly satisfies a “Gaussian dynamics” and
asymptotically approximates the iterates. This general approach provides more information
and we hope that it has increased potential for generalization.

On first-order iterations which are not BP/AMP algorithms, a smaller number of physical
analyses have been performed using the more general techniques of dynamical mean field
theory [56]. We refer to the survey [31]. Most analyses rely on heuristic arguments, although
some more recent works [14, 33, 52] prove rigorous results.

Finally, we note that the tree approximation bears similarities to the suppression of crossing
partitions in free probability [66]. Unlike the traditional viewpoint of free probability, the
combinatorial cancellations behind the tree approximation occur directly on the trajectory
of random objects (the iterates of the algorithm), and not only for averaged quantities
associated with them.

1.3 Organization of the paper

In the remaining of the paper, we give the key properties of the Fourier diagrams on a high
level, delaying formal statements and proofs to the full version of the paper [40]. After some
preliminaries in Section 2, we given an example in Section 3. In Section 4, we define the
class of diagrams and describe their behavior both for fixed n and in the limit n → ∞. In
Section 5, we summarize how iterative algorithms behave asymptotically. In Section 6, we
explain how the diagram basis can be derived from standard discrete Fourier analysis.

2 Preliminaries

To maintain generality, we specify the input (a random matrix) and the algorithm (a first-
order iteration), but we do not specify an objective/energy function, and for this reason
our results are in the flavor of random matrix theory. While the setting of this paper is a
null model without any hidden signal, we expect that our techniques can also be applied to
planted recovery problems. A concrete algorithmic application to keep in mind in the null
model is the optimization of random degree-2 polynomials that we revisit in [40, Section 5.5].

Our results will apply universally to a Wigner random matrix model (they hold regardless
of the specific choice of µ, µ0 below).
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▶ Assumption 2.1 (Assumptions on matrix entries). Let µ and µ0 be two subgaussian3

distributions on R such that EX∼µ[X] = 0 and EX∼µ[X2] = 1.
Let A be a random n×n symmetric matrix with independent entries (up to the symmetry)

which are either
√

nAii ∼ µ0 on the diagonal or
√

nAij ∼ µ off the diagonal.

The subgaussian assumption on µ and µ0 can be relaxed to require only the existence
of the q-th moment of µ for some large enough constant q ∈ N that depends only on the
number of iterations and the degree of the nonlinearities appearing in the algorithm. In this
case, our statements of the form “∥xn − yn∥∞ = Õ(n−1/2) with high probability”4 weaken
to “∥xn − yn∥∞

a.s.−→ 0”.
We will refer to the generalized (probabilist’s) Hermite polynomials as hk( · ; σ2), where

hk is the degree-k monic orthogonal polynomial for N (0, σ2). If Zi is an independent
N (0, σ2

i ) random variable for all i ∈ I, then
(∏

i∈I hki
(Zi; σ2

i )
)

k∈NI is an orthogonal basis
for polynomials in (Zi)i∈I with respect to the expectation over (Zi)i∈I .

3 Example of using diagrams

We show how to compute the vector A(A1⃗)2 in the diagram basis, where 1⃗ ∈ Rn denotes the
all-ones vector and the square function is applied componentwise. Calculation with diagrams
is a bit like a symbolic version of the trace method from random matrix theory [12].

For simplicity, we assume in this section that A satisfies Assumption 2.1 with Aii = 0 for
all i ∈ [n].

We will use rooted multigraphs to represent vectors.5 Multigraphs may include multiedges
and self-loops. In our figures, the root will be drawn as a circled vertex . The vector 1⃗ will
correspond to the singleton graph with one vertex (the root): . Edges will correspond to
Aij terms.

The vector A1⃗ will be represented by the graph consisting of a single edge, with one of
the endpoints being the root:

(A1⃗)i =
n∑

j=1

Aij =
n∑

j=1
i,j distinct

Aij

≡

where the second equality uses the assumption that A has zero diagonal. Now to apply the
square function componentwise, we can decompose:

(A1⃗)2
i =

n∑
j,k=1

i,j,k distinct

AijAik +
n∑

j=1
i,j distinct

A2
ij

≡ +

Moving on, we apply A to this representation by casing on whether the new index i

matches one of the previous indices. We group terms together using the symmetry of A and
the fact that Aii = 0.

3 A distribution µ on R is subgaussian if there exists a constant C > 0 such that for all q ∈ N,
EX∼µ[|X|q] ≤ Cqqq/2.

4 We say a sequence of events (An)n≥0 occurs with high probability if Pr(An) ≥ 1 − 1/poly(n).
5 Graphs with multiple roots can be used to represent matrices and tensors, although we will not need

those here.
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(A(A1⃗)2)i =
n∑

j,k,ℓ=1
i,j,k,ℓ distinct

AijAjkAjℓ + 2
n∑

j,k=1
i,j,k distinct

A2
ijAjk +

n∑
j,k=1

i,j,k distinct

AijA2
jk +

n∑
j=1

i,j distinct

A3
ij

≡ +2 + +

This is the non-asymptotic Fourier diagram representation of A(A1⃗)2.
In the limit n → ∞, only some of these terms contribute to the asymptotic Fourier

diagram basis representation. Asymptotically, hanging double edges can be removed from a
diagram6, so that the third diagram in the representation above satisfies, as n → ∞,

∞= .

The second and fourth diagrams in the representation of A(A1⃗)2 have entries on the scale
O(n−1/2) and so they will be dropped from the asymptotic diagram representation. In total,

A(A1⃗)2 ∞= + .

We will show that as n → ∞, the left diagram becomes a Gaussian vector with independent
entries of variance 2, and the right diagram becomes a Gaussian vector with independent
entries of variance 1. In fact, these 2n entries are asymptotically jointly independent. It can
be verified numerically that approximately for large n, A(A1⃗)2 matches the sum of these
two random vectors, the histogram of each vector’s entries is Gaussian, and the vectors are
approximately orthogonal.

4 Properties of the diagram basis

▶ Definition 9. A Fourier diagram is an unlabeled undirected multigraph α = (V (α), E(α))
with a special vertex labeled which we call the root. No vertices may be isolated except for
the root. We let A be the set of all Fourier diagrams.

▶ Definition 10 (Zα). For a Fourier diagram α ∈ A with root , define the vector Zα ∈ Rn

by

Zα,i =
∑

φ:V (α)→[n]
φ injective

φ( )=i

∏
{u,v}∈E(α)

Aφ(u)φ(v) , for all i ∈ [n] .

Among all Fourier diagrams, the ones corresponding to trees play a special role. They
will constitute the asymptotic Fourier diagram basis.

▶ Definition 11 (S and T ). Let S be the set of unlabeled rooted trees such that the root has
exactly one subtree (i.e. the root has degree 1). Let T be the set of all unlabeled rooted trees
(non-empty, but allowing the singleton).

▶ Definition 12 (Proper Fourier diagram). A proper Fourier diagram is a Fourier diagram
with no multiedges or self-loops (i.e. a rooted simple graph).

6 To be convinced of this, the reader can think of the case where the entries of A are uniform ± 1√
n

.
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For proper Fourier diagrams α ∈ A, the following properties of Zα hold non-asymptotically
i.e. for arbitrary n:

(i) Zα is a multilinear polynomial in the entries of A with degree |E(α)| (or Zα = 0 when
|V (α)| > n).

(ii) Zα has the symmetry that Zα,i(A) = Zα,π(i)(π(A)) for all permutations π ∈ Sn, where
π acts on A by permuting the rows and columns simultaneously.

(iii) For each i ∈ [n], the set {Zα,i : proper Fourier diagram α ∈ A} is orthogonal with
respect to the expectation over A.

(iv) In fact, Zα is a symmetrized multilinear Fourier character (see Section 6). This implies
the previous properties and it shows that the proper diagrams are an orthogonal basis
for a class of symmetric functions of A.

We represent the algorithmic state as a Fourier diagram expression of the form x =∑
α∈A cαZα. To multiply together or apply algorithmic operations on a diagram expression,

we case on which indices repeat, like in the example in Section 3. See [40, Appendix A.2] for
a formal derivation of these rules.

Now we turn to the asymptotic properties. The constant-size tree diagrams (Zτ )τ∈T
exhibit the following key properties in the limit n → ∞ and with respect to the randomness
of A.

(i) The coordinates of Zτ ∈ Rn for any τ ∈ T are asymptotically independent and
identically distributed.

(ii) The random variables Zσ,1 for σ ∈ S (the tree diagrams with one subtree) are asymp-
totically independent Gaussians with variance |Aut(σ)|, where Aut(σ) are the graph
automorphisms of σ which fix the root.

(iii) The random variable Zτ,1 for τ ∈ T (the tree diagrams with multiple subtrees) is
asymptotically equal to the multivariate Hermite polynomial

∏
σ∈S hdσ

(Zσ,1; |Aut(σ)|)
where dσ is the number of children of the root whose subtree (including the root) equals
σ ∈ S.

The remaining Fourier diagrams not in T can be understood using the further asymptotic
properties:
(iv) For any diagram α ∈ A, if α has a hanging double edge i.e. a double edge with one

non-root endpoint of degree exactly 2, letting α0 be the diagram with the hanging
double edge and hanging vertex removed, then Zα is asymptotically equal to Zα0 . For
example, the following diagrams are asymptotically equal:

∞= ∞=

1 ≈
n∑

j=1
i̸=j

A2
ij ≈

n∑
j,k,ℓ,m=1

i,j,k,ℓ,m distinct

A2
ijA2

jkA2
kℓA2

km

(v) For any connected α ∈ A, if removing the hanging trees of double edges from α creates
a diagram in T , then by the previous property, Zα is asymptotically equal to that
diagram. If the result is not in T , then Zα is asymptotically negligible.

(vi) The disconnected diagrams have only a minor and negligible role in the algorithms that
we consider. See [40, Section 4.2] for the description of these random variables.
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To summarize the properties, given a sum x of connected diagrams, by removing the
hanging double trees, and then removing all diagrams not in T , the expression admits an
asymptotic Fourier diagram basis representation of the form

x
∞=

∑
τ∈T

cτ Zτ , (4)

for some coefficients cτ ∈ R independent of n and A. We call this the tree approximation to
x. Note that all tree diagrams have order 1 variance regardless of their size, which can be
counter-intuitive.

5 Asymptotic state evolution

The main appeal of the tree approximation in Equation 4 is that when restricted to the tree-
shaped diagrams, the GFOM operations have a very simple interpretation: they implement
an idealized Gaussian dynamics which we describe now.

The idealized GFOM moves through an “asymptotic Gaussian probability space” which
is naturally the one corresponding to the n → ∞ limit of the diagrams. Based on the
diagram classification, this consists of an infinite family of independent Gaussian vectors
(Zσ)σ∈S . However, due to symmetry, all of the coordinates follow the same dynamic, so we
can compress the representation of the dynamic down to a one-dimensional random variable
Xt which is the asymptotic distribution of each coordinate xt,i . We call Xt the asymptotic
state of xt.

For example, Approximate Message Passing (AMP) is a special type of GFOM whose
iterates are asymptotically Gaussian i.e. Xt is a Gaussian random variable for all t (in general
GFOMs, although Xt is defined in terms of Gaussians, it is not necessarily Gaussian).

The algorithmic operations restricted to the trees and the corresponding evolution of the
asymptotic state Xt are as follows. Two important operations on a tree-shaped diagram are
extending/contracting the root by one edge.

▶ Definition 13 (+ and − operators). We define + : T → S and − : S → T by:
If τ ∈ T , let τ+ be the diagram obtained by extending the root by one edge (i.e. adding
one new vertex and one edge connecting it to the root of τ , and re-rooting τ+ at this new
vertex).
If τ ∈ S, let τ− be the diagram obtained by contracting the root by one edge (i.e. removing
the root vertex and the unique edge from it, and re-rooting τ− at the endpoint of that
edge).

Recall that the possible operations of a GFOM are either multiplying the state by A or
applying a function componentwise. The effect of these two operations on the tree-shaped
diagrams are:

If σ ∈ S, then AZσ is asymptotically the sum of the diagrams σ+ and σ− obtained by
respectively extending and contracting the root by one edge. For example,

A × ∞= +

If τ ∈ T \ S, then AZτ is asymptotically only the τ+ term. For example,

A × ∞=
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From the classification of diagrams, if τ ∈ T consists of dσ copies of σ ∈ S, then∏
σ∈S

hdσ
(Zσ; |Aut(σ)|) ∞= Zτ . (5)

Therefore, to compute f(Zσ : σ ∈ S), we expand f in the Hermite polynomial basis
associated to S, and apply the rule Equation 5 to all the terms. For example,

These operations correspond to the following Gaussian dynamic.

▶ Definition 14 (Asymptotic Gaussian space, Ω). Let (Z∞
σ )σ∈S be a set of independent

centered (one-dimensional) Gaussian random variables with variances Var(Z∞
σ ) = |Aut(σ)|.

If τ ∈ T can be decomposed as dσ copies of each σ ∈ S branching from the root, we define

Z∞
τ =

∏
σ∈S

hdσ
(Z∞

σ ; |Aut(σ)|) .

We call asymptotic states the elements in the linear span of (Z∞
τ )τ∈T . We can view them

both as polynomials in the formal variables (Z∞
σ )σ∈S and as real-valued random variables.

The set of asymptotic states is denoted Ω.

▶ Definition 15 (Asymptotic state). If x ∈ Rn is such that x
∞=

∑
τ∈T cτ Zτ , we define the

asymptotic state of x by

X =
∑
τ∈T

cτ Z∞
τ .

The state evolution of the algorithm can now be described concisely as:
If xt has asymptotic state Xt, then the asymptotic state of Axt is X+

t + X−
t . Here we

extend the + and − operators linearly to sums of Zτ or Z∞
τ (let Z−

τ = (Z∞
τ )− = 0 if

τ ∈ T \ S).
If xt−1, . . . , x0 have asymptotic states Xt−1, . . . , X0 and f is any polynomial, then the
asymptotic state of f(xt−1, . . . , x0) is f(Xt−1, . . . , X0).

6 Perspective: equivariant Fourier analysis

The Fourier diagrams form an orthogonal basis that can be derived in a mechanical way
using symmetrization.

We can use Fourier analysis to express a function or algorithm with respect to a natural
basis. The unsymmetrized underlying analytical space consists of functions of the n2 entries
of A. Since the entries of A are independent, the associated Fourier basis is the product basis
for the different entries. When A ∈ {−1, 1}n×n is a Rademacher random matrix, the Fourier
characters are the multilinear monomials in A. An arbitrary function f : {−1, 1}n×n → R is
then expressed as

f(A) =
∑

α⊆[n]×[n]

cα

∏
(i,j)∈α

Aij ,
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where cα are the Fourier coefficients of f . When A is a symmetric matrix with zero diagonal,
we only need Fourier characters for the top half of A, and the basis simplifies to α ⊆

([n]
2

)
.

That is, the possible α can be interpreted combinatorially as graphs on the vertex set [n].
An observation that allows us to significantly simplify the representation is that many of

the Fourier coefficients are equal for Sn-equivariant algorithms. A function f : Rn×n → R is
Sn-equivariant if it satisfies f(π(A)) = f(A) or if f : Rn×n → Rn satisfies f(π(A)) = π(f(A))
where π acts on A by permuting the rows and columns simultaneously. For scalar-valued
functions, considering the action of Sn on the vertex set of the Fourier characters [n], any
two Fourier characters α, β which are in the same orbit will have the same Fourier coefficient.
Equivalently, if α and β are isomorphic as graphs, then their Fourier coefficients are the same.
By grouping together all isomorphic Fourier characters, we obtain the symmetry-reduced
representation defining the Fourier diagram basis,

f(A) =
∑

nonisomorphic α⊆([n]
2 )

cα

 ∑
injective φ:V (α)→[n]

∏
{u,v}∈α

Aφ(u)φ(v)

 .

Thus by construction, the diagrams are an orthogonal basis for symmetric low-degree
polynomials of A. We use this to derive some simple facts in [40, Appendix A.1]. Asymptotic
independence of the Gaussian diagrams can be predicted based on the fact that the diagrams
are an orthogonal basis, and orthogonal Gaussians are independent (thus we expect a set of
independent Gaussians to appear from other types of i.i.d. inputs as well).

The above discussion was for Boolean matrices with Aij ∼ {±1}. The natural generaliza-
tion expresses polynomials in the basis of orthogonal polynomials for the entries Aij (e.g.
the Hermite polynomials when the Aij ∼ N (0, 1/n) [63, Section 3.2]).

Our results show that for the first-order algorithms we consider, only the multilinear part of
the basis matters (i.e. the orthogonal polynomials which are degree 0 or 1 in each variable): up
to negligible error, we can approximate A2

ij ≈ 1
n and Ak

ij ≈ 0 for k ≥ 3. We use the monomial
basis7 to represent higher-degree polynomials instead of higher-degree orthogonal polynomials
in order to simplify the presentation (except for the degree-2 orthogonal polynomial A2

ij − 1
n

which expresses some error terms).
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