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—— Abstract

Testing graph cluster structure has been a central object of study in property testing since the
foundational work of Goldreich and Ron [STOC’96] on expansion testing, i.e. the problem of
distinguishing between a single cluster (an expander) and a graph that is far from a single cluster.
More generally, a (k, €)-clusterable graph G is a graph whose vertex set admits a partition into
k induced expanders, each with outer conductance bounded by €. A recent line of work initiated
by Czumaj, Peng and Sohler [STOC’15] has shown how to test whether a graph is close to (k,€)-
clusterable, and to locally determine which cluster a given vertex belongs to with misclassification
rate & €, but no sublinear time algorithms for learning the structure of inter-cluster connections are
known. As a simple example, can one locally distinguish between the “cluster graph” forming a line
and a clique?

In this paper, we consider the problem of testing the hierarchical cluster structure of (k,e¢)-
clusterable graphs in sublinear time. Our measure of hierarchical clusterability is the well-established
Dasgupta cost, and our main result is an algorithm that approximates Dasgupta cost of a (k, €)-
clusterable graph in sublinear time, using a small number of randomly chosen seed vertices for which
cluster labels are known. Our main result is an O(y/log k) approximation to Dasgupta cost of G in
~ n'/?10() time using & n'/? seeds, effectively giving a sublinear time simulation of the algorithm
of Charikar and Chatziafratis [SODA’17] on clusterable graphs. To the best of our knowledge, ours
is the first result on approximating the hierarchical clustering properties of such graphs in sublinear
time.
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1 Introduction

Graph clustering is a central problem in data analysis, with applications in a wide variety
of scientific disciplines from data mining to social science, statistics and more. The overall
objective in these problems is to partition the vertex set of the graph into disjoint “well
connected” subgraphs which are sparsely connected to each other. It is quite common in the
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Approximating Dasgupta Cost in Sublinear Time

Figure 1 Clusters arranged in a line (Left); Clusters forming a clique (Right).

practice of graph clustering that besides the graph itself one is given a list of vertices with
correct cluster labels for them, and one must extend this limited amount of cleanly labelled
data to a clustering of the entire graph. This corresponds to the widely used seeded model
(see, e.g., [7] and numerous follow up works, e.g., [17, 29, 39, 4]). The central question that
we consider in this paper is

What can be learned about the cluster structure of the input graph from a few seed
nodes in sublinear time?

Formally, we work with the classical model for well-clusterable graphs [14], where the
input graph G = (V, E) is assumed to admit a partitioning into a disjoint union of k induced
expanders (', . . ., C with outer conductance bounded by € < 1 and inner conductance being
Q(1). We refer to such instances as (k, Q(1), €)-clusterable graphs, or (k, €)-clusterable graphs
for short. Such graphs have been the focus of significant attention in the property testing
literature [15, 27, 36], starting from the seminal work of [24]. A recent line of work has shown
how to design nearly optimal sublinear time clustering oracles for such graphs, i.e. algorithms
that can consistently answer clustering queries on such a graph from a local exploration only.
However, existing works do not show how to learn the structure of connections between the
clusters. In particular, to the best of our knowledge, no approach in existing literature can
resolve the following simple question:

Distinguish between the clusters being arranged in a line and the clusters forming
an (appropriately subsampled) clique (See Fig. 1).

More generally, we would like to design a sublinear time algorithm that approximates the
hierarchical clustering properties of k-clusterable graphs. Hierarchical clustering is a useful
primitive in machine learning and data science with essential applications in information
retrieval [32, 8], social networks [21] and phylogenetics [18]. Informally, in hierarchical
clustering the objective is to construct a hierarchy of partitions that explain the cluster
structure of the graph at different scales — note that such a partitioning looks very different
in the two cases (line vs. clique) above. Formally, the quality of such a hierarchy of partitions
is often evaluated using Dasgupta cost [16], and the main question studied in our paper is

Is it possible to approximate the Dasgupta cost of a (k, (1), €)-clusterable graph
using few queries to the input graph and a few correctly clustered seed vertices?
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In practice an algorithm operating in the seeded model [7] most often does not have

full control over the seeds, but rather is given a list generated by some external process.

To model this, we assume that the seed vertices are sampled independently from the input
graph, with probability proportional to their degrees: we refer to this model as the random
sample model.

The case k = 1, i.e. approximating Dasgupta cost of an expander

When k = 1, our input is a single expander, i.e. a single cluster, we approximate its Dasgupta
cost in sublinear time using degree queries on the seeds. At first glance one might think that
Dasgupta cost of an expander can be approximated well simply as a function of its number
of vertices and average degree, but this is only the case for regular expanders. The irregular
case is nontrivial, a poly(1/¢) approximation was recently given by [31]. As our first result,
we give an algorithm approximating Dasgupta cost of an (irregular) @-expander using ~ n'/3
seed vertices (and degree queries on these vertices). This, somewhat surprisingly, turns out

to be a tight bound. Specifically, we show

» Theorem 1 (Approximating Dasgupta cost of an expander). Dasgupta cost of a p-expander
can be approzimated to within a poly(1/) factor using degree queries on = nl/3
1/3 is tight up to polylogarithmic factors.

seed vertices.
Furthermore, the bound of ~n

The case k > 1

For k£ > 1 we leverage recent results on clustering oracles to decompose the problem of
approximating the Dasgupta cost into two: (1) approximating Dasgupta cost of individual
clusters and (2) approximating Dasgupta cost of the contracted graph, in which each cluster
is contracted into a supernode. Such a decomposition is only possible for bounded degree
graphs, see Example 4.2 in [31], so this is the setting we work in. We show that access to a
few seed vertices is sufficient to obtain oracle access to the cut function (and, more generally,
quadratic form of the Laplacian) of the contracted graph in time ~ n'/2t9(9) OQur main
result is Theorem 2 below:

» Theorem 2 (Informal version of Theorem 9). There exists an algorithm that for every
(k,Q(1), €)-clusterable bounded degree graph G = (V, E) estimates the Dasgupta cost of G up
to O(v/Togk) factor in the random sample model in time =~ n'/?>TO) . (d,,)OD).

» Remark 3. We remark that our algorithm for estimating Dasgupta cost from Theorem 9
can be made to provide an oracle access to a low cost hierarchical clustering tree.

» Remark 4. One can verify by adapting the lower bound of Q(n'/?) on expansion testing
due to Goldreich and Ron [23] that at least Q(y/n/k) queries are needed for a o(k/log k)
approximation for constant k in this model. The proof is a rather direct adaptation of the
classical result of Goldreich and Ron, and we therefore do not present it.

» Remark 5. Recall that in our random sample model for seed vertices the seeds are sampled
independently with probability proportional to their degrees. This model matches quite
closely what happens in practice in the sense that the algorithm does not always have full
control over the seeds [7]. One can also consider the stronger model in which the algorithm
can ask for correct label of any vertex of its choosing. This model is significantly stronger,
and in particular one can design an algorithm for obtaining the same approximation of
Dasgupta cost as our Theorem 2 above, but with time complexity polynomial in d, logn
and 1/e.
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We note that the currently best known approximation to Dasgupta cost on n-vertex graphs
is O(y/logn), achieved by the recursive sparsest cut algorithm of [11]. Our approximation
is O(y/log k), matching what the Charikar and Chatziafratis algorithm achieves on k-node
graphs. In fact, our main technical contribution is an efficient way of simulating this algorithm
in sublinear time on k-clusterable graphs.

Related work on (k, (1), €)-clusterable graphs. Such graphs have been extensively
studied in the property testing framework as well as local computation models. Its testing
version, where one essentially wants to determine k, the number of clusters in G, in sublinear
time, generalizes the well-studied problem of testing graph expansion, where one wants to
distinguish between an expander (i.e. a good single cluster) and a graph with a sparse cut
(i.e. at least two clusters). [24] showed that expansion testing requires Q(n'/2) queries, then
[15, 27, 36] developed algorithms to distinguish an expander from a graph that is far from
a graph with conductance € in time ~ n'/2*9(©) which the recent work of [12] showed to
be tight. The setting of £ > 2 has seen a lot of attention recently [14, 12, 37, 22], with
close to information theoretically optimal clustering oracles, i.e. small space data structures
that provide quick access to an approximate clustering, obtained in [22]. More recently, [31]
studied hierarchical clustering of k-clusterable graphs and developed a nearly linear time
algorithm that approximates the Dasgupta cost of the graph up to constant factor. However,
their algorithm to work requires significantly stronger assumptions on the input data i.e.,
ek 1/ kO and their algorithm does not run in sublinear time. Note that the problem of
estimating Dasgupta cost becomes non-trivial when € > %, i.e., when Dasgupta cost of the
graph is dominated by the outgoing edges between different clusters®.

The most closely related work on our setting is [28] where the authors provide a sublinear
algorithm for hierarchical clustering. However, their algorithm works under significantly
stronger assumptions on their input instance. They introduce the notion of hierarchically
clusterable graphs, which assumes a planted hierarchical clustering structure not only at the
bottom level of the hierarchy but at every level. Their result relies on several properties of
such graphs. In contrast, we only assume that the input graph is k-clusterable. For this
reason we cannot use the techniques developed in [28], and we need to develop a completely
new approach.

Very recently, [1, 6] considered the problem of hierarchical clustering under Dasgupta
objective in the streaming model. Both papers give a one pass 6(71) memory streaming
algorithm which finds a tree with Dasgupta cost within an O(vy/logn) factor of the optimum in
polynomial time. Additionally, [1] also considers this problem in the query model and presents
an O(y/logn) approximate hierarchical clustering using O(n) queries without making any
clusterability assumptions of the input graph. On the other hand, our algorithms assume the
graph is k-clusterable and approximate the Dasgupta cost within an O(y/logk) in sublinear
time.

Related work on hierarchical clustering. We briefly review developments in the area
of algorithms for hierarchical clustering since the introduction of Dasgupta’s objective
function. Dasgupta designed an algorithm based on recursive sparsest-cut that provides

L For instance, in a d-regular, (k, ¢, ¢)-clusterable graph, one can easily show that the Dasgupta cost

is at least Q( ‘P‘i‘"z ), simply because of the contribution of the k induced p-expanders. On the other
hand, the total number of edges running between the clusters is bounded by € - d - n, and therefore their
total contribution to Dasgupta cost is O(e-d - n2). Thus, the problem becomes non-trivial when e > %
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O(log3/ 2 n) approximation for his objective function. This was improved by Charikar and
Chatizafratis who showed that the recursive sparsest-cut algorithm already returns a tree
with approximation guarantee O(y/logn) [11]. Furthermore, they showed that it’s impossible
to approximate Dasgupta cost within constant factor in general graphs under the Small-Set
Expansion hypothesis. More recently, [13] studied this problem in a regime in which the
input graph is sampled from a Hierarchical Stochastic Block Model [13]. They construct a
tree in nearly linear time that approximates Dasgupta cost of the graph up to a constant
factor. [13] uses a type of hierarchical stochastic block model, which generates close to regular
expanders with high probability, and their analysis crucially relies on having dense clusters
and large degrees. Our model allows for arbitrary expanders as opposed to dense random
graphs and is more expressive in this sense.

Related work in semi-supervised active clustering. We note that our model is also related
to the semi-supervised active clustering framework (SSAC) introduced in [5]. In this model
we are given a set X of n points and an oracle answering to same-cluster queries of the
form “are these two points in the same cluster?”. Thanks to its elegance and applications to
crowdsourcing, the model received a lot of attention and has been extensively studied both
in theory [2, 3, 9, 10, 26, 33, 34, 35, 38, 42] and in practice [20, 25, 40, 41] — see also [19] for
other types of queries.

1.1 Basic definitions

» Definition 6 (Inner and outer conductance). Let G = (V, E) be a graph. For a set C CV
and a set S C C, let E(S,C\ S) be the set of edges with one endpoint in S and the other in

C\ S. The conductance of S within C, is ¢S(S) = %(%\)S)I The outer conductance of C

is defined to be ¢S, (C) = ¢$(C) = %YC\)C)' The inner conductance of C CV is defined

to be ¢$.(C) = ming e g wlc) #G(S) if |C| > 1 and one otherwise.
=L, >7>%

We define k-clusterable graphs as a class of instances that can be partitioned into k expanders.

» Definition 7 ((k, ¢, €)-clustering). Let G = (V, E) be a graph. A (k,y,¢€)-clustering of
G is a partition of vertices V into disjoint subsets C1,...,Cy such that for all i € [k],

G(C:) > ¢, ¢5,,(C:) < € and for all i, j € [k] one has nggg;; € O(1). A graph G is called
(k, p, €)-clusterable if there exists a (k, , €)-clustering for G.

For Theorem 2, we assume that the degree of every vertex is maximal by adding self-loops,
and use the notion of conductance corresponding to the graph with the added self-loops.

Dasgupta cost. Hierarchical clustering is the task of partitioning vertices of a graph into
nested clusters. The nested partitions can be represented by a rooted tree whose leaves
correspond to the vertices of graph, and whose internal nodes represent the clusters of
vertices. Dasgupta introduced a natural optimization framework for formulating hierarchical
clustering tasks as an optimization problem [16]. We recall this framework now. Let T be
any rooted tree whose leaves are vertices of the graph. For any node x of T, let T[z] be the
subtree rooted at z, and let LEAVES(T[z]) C V denote the leaves of this subtree. For leaves
x,y €V, let LCA(x,y) denote the lowest common ancestor of 2 and y in 7. In other words,
T[LCA(z,y)] is the smallest subtree whose leaves contain both z and y.

» Definition 8 (Dasgupta cost [16]). Dasgupta cost of the tree T for the graph G = (V, E) is
defined to be COSTG(T) = 3.1, yep |LEAVES(T[LCA(z, y)])|.
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The random sample model for seed vertices. We consider a random sample model for seed
vertices, in which the algorithm is given a (multi)set S of seed vertices, which are sampled
independently with probability proportional to their degrees, together with their cluster
label.

2 Technical overview

In this section we give an overview of our main algorithmic result, stated below as Theorem
9 (formal version of Theorem 2). It postulates a sublinear time algorithm for estimating
Dasgupta cost of k-clusterable graphs. Here, we use O*-notation to suppress poly(k),
poly(1/¢), poly(1/e€) and polylog n-factors.

> Theorem 9. Let k > 2, ¢ € (0,1) and  be a sufficiently small constant. Let G = (V. E)
be a bounded degree graph that admits a (k, @, €)-clustering C1,...,Ck. Let |[V| =n, |E| =m.
There exists an algorithm (ESTIMATEDCOST(G); Algorithm 1) that w.h.p.  es-

timates the optimum Dasgupta cost of G within an O((p” }j’ﬁf“) factor in time

O* (n1/2+o(6/¢2) . (dmax)o(l)) using O* (no(e/“’z) . (dmax)o(l)) seed queries.

Our algorithm consists of two main parts: First, we estimate the contribution from the
inter-cluster edges to the Dasgupta cost. A natural approach is to contract the clusters
Cy,...,Cy into supernodes, and use Dasgupta cost of the contracted graph (defined below)
as a proxy.

» Definition 10 (Contracted graph). Let G = (V, E) be a graph and let C = (Cy,...,Ck)
denote a partition of V' into disjoint subsets. We say that the weighted graph H =
([k], ([g]),W, w) is a contraction of G with respect to the partition C if for every i,j € [K]
we have W (i,7) = |E(C;, C;)|, and for every i € [k] we have w(i) = |C;|. We denote the
contraction of G with respect to the partition C by H = G/C.

The problem is of course that it is not clear how to get access to this contracted graph in
sublinear time, and our main contribution is a way of doing so. Our approach amounts to
first obtaining access to the quadratic form of the Laplacian of the contracted graph H, and
then using the hierarchical clustering algorithm of [11] on the corresponding approximation
to the contracted graph. Thus, we essentially show how to simulate the algorithm of [11] in
sublinear time on (k, ¢, €)-clusterable graphs.

The procedure TOTALCLUSTERSCOST approximates the contribution from the internal
cluster edges to the Dasgupta cost.

Algorithm 1 below presents our estimator for the Dasgupta cost of the graph.

Algorithm 1 ESTIMATEDCOST(G). time ~ m!/2T0()

L § <+ (kdi,ax)ou)

2: D + INITIALIZEWEIGHTEDDOTPRODUCTORACLE(G, &)  #Algorithm 7 in Full Version

3. H + APPROXCONTRACTEDGRAPH(G, £, D) #The Laplacian £ of H satisfies (4)

4: T <+ WEICHTEDRECURSIVESPARSESTCUT(H)  #Weighted version of Algorithm of [11]

5 EST + O (é) - WCOST z(T) + ToTALCLUSTERSCOST(G) + O (5”;—2’“2)
6: return EST
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Our algorithm uses a weighted definition of Dasgupta cost (Definition 24), which we
denote WCOST, to relate the cost of G and the contracted graph H. Then, our estimate
EST in Algorithm 1 simply sums the contribution from the weighted Dasgupta cost of the
tree T on the contracted graph H , with the contribution from the clusters. We want to

ensure that the estimate always provides an upper bound on the optimal Dasgupta cost of G.

To this end, we scale the weighted Dasgupta cost WCOSTH(T) up by a factor of O (#)

(to account for the multiplicative error), and add a term on the order of E";’;kz (to account

for the additive error). That way we obtain an estimate EST such that

Vl0og k

L0

COST(G) <EST <O < ) COST(G),
where COST(G) denotes the optimum Dasgupta cost of G.

We outline the main ideas behind accessing the contracted graph in Section 2.2, and
present the complete analysis in the full version. The TOTALCLUSTERSCOST procedure
simply outputs a fixed value that depends on n, d, and k. We provide more details on this in
Section 2.1.

We remark that with a little post-processing, our algorithms for estimating Dasgupta
cost can be adapted to recover a low-cost hierarchical-clustering tree. To construct such
a tree we first construct a tree T with k leaves on the contracted graph. The algorithm
constructs 7' in sublinear time ~ n!/2+0(), Then, for every cluster C; one can construct a
particular tree using (Algorithm 1 of [31]) on the vertices of C;. Finally, we can extend

i

deg
the leaf i of the tree T by adding trees 7 as its direct child. Note that constructing dog
explicitly takes time O(|C;|), however, this step is only required if one intends to output

the full hierarchical-clustering tree of G. Otherwise, for only estimating COST(G), we can

estimate COST( dieg) as a function of the cluster size and the degree without explicitly

constructing 7,

2.1 Estimating Dasgupta cost of an expander using seed queries

In this section, we design an algorithm for estimating the Dasgupta cost of an irregular
1/3 seed queries. We also prove that this is
optimal (Theorem 13) in the full version. Later in the paper, we approximate the contribution
of the clusters to the Dasgupta cost of a d-regular (k, ¢, €)-clusterable graph. There, a more
basic approach suffices. In this section, we focus on a single but irregular p-expander.

p-expander up to poly(1/¢) factor using ~ n

» Theorem 11. Let G = (V, E) be a p-expander (possibly with self-loops). Let T* denote

the tree with optimum Dasgupta cost for G. Then procedure CLUSTERCOST (Algorithm 3),

uses O* (n'/3) seed queries and with probability 1 — n=1°! returns a value such that:
1

COST(T*) < CLUSTERCOST(G) < O <@5) - COST(T™).

We now outline the proof of Theorem 11.
Let G be a g-expander, i.e., ¢in(G) > . To estimate the Dasgupta cost of G, we use

Theorem 12 from [31]. This result shows that there is a specific tree called Tgeg on G that

approximates the Dasgupta cost of G up to O (ﬁ) For completeness, we include the
algorithm (Algorithm 2) for computing 7ges from [31]. Note that Algorithm 2 from [31] runs
in time O(m + nlogn), however, we don’t need to explicitly construct Tges. Instead, we

design an algorithm that estimates the cost of Tgeg in time n'/3.
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Algorithm 2 HCWITHDEGREES(G{V'}) [31].

: Input: G = (V, B, w) with the ordered vertices such that d,, > ... > dy,,
2: Output: An HC tree Tieg(G)

3: if |[V| =1 then

4:  return the single vertex V as the tree

5: else

6:  imax = |logy |V| = 1]; 7= 20max: A= {vy,...,0.}; B:=V\A4

7. Let 71 == HCWITHDEGREES(G{A}); 72 = HCwWITHDEGREES(G{B})
8: return 7ge, with 77 and 75 as the two children

9: end if

» Theorem 12 (Theorem 3 in [31]). Given any graph G = (V, E, w) with inner-conductance
@ as input, Algorithm 2 runs in O(m + nlogn) time, and returns an HC' tree Taeg(G) that
satisfies COSTq(Taeg(G)) = O(1/¢*) - OPT¢.

Our procedure for estimating the Dasgupta cost of the tree returned by Algorithm 2 is based
on a simple expression for the (approximate) cost of this tree that we derive (and later show
how to approximate by sampling).

Let G = (V, E) be an arbitrary expander with vertices 1, z2, ...z, ordered such that
dy > ds > ... >d,, where d; = deg(z;). We denote by Tges the Dasgupta Tree returned by
Algorithm 1 of [31]. Specifically, we show that the cost COST ¢ (7qeg) is to within an O(1/¢)
factor approximated by

n

Zi d; = Z rank(z) - deg(z), (1)

i=1 zeV

where deg(z) is the degree of x and rank(x) is the rank of z in the ordering of vertices of V'
in non-increasing order of degrees. The proof is rather direct, and is presented in the full
version. Our task therefore reduces to approximating (1) in sublinear time. To achieve this,
we partition the vertices into buckets according to their degree: For every d between 1 and
n/p that is a power of 2, let By := {x € V : d < deg(z) < 2d}. We will refer to By as the
degree class of d. Let ng := |By| denote the size of the degree class, and let r4 denote the
highest rank in By. Note that r4 is the number of vertices in G that have degree at least d,
so we have 14 =), 1.

The vertices in By have ranks TdyTd — 1,...,7q — ng + 1 and degrees in [d, 2d], which
gives the bounds

d Td Td
§-nd-rd§' Z i-d< Zrank(w)deg(a:)g‘ Z i-2d<2d-ng-rq, (2)
i=rg—nq+1 r€By i=rq—ngq+1

so our task is further reduced to estimating the quantity

ZZd'nd”l”d. (3)

d xE€Bgy

We do so by sampling: simply sample ~ n'/? vertices, and approximate the number of
vertices ng and the highest rank 74 of each degree class. This is summarized in Algorithm 3
below.
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Algorithm 3 CLUSTERCOST(G, S, ).
# S is a (multi)set of size s of vertices in G = (V, E)
# 1 is a constant factor estimate of |E|

1: for every d between 1 and n/¢ that is a power of 2 do

2 g 22{v e S:d<deg(v) <2d}| # Estimate the number of vertices by sampling
30 Pa+ 22|{ve S:d < deg(v)} # Estimate the rank by sampling
4: end for

5: return ), 74 - 7'q

While the algorithm is simple, the analysis is quite interesting, and the bound of n'/3
on the number of seeds is tight! We now outline the main ideas behind the analysis of the
algorithm.

Ideally, we would like to estimate the number of vertices ny and the highest rank ry4 of

every degree class d. However, this is hard to achieve, as some degree classes may be small.

1/3 samples, we can approximate ng and

The crux of the analysis is showing that with ~n
rq for any degree class that contributes at least a (1/logn)-fraction of the Dasgupta cost.
Recalling that our model assumes degree proportional sampling, the expected number of

samples from any degree class By is

s s
m Z deg(z) ~ T -t
r€EBy

where s is the total number of samples. Thus, we can estimate n; and r; whenever n; - t >
0 (2).

Now, consider the degree class d with the highest degree mass. Since there are at
most logn /e different degree classes, we have ng - d > Q*(m). Thus, we can estimate the

contribution to the Dasgupta cost of any degree class B; which satisfies

nd~d

- < O*(s).
Using the degree class d as a reference, we show that any degree class ¢ that has a
significant contribution to the Dasgupta cost, must have a sufficiently large degree mass
compared to d.
Specifically, if B; is a degree class that contributes at least a 1/logn fraction of the
Dasgupta cost, i.e.

Z rank(z) deg(x) > og 7 Z rank(x) deg(x),

rE B zeV

then, by Equation (2), we have

1
21y ny > ; rank(z) deg(x) > Tog 7t

1 1 r
> Pt > Lt
g rank(z) deg(x) > g it 5 t

zeV

From this, we conclude that n; 2 7, allowing us to use the quantity n? - ¢ as a further proxy
for the contribution of B; to the Dasgupta cost.
Furthermore, we show that if d is our high-degree-mass reference class and t is any degree

class that contributes at least a 1/logn fraction of the Dasgupta cost, then n? -t > n2 - d.

Intuitively, this is because the contribution from B; is no smaller than the contribution
from By.
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Therefore, the following optimization problem provides an upper bound on the sufficient
number of samples.

ng-d
t,nntl,%ﬁd ng -t
such that
n?-t>n?-d #B, has large contribution to the Dasgupta cost
N, Ng <N #at most n vertices
ng, t,d > 1 # B; is non-empty and degrees are non-zero
ng > 0.
However, the above optimization problem is too weak. For example, setting ng = n'/2,

1/2 But this solution would

d=mn, ng =mn,t =1 gives a feasible solution with value n
correspond to having n'/? vertices of degree n and n vertices of degree 1, which is impossible
in an actual graph. We remedy this by adding an additional constraint that encodes that

t,ng,d, ng arise from a valid graph.

ng-d
t,ﬁ%ﬁd ng -t
such that
ny-t>n3-d #B, has large contribution to the Dasgupta cost
d<ng # B, does not have too many edges to V' \ By
Ng,Ng <N #at most n vertices
ng, t,d > 1 #B; is non-empty and degrees are non-zero
ng > 0.

A priori, there is no reason why the constraint d < ng should be satisfied by our reference
class B;. However, we show that for any graph, it is possible to find a reference class By
which satisfies d < ng and contributes a large fraction of the degree mass. Intuitively, this is
because if all the high-degree-mass classes had d > ng4, then they would require too many
edges to be routed outside of their degree class, eventually exhausting the available vertices.
See the full version for the details.

Finally, we prove that the refined optimization problem has optimal value ~ n
Therefore ~ nl/3

1/3
samples suffice to discover any degree class ¢ with a non-trivial contribution
to the Dasgupta cost. The full analysis is presented in the full version.

We also show that Q(n'/3) seeds are necessary to approximate > wcv rank(z) - deg(x) to
within any constant factor:

» Theorem 13. For every positive constant o > 1 and n sufficiently large, there exists a
pair of expanders G and G’ such that 3" i-d; <n%, Y0 i-d. > an? and at least Q(n'/3)
vertices need to be queried in order to have probability above 2/3 of distinguishing between
them (where dy > ... > d,, > 1 is the degree sequence in G and d} > ... > d|, > 1 is the degree
sequence in G').

Figure 2 below illustrates the graphs G and G’ from Theorem 13. Graph G has of a set A

2/3 2/3 and the remaining vertices have degree 1. Graph G’ has a

of n®/° vertices of degree n
set A’ of n?/3 vertices of degree n?/3, but the remaining vertices have degree a.. In order to
distinguish the two graphs, we need to query a vertex outside of A or A’, but this requires
Q(n'/3) queries in expectation. The proof of Theorem 13 is straightforward, and is included

in the full version.
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G G’

Figure 2 Illustration of the two instances in Theorem 13.

Finally, we describe our procedure TOTALCLUSTERSCOST for approximating the total

contribution of the clusters to the Dasgupta cost of a d-regular (k, ¢, €)-clusterable graph.

To approximate the contribution of a single cluster C;, it suffices to apply the formula
> eec, Tank(z)d = Wd ~ |C;|%d. The procedure TOTALCLUSTERSCOST simply sums
up these contributions from all the clusters.

2.2 Sublinear time access to the contracted graph

In this section, we consider a (k, ¢, €)-clusterable graph with bounded maximum degree. For

simplicity of presentation, we assume without loss of generality that the graph is d-regular.

This is because, by a standard reduction, we can convert a degree d-bounded graph into a
d-regular graph by adding self-loops to each vertex.

We denote the Laplacian of G by L5 and the normalized Laplacian of G by Lg. We will
use the following notation for additive-multiplicative approximation.

» Definition 14. For z,y € R, write
TR Y ifa - y—b<axz<a-y+b.
For matrices X,Y € RF>¥F write
X~ Y ifa b Y —b-m-I, <X =<a-Y+b-m-I.

Let H = G/C be the contraction of G with respect to the underlying clustering C =
(C1,Cy,...C%) (Definition 10). We write H = ([¥], ([’;]),W) to emphasize that the vertex
set of the contracted graph H corresponds to the clusters of G and for i,j € [k], the pair
(t,7) is an edge of H with weight W (i, j) = |E(C;,C;)|. If we were explicitly given the
adjacency/Laplacian matrix of the contracted graph H, then finding a good Dasgupta tree for
H can be easily done by using the algorithm of [11] which gives a O(y/log k) approximation
to the optimal tree for H (and an /Tog k/¢®") approximation to the optimal tree for G as
shown in Theorem 9).

The problem is that we do not have explicit access to the Laplacian of the contracted
graph (denoted by Lg). However, to get a good approximation to the Dasgupta cost of H, it
suffices to provide explicit access to a Laplacian L (which corresponds to a graph H ) where
cuts in H approximate sizes of corresponding cuts in H in the following sense: Ja > 1,5 > 0
and such that for all S C [£],
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|E(S,V\ )| ~ap |E(S,V\ S)].

Motivated by this observation, we simulate this access approximately by constructing a
matrix £ which spectrally approximates Ly in the sense that

Ly ~ae L (4)

in time &~ m!/2+0(/9*) . poly(1/€) for some 0 < £ < 1 < a (see Theorem A.2 in the full
version). So, our immediate goal is to spectrally approximate Lg. We describe this next.

Spectrally approximating Ly. The key insight behind our spectral approximation L to Ly
comes from considering the case where our graph is a collection of k£ disjoint expanders each
on n/k vertices. To understand this better, let Lg = UAU” denote the eigendecomposition
of the normalized Laplacian. Let M = %I + ﬁA denote the lazy random walk matrix,
and note that M = I — %Lg. Let M = UXUT denote the eigendecomposition of the
lazy ranom walk matrix. Letting Uy € R™** denote a matrix whose columns are the
first k£ columns of U, we will use random sampling to obtain our spectral approximation
L to the matrix (I = U Zm U[Tlg]). Indeed, for the instance consisting of k-disjoint equal
sized expanders, note that I — U[k]E[k]U[jl;] = U,[k]Z,[k]UT[k] where U_y) € R™?*(n=k) jg
the matrix whose columns are the last (n — k) columns of U. Using the information that
A Z A1 2 2 A1 2 g02/27 one can compare quadratic forms on I — U[k]Z[k]U[T,;] and
L¢ (the normalized Laplacian of G) to show thatl ~o(1/¢2),e LH-

We will now describe this in more detail. First, we will show that the matrix [ —Up 3 U[:’];}
approximates the quadratic forms of L multiplicatively. Then, we describe how this allows
us to approximate the quadratic forms of Lg. Finally, we will outline how to approximate
the matrix I — U[k]Z[k] U[:Z] .

First, we introduce a central definition to this work, which is the notion of spectral
embedding.

» Definition 15 (k-dimensional spectral embedding). For every vertex x we let f, = U[:,';}Ilm
be the k-dimensional spectral embedding of vertezr x.

The spectral embeddings of vertices in a graph provide rich geometric information which
has been shown to be useful in graph clustering [30, 14, 12, 22]. The following remark asserts
that the inner products between f, and f, are well-defined even though the choice for these
vectors may not be basis free. First, we need the following standard result on eigenvalues of
(k, ¢, €)-clusterable graphs [30, 12].

» Lemma 16 (Lemma 3 in [22]). Let G = (V, E) be a d-regular graph that admits a (k, @, €)-
2
clustering. Let Ay < ... < A, be eigenvalues of Lg. Then we have A\ < 2€ and A\g41 > %.

» Remark 17. Take a (k, ¢, €)-clusterable graph G' where €/¢? smaller than a constant. Thus,
the space spanned by the bottom k eigenvectors of the normalized Laplacian of G is uniquely
defined, i.e. the choice of U} is unique up to multiplication by an orthonormal matrix
R € RF*F on the right. Indeed, by Lemma 16 it holds that A\, < 2e and A1 > ©?/2. Thus,
since we assume that €/¢? is smaller than an absolute constant, we have 2¢ < ¢?/2 and thus,
the subspace spanned by the bottom k eigenvectors of the Laplacian, i.e. the space of U,
is uniquely defined, as required. We note that while the choice of f, for x € V is not unique,
but the dot product between the spectral embedding of x € V and y € V is well defined,
since for every orthonormal R € R*** one has

(Rfe, Rfy) = (Rf)T(Rfy) = (f)" (RTR) (fy) = (f)" (f)-
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Since G is (k,p,€)-clusterable, by Remark 17, the space spanned by the bottom k
eigenvectors of the M is uniquely defined. Thus, for any z € R", zT(U[k]E[k] U[jl;])z is well
defined.

Having observed this, we will now show that quadratic forms of I—Up X U[i] approximate
quadratic forms of Lg multiplicatively.

» Lemma 18. Suppose that G is d-reqular, and let Lg and M denote the normalized
Laplacian and lazy random walk matriz of G. Let M = USUT denote the eigendecomposition
of M. Then for any vector z € R™ with ||z||2 = 1 we have

1 T T T 3 T
3 2z Lgz <z (1 . U[k]z[k}U[kO z < ? -z' Lgz.

Proof. Recall that Uy € R™** is a matrix whose columns are the first k& columns of

U, and X € R¥** is a matrix whose columns are the first k¥ rows and columns of ¥.

Let Uy € R™*("=k) bhe matrix whose columns are the last n — k columns of U, and

Yk € R(=k)x(n=k) he a matrix whose columns are the last n — k rows and columns of X.

Thus, the eigendecomposition of M is M = USUT = U2 U[Tlg] + U[_k]E[_k]U[T_k]. Note
that M =1 — LTG, thus we have

2TLaz
ZT(U[;C]Z[;C]U[:Z]),Z + ZT(U,[k]Z,[k]UT[k])Z = ZTM,Z =1- B) 5 (5)
which by rearranging gives
2TLaz 2TLaz
¢ <1- ZT(U[k]E[k]U[T,;])Z = ¢ + ZT(U_[k]E_[k]UT[k])Z. (6)

The first inequality gives 1 — ZT(U[k]E[k] U[TI;])Z > zngz as desired.

To establish the second inequality above, we will show zT(U_[k]Z_[k] Uf[k])z < %ZTLG,Z.

Let z =Y., a;u; be the eigendecomposition of vector z. Note that

n n
Loz = E )\iaf > Akt E a?.
i=1 i=k-+1

By Lemma 16 we have A4 > %2. This gives

Finally, putting (6) and (7) together we get

2T Loz

1-— ZT(U[]C]Z[]C]U[E])Z = + ZT(Uf[k]Ef[k]UT[k])Z

1 2
T
<z LGZ(2+QO2>
3
2

< 2T Laz. <

Now, we apply Lemma 18 to estimate the quadratic form of £z on a vector z € R”.

To that effect, for z € R¥, we define zext € R™ as the natural extension of z to R™: we let
Zext € R™ be the vector such that for every & € V, zext(x) = 2;, where C; is the cluster that
x belongs to.
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Note that 27 Lz = 2L Lozext = d - 2L Lgzext- Thus, to estimate 27 L2 it suffices to
design a good estimate for zL, Lgzext, for which we use 2L, (I — UmZ }U[k])zext, as per
Lemma 18.

Finally, we briefly discuss how to estimate the quantity 22 (I — Uk ) U[k])zext We
have

2 (I = Uy S Uy zext. = |2ext[3 = 25Uty S Uiy et = 3, 1Cil 27 = 25 Ut Sty U Zexc -
i€ (k]

Since the first term on the RHS can be easily approximated in the random sample model,
we concentrate on obtaining a good estimate for the second term. We have

cxtU[ ]E[k ]Zcxt Z ZiZj Z fﬂcv ) (8)

i,j€[K] zeC;
y€eC;j
and therefore in order to estimate zg;tLGzcxt, it suffices to use a few random samples to
estimate the sum above, as long as one is able to compute high accuracy estimates for
< Jas B fy> ,x,y € V, with high probability. We refer to such a primitive as a weighted
dot product oracle, since it computes a weighted dot product between the k-dimensional
spectral embeddings f, and f, for z,y € V. Assuming such an estimator, which we
denote by WEIGHTEDDOTPRODUCTORACLE, our algorithm APPROXCONTRACTEDGRAPH
(Algorithm 4 below) obtains an approximation £’ to the Laplacian of the contracted graph.

Algorithm 4 APPROXCONTRACTEDGRAPH(G, £, D). time m!/2+9(9) . poly(1/¢)
1: s+ O* (mo(s/‘/’Q) . (1/5)0(1)) # See Theorem A.2 in the full version for the exact value
2: S < (multi)set of s i.i.d random vertices together with their cluster label
3 S+ SNCi, w(i) « 2. n, for all i € [k]
4: for 4,7 € [k] do
5: A551gn Kz N IS (i ngs <fwa fy>apx

YyES;

6: end for
7. Assign L' =d- (I - K).
8: Use SDP to round £’ to a Laplacian L s.t %ZE' — % cdn I, = L =20 + % ~dn - I,.
9: H + ([kz], ([gl),W, @) #H is a weighted graph with Laplacian L and vertex weights w(7)

10: # Note that We = fZe for every e € ([g])

11: return fI

Estimating weighted dot products. Our construction of WEIGHTEDDOTPRODUCTORACLE
(Algorithm 8 in the full version) for estimating < Jas B fy> proceeds along the lines of [22].
We run short random-walks of length ¢ ~ logn/p? to obtain dot product access to the
spectral embedding of vertices. Given z € V| let m, denote the probability distribution of
endpoints of a t-step random-walks started from x.

We first show that one can estimate (m,,m,) in time ~ m/2+0(/¢*) . poly(1/¢) with
probability 1 — n=10%  Then, we construct a Gram matrix G € R*** such that Gy =
(my, my) for every z,y € S, where S is a small set of sampled vertices with |S| = s = m©(©),
Next, we apply an appropriate linear transformation to the Gram matrix G and use it to
estimate < Jas B fy> up to very tiny additive error ﬁly(k) (see Section C in the full version).
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Using Semidefinite Programming to round £’. As mentioned above, our proxy for the
Laplacian L is obtained via an approximation to I —Up X, U, [7,;]. However, this approximator
might not even be a Laplacian. To allay this, we first show that using calls to weighted dot
product oracle, we can approximate all the entries of I — UpX U[ZI;} to within a very good
precision. Starting off from such an approximation, one can use semidefinite programming
methods to round the intermediate approximator to a bonafide Laplacian L. In some more
detail, we show the following.

» Theorem 19 (Informal version of Theorem A.2 in the full version). The algorithm

APPROXCONTRACTEDGRAPH (Algorithm 4) when given a (k,Q(1), €)-clusterable graph as
input, uses a data structure D obtained from ~ m'/*tO) time preprocessing routine, runs in
time ~ m'/2+0() and finds a graph H with Laplacian £ such that with probability 1 —n=190,

it holds that £ ~o(1/,2).¢ Lir-

Approximating the Dasgupta cost of the contracted graph H. Consider the graph H =
([k], ([I;]),W, {E) returned by the APPROXCONTRACTEDGRAPH procedure (Algorithm 4).
Once Theorem 19 has been established, our estimation primitive ESTIMATEDCOST (Al-
gorithm 1) uses a simple vertex-weighted extension of a result of [11] to find a tree T
on H.
Specifically, we need the following definitions.

» Definition 20 (Vertex-weighted sparsest cut problem). Let H = (V, E,W,w) be a vertex
and edge weighted graph. For every set S € V, we define the sparsity of cut (S,V '\ S) on
graph H as

W(S,V\5S)

Sparsityy (S) = m;

where w(S) = ) g w(x). The vertex-weighted sparsest cut of graph G is the cut with the
minimum sparsity, i.e., argmingcy Sparsityg (S).

» Definition 21 (Vertex-weighted recursive sparsest cut algorithm (WRSC)). Let a > 1 and
H = (V,E,W,w) be a vertex and edge weighted graph. Let (S,V \ S) be the vertex-weighted
sparsest cut of H. The vertex-weighted recursive sparsest cut algorithm on graph H is a
recursive algorithm that first finds a cut (T, V\T) such that Sparsityy (T) < «- Sparsityy(S),
and then recurs on the subgraph H[T| and subgraph H[V \ T)].

Next, we first state results which help bound the Dasgupta cost incurred by the tree one
gets by using the vanilla recursive sparsest cut algorithm on any graph. Then, in Corollary 25,
we present corresponding bounds for vertex-weighted graphs.

» Theorem 22 (Theorem 2.3 from [11]). Let G = (V,E) be a graph. Suppose the RSC
algorithm uses an « approximation algorithm for uniform sparsest cut. Then the algorithm
RSC achieves an O(«) approzimation for the Dasgupta cost of G.

The following corollary from [11], follows using the O(y/log |V'|) approximation algorithm
for the uniform sparsest cut.

» Corollary 23 ([11]). Let G = (V,E) be a graph. Then algorithm RSC achieves an
O(\/log|V]) approxzimation for the Dasgupta cost of G.
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103:16 Approximating Dasgupta Cost in Sublinear Time

Since the clusters of G have different sizes, and since the Dasgupta cost of a graph is a
function of the size of the lowest common ancestor of the endpoints of the edges, we use
weighted Dasgupta cost to relate the cost of G and the contracted graph H.

» Definition 24 (Weighted Dasgupta cost). Let G = (V, E,W,w) denote a vertex and edge
weighted graph. For a tree T with |V leaves (corresponding to vertices of G), we define the
wetghted Dasgupta cost of T on G as

WCOSTG(T) = > W(z,y)- > w(z).

(z,y)EE 2€LEAVES(T[LCA(z,y)])

We get the following guarantee on the Weighted Dasgupta cost obtained by the WRSC
algorithm.

» Corollary 25. Let H = (V, E,W,w) be a vertex and edge weighted graph. Then algorithm
WRSC achieves an O(r\/log |V|) approximation for the weighted Dasgupta cost of H.

Letting T = WRSC(ﬁ) be the tree computed by Algorithm 1, using Corollary 25, we
show that the estimate

1 ~ Emnk?
EST =0 | — | - WCOST(T') + ToTALCLUSTERSCOST(G) + O 5
P ¥

computed by Algorithm 1 satisfies

Vdog k

COST(G) <EST < O (om
¥

) COST(G).

The details are presented in the full version.
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