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—— Abstract

Manéinska and Roberson [FOCS’20] showed that two graphs are quantum isomorphic if and
only if they are homomorphism indistinguishable over the class of planar graphs. Atserias et
al. [JCTB’19] proved that quantum isomorphism is undecidable in general. The NPA hierarchy gives
a sequence of semidefinite programming relaxations of quantum isomorphism. Recently, Roberson
and Seppelt [ICALP’23] obtained a homomorphism indistinguishability characterization of the
feasibility of each level of the Lasserre hierarchy of semidefinite programming relaxations of graph
isomorphism. We prove a quantum analogue of this result by showing that each level of the NPA
hierarchy of SDP relaxations for quantum isomorphism of graphs is equivalent to homomorphism
indistinguishability over an appropriate class of planar graphs. By combining the convergence of the
NPA hierarchy with the fact that the union of these graph classes is the set of all planar graphs, we
are able to give a new proof of the result of Mancinska and Roberson [FOCS’20] that avoids the use
of the theory of quantum groups. This homomorphism indistinguishability characterization also
allows us to give a randomized polynomial-time algorithm deciding exact feasibility of each fixed
level of the NPA hierarchy of SDP relaxations for quantum isomorphism.
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1 Introduction

Two graphs G and H are said to be homomorphism indistinguishable over a class of graphs
F, written G Zx H, if for every graph F € F, the number of homomorphisms from F
to G is the same as the number of homomorphisms from F' to H. A classic result from
[12] states that two graphs G and H are isomorphic if and only if they are homomorphism
indistinguishable over all graphs. Since then, several relaxations of graph isomorphism from
fields as diverse as finite model theory [7, 9, 8], algebraic graph theory [6], optimisation
[10, 20], machine learning [25, 15, 26], and category theory [5, 1, 14] were found to be
homomorphism indistinguishability relations over suitable graph classes. Recently, a coherent
theory which addresses the descriptive and computational complexity of homomorphism
indistinguishability relations has begun to emerge [19, 22, 17, 23].

A ground-breaking connection between quantum information and homomorphism indis-
tinguishability was found by Manéinska and Roberson [13]: They showed that two graphs
are quantum isomorphic if and only if they are homomorphism indistinguishable over all
planar graphs. Quantum isomorphism, as introduced by [3], is a natural relaxation of
graph isomorphism in terms of the graph isomorphism game, where two cooperating players
called Alice and Bob try to convince a referee that two graphs are isomorphic. A perfect
deterministic strategy exists for the (G, H)-isomorphism game if and only if the graphs G
and H are isomorphic. Two graphs G and H are said to be quantum isomorphic, written
G =, H, if there is a perfect quantum strategy (G, H)-isomorphism game, i.e., a perfect
strategy making use of local quantum measurements on a shared entangled state.

The proof of Mancinska’s and Roberson’s result [13] heavily relies on certain esoteric
mathematical objects called quantum groups. In more detail, the main idea of the proof
is to interpret homomorphism tensors of bilabelled graphs as intertwiners of the quantum
automorphism groups of the respective graphs.

Another recent result from [20] also obtained a homomorphism indistinguishability
characterisation for each level of the Lasserre hierarchy of semidefinite programming (SDP)
relaxations of the integer program for isomorphism between two graphs. More precisely, for
each k € N, the authors of [20] constructed a class of graphs £, such that the k'P-level of
the Lasserre hierarchy of SDP relaxations of the integer program for deciding whether G and
H are isomorphic is feasible if and only if G and H are homomorphism indistinguishable
over the graph class L.

It was also shown in [3] that deciding quantum isomorphism of graphs is undecidable —
contrary to deciding isomorphism of graphs, which is clearly decidable and currently known to
be solvable in quasipolynomial time [4]. This motivates the study of relaxations of quantum
isomorphism. The NPA hierarchy [16], which can be thought of as a noncommutative analogue
of the Lasserre hierarchy, is a sequence of SDP relaxations of the problem of determining if a
given joint conditional probability distribution arises from quantum mechanics. In particular,
the NPA hierarchy can be used to formulate a hierarchy of SDP relaxations for the problem
of deciding whether two graphs are quantum isomorphic.

In light of results from [13, 20], it is natural to ask if the feasibility of each level of
these SDP relaxations of quantum isomorphism can be characterised as a homomorphism
indistinguishability relation over some family of graphs. Such a characterisation would make
the NPA hierarchy subject to the emerging theory of homomorphism indistinguishability.
For example, a recent result [23] asserts that, over every minor-closed graph class of bounded
treewidth, homomorphism indistinguishability can be decided in randomized polynomial
time. The NPA relaxation, being a semidefinite program, can be solved using standard



P.N. Kar, D. E. Roberson, T. Seppelt, and P. Zeman

techniques such as the ellipsoid method. However, such techniques can, in polynomial time,
only decide the approximate feasibility of a system. A homomorphism indistinguishability
characterisation of the NPA hierarchy would imply, for each of its levels, the existence of a
randomized polynomial-time algorithm for deciding exact feasibility [17, 22, 23].

Main Results. Our main contribution is a homomorphism indistinguishability characteriza-
tion of each level of the NPA hierarchy, as formalized by the following theorem.

» Theorem 1. For graphs G and H and k € N, the following are equivalent:

1. there is a solution for the k''-level of the NPA hierarchy for the (G, H)-isomorphism
game;

2. there is a level-k quantum isomorphism map from G to H;

G and H are algebraically k-equivalent;

4. G and H are homomorphism indistinguishable over the family of graphs Py.

w

In particular, the k'"-level of the NPA hierarchy is feasible for the (G, H)-isomorphism
game if and only G and H are homomorphism indistinguishable over the graph class Py.
Here, Py is a bounded-treewidth minor-closed class of planar graphs, which we construct by
interpreting the NPA systems of equations in light of a correspondence between combinatorics
(bilabelled graphs) and algebra (homomorphism tensors) which underpins many recent results
regarding homomorphism indistinguishability [13, 10, 18, 20].

As a corollary of Theorem 1, we devise a randomized polynomial-time algorithm for
deciding the exact feasibility of each level of the NPA hierarchy. To that end, we first show
that the graph classes Py are minor-closed and of bounded treewidth, which is a graph
parameter roughly measuring how far is a graph from a tree. Hence, a recent result from
[23] implies that, for each k € N, there exists a randomized polynomial-time algorithm for
deciding homomorphism indistinguishability over P,. We strengthen this result by making
the dependence on the parameter k effective.

» Theorem 2. There exists a randomized algorithm which decides, given graphs G and H and
an integer k > 1, whether the k™-level of the NPA hierarchy for the (G, H)-isomorphism game
is feasible. The algorithm always runs in time n°®ECW for n = max{|V(Q)|, |V (H)|},
accepts all YES-instances, and accepts NO-instances with probability less than one half.

Proof Techniques. The main algebraic-combinatorial tools we use are bilabelled graphs
and their homomorphism tensors. Bilabelled graphs are graphs with distinguished vertices
which are said to carry labels. To a bilabelled graph F = (F,u,v) and an unlabelled graph
G, one can associated the homomorphism tensor Fg € NV(@)*V(G) such that Fg(z,y) for
x,y € V(G) is the number of homomorphisms h: F — G such that h(u) = 2 and h(v) = y.
For example, the bilabelled graph A = (A, u,v) with V(A) = {u,v} and E(A4) = {uv}
denotes the complete 2-vertex graph each of whose vertices v and v carry one label. In
the case of A, the matrix A¢ is just the adjacency matrix of G. The fruitfulness of this
construction stems from a correspondence between combinatorial operations on bilabelled
graphs and algebraic operations on homomorphism tensors. For example, the matriz product
(F1)g - (F2)¢ yields the homomorphism tensor of the series composition of F; and F.
We prove Theorem 1 by interpreting the NPA relaxations as a system of equations
whose constraints involve homomorphism tensors and algebraic operations. Applying the
aforementioned algebro-combinatorial correspondence, the graph class Py is then obtained
by reading the constraints as a description of a graph class via bilabelled graphs and
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combinatorial operations. To that end, we first give various reformulations of the NPA

systems of equations as listed in Items 2 and 3 of Theorem 1. The proofs follow the outline

below:
In Theorem 17, we first show that a principal submatrix of a certificate for the k-
level of the NPA hierarchy for the (G, H)-isomorphism game can be interpreted as the
Choi matrix of a completely positive map from My gy (C) to My (g (C) with certain
properties. Such a completely positive map is known as a level-k quantum isomorphism
map. We also show that the Choi matrix of such a level-k quantum isomorphism map
(uniquely) extends to a certificate for the k*!-level of the NPA hierarchy, thus showing
that the existence of such a map is equivalent to the feasibility of the k''-level of the
NPA hierarchy.
In Theorem 20, restrictions of the aforementioned completely positive maps are then
shown to be algebra homomorphisms mapping homomorphism tensors of Qj for G to
homomorphism tensors of Q for H, where Qy is the set of atomic graphs which form
the building blocks for the graph class Pi. Such an algebra homomorphism is called an
algebraic k-equivalence.
Lastly, in Theorem 1, we use the correspondence between combinatorial operations on
graphs and algebraic operations on their homomorphism tensors to show that the existence
of an algebraic k-equivalence is equivalent to homomorphism indistinguishability over P.

The overall structure of the proof of Theorem 1 is inspired by the proof of the main result
of [20]. However, due to the “noncommutativity” of the NPA hierarchy, additional difficulties
arise. For example, the proof of inner-product compatibility of the graph classes £ from [20]
is trivial, while proving the same for our graph classes Py requires a creative construction.

We take a more thorough look at the graph classes Py in Section 4. We show that the set
of underlying graphs of the union of the bilabelled graph classes Py is the set of all planar
graphs. By combining this result with the convergence of the NPA hierarchy, we derive a
substantially simpler proof of the homomorphism indistinguishability characterization of
quantum isomorphism given in [13]. In particular, we are able to avoid the use of heavy
machinery for dealing with quantum groups, which formed one of the main ingredients of
the proof in [13].

» Corollary 3. For graphs G and H, the following are equivalent:

1. for every k, there is a solution for the k'-level of the NPA hierarchy for the (G, H)-
isomorphism game,

2. G and H are homomorphism indistinguishable over \J, cn Pk, the class of all planar
graphs,

3. G and H are quantum isomorphic.

The proof of Theorem 2 relies on the characterisation of the NPA hierarchy as homo-
morphism indistinguishability relations from Theorem 1. That is, instead of attempting to
solve the NPA systems of equations, the algorithm decides whether the input graphs are
homomorphism indistinguishable over the graph class P;. This is done by computing a
basis for the finite-dimensional vector space spanned by the homomorphism tensors of the
bilabelled graphs in P;. To that end, the algorithm utilises the inductive definition of the
graph class Py in terms of generators and combinatorial operations. Being linear or bilinear,
their algebraic counterparts can be used to efficiently compute this basis via a fixed-point
procedure, which terminates after polynomially many steps. Randomization is only necessary
to deal with integers which would otherwise grow to exponential size in the course of the
computation.
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Qutline. We introduce bilabelled graphs and homomorphism tensors in Section 2, which
are our main tools to relate the algebraic question of feasibility of the NPA hierarchy to a
combinatorial problem of homomorphism indistinguishability. We then introduce the graph
isomorphism game and a suitable version of the NPA hierarchy for the graph isomorphism
game. The proof of Theorem 1 will be broken down into a series of simpler theorems, namely
Theorems 17, 20, and 24. This is done in Section 3 and the beginning of Section 4. In
Section 4 we study the graph classes P in more detail and finish the proof of Corollary 3,
thus providing the promised alternative proof of the result of [13]. In Section 5, we show that
there is a polynomial-time randomized algorithm for each fixed level of the NPA hierarchy
for quantum isomorphism.

2 Preliminaries

All graphs in this article are undirected, finite, and without multiple edges, unless stated
otherwise. A graph is said to be simple if it does not contain any loops. A homomorphism
h: F — G from a graph F to a graph G is a map V(F') — V(G) such that for all uv € E(F)
it holds that h(u)h(v) € E(G). Note that this implies that any vertex in F' carrying a loop
must be mapped to a vertex carrying a loop in G.

Write hom(F,G) for the number of homomorphisms from F to G. For a family of
graphs F and simple graphs G and H we write G 2z H if G and H are homomorphism
indistinguishable over F, i.e. hom(F,G) = hom(F, H) for all F' € F. Since the graphs G and
H into which homomorphisms are counted are throughout assumed to be simple, looped
graphs in F can generally be disregarded as they do not admit any homomorphisms into
simple graphs. For background on homomorphism indistinguishability, the reader is referred
to the monograph [24].

Bilabelled Graphs and Homomorphism Tensors. We recall the following definitions from
[13, 10]: For k,l > 1, a (k,l)-bilabelled graph is a tuple F = (F,u,v) where F is a graph
and u = (uy,...,u;) € V(F)F, v=(vy,...,v;) € V(F)!. The u are the in-labelled vertices
of F while the v are the out-labelled vertices of F. Given a graph G, the homomorphism
tensor of F for G is Fg € CV(@"™*xV(®) whose (x,y)-entry is the number of homomorphisms
h: F' — G such that h(u;) = x; and h(v;) =y, for all i € [k] and j € [I].

For a (k,1)-bilabelled graph F' = (F,u,v), write soe(F') := F for the underlying unlabelled
graph of F. If k = [, write Tr(F") for the unlabelled graph underlying the graph obtained
from F' by identifying u; with v; for all i € [I]. For 0 € Gy4y, write F° := (F,x,y) where
z; = (uv)y(;) and Y,y = (uv)y(;) forall 1 <i <k < j<k+1, ie., F? is obtained from
F by permuting the labels according to o. We also define F* := (F, v, u) the graph obtained
by swapping in- and out-labels.

Let F = (F,u,v) and F' = (F’,u/,v") be (k,l)-bilabelled and (m,n)-bilabelled, respect-
ively. If [ = m, write F - F’ for the (k,n)-bilabelled graph obtained from them by series
composition, whose underlying unlabelled graph obtained from the disjoint union of F' and
F’ by identifying v; and u/ for all ¢ € [I]. Multiple edges arising in this process are removed.
The in-labels of F' - F’ lie on u, the out-labels on v’.

If k =m and | = n write F ® F’ for the parallel composition of F and F’. That is, the
underlying unlabelled graph of the (k,[)-bilabelled graph F ® F’ is the graph obtained from
the disjoint union of F' and F’ by identifying u; with w] and v; with v’ for all i € [k] and
j € [l]. Again, multiple edges are dropped. The in-labels of F'® F' lie on u, the out-labels
on v.
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@ =

(a) 3 4 (b)

Figure 1 (a) F = (K4,(2,1,3),(1,1,4)). (b) And example of series and parallel composition.

As observed in [13, 10], the benefit of these combinatorial operations is that they have
algebraic counterparts. Formally, for all graphs G and all (I,1)-bilabelled graphs F, F’, it
holds that soe(Fg) = hom(soe F, G), Tr(Fg) = hom(Tr F, Q), (Fg)° = (F%)g, (F-F')g =
Fg-Fg,and (FOF')g = Fg® Fg, where soe(X) denotes the sum of elements, Tr denotes
the trace, - denotes matrix multiplication and ® denotes Schur product.

Slightly abusing notation, we say that two graphs G and H are homomorphism in-
distinguishable over a family of bilabelled graphs &, in symbols G =g H if G and H are
homomorphism indistinguishable over the family {soe S | S € S} of the underlying unlabelled
graphs of § € S.

We conclude this subsection by defining the notion of a minor of bilabelled graphs.

» Definition 4 ([20]). Let M and F be (k,l)-bilabelled graph. Then, M is said to be a
bilabelled minor of F', written M < F', if it can be obtained from F by applying a sequence
of the following bilabelled minor operations:

1. edge contraction

2. edge deletion

3. deletion of unlabelled vertices.

We note that the if a bilabelled graph M is a bilabelled minor of F', then M is a minor
of F' [20, Lemma 4.12].
» Note 5 (drawing bilabelled graphs). Throughout the paper we will depict bilabelled graphs
as follows. To draw a bilabelled graph F = (F,u,v), we draw the graph F and attach ‘!
input “wire”, depicted in grey, to u; and j** output wire to v;. Vertices can have multiple
input/output wires attached to them. The input and output wires extend to the far right
and far left of the picture respectively. Finally, in order to indicate which input/output
wire is which, we draw them so that they occur in numerical order (first at the top) at the
edges of the picture. See Fig. 1(a) for an example of a bilabelled graph and Fig. 1(b) for an
illustration of series and parallel composition, defined above.

The Graph Isomorphism Game. We begin this section by defining the graph isomorphism
game. We refer the reader to [3] for more details.

» Definition 6. Let G, H be two graphs with |V (G)| = |V (H)|. The (G, H)-isomorphism
game is a cooperative game, involving two players Alice and Bob, and the verifier, played as
follows:
In each round of the game, the verifier chooses two vertices g,g' € V(G) (sampled
uniformly and independently) and sends them to Alice and Bob, respectively.
Alice and Bob are not allowed to communicate during a round of the game, i.e. after
recetving their question from the verifier. However, they are free to strategize before the
game starts.
Alice and Bob respond with vertices h,h' € V(H), respectively.
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The verifier decides whether Alice and Bob win or lose this round of the game based on
the rule function or predicate V(h,h' | g,q’) which is given by

1 if relg(g,g’) = relg(h,h')
0 otherwise

V(h,h' | g,9") = {

Here relg(g, g') = relg (h, b') if both pairs of vertices are adjacent, non-adjacent, or identical.

Alice and Bob can employ a wide array of strategies to play this game. A deterministic
strategy is one that involves two functions fa, fp: V(G) — V(H), where Alice and Bob
respond with f4(g), f5(¢") when presented with the questions g, ¢’ respectively. A perfect
strategy is one that always wins the game for Alice and Bob.

The predicate necessitates that f4 = fp for any perfect deterministic strategy (fa, ).
Indeed, if g = ¢, one sees that fa(g) = fg(g) for all ¢ € V(G). Similarly, it is not too
difficult to show that f4 = fg = f is a graph isomorphism, if it is a perfect deterministic
strategy. It is also clear that if Alice and Bob answer according to some isomorphism
f: V(G) = V(H), then this is a perfect strategy. Hence, the perfect deterministic strategies
of the (G, H)-isomorphism game are in bijective correspondence with the isomorphisms of G
and H.

Alice and Bob can also make use of probabilistic strategies. A probabilistic strategy is given
by joint conditional probability distributions (p(h,h’ | g,9'))g.¢'ev(G),n,h eV (a)- Probabilistic
strategies are often called correlations in the literature. We shall denote the set of correlations
indexed by the input sets X,Y and the output sets A, B by P(X,Y, A, B). In the case where
X =Y and A = B, we shall use the notation P(X, A) instead.

It is easy to see that a probabilistic strategy is a perfect strategy for the (G, H)-
isomorphism game if and only if V(h,h' | g,¢') = 0 implies that p(h,h’ | g,¢') = 0 for
all g,¢' € V(G) and h,h' € V(H). We also note that any perfect probabilistic strategy for
the (G, H)-isomorphism game satisfies that p(h,h’ | g,g) = 0 for all h # h' € V(H) and
g € V(H). Such correlations are known as synchronous correlations.

Quantum Isomorphism of Graphs. Throughout this paper, we shall be working with what
is known as the commuting operator model of quantum mechanics. As discussed earlier,
strategies making use of a shared state are known as quantum strategies.

» Definition 7. A quantum strategy for the (G, H)-isomorphism game consists of a shared
state, i.e. a unit vector v € H in some Hilbert space H and self-adjoint projections
{Eg,h}gGV(G),heV(H) C B(H) and {Fg’,h’}g'eV(G),h’eV(H) - B(H) such that:

Zh Egh = IH and Zh Fg,h = IH

EynFy 1 = Fg nEgp forall g, 9" € V(G) and h,h' € V(H).

When Alice and Bob receive the questions g,g from the verifier, they use the PVMs
{Egntnevmy and {Fy n bnev(m) to perform a measurement on their part of the shared state
1. In this case, the conditional probability of outputting h, h’ when Alice and Bob receive the
questions g, g’ is given by p(h, W' | g,9") = (Y, Eg nFg n11)).

Two graphs G, H are said to be quantum isomorphic, written G =, H if there is a perfect
quantum strategy for the (G, H)-isomorphism game. Two graphs that are isomorphic are
also quantum isomorphic as all deterministic strategies can be realized as quantum strategies.
However, the converse is not true, i.e. there exist non-isomorphic graphs that are quantum
isomorphic. Once again, we refer the reader to [3] for further details.

The existence of a perfect quantum strategy for the (G, H)-isomorphism game is charac-
terized by the following proposition:

105:7
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» Proposition 8 ([3]). Let G, H be two graphs with |V(G)| = |V (H)|. Then, the G =, H
if and only if there exist a Hilbert space H and self-adjoint projections {Eg n}gev(a),nev(#)
such that:

L Y hevim Egn = I for all g € V(G),

2. Y gevic) Bgn = Iy for all h € V(H),

3. Eg,hEg/,h’ =0 Zf VG’H(h, h/ | g,g/) =0.

Given the first two conditions, the last condition is equivalent to:

(A(G) @ Iy)[Eg nlgeva)neva) = [Egnlgev(a),nev ) (AH) @ Iy).

Furthermore, G and H are isomorphic if and only if there exist mutually commuting self-
adjoint projections {Eg 1} gev(a),hevm) satisfying the above conditions.

A Synchronous NPA Hierarchy for Quantum Isomorphism of Graphs. We shall focus on
the NPA hierarchy for the graph isomorphism game in this subsection. We first define what
a certificate for the k*P-level of the NPA hierarchy for the (G, H)-isomorphism game is. Let
Y=V(G)x V(H).

» Definition 9. For two graphs G, H with |V (G)| = |V (H)|, a certificate for the k' level
of the NPA hierarchy of the (G, H)-isomorphism game is a positive semidefinite matriz
R € Ms<i(C) such that:
1. Ree. =1
2. Ret =Ry forallr,s,r' s € £5F | such that st ~ (s)E(t'), where we define ~ to be
the coarsest equivalence relation satisfying the following two properties:

For each x,a € X x A, s(x,a)(x,a)t ~ s(x,a)t for all s,t € X*.

st ~ ts for all words s,t € ¥*.
3. For all words s,s' € ¥k, g € V(G), h € V(H) such that s(g,h)s’ € X=F, one has

Z Rs(g,hyst,t = Rss 1 for allt € nsk (1)
h'eV (H)

Z Rs(gnyst,t = Rss 1 for allt € n<k (2)
g'eV(G)

4. For all s,t € X5F_ if there exist consecutive gh,g'h’ € ¥ in sft such that rel(g,g') #
rel(h, h') then R, = 0.

We shall say that the k*P-level of the NPA hierarchy for the (G, H)-isomorphism game is
feasible if there exists a certificate for the kt'-level of the NPA hierarchy for the same.

Given a perfect strategy for the (G, H)-isomorphism game, where {Ey 1} gev(a)nevm)
are Alice’s measurement operators and the shared state is 1, we can construct a certificate
for any level of the NPA hierarchy in the following way: for level-k, we consider the Gram
matrix of the vectors {Eg, n, - Eg n %} g0y gihex<h-

The following proposition shows that the NPA hierarchy for the graph isomorphism
game converges, i.e there is a solution for each level of the NPA hierarchy for the (G, H)-
isomorphism if an only if G =, H; see [11, Appendix B.2] for details. Proposition 10 gives two
of the implications in Corollary 3, specifically it shows that items (1) and (3) are equivalent.

» Proposition 10. Let G, H be two graphs with |V (G)| = |[V(H)|, and £ = V(G) x V(H).
Then, the (G, H)-isomorphism game has a perfect quantum strategy if and only if for each
k € N, there exists a certificate for the k'"-level of the NPA hierarchy.
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3 NPA Hierarchy and Homomorphism Tensors

In this section, we shall give several algebro-combinatorial reformulations of the existence of
a certificate for the k' level of the NPA hierarchy of the graph isomorphism game. These
reformulations allow us to interpret the existence of a certificate for the k' level of the NPA
hierarchy as a homomorphism indistinguishability characterization. We shall discuss the
graph-theoretic implications of our results in the next section.

Quantum Isomorphism Relaxation via Completely Positive Maps. In this subsection, we
show that a principal submatrix of a certificate for the k*'-level of the NPA hierarchy for
quantum isomorphism can be interpreted as the Choi matrix of a completely positive map
from My ()»(C) to My (x(C) satisfying certain properties. We then show that the Choi
matrix of such a completely positive map uniquely extends to a certificate for the kt-level
of the NPA hierarchy for quantum isomorphism. Thus feasibility of the kt"-level of the NPA
hierarchy for the graph isomorphism game is equivalent to the existence of a completely
positive map satisfying certain properties. In order to make these notions precise, we now
introduce the atomic bilabelled graphs, which will be the building blocks of the graph classes
that we shall construct in the next section.

» Definition 11. Let k > 1. A (k,k)-bilabelled graph F = (F,u,v) is atomic if all its
vertices are labelled. We define two classes of atomic graphs (see Section 3):
The class QF is the class of (k, k)-bilabelled minors of the graph Cy, = (Cy, (1,..., k), (k+
1,...,2k)) with V(Cg) = [2k] and E(Cy) = {{i,i + 1( mod k)} : i € [2k],i # k, 2k}.
The class Q3 is the class of (k, k)-bilabelled minors of the graph My, == (Mg, (1,..., k), (k+
1,...,2k)) with V(M) = [2k] and E(My) = {{i,i + k} : i € [k]}
Finally, we define Qy := Qkp U Q;f.
We also define two specific atomic graphs Jy, I € Qy for each k € N.
Jp = (Jg, (1,..., k), (k+1,...2k)) with V(Jg) = [2k] and E(J;) =0
I, = Iy, (1,... k), (1,... k) with V(I) = [k] and E(I}) =0
In other words, Jy, and I are obtained from My by deleting and contracting all the edges
respectively. These atomic graphs are special in the sense that one has (Jp)q = J and
(Ik)e =1 for all graphs G, where I and J are the identity and all ones matriz respectively.
We also note that Jj, € Qf, Qkp and I, € Qf, but I, ¢ Q,};.

We can now define quantum isomorphism maps using homomorphism tensors of graphs

in Qk:

*r——
Ui U1 31 U1 Ul. .Ul U1.U1
*r——
s v Us [ us® vy us%vy
*r—— L ] [ ] L J
Uk—1 Vg—1 Uk—1 Vk—1 Uk—1 V-1 Uk —1 Vk—1
*r——@
Uk Vi Uk Vk ’uk. .’Uk uk°vk
Cy My, Jr Iy

Figure 2 Atomic graphs.
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» Definition 12. Let G and H be graphs and k € N. A linear map & : CV (@ xV(E)*

CVE) XV s g level k quantum isomorphism map from G to H if the following holds:
® is completely positive, (3)
O(Fg® X) =Fy 0®(X) for all F € QF and X € CV(@"™*V(©)" (4)
(1) =1 = & (D), (5)
@(J)ZJ *(J), (6)
O(Fg)=Fpg foral F € Qy, (7)
(X)) =®(X)? forallo €C(1,...,k,2k,....k+1). (8)

» Note 13. Note that conditions (3) and (5) state that any level k quantum isomorphism map
is a completely positive, trace-preserving, unital map. Also note that condition (7) implies
the part of conditions (5) and (6) on the map ®, and thus we are being a bit redundant.
However, we do need to explicitly include the conditions on the adjoint ®*. Lastly, we are
being a bit imprecise since we should really write I'g, Iy, Jq, and Jg.

We now prove some lemmas that will be useful for our proof that existence of a level
k quantum isomorphism map is equivalent to the feasibility of the k*" level of the NPA
hierarchy.

» Lemma 14. Let G and H be graphs, k € N, and suppose that ® is a level k quantum
isomorphism map from G to H. If M is the Choi matriz of ®, then M, = 0 if any cyclic
permutation of st contains consecutive terms gh and g'h’ such that rel(g, g') # rel(h, h').

» Lemma 15. Let G and H be graphs and k € N. If ® is a level k quantum isomorphism
map from G to H, then ®(FeX) = Fg®(X) and ®(XF¢g) = ®(X)Fpy for all F € Qy, and
X e (CV(G)’CXV(G)’“‘

For our last lemma we need to introduce some notation. For disjoint subsets Rg, Ry C [k],
and s = g1hy...grhi € (V(G) x V(H))*, we denote by s(Rg, Ry) the set of all strings
s’ =gih} ... g.h}, such that g; = g; for i ¢ Rg and h} = h; for i ¢ Ry. For example, if k =3
and s = g1h1g2h2g3h3, then

s({1},{3}) = {g1h1g2hagsh € (V(G) x V(H))* : g1 € V(G), hy € V(H).}

Additionally, for any subset R € [k] we denote by s \ R the substring of s obtained by
removing its i*" entry for each i € R.

» Lemma 16. Let G and H be graphs and suppose that ® is a level k quantum isomorphism
map from G to H. If M is the Choi matriz of ®, then for any s,t € (V(G) x V(H))F,
disjoint subsets Sq, Sy C [k], and disjoint subsets Te, Ty C [k], we have that

> Mg (9)

s'€s(Sa,Su), t'e€t(Ta,Tu)
depends only on the equivalence class of ~ that (s\ (Sq U Sy))E(t\ (Tg UTy)) lies in.

» Theorem 17. Let G and H be graphs and k € N. Then the following are equivalent:
1. The k™ level of the NPA hierarchy is feasible for the (G, H)-isomorphism game.

2. There exists a level k quantum isomorphism map from G to H.

3. There exists a level k quantum isomorphism map from H to G.
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The idea is to use a principal submatrix of a certificate R for the k' level of the NPA
hierarchy as the Choi matrix of a linear map and show that this map is a level & quantum
isomorphism map. Conversely, one takes the Choi matrix of a level k quantum isomorphism
map and shows that the remaining entries needed in a certificate for the NPA hierarchy can
be determined by the entries from the Choi matrix alone. The equivalence of the final item
follows from the fact that the first item is clearly symmetric in G and H.

We remark that it follows from Definition 9 2 that the extension of the Choi matrix M
to the certificate R is in fact unique.

It should also be noted that not all elements of Q7 were needed to prove that item (2)
implies item (1) above. This is related to the fact that it is in fact possible to generate these
unused bilabelled graphs from those that were used in the proof. However, redefining the
set, Qf to only contain those that were used does not make it any easier to prove that (1)
implies (2), and we will need these extra graphs later.

Isomorphisms Between Matrix Algebras. In this subsection, we shall see how a quantum
isomorphism map restricts to a homomorphism between algebras containing homomorphism
tensors for G to homomorphism tensors for H of graphs in Q. This brings us a step
closer to interpreting a solution for the k*"-level of the NPA hierarchy as a homomorphism
indistinguishability relation.

A matrix algebra A C M,,x(C) is S-partially coherent if it is unital, self-adjoint, contains
J, and is closed under Schur product with any matrix in S. Further, A is cyclically-symmetric
if A2 € A, for every A€ Aand o € C(1,...,k 2k, ..., k+1).

» Definition 18. Let Sy be the set of homomorphzsm tensors of (k, k)-bilabelled atomic graphs
for G in QF. For a graph G, we define the algebra QG as the minimal cyclically-symmetrical
Sk-partially coherent algebra containing homomorphism tensors of all (k, k)-bilabelled graphs

in Qy, for G.

» Definition 19. Two n-vertex graphs G and H are algebralcally k-equivalent if there is
algebraic k-equivalence, i.e., a vector space isomorphism ¢: Qk — Q such that
e(M*) = o(M)* for all M € QG,
o(MN) = o(M)o(N) for all M, N € O,
cp(Fg®M) Fy©@(M) for all F € QF and any M € @é,
ol)=1I, o(J)=J and @(Fg) Fy for all F € Q,
<p(M) p(M)° forallMEQ and o € C(1,...,k,2k,...,k+1),
@ is trace preserving.

95-"':“9"!"!‘

Note that every algebraic k-equivalence is sum-preserving, i.e., soe(¢(X)) = soe(X) for
all X € Qp. Indeed, soe(p(X)) = Tr(Jo(X)) = Tr(p(JX)) = Tr(JX) = soe(X).

» Theorem 20. Let k > 1. Two graphs G and H are algebraically k-equivalent if and only
if there is a level-k quantum isomorphism map from G to H.

Proof. The proof is similar to [20, Theorem 3.14 and Theorem 3.16]. |

4 Homomorphism Indistinguishability

In this section, we shall finish the proof of the main theorem by constructing the graph classes
Py such that homomorphism indistinguishability over Py is equivalent to the feasibility of
the k*"-level of the NPA hierarchy.
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» Definition 21. Let Py, be the class of (k, k)-bilabelled graphs generated by the set of atomic
graphs Qi under parallel composition with graphs from Q,f, series composition, and the
action of the group C(1,...,k,2k,...,k+1) on the labels.

We remark that the action of C(1,...,k,2k,...,k+ 1) on a bilabelled graph F € P
corresponds to “rotating” the drawing of F.

Inner-product Compatibility of P,. A class of (k, k)-bilabelled graphs 7T is said to be
inner-product compatible if for all R, S € T, there is a Q € T such that Tr(R" - S) = soe(Q).

» Lemma 22. The graph classes Py, are inner-product compatible for each k € N.

» Theorem 23 (|20, Theorem 27]). Let S be an inner-product compatible class of (k,k)-

bilabelled graphs containing J. Write Sg for the homomorphism tensors {F¢ | F € S},

and let CSg C My (gy»(C) denote the vector space spanned by Sg. Then, the following are

equivalent:

1. G and H are homomorphism indistinguishable over S.

2. there exists a sum-preserving vector space isomorphism ¢ : CSg — CSy such that
o(Fg)=Fpg foral F €S.

The next theorem completes the proof of Theorem 1.

» Theorem 24. Let k > 1. Two graphs G and H are homomorphism indistinguishable over
Pr. if and only if they are partially k-equivalent.

Proof. The main idea of the proof is to note that C(Py)g = Qf for any graph G. Now,
by Theorem 23, it is clear that G and H are homomorphism indistinguishable over P, if
and only if there is a sum-preserving vector space isomorphism from QkG to QkH . Since
every algebraic k-equivalence is sum-preserving, it is clear that if G and H are algebraically
k-equivalent, then G =p, H.

On the contrary, if we assume that G =p, H, then there is a sum preserving vector space
isomorphism ¢: QkG to QkH such that ¢(Fg) = Fg for all F € Py. Hence, if F1, Fy € Py,
then

o(F1)c(F2)a) = p((F1-F2)g) = (F1-F2)ug = (F1)u(F2)u = ¢((F1)c)e((F2)c)-

Similarly, if Fo € QF, then we can show that ¢((F1)g ©® (F2)g) = ¢((F1)a) © ¢((F2)c)-
Other than ¢ being trace-preserving, the remaining conditions from Definition 19 can be
proven in similar manners. The fact ¢ is trace-preserving follows from it being sum-preserving
and Pj, being inner-product compatible. |

Planarity and Minor-closedness of Pj. In this subsection, we shall look at the graph
classes P, in more detail. The first thing we note is that for each £ € N, one has that
Pr. C Ly, which were the classes of graphs constructed in [20] to obtain a homomorphism
indistinguishability charatcterization for the Lasserre hierarchy of SDP relaxations of graph
isomorphism. We refer the reader to [20] for more details.

Indeed, for each k € N it is not too difficult to see that Qi C A; (where Ay are the
atomic graphs used to construct £ in [20]). Moreover, the set of allowed operations while
constructing Py from Qy is also a subset of the set of operations allowed while constructing
Ly, from Aj. In fact, for k = 1, it is not too difficult to show that P, = L, is the set of all
outerplanar graphs. We note here that the class Py is not the set of k-outerplanar graphs for
k # 1. For any k € N, one can construct a k-outerplanar graph in P,. The following lemma
is immediate from [20, Lemma 28]:
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M, Cr Vi v A G

Figure 3 (a) Construction of the graphs V. (b) Construction of the graph Gj.

» Lemma 25. Let F € Py be a (k, k)-bilabelled graph. Then, the treewidth of the underlying
graph soe(F') is at most 3k — 1.

We now work towards giving an alternate proof of the main result of [13] that shows that
two graphs are quantum isomorphic if and only if they are homomorphism indistinguishable
over all planar graphs. Let P = UZ:1 Pi. Then, it follows from the main theorem
(Theorem 1) and convergence of NPA hierarchy (Proposition 10) that G =, H is equivalent
to G =p H. This proves Corollary 3 with the exception of the claim in item (2) that P is
the set of all planar graphs. We now work towards completing the proof of Corollary 3.

First, we show that for each k € N, the graph class Py only contains planar graphs. We
begin by precisely defining what it means for a bilabelled graph to be planar. We use the
definition given in [13].

» Definition 26. Given a (k,l)-bilabelled graph G = (G, a,b) we define the graph G° as the
graph obtained from G by adding a cycle C = aq,...,ax, B, ..., 01 and the edges a;c; and
b;jB; for each i € [k] and j € [l], and say that G is planar if G has a planar embedding
where the cycle C' is the boundary of a face. We shall refer to C' as the enveloping cycle of
G°, and usually consider planar embeddings where C is the boundary of the outer face.

» Lemma 27. For each k € N, the class of graphs Py, is contained in the set of all planar
bilabelled graphs.

We will also need that the class Py, is closed under taking minors (recall the notion of
minors of bilabelled graphs from Section 2) and that soe(Py) is closed under minors and
disjoint unions. The proofs of these facts are almost identical to the analogous proofs for the
class £y used in [20].

» Lemma 28. For each k € N, the class of bilabelled graphs Py is minor-closed.
» Lemma 29. For each k € N, the class of graphs soe(Py) is minor-closed and union-closed.

We now work towards showing that although each Py has bounded treewidth, their union
contains arbitrarily large grids.

» Lemma 30. For each k € N, the class of graphs Py contains the k X k grid.

Proof. Let Vi € Py denote the graph obtained by the parallel composition of Cy and My,
i.e Vi = M; ® C}. Note that this parallel composition is allowed as C}. € Qkp. Clearly,
soe(Vy) is the vertical grid with 2 columns and k rows (see Figure 3). Define Gy to be the
graph constructed by the series composition of k—1 copies of Vi, i.e. Gy = V,(Cl)~ e -Vk(kfl),

where each V,(j) is a copy of V. It is clear from Figure 3 that soe Gy is the k x k grid. =

We now need a standard result from graph minor theory that follows from [21]:
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» Theorem 31. For every planar graph G, there is a natural number ng such that G is a
minor of the ng X ng grid.

The following is immediate from Lemma 27, Lemma 29, Lemma 30 and Theorem 31:
» Corollary 32. The set P = |J,cysoe(Py) is the set of all planar graphs.

Recalling the discussion preceding Lemma 27, this completes the proof of Corollary 3,
and thus gives us the promised alternative proof of the result of [13].

5 Exact Feasibility of NPA in Randomized Polynomial Time

Being a semidefinite program, the NPA relaxation can be solved using standard techniques
such as the ellipsoid method. However, such techniques can, in polynomial time, only
decide the approximate feasibility of a system. In this section, we use homomorphism
indistinguishability to give a randomized algorithm for deciding exact feasibility of each level
of the NPA hierarchy.

» Theorem 2. There exists a randomized algorithm which decides, given graphs G and H and
an integer k > 1, whether the k™-level of the NPA hierarchy for the (G, H)-isomorphism game
is feasible. The algorithm always runs in time n°®®ECW) for n = max{|V(G)|,|V (H)|},
accepts all YES-instances, and accepts NO-instances with probability less than one half.

By a recent result [23, Theorem 1.1], homomorphism indistinguishability over every minor-
closed graph class of bounded treewidth can be decided in randomized polynomial time.
In Theorem 1, we have established that the k'"-level of the NPA hierarchy for the (G, H)-
isomorphism game is feasible for two graphs G and H if and only if they are homomorphism
indistinguishable over Pj,. By Lemmas 25 and 29, the graph class P}, is minor-closed and of
bounded treewidth. Hence, by [23, Theorem 1.1], the feasibility of the k*"-level of the NPA
hierarchy can be decided in randomized polynomial time for every fixed k. However, this
result assumes k to be fixed and not part of the input.

Modular Homomorphism Indistinguishability. As a first step towards Theorem 2, we show
that it can be decided in deterministic polynomial time whether G and H are homomorphism
indistinguishable over Py modulo a prime p, i.e. hom(F,G) = hom(F, H) mod p for all
F € P;,. We work over a finite field in order to avoid memory issues with too large integers.

» Theorem 33. There exists a deterministic algorithm which decides, given graphs G and H,
an integer k > 1, and a prime p, whether G and H are homomorphism indistinguishable over
Pr modulo p. The algorithm runs in time n®® (klogp)®M) for n = max{|V(G)|, |V (H)|}.

The algorithm in Theorem 33 decides whether G and H are homomorphism indistinguish-
able over Py, by computing a basis B for the [F-vector space S spanned by homomorphism
matrices of bilabelled graphs in Py. More precisely,

S :=span{Pg® Py | P € P} C IFZ(,V(G)kUV(H)k)X(V(G)kUV(H)k)

where Pg ® Py = (POG POH ) A basis B C S can be computed iteratively as follows. We
initialise B with the singleton set containing Jg @ J g. Subsequently, we repeatedly apply
the operations from Definition 21 to compute new vectors. Whenever a new vector is linearly
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Algorithm 1 Modular NPA.

1

2
3
4

© w N O w

10
11
12
13
14
15
16
17
18
19
20
21
22
23

Input: Graphs G and H, an integer k > 1, a prime p in binary.
Output: Whether G and H are homomorphism indistinguishable over P, modulo p.

k k
for every A € By, compute the homomorphism matrices Ag € IFX (@XVET and

k k
Ay EF;‘)/(H) XV (H) :

initialise B + {Jg & J g
foreach A € B, do
if A¢ ® Ay ¢ span(B) then
| add Ag @ Ay to B;
repeat
foreach A € B, v € B do
w4 (Ag @ Ag) O v;
if w ¢ span(B) then
‘ add w to B;
foreach vy,v, € B do
W <— V1 * V2,
if w ¢ span(B) then
‘ add w to B;
foreach o € C(1,...,k,2k,....,k+ 1), v€ B do
w 4 v7;
if w ¢ span(B) then
‘ add w to B;
until B is not updated;
if 15vlg = 15v1y for allv € B then
‘ accept;
else

)

} C R (@ VI X (VG UV )

‘ reject;

independent from the vectors already in B, we add it to B. Since the dimension of S is

at most 2n%*, this process takes polynomial number of steps and is formally described in
Algorithm 1.

In order to achieve a better runtime in Theorem 33, we give size-O(k) sets B and By of

bilabelled graphs generating QkP and Qf . Let By = B,f U B,‘g .

» Lemma 34. Let k > 1 and consider the following (k, k)-bilabelled graphs.

J=(J,(1,...,k),(k+1,...,2k)) with V(J) = [2k] and E(J) =0,

fori € [2k] and j =i+ 1 ifi < 2k and j := 1 otherwise, the graphs C=" and C~" which
are obtained from J by, respectively, identifying or connecting the vertices i and j,
I=(1,(1,...,k),Q1,...,k)) with V(I) = [k] and E(I) =0,

for i € [k], the graphs M7* = (M7 (1,....k),(1,...,i — 1,i',i + 1,...,k)) with
V(M#) = [k] U {i'}, E(M#) = § and M~ = (M~ (1,...,k),(1,...,i — 1,i',i +
L,..., k) with V(M~) = [k]U{i'}, E(M~") = {ii'}.

Then QF is generated by BY = {J}U{C~",C~" | i € [2k]} under parallel composition and

Qi

is contained by the graph class generated by BS = {I} U {M7*,M™~" | i € [k]} under

series composition.

» Lemma 35. Algorithm 1 is correct.
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Proof. Let B denote the set computed when Algorithm 1 terminates. We first argue that
the vectors in B span S. Clearly, B C S and thus span(B) C S. The inclusion S C span(B)
is shown by induction on the operations used in Definition 21 to define P;. The simplest
graph in that set is J. It holds that Jg ® J g € B, by initialisation. By Lemma 34, it holds
that the homomorphism matrices of all bilabelled graphs in Qy are in span(B). For the
inductive step, let P € P;, be some graph.

If P = R-S for the graphs R, S € P, to which the inductive hypothesis applies
then Rg @ Ry, S¢ @ Sy € span(B). Hence, we may write Rg & Ry = Y a;b; and
Rc ® Ry = ) B;b; for some «, 5; € F, and b; € B. Since the algorithm terminated, it
holds that b; - b; € span(B) for all 4,j. Thus, P¢ & Py = > a;83;b; - b; € span(B). The
cases when P = R® S for R € QF and when P = R’ for 0 € C(1,...,k,2k,...,k + 1)
follow analogously.

It remains to argue that the acceptance condition 15vlg = 15vly for all v € B is
correct. To that end, first assume that G and H are homomorphism indistinguishable over
Pi.. Then for every P € Py it holds that

15(Pc @® Py)lg = soe(Pg) = soe(Py) = 15(Pg @ Py)ly.

Since S is spanned by these vectors, it follows that 1gvlg =1Lv1y for all v € B.
Conversely, suppose that lgvlg = 1Lv1y holds for all v € B. Let P € Py be

arbitrary. By the previous claim, P @ Py € span(B). Hence, the assumption implies that

soe(Pg) = soe(Pp), as desired. <

» Lemma 36. Algorithm 1 terminates in time n®*) (klogp)®M), where n is the mazimum
of V(G)| and |V (H)|.

Proof. The initialisation (above Line 6) can be completed in time n®® kM) (log p)O™)
noting that the set By is of size O(k) by Lemma 34.

Throughout the execution of the algorithm, B is a set of linearly independent vectors in
a 2n?*-dimensional vector space over F,. This implies that the loop in Line 6 is entered at
most 2n?* many times. It further more implies that the checks for linear independence in
Lines 4, 9, 13 and 17 can be carried out in n°®*) (log p)°™).

In each iteration of in Line 6, the first inner loop is entered at most n
The second inner loop is entered at most n®*) times. The third inner loops is entered at
most n®F kO™ times. This yields the overall runtime bound. |

Ok KO times.

Reducing NPA to Modular NPA. If G %p, H, then there exists a graph F € P4
such that hom(F,G) # hom(F,H). Since hom(F,G),hom(F,H) < oIVl for n =
max{|V(GQ)|, |V (H)|}, it follows that G and H are also not homomorphism indistinguishable
over Pj, modulo every prime p greater than n!¥ (). Unfortunately, there is a priori no bound
on the size of F' in terms of n. In this section, we give such a bound and thereby derive
Theorem 2 from Theorem 33. For [ € N, write (Py)<; :={F € Py | |V(F)|< }.

» Theorem 37. Ifk > 1, G, H are graphs on at most n vertices, and fi(n) = 2k - 4"%, then

G=p, H < G=py,m H

Towards Theorem 37, we define the following complexity measure v: Py — N inductively.
If Q € Qy, then v(Q) := 1. For F € Py, define v(F') inductively as the least number n € N
such that there exist
1. F' € Py and Q € QF such that F = Q ® F' and n = v(F'), or
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2. F',F" € Py such that F = F'- F” and n = max{v(F'),v(F")} + 1, or
3. FFePrand o € €(1,...,k,2k,....k+1) such that F = (F')? and n = v(F").
By Definition 21, v: P, — N is well-defined.

» Lemma 38. Let k > 1. For every F € Py, it holds that F has at most 2k - 2F) vertices.

As in Section 5, we consider a sequence of nested spaces of homomorphism matrices. For
[ > 1, write

Sy =span{Fg® Fyg | F € Py, v(F) <1} C R(V(G)"UVH)")x(V(G) LV (H)Y)

Clearly, S € S € --- C § = |J;>, S1- The space S is of dimension at most 2n2k. The
following lemma shows that Sy,2 = S.

» Lemma 39. If [ > 1 is such that S; = Sj41, then S; = S.

Proof of Theorem 37. Only the backward implication requires a justification. Suppose that
G and H are homomorphism indistinguishable over all graphs in Py of size at most 2k - 4

Let F € P}, be of arbitrary size. By Lemma 39, there exist F* € P, with v(F') < 2n2*
and coefficients «; € R such that Fo & Fg =) aiFiG ® Fﬁq By Lemma 38, the F? have
at most 2k - 47" many vertices. Thus, hom(soe(F"), G) = hom(soe(F*), H), by assumption.

Hence,
hom(soe(F),G) = 1§(F¢ ® Fu)lg = Zailg( ¢ ®Fy)lg
= Zai hom(soe(F*%),G) = Zai hom(soe(F*), H)
= Z%‘lj}}( L @® F'y)1y = hom(soe(F), H).

Here, 14,1y € RY(@"UVH)" denote the indicator vectors on the coordinates which corres-
pond to G and H, respectively. Hence, G and H are homomorphism indistinguishable over

Pk <
It remains to derive Theorem 2 from Theorems 33 and 37.

Proof of Theorem 2. A randomized algorithm for the problem Theorem 2 proceeds as similar
to [23, Algorithm 2]|. Let N := 2k - 47*" be as in Theorem 37. For [4log(N log(n))] = nO®)
times, sample an integer N logn < p < (N logn)?. This integer requires n®®) many bits. In
time n®*) | deterministically check whether p is a prime [2]. If it is a prime, run Algorithm 1
for G, H, k, and p. By Lemma 36, this takes time n®® O If the algorithm asserts that
G #p, H, reject. Otherwise, proceed. If p is not a prime, proceed to the next iteration.
By the proof of [23, Theorem 1.1], the probability of incorrectly accepting an instance
such that G 2p, H is less than 1/2. <
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