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Abstract
We give a simple algorithm for maintaining a no(1)-approximate spanner H of a graph G with n

vertices as G receives edge updates by reduction to the dynamic All-Pairs Shortest Paths (APSP)
problem. Given an initially empty graph G, our algorithm processes m insertions and n deletions in
total time m1+o(1) and maintains an initially empty spanner H with total recourse n1+o(1). When
the number of insertions is much larger than the number of deletions, this notably yields recourse
sub-linear in the total number of updates.

Our simple algorithm can be extended to maintain a δ ≥ ω(1)-approximate spanner with n1+o(1)

edges throughout a sequence of m insertions and D deletions with amortized update time no(1) and
total recourse n1+o(1) + no(1) · D via batching.
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1 Introduction

Given a graph G = (V, E), a δ-approximate spanner H is a subgraph of G with the same
vertex set such that distH(u, v) ≤ δ ·distG(u, v) for every pair of vertices u, v ∈ V .1 Typically,
the spanner H has much fewer edges than G and can therefore be used as a sparse proxy
for computing approximate distances in downstream applications. Althöfer, Das, Dobkin,
Joseph and Soares developed the now-classical greedy spanner [1].

Given an integer δ, their algorithm incrementally constructs a (2δ − 1)-approximate
spanner H of G = (V, E) as follows.
1) Initialize H = (V, ∅).

1 δ is called the stretch of H.
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2) Consider the edges (u, v) ∈ E in arbitrary order. If distH(u, v) ≥ 2δ, add (u, v) to H.
When this process finishes, every edge on the shortest path between two arbitrary vertices in
G can be replaced by a detour of length at most 2δ − 1 in H. The claimed approximation
distH(u, v) ≤ (2δ − 1) · distG(u, v) directly follows.

Crucially, they show that the graph H is also sparse. This follows from the folklore
observation that high-girth graphs are sparse. The girth of a graph is the length of the
shortest cycle. By construction, the girth of H is 2δ + 1, which implies total edge count
is bounded by 2|V |1+ 1

δ . Whenever δ grows with n, this leads to an almost-linearly sized
spanner.

▶ Observation 1 (Folklore). Every graph H = (V, EH) with girth 2δ + 1 contains at most
2|V |1+ 1

δ edges.

Proof. Repeatedly remove vertices of degree at most d = |V | 1δ + 1 from H. This process
removes at most d · |V | edges. Assume for the sake of a contradiction that there is some
remaining graph H̃ ⊆ H after this process terminates. Fix an arbitrary remaining vertex r,
and consider the breath-first search tree T ⊆ H̃ to depth δ from r. Since the girth of H̃ is at
least 2δ + 1, no two vertices at depth < δ in T share an edge in H̃ \ T . Thus, the number of
vertices in T is at least

∑δ
i=0(d− 1)i > (d− 1)δ = |V | which is a contradiction. ◀

Despite the simplicity of this framework, previous deterministic dynamic algorithms for
maintaining a spanner H ⊆ G as G undergoes updates were based on expander decompositions
[7, 5].

However, In [4] the authors observed that the greedy spanner construction can be used
to maintain a spanner H ⊆ G as G receives edge deletions with low amortized recourse.
As part of their almost-linear time incremental min-cost flow algorithm, [6] presented a
computationally efficient algorithm for maintaining a spanner of a fully-dynamic graph G

based on the greedy spanner.2 Their algorithm is complicated by the fact that they need
to process vertex splits in addition to edge updates and the total number of decremental
updates is limited by the number of vertices.

1.1 A simple dynamic spanner for graphs with few deletions
We present a simplified algorithm for maintaining a spanner of an edge-dynamic graph by
reduction to an All-Pairs Shortest Paths (APSP) oracle. The underlying APSP oracle is a
dynamic algorithm providing query access to approximate pairwise distances in a dynamic
graph [9, 12, 11, 13].

▶ Theorem 2. Given an initially empty edge-dynamic graph G = (V, E) on n = |V | vertices
receiving m edge insertions and up to n edge deletions where m ≥ n, there is an algorithm
maintaining a no(1)-approximate spanner H with total update time m1+o(1) and total recourse
n1+o(1).

We note in particular that the total recourse is almost-optimal and only depends on the
number of vertices and deletions, and is therefore completely independent of the number of
insertions.

2 They crucially exploit that the recourse is sub-linear in the number of insertions. Expander decomposition
based algorithms seem less suitable for achieving such a result.
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Our simple algorithm yielding Theorem 2 is presented in Section 4. It can use any
path-reporting approximate APSP data structure and only adds an O(log n) factor overhead
in runtime and approximation. We refer the reader to Definition 5 and Theorem 12 for a
more fine grained analysis of the dependency on the underlying APSP data structure.

▶ Remark 3. Theorem 2 can be extended to graphs with polynomially bounded edge lengths
via standard length bucketing. The number of edges in the final spanner increases by a
logarithmic factor.

1.2 More deletions and lower stretch dynamic spanners

Batching techniques allow us to extend our spanner to handle an arbitrary number of
deletions, where the recourse becomes almost-linear in the number of deletions and vertices.

An originally independent work [8] recently introduced the idea of obtaining a dynamic
spanner with stretch δ = o(log n).3 They remark that prior to their work, no algorithm with
update time o(n), n1+o(1) edges and stretch o(log n) existed. This motivated us to extend
our spanner to handle arbitrary non-constant stretch as in Theorem 18. They heavily use
ideas from [11] directly, which we completely black-box. We remark that our algorithm loses
large sub-polynomial factors in update time and density compared to theirs.

▶ Theorem 4. Given an edge-dynamic graph G = (V, E) with n = |V | vertices receiving m

insertions and D deletions, and a parameter δ ≥ ω(1), there is an algorithm maintaining a δ-
approximate spanner H containing at most n1+o(1) edges with total recourse n1+o(1) +no(1) ·D
and amortized update time no(1).

Our algorithm yielding Theorem 4 is presented in Section 5. It depends on the APSP data
structure of [11], which can get arbitrarily good approximation by trading it off for update
time. We point out that the recourse achieved by our algorithm is again almost-optimal,
since scaling linearly in the number of deletions is unavoidable.

1.3 Prior Work

In [2], the authors present a randomized dynamic spanner with poly-logarithmic stretch
and amortized update time against an oblivious adversary.4 Then [10] significantly reduced
the poly-logarithmic overhead in both size and update time. In [3], the authors gave the
first non-trivial algorithm for maintaining a dynamic spanner against an adaptive adversary.
They maintain a spanner of near linear size with poly-logarithmic amortized update time and
stretch. Deterministic algorithms for maintaining spanners of dynamic graphs with bounded
degree that additionally undergo vertex splits were developed in the context of algorithms
for minimum cost flow [7, 5, 6]. These have sub-polynomial overhead.

3 The first version of this article on arXiv precedes the announcement of [8], but their article prompted
us to add Theorem 4 and Section 5.

4 Oblivious adversaries generate the sequence of updates at the start, i.e. independently from the random
output of the algorithm. Adaptive adversaries can use the previous output to fool a randomized
algorithm.

ICALP 2025
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2 Preliminaries

2.1 Static and Dynamic Graphs

We let G = (V, E) denote unweighted and undirected graphs with vertex set V and edge set
E. When we want to refer to the vertex/edge set of some graph G, we sometimes use V (G)
and E(G) respectively.

We refer to |E(G)| / |V (G)| as the density of a graph, and say a graph is sparse whenever
its density is no(1).

For a graph G = (V, E) and a pair of vertices u, v ∈ V we let distG(u, v) denote the
length of a shortest uv-path in G. We call a graph edge-dynamic if it receives arbitrary
updates to E (i.e. edge insertions and deletions). We refer to the total number of such edge
updates a graph receives as the recourse.

2.2 Edge Embeddings

Given two graph H and G on the same vertex set such that H ⊆ G, we let ΠG→H be a
function that maps edges in E(G) to paths in H. Given an embedding ΠG→H , we define the
edge congestion econg(ΠG→H , e) def= |{f ∈ E(G) : e ∈ ΠG→H(f)}| for e ∈ E(H).

3 Dynamic All-Pairs Shortest Paths

We first define approximate All-Pairs Shortest Paths (APSP) data structures for edge-dynamic
graphs.

▶ Definition 5 (APSP). For an initially empty edge-dynamic graph G = (V, E) a γ-
approximate α-update β-query APSP data structure supports the following operations.

AddEdge(u, v) / RemoveEdge(u, v): Add/Remove edge (u, v) from/to G in (amort-
ized) time α.
ApxDist(u, v): Returns a distance estimate d̃ist(u, v) such that

dist(u, v) ≤ d̃ist(u, v) ≤ γ · dist(u, v).

in (amortized) time β.
Path(u, v): Returns a simple uv-path P in G of length |P | ≤ ApxDist(u, v) in time
β · |P |.

We refer the reader to [9, 12, 11, 13] for recent results on path-reporting dynamic APSP.
The parameters γ, α and β should currently be thought of as sub-polynomial factors no(1) in
the number of vertices n of type eO(logτ n) for some constant 0 < τ < 1.

In [13] the authors present the shortest APSP algorithm yet by simplifying the algorithm
of [12] at the expense of a larger sub-polynomial overhead in runtime, i.e. α = e1/(log log m)c

for some c > 0. Their algorithm internally bootstraps a more complicated version of the
spanner presented in this article that is tailored to their application.

The algorithm of [11] can obtain a better approximation γ = logϵ n at the cost of large
sub-polynomial update times α = n1/(log log n)Θ(ϵ) .
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4 A Dynamic Greedy Spanner

4.1 A Simple Low-Recourse Algorithm
We first present a very simple dynamic variant of the greedy spanner that merely limits
the number of changes to H, i.e. its recourse. Then we describe the necessary changes for
obtaining an efficient version using a dynamic APSP datastructure.

Let G = (V, E) be an initially empty graph on n vertices. We maintain a O(log n)-spanner
H ⊆ G as follows.

When an edge (u, v) is inserted to G, we check if dist(u, v) > 2 log n. If so, we add it to
H.
When an edge (u, v) is deleted from G, we remove it from H if it is present and re-insert
all edges in E(G) \ E(H) using the procedure described above. If (u, v) is not in H, we
do not need to update our spanner.

This algorithm still maintains that the girth of H is at least 2 log n + 1, and therefore the
graph H contains at most O(n) edges at any point. Edges only leave the spanner H when
they are deleted. If at most D edges get deleted throughout, a total recourse bound of
O(n + D) follows directly since the total recourse is bounded by (maximum # edges in H) +
(# edges leaving H).

4.2 A Simple Efficient Algorithm
To turn the above framework into an efficient algorithm, we maintain an embedding ΠG→H

that maps each edge in G to a short path in H and thus certifies that such a path still
exists. We then only have to re-insert all edges whose embedding paths use the deleted edge.
To bound the number of re-insertions, we carefully manage the edge congestion of ΠG→H .
Finally, we use an APSP data structure (See Definition 5) to obtain distances and paths. In
the following, we assume there are at most m insertions, n deletions and that |V | = n.

Our algorithm internally maintains two graphs: The current spanner H and a not yet
congested sub-graph Ĥ ⊆ H. We maintain that the edge congestion is strictly less than K

for every edge in Ĥ, and maintain access to distances and paths in Ĥ via a γ-approximate
α-update β-query APSP data structure D

Ĥ
.

When an edge e is inserted, we check if D
Ĥ

returns distance at most 2γ log n between
the endpoints. If this is the case, we query it for a witness path P and store P as
the embedding path of e. Then we check if any of the edges on the path now have K

embedding paths using them, and if so we remove them from Ĥ. Otherwise, we add the
edge e to H and Ĥ.
When an edge e is deleted, we remove it from Ĥ and H and re-insert all edges that now
have a broken embedding path using the procedure above.

Choosing the threshold K = m/n allows us to tolerate up to n deletions which yield m

additional calls to the insertion procedure. See Algorithm 1 for detailed pseudocode.

4.3 Analysis
We first show that H is a (2 · γ · log n)-approximate spanner.

▶ Lemma 6. The graph H maintained by DynamicSpanner() (Algorithm 1) is a (2·γ ·log n)-
approximate spanner throughout.

ICALP 2025
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Algorithm 1 DynamicSpanner().

1 procedure Initialize(n, m, K)
2 G← (V, ∅); H ← (V, ∅); Ĥ ← (V, ∅); ΠG→H ← ∅ ; // Let V = {1, . . . , n}.
3 Let D

Ĥ
be a γ-approximate α-update β-query APSP datastructure (See

Definition 5).
4 procedure InsertEdge(e = (u, v))
5 G← G ∪ {e}
6 if D

Ĥ
.ApxDist(u, v) ≤ γ · 2 · log n then

7 P ← D
Ĥ

.Path(e); ΠG→H(e)← P ;
8 foreach f ∈ P do
9 if econg(ΠG→H , f) ≥ K then

10 Ĥ ← Ĥ \ f ; D
Ĥ

.RemoveEdge(f);
11 else
12 H ← H ∪ (e); Ĥ ← H ∪ (e); ΠG→H(e)← (e); D

Ĥ
.AddEdge(e);

13 procedure DeleteEdge(e = (u, v))
14 G← G \ e;
15 if e ∈ H then
16 D

Ĥ
.RemoveEdge(e); H ← H \ e; Ĥ ← Ĥ \ e;

17 F ← {f ∈ E(G) : e ∈ ΠG→H(f)} ; // Edges with broken embedding
paths.

18 G← G \ F ; // Temporarily remove edges in F from G

19 foreach f ∈ F do
20 ΠG→H(f)← ∅ ; // Delete broken embeddings.
21 foreach f ∈ F do
22 InsertEdge(f) ; // Re-insert edges in F.

Proof. When an edge e ∈ E(G) is inserted, it afterwards has a valid embedding path of
length at most 2 · γ · log n by the description of InsertEdge(e). Therefore the edge has a
valid embedding path at this point. However, if any edge on this path is deleted, the edge e

is re-inserted by the description of DeleteEdge(e). This establishes the claim. ◀

We then prove that the total number of times the routine InsertEdge(e) is called is
bounded by 2m.

▷ Claim 7. For all f ∈ E(H), econg(ΠG→H , f) ≤ K throughout.

Proof. Whenever the edge congestion of an edge in Ĥ reaches K it is removed from Ĥ and
D

Ĥ
. By the description of InsertEdge() such an edge is never used in embedding paths

again. Therefore the edge congestion of econg(ΠG→H , f) is bounded by K for every edge.
◁

▶ Corollary 8. A sequence of at most m external insertions and m/K deletions causes at
most 2m calls to InsertEdge() in total.

Proof. By Claim 7, the edge congestion is at most K throughout. Thus, there are at most m

additional calls to InsertEdge() issued by the DeleteEdge() routine since the algorithm
re-inserts every edge with a broken embedding path. The corollary follows. ◀

Given the previous corollary, we are ready bound the total recourse of H.
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▷ Claim 9. |E(H)| ≤ O(γ·m log n
K + n) throughout a sequence of m insertions and m/K

deletions.

Proof. We bound the edges in E(H)\E(Ĥ) and in E(Ĥ) separately, starting with the former.
These edges were congested by K paths when they were removed from Ĥ. Since the total
number of edges ever added is 2m, the total cumulative congestion that all the edges ever
experience is at most 4 ·m ·γ · log n by the description of InsertEdge(). Therefore, the total
number of edges in E(H) \E(Ĥ) is at most (4 ·m · γ · log n)/K. Finally, by Definition 5 the
graph Ĥ has girth at least 2 log n + 1, and therefore at most O(n) edges by Observation 1.

◁

▶ Corollary 10. The recourse of H is O( γ·m log n
K + n).

Proof. Follows from Claim 9 since at most m/K edges get removed from H. ◀

It remains to bound the total time spent processing updates.

▶ Lemma 11. The algorithm processes m insertions and m/K deletions in total time
O(β · γ ·m · log n + α · γ · m

K · log n + α · n).

Proof. There are at most 2m calls to InsertEdge(). Each such call causes a distance and
possibly a path reporting query to D

Ĥ
. Whenever a path reporting query is called, the

resulting path P has length at most 2γ · log n. This causes a total runtime of O(β ·γ ·m · log n).
Then, by Corollary 10, at most O(γ·m log n

K + n) edges get added and therefore also
removed from Ĥ. These cause O( γ·m log n

K + n) update calls to D
Ĥ

. This causes total runtime
O(α · γ · m

K · log n + α · n).
All other operations can be subsumed in the times above. ◀

Our first theorem then follows directly after setting K = m/n.

▶ Theorem 12 (Simple Spanner to APSP Reduction). Given a γ-approximate α-update
β-query APSP data structure (Definition 5), there is an algorithm that maintains a 2γ log n-
approximate spanner H of an initially empty graph G on n vertices throughout a sequence up
to m insertions and n deletions in total time O(β · γ ·m · log n + α · γ · n · log n). The total
recourse of H is O(α · γ · n log n).

Proof. Follows from Corollary 10 and Lemma 11 with K = m/n. ◀

Then, Theorem 2 follows from Theorem 12 in conjunction with any of the APSP data
structures of [9, 12, 11]. We point out that the quality of the spanner could be improved to
O(log1+ϵ(n)) at the expense of a loss of a rather large sub-polynomial factor n1/(log log n)Θ(ϵ)

in update time and recourse using the APSP data structure of [11] (See Theorem 19). In the
next section, we exploit their data structure to obtain lower stretch spanners.

5 Lower Stretch & More Deletions

The advantage of the data structure from Theorem 12 is that it has sublinear recourse if the
number of insertions is much larger than the number of deletions. On the flip side, processing
many deletions is expensive if the input graph is dense. In some applications, spanners are
used to further sparsify graphs that are already pretty sparse [7, 5, 12, 13], but in others this
may cause significant overhead.

We thus want to modify our spanner to allow for (1) an arbitrary amount of edge deletions
instead of O(n) as before, and (2) arbitrary stretch δ = ω(1) instead of no(1) as before. We
start by noting that replacing the factor 2 log n in Line 6 of Algorithm 1 with 2 · κ for some
arbitrary κ > 0 directly yields the following.

ICALP 2025
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▶ Lemma 13. Let κ > 0. Then if we replace the factor 2 log n in Line 6 of Algorithm 1 by
2 · κ, the following properties hold for a sequence of m insertions and m/K deletions:
1. The graph H maintained is a 2 · γ · κ spanner throughout.
2. |E(H)| ≤ O( γ·m·κ

K + n1+ 1
κ ) throughout a sequence of m insertions and m/K deletions.

3. The recourse of H is O( γ·m·κ
K + n1+ 1

κ ).
The algorithm runs in total time O(β · γ ·m · κ + α · γ ·

(
m
K · κ + n1+ 1

κ

)
).

Proof. The proof of the first item is completely analogous to the proof of Lemma 6. The
second item follows from Observation 1 and the bound on the number of congested edges as
in Claim 7 applied analogously as in the proof of Claim 9. Finally, the last item follows from
the bound on the number of edges and by the fact that edges only leave the spanner when
they get deleted. ◀

5.1 Stepwise sparsification for processing more deletions
We now show that we can allow for an arbitrary amount of deletions at the cost of a
subpolynomial overhead in both stretch and update time.

Previously, we chose the density reduction parameter K = m/n, which corresponds to
completely sparsifying the graph in one step. To handle more deletions, we choose K much
smaller, but then recursively compute spanners of spanners until we reach the desired sparsity.
We call each such round of sparsification a layer.

Concretely, we let the density reduction K be a tunable parameter and assume m =
KΛ ·n1+1/κ for some integer number of layers Λ = O(logK(m/n1+1/κ)). Reducing the density
by K for Λ layers will ensure that we reach the desired sparsity via the algorithm outlined
below.

5.2 Layered algorithm
We initialize H0 = G, and recursively apply Algorithm 1 to obtain Hi from Hi−1 for
i = 1, . . . , Λ. We let HΛ be the desired spanner. We then dynamically maintain this hierarchy
throughout a sequence of up to m insertions and m/K deletions to H0 = G. Concretely, we
go over the layers in ascending order and at layer i feed all the changes caused to Hi−1 to
the spanner data structure maintaining Hi. This may lead to updates of Hi, which then get
passed to the next layer i + 1 as long as i < Λ.

Whenever the graph G has experienced some multiple of m/Ki+1 deletions, we re-initialize
layers i, . . . , Λ. We call this a rebuild. The reason rebuilds are required is to maintain sparsity,
as otherwise the number of congested edges would grow too much on layers with higher
indices due to re-insertions. We stress that the timing of rebuilds only depends on the update
sequence to the original graph G.

The key insight that enables this algorithm is that edge deletions in Hi always correspond
to edge deletions in G, i.e. deletions to Hi might cause some extra insertions to Hi+1, but
never more deletions. This is crucial since deletions cause a large amount of recourse, but
recourse due to insertions is effectively sparsified.

We first show that the final spanner HΛ has the desired sparsity.

▷ Claim 14 (Sparsity). At any time, |E(Hi)| = O((γ · κ)i ·m/Ki).

Proof. We show the claim by induction on i. For H0 = G, the claim follows directly. Then,
for i > 0, the claim follows by Lemma 13 and the fact that the layers with indices ≥ i get
re-started after an interval of m/Ki+1 deletions happened. ◁
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We bound the number of rebuilds of layer i directly.

▷ Claim 15 (Rebuilds). After m edge insertions and m/K edge deletions, the total number
of rebuilds of layer i is Ki.

Proof. The claim directly follows from the description of our algorithm, i.e. a rebuild of layer
i happens whenever a multiple of m/Ki+1 deletions happened since the last rebuild. ◁

We then bound the recourse of the graph HΛ in a more fine grained manner.

▷ Claim 16. The recourse of HΛ after D deletions is bounded by O((γ·κ)Λ·n1+1/κ+D·(γ·κ)Λ).

Proof. In between two rebuilds the recourse of HΛ is at most O((γ · κ)Λ · n1+1/κ). The total
number of rebuilds is bounded by D/n1+1/κ. Therefore, the claim follows. ◁

Finally, we prove that the stretch of the final spanner is sufficiently bounded as long as Λ
is very small.

▷ Claim 17 (Stretch). The total stretch of the spanner computed at layer Λ with respect to
G is at most (2 · γ · κ)Λ.

Proof. The claim follows from applying Item 1 in Lemma 13 Λ times. ◁

We conclude with the main theorem of this section.

▶ Theorem 18. Given a γ-approximate α-update β-query APSP data structure (Defin-
ition 5) and parameters κ > 0, 1 ≤ K ≤ m/n, there is an algorithm that maintains a
(2γκ)O(logK(m/n1+1/κ))-approximate spanner H of an initially empty graph G on n vertices
throughout an arbitrary sequence of edge insertions and deletions such that |E(H)| = O((γ ·
κ)O(logK (m/n1+1/κ)) ·n1+1/κ) with amortized update time O((β+α)·K ·(2γκ)O(logK(m/n1+1/κ))).

Proof. Sparsity and stretch follow from Claim 14 and Claim 17, respectively. It remains
to show the statement about run-time. Suppose we received m edge-insertions and m

edge-deletions. Each layer i handles up to (γ · κ)im/Ki insertions and m/Ki+1 deletions
before being restarted, which takes time O((β + α) · (γ · κ)i ·m/Ki) by Lemma 13. The total
number of restarts of layer i is Ki+1, so that the total amount of time spent for layer i is
O(Ki+1 · (β + α) · (γ · κ)i ·m/Ki) = O(m · (β + α) · (γ · κ)i ·K). Summing the costs over all
Λ layers yields the statement. ◀

The following theorem from [11] allows us to instantiate our parameters in a suitable
way. Since our approximation factor is larger than γΛ, we rely on the ability to choose a
very small approximation factor γ in their APSP algorithm. Then, we choose K to be a very
large sub-polynomial factor to obtain very few layers Λ.

▶ Theorem 19 (Theorem 1.3 in [11]). For some small constant c > 0, given a parameter
1/ logc n ≤ ϵ ≤ 1, there is a 2poly(1/ϵ)-approximate, O (nϵ)-update and O

(
log log n/ϵ4)

-query
APSP data structure.

▶ Theorem 20. Given parameters 1/ logc n ≤ ϵ ≤ 1, κ > 0 and 1 ≤ K ≤ m/n1+1/κ, there is
an algorithm that maintains a (2poly(1/ϵ)κ)O(logK(m/n1+1/κ))-approximate spanner H of an
initially empty graph G on n vertices throughout an arbitrary sequence of edge insertions
and deletions such that |E(H)| = O((2poly(1/ϵ)κ)O(logK (m/n1+1/κ) · n1+1/κ · κ) with amortized
update time O(nϵ ·K · (2poly(1/ϵ)κ)O(logK (m/n1+1/κ))).

Now Theorem 4 follows from the previous theorem by a specific choice of parameters.

ICALP 2025
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Proof of Theorem 4. We choose κ = log δ, ϵ = 1/ log log δ and K = n1/ log log δ. Note that
then Λ = O(logK(m/n1+1/κ)) = O(log log δ).

So for this choice of parameters, the stretch is

(2γκ)Λ = (2poly(1/ϵ)κ)Λ = 2poly(log log δ) = O(δ).

The sparsity is

|E(H)| = O((2poly(1/ϵ)κ)Λ · n1+1/κ · κ) = O(2poly(log log δ)n1+1/ log δ log δ) = n1+o(1),

and the amortized update time is

O(nϵ ·K · (2poly(1/ϵ)κ)Λ) = O(n2/ log log δ2poly(log log δ)) = no(1).

Finally, the desired recourse bound follows from Claim 16. ◀
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