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—— Abstract

Fully indexable dictionaries (FID) store sets of integer keys while supporting rank/select queries.
They serve as basic building blocks in many succinct data structures. Despite the great importance
of FIDs, no known FID is succinct with efficient query time when the universe size U is a large
polynomial in the number of keys n, which is the conventional parameter regime for dictionary

problems. In this paper, we design an FID that uses log (Z) + bits of space, and answers

(log U7t)“(t)
rank/select queries in O(t+loglogn) time in the worst case, for any parameter 1 < ¢ < logn/loglogn,

provided U = n'*®®), This time-space trade-off matches known lower bounds for FIDs [40, 41, 46]

when t < 10g®% n.

Our techniques also lead to efficient succinct data structures for the fundamental problem of
maintaining n integers each of £ = ©(logn) bits and supporting partial-sum queries, with a trade-off
between O(t) query time and nf + n/(logn/t)*® bits of space. Prior to this work, no known data
structure for the partial-sum problem achieves constant query time with nf + o(n) bits of space
usage.
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1 Introduction

A fully indexable dictionary (a.k.a. rank/select dictionary; FID for short) is a
fundamental data structure, which stores a set S of n keys from a universe [U], supporting
RANK and SELECT queries:

RANK(x): return the number of keys in S that are smaller than or equal to x.

SELECT(%): return the i-th smallest key in S.

This paper focuses on static FIDs, where the key set is given at the beginning and does
not change over time. There is also the dynamic case, allowing updates to the key set via
insertions and deletions, which is not considered in this paper.

FIDs are powerful data structures with numerous applications. First, if we choose to
think of S as an indicator vector in {0,1}Y, then the problem becomes storing a bit string
containing n ones and U — n zeros, while supporting prefix-sum queries and queries for
the position of the i-th one. This so-called rank/select problem serves as a subroutine
in many space-efficient data structures. Second, given RANK and SELECT, one can also
support predecessor search queries (i.e., find the largest element in S that does not
exceed x) by calling SELECT(RANK(x)) — this, too, serves as a common data-structural
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subroutine. The result is that FIDs have many applications in data structures for strings
[10, 14, 24, 26, 36, 37, 21, 13], trees [12, 18, 44, 35], parentheses sequences [17, 35|, multisets
[44], permutations [34], variations of dictionaries [8, 7], etc.

The most fundamental question regarding FIDs is to determine their best possible time-
space trade-off. If an FID storing n keys from the universe [U] uses log (Z) + R bits of
space, we say it incurs R bits of redundancy, where the first term log (Z) is referred to as
the information-theoretic optimum. Conventionally, an FID is said to be compact if the
redundancy R = O(log (g)), and is said to be succinct if R = o(log (Z)) The time-space
trade-off of an FID is the relationship between the redundancy R and the worst-case query
time under a RAM with word-size ©(log U).

Towards the optimal trade-off

There is vast literature on space-efficient FIDs. The earliest works [28, 33, 9] on FIDs
focused on the setting where one needs to store S’s indicator vector using U bits in the
plain format, while using up to R additional bits to store auxiliary information. Compared
to the information-theoretic optimum log (g)7 their approaches are succinct only if U =
(2% 0(1))n. In 2002, Raman, Raman, and Satti [44] constructed an FID with redundancy
O(UloglogU/logU) and constant query time. Later, Patragcu [39] reduced the redundancy
to U/(log U/t)*®) + O(U3/*) bits with worst-case query time O(t).

Some applications of FIDs demand to store dense sets where the universe size U = O(n);
in this case, Patragcu’s FID is already succinct and achieves an ideal trade-off between
O(t) query time and n/(logn/t)*® bits of redundancy, which is provably optimal when
t <1log®n [41, 46]. However, when U = n'*TOW which is the conventional parameter
regime for dictionary problems, the redundancy of Patragcu’s FID will be polynomially larger
than the information-theoretic optimum log (Z) = O(nlogn) even for large running times,
e.g., t = log”?
the redundancy to O(nloglogn) bits, thus being succinct, at the cost of slower queries of

n, and thus is not succinct or compact. Gupta et al. [25] further improved

O(log2 logn) time. It is currently not known how to construct succinct FIDs with query
time o(log? logn).

On the lower-bound side, Patragcu and Thorup [40] showed an Q(loglogn) time lower
bound for predecessor queries, assuming that U = n'T®M) and that the data structure is
compact. Their lower bound also applies to FIDs by a reduction. Another lower bound
proven by Patragcu and Viola [41, 46] shows that, if an FID takes O(t) worst-case time per
query, it must incur n/(log n)o(t) bits of redundancy. The best-known lower bound for FIDs
is a simple combination of these two independent lower bounds: When the redundancy equals
n/(logn)?®, the worst-case query time must be at least Q(max{loglogn, t}), provided
U = n'*+©0) | There remains a huge gap between the lower and upper bounds.

In summary, it has remained one of the basic open questions in the field whether one
can hope to construct an FID that is both succinct and that supports queries in the optimal
time of O(loglogn). Moreover, although there are well-established lower bounds for the
time-space trade-off of a static FID, it remains open on the upper-bound side to obtain tight
bounds at any point along the curve. These are the problems that we seek to resolve in the
current paper.

This paper: Tight upper bounds for FIDs

In this paper, we construct a succinct FID as shown in the following theorem.
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» Theorem 1. For any parameters n,U,t with U = n'T®M) and t < log n/loglogn, there
is a static fully indexable dictionary with query time O(t + loglogn) and redundancy R =
n/(logn/t)*® | in word RAM with word size w = ©(logn).

Thus, it is possible to achieve succinctness while offering an optimal time bound of
t = O(loglogn) — in this case, the redundancy of our construction is n/(logn)?(egloen) «
n/ poly logn bits. More generally, the time-space trade-off offered by the above theorem is
provably optimal for all t < log®?®
two known lower bounds. Somewhat surprisingly, this means that the maximum of the two

n, as, in every parameter regime, it matches one of the

completely independent lower bounds forms a single tight lower bound for FIDs.

High-level technical approach

To understand the high-level approach taken by our data structure, let us consider the lower
bound in [40], which points out a distribution of hard instances such that any data structure
with near-linear space O(npolylogn) needs to spend Q(loglogn) time for each query on
these inputs.

A critical insight in the current paper is that, although it is difficult to improve the query
time for these hard instances, they are well-structured so that they only occupy a small
fraction of all possible inputs. Therefore, in principle, the space we actually need to store
these hard instances is small.

Moreover, if we restrict only to these hard instances, then we can afford to use a data
structure that is space-efficient compared to the optimal bound for FIDs but that is space-
inefficient compared to the information-theoretic optimum for hard instances. So we can
handle hard instances by creating data structures that are morally space inefficient (i.e., not
optimal for these hard instances), but that are nonetheless space efficient in the context of
the overall FID problem.

On the flip side, when an input is not hard, we can think of it morally as being like a
“random” input. The entropy of random inputs is large, so we cannot waste much space.
Fortunately, random instances can benefit from the same high-level techniques that have
already been developed in past work [39], allowing for fast queries with good space efficiency.

Of course, “hard instances” and “random instances” are really just two extremes in a large
design space of inputs. What is remarkable is that, nonetheless, it is possible to combine
the high-level approaches described above in order to construct a single data structure that
achieves the optimal time-space trade-off for all inputs.

Other implications of our techniques

As mentioned earlier, FIDs can naturally support predecessor search queries, so our result
also improves the predecessor data structures:

» Corollary 2. For any parameters n,U with U = n't9W) | there is a data structure storing
a set S of n keys from a universe [U] that supports predecessor searches in S, with the same
time-space trade-off as in Theorem 1.

Prior to this result, it remained open whether one could achieve O(loglogn) query time
while also offering o(n) bits of redundancy [42].

By adjusting our data structure for FIDs, we show the following time-space trade-off for
so-called select dictionaries, which are dictionaries that support SELECT but not RANK:

114:3
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» Theorem 3. For any parameters n,U,t with U = n*+9M) and t < log n/loglogn, there
is a static dictionary that answers SELECT queries within O(t) time and has redundancy
R =n/(logn/t)*"  in word RAM with word size w = ©(logn).

Here, again, the bounds that we achieve are provably optimal, as they match a lower
bound previously proven by [41]. This represents a significant improvement over the previous
state of the art [44], which was unable to achieve space bounds any better than O(n/+/logn).

Another application of our techniques is to the basic question of storing n ©(logn)-bit
integers and answering partial-sum queries.

» Theorem 4. For any parameters n, ¢, t with £ = ©(logn) and t < logn/loglogn, there is a
data structure storing a sequence of n £-bit integers ai, ..., an, which uses nl+n/(log n/t)2®
bits of space and can answer the partial-sum queries Z;Zl a; for any given i within O(t)
time.

For this partial-sum problem, the previous state of the art with O(1) query times incurred
O(n) bits of redundancy [43]. Whether or not this could be reduced to o(n) remained an
open question. Our bound reduces it all the way to n/ poly logn bits for a polylogarithm of
our choice.

1.1 Related works

Grossi et al. [23] studied the FID problem for polynomial universe sizes with O(1) query
time. In this setting, achieving a compact space usage of O(nlogn) bits is impossible due to
the lower bound established by [40]. They showed a trade-off between O(e~1) query time
and O(n'T¢) bits of space.

In the special case where the universe size U = 2n, Yu [47] presented a data structure that
supports RANK queries in O(t) time, but not SELECT queries. This data structure incurs
only n/(logn)?® 4 '~ bits of redundancy, outperforming Pitragcu’s data structure
when t = (logn)'=°() is large, and matching the lower bound of [40] for all t.

A closely related setting is the dynamic FID problem, where, in addition to answering
RANK and SELECT queries, the data structure also needs to support fast insertions and
deletions. When the universe size U is linear in the number of keys n, Li et al. [30] achieved
O(n/2°5”"** 1) bits of redundancy with the optimal operational time of O(logn/ loglog n).

14+6(1) it remains open whether a succinct data structure

For polynomial universe sizes U = n
with O(logn/loglogn) time per operation can be constructed.

Predecessor data structures are also closely related to FIDs and have been extensively
studied across various parameter regimes and settings due to their importance. For a
comprehensive overview, see the survey by Navarro and Rojas-Ledesma [38].

Another variant of dictionary is the unordered dictionary problem, where the data
structure only needs to answer membership queries — whether a given key x is in the
current key set. A series of works has focused on both static and dynamic unordered
dictionaries [48, 27, 45, 31, 6, 32, 5], leading to a static unordered dictionary with constant
query time and n° bits of redundancy [27], as well as tight upper and lower bounds for the
time-space trade-off of dynamic unordered dictionaries for polynomial universe sizes [31, 6, 32].

Raman, Raman, and Satti [44] studied the indexable dictionary (ID) problem, which
is similar to FIDs, but RANK(x) only returns the rank of # when z is present in the current
key set; otherwise, it returns “not exist.” They constructed IDs with O(n/+/logn) bits of
redundancy and O(1) query time. Note that the ID setting is easier than FIDs, allowing
data structures to achieve both succinctness and constant-time queries.
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A further relaxation of ID is monotone minimal perfect hashing (MMPH), where
the data structure only needs to support RANK queries for elements in the key set — if x
is not in the key set, RANK(z) can return an arbitrary answer. (SELECT queries are not
required.) The key point of this relaxation is that MMPH data structures use asymptotically
less space: Belazzougui, Boldi, Pagh, and Vigna [3] constructed a data structure that uses
only O(nlogloglog U) bits, while encoding the key set itself requires log (Z) = O(nlog(U/n))
bits. This bound is shown to be optimal by Assadi, Farach-Colton, and Kuszmaul [1] (see
also [29]).

There is also a line of research on rank/select problems over arbitrary alphabets [21, 19,
15, 20, 22, 2, 4]. Given a sequence in [o]", the select query asks for the k-th occurrence of a
given symbol s € [o]; rank queries are defined similarly. These problems generalize FIDs,
which correspond to the special case o = 2. For arbitrary o, the optimal time/redundancy
trade-off is still not fully understood [4].

2 Preliminaries

Augmented B-trees

We will use the augmented B-trees (aB-trees for short) from [39] as a subroutine.

Let B and m be parameters such that m is a power of B, and let A[1...m] be an array
of elements in the alphabet 3. An aB-tree of branching factor B and size m is a full B-ary
tree over m leaves, which correspond to the entries of the array A[1...m]. Additionally:

Each node of the aB-tree is augmented by a label from the label alphabet ®. The label of

a leaf node is determined by the corresponding entry A[i] in the array, and the label of

an internal node is determined by the label sequence of its children. Formally, there is a

transition function A determining the label ¢,, of each the internal node u: ¢, = A(¢),

where ¢ := (¢1, b2, ..., ¢p) is the label sequence of u’s B children.

There is a recursive query algorithm, which starts by examining the label of the root, and

then recursively traverses down a path from the root to some leaf of the tree. At each

step, the algorithm examines the label of the current node and the labels of its children
to determine which of the children to recurse on. After reaching a leaf, the algorithm
outputs the answer to the query based on all the examined labels. Furthermore, this
algorithm is restricted to spend only O(1) time at each examined node, ensuring that the
query time remains at most O(logz m).

Beyond [39], we also consider incomplete aB-trees. Let m be any integer, not necessarily a
power of B, and let ¢t be an integer such that B > m. An incomplete aB-tree with branching
factor B and size m is derived from a (full) aB-tree over B leaves with the same branching
factor B, by retaining only the first m leaves while removing other B* — m leaves, and
(repeatedly) deleting all internal nodes without any child. In such an incomplete aB-tree, the
transition function A of labels still follows the form ¢, = A(¢), but the input label sequence

¢ = (b1, ..,¢¢) may have a length ¢ less than B, as u might possess fewer than B children.

Let N (m, ¢) be the number of instances of A[1...m] such that the aB-tree of branching
factor B over it will have root label ¢. According to Theorem 8 of [39], when m is a power
of B, we can compress the aB-tree with size m and root label ¢ to within log N (m, ¢) + 2
bits. Their proof directly works for incomplete aB-trees (m < B?) as well.

» Lemma 5 (Natural generalization of [39, Theorem 8]). Let m, B,t be parameters with
m < B! and B = O(m). Suppose there is an (incomplete) aB-tree with branching
factor B, size m, and root label ¢, then we can compress this aB-tree to within log N (m, ¢)+2
bits with query time O(t), in the word RAM model with word size w. The data structure uses
a lookup table of O(B%|X| + B3 |®|?8) words, which only depends on B and t.

114:5
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Notice that the lookup table only depends on B and ¢, but not m. The original construction
in [39], when applied on incomplete aB-trees, uses a lookup table of O(B(|X|+|®|? T+ B|®|?))
words, which depends on B, t, and m. To avoid the dependency on m, we simply concatenate
B! such lookup tables for all values of m together, with at most O(B**! . (|X| + |®|B+! +
B|®|?)) < O(B%|2| + B3|®|?P) words, and let aB-trees with different sizes m use different
parts of the (concatenated) lookup table. Later when we apply this lemma in our data
structure, we will let multiple instances with the same B and ¢ (but with different m) share
a single lookup table.

Predecessor data structures
We will use the following extension of predecessor data structure as a subroutine.

» Problem 1 (Predecessor with associated values). Storing a set S C [U] of n keys,* where
each key is associated with a value in [V], supporting predecessor and successor queries:
PREDECESSOR(x): Return the largest element y € S such that y < x, and the associated
value of y.
SUCCESSOR(x): Return the smallest element y € S such that y > x, and the associated
value of y.
By studies on dictionaries [16] and predecessor data structures [40], there is a compact
construction for predecessor data structures with associated values:

» Lemma 6. For any U > n, there are predecessor data structures with associated values
using O(nlogU + nlog V') bits, with query time O(loglog(U/n)) in the worst case.

Proof Sketch. We maintain the following data structures simultaneously:
A predecessor data structure for the set .S C [U] by [40] with space O(nlogU) and query
time O(loglog(U/n)).
A successor data structure similar to the predecessor data structure.
A “perfect hashing” by [16, 11] to store the key set S with their associated values, with a
space complexity of O(n(logU + logV')) bits and a worst-case query time O(1). <

Throughout this paper, we use the terminology “predecessor data structure” for short to
refer to the data structure defined by Lemma 6.

3 Basic data structure for FIDs

In this section, we will construct a basic data structure for FIDs with a slightly worse time
and space guarantee than the requirement of Theorem 1. It will serve as a subroutine in
the final data structure in Section 4: The final data structure is based on the algorithm
framework in this section, and by replacing a subroutine with the result in this section
(Theorem 7) in a non-recursive way, it achieves the ideal time-space trade-off. Formally, we
will prove the following theorem:

» Theorem 7 (Weak version of Theorem 1). For any parameters U,n,t with U = pt+e),
t <logU/loglogU and a constant € > 0, there is a static fully indexable dictionary with
query time O(tloglogU) and redundancy R = max{n/(logU/t)*®) O(logU)}, in the word-
RAM model with word size w = ©(logU). The data structure uses a lookup table of O(U%)
words that only depend on U and t which could be shared among multiple instances of fully
indezxable dictionaries.

1 We use notation [n] to denote the set {0,1,...,n — 1} for any non-negative integer n, and use [a, b] to
denote the set of integers {a,a + 1,...,b} when there is no ambiguity.
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Although in most applications of FIDs we care about polynomially-sized universes
U = n't®) here we also consider the parameter regime where n = U°(") is significantly
smaller than U. The reason is that, later in Section 4, we will use Theorem 7 to maintain
short subsequences of keys.

In the remainder of this section, we construct this basic data structure to prove Theorem 7.
Table 1 lists the main parameters and notations we will introduce in this section.

Table 1 Table of Notations.

Notation Explanation

. A parameter indicating that our algorithm’s time constraint is
O(tloglogU).

R R == max{n/(logU/t)*® O(logU)} is the desired redundancy of
our FID.

B The branching factor of aB-trees in the mid parts. BlogB =
(elogU)/t. When t < log®® U, there is B = log®™" U.

Bt The number of keys in each block.

h h := tlog B. Each mid part consists of 2h bits.

b b :=log(U/n) — h. Each low part consists of b bits.

xl(.low), 5§mid>, 6Ehigh) The value in the low, mid, and high parts. See Figure 1.

The value in the mid and high parts together. It equals 5§mid) +22h.

i shigh)
0<i 0<; = 22:1 d; is the prefix sum of {d;}.
A A= 6§Bt is the summation of all §; within a block.

Partitioning into blocks

Let S = {z1,xa,...,2,} be the set of keys we need to store, where x; < x5 < -+ < x,. The
first step of the construction is to divide the sequence (x1, o, ..., x,) into small blocks, and
to store some inter-block data structure that reduces the entire FID problem to small-scale
FID problems within each block.

Let B be a parameter where Blog B = 198U

t
blocks of size B. As the sequence (x1, %2, ...,T,) is monotonically increasing, the partition

into blocks could be viewed as partitioning the possible range of the keys [U] into n/B*
disjoint intervals, where the k-th block corresponds to the interval (z(y_1)pt, 7. Bt].2
Our inter-block data structure consists of the following two parts:

, and we break the whole sequence into

The sequence of endpoints of each interval, i.e., (xpt,Zo.pt, ..., Tp).

A predecessor structure for the sequence of endpoints (xgt, 2. pt, ..., Ty), where each

entry xy.pg: is associated with value k.
Given the above auxiliary information, we view each block k£ as an FID with B? keys
from a universe of size xxp: — x(,—1)p:. When we perform a rank query RANK(z), the
second part above can help us locate the block k containing the queried element z (i.e.,
r € (T(k—1)Bt, TkBt]), transforming the original query into a RANK query in the k-th block,

2 We let zp = 0 for convenience. When n is not divisible by B?, especially when n < BY, the size of the
last block will be smaller than B?. Fortunately, the same construction below works for any block size
m < B', and we only illustrate our construction for block size B*.

114:7
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within O(loglogU) time (see Lemma 6). When we perform a select query SELECT(4), it
becomes a SELECT query within block k = [i/B?]. The remaining question is to answer
RANK/SELECT queries within each block.

Storing difference sequences within blocks

Throughout the remainder of this section, we mainly focus on the FID problem within a
single block k. Letting s = (k — 1) B?, the intra-block FID problem requires us to maintain
the sequence of keys (Zsi1,...,Z51pt) in the universe (x5, 7,1 p5t]. We cut the binary
representation of each key x5y, into two parts, as shown in Figure la:
Letting h be a parameter to be determined and b := log % — h, we define the low part
as the b least significant bits in the binary representation of each key z;, denoted by
integers xElOW) € [2°]. We will directly store these integers in the data structure.

The log U — b remaining (more significant) bits are referred to as the mid-high part,

denoted by integers xgmid_high). For these integers, we aim to store the difference
sequence, i.e., the differences d; := xgmld_hlgh) — xETid_hlgh) between adjacent pairs of

elements.
Clearly, we have

Topi = xglow) + xz(.mid—high) ) 2b (0 <i< Bt)

For short, we let d<; denote the partial sum 22:1 §;, s0 that p™4Men) — 5 4 g (mid-high)
We further define A := d<p: as the sum of the difference sequence (d1,...,dp:):
z ( ) ( ) x ¢ x
o o mid-high mid-high) s+B s
som F - e |2 |5
i=1
We denote by A/ the value of A in the k’-th block. Clearly,
n/B*
Ty To U h
> Aw=|g] - g sp=n )
k=1

With these notations, the FID problem within a single block can be restated as follows:

» Problem 2 (FID within a block). Let A be a parameter stored outside. We need to

store two sequences (x'*"), 2™ .. ,x%?w)) and (51,082, ...,0p¢), such that 2" € [2°] and

Zil 6; = A, with the property that (xglow) +0<;- 2")?;1 forms a strictly increasing sequence,

supporting the following queries:
PARTIALSUM(i): Return d<; -2 +
original FID problem.

RANK(2): Return the largest i such that 6<; - 2" +

(low)

%

. It corresponds to the SELECT queries in the

(low)
i <uz.

As introduced above, once we have a solution to Problem 2 with O(T') time for any T,
with the help of the inter-block data structure, we may answer the RANK/SELECT queries to

the original key sequence in O(T + loglogU) time.

The three-part partition

For some technical reasons, we further divide each §; (i.e., the difference sequence of the
mid-high part) into two smaller parts as follows. We will use different approaches to organize
these parts in Section 3.1.
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— — — — 5(hlgh)
(mld high) o p o oo
5 } 5(m1d)

1T 1T T } low) u D u D o

wglow) $SOW) Z‘:(;ow) $%2W)

Ts+1 Ts42 Ts43  Ts4Bt
(a) Separating low parts from mid-high parts. (b) Separating mid parts and high parts.

Figure 1 Partitioning keys into three parts. We (a) divide the binary representations of the keys
into low parts and mid-high parts, and further (b) take the difference sequence (4:);<;<pt of the
mid-high parts and divide them into mid parts and high parts. There are b := log(U/n) — h bits in
the low part, 2h bits in the mid part, and logn — h bits in the high part.

Let 6£mid) be the integer formed by the 2h least significant bits of §;, which we call the
mid part.
Let 6§high) be the integer formed by the remaining log U — b — 2h = logn — h bits, which
we call the high part.

Formally,

§; = 6 5EM 920 (i ¢ [1, BY]).

By now, we have cut the sequence of keys (Tsg1y- .- ,.’EST’_Bt) in a single block into three
parts: the high part ((5§hlgh), ... ,5gﬂlgh)), the mid part ((5§mld)7 ... ,553I?ld)), and the low part
(xglow), . ,x%?w)), as shown in Figure 1b. The following subsection 3.1 will design (almost)

separate data structures to store these three parts.

3.1 Data structure within each block

In this subsection, we will design the intra-block data structure with time complexity
O(tloglogU) of three parts. At a very high level, these three parts of the data structure will
interact as follows when performing PARTIALSUM and RANK queries:
During the query PARTIALSUM(4), we will compute o hlgh) (5(mld) and x; (ow) £om the
high part, mid part and the low part of the data structure &.epara’cely7 and then combine
them into the output.
During the RANK(x) query, we sequentially examine the high part, mid part, and low
part of the data structure. At each step, we narrow down the search interval for the
desired index i, gradually approaching its exact value in the low part.
Below, we will provide the detailed construction of the three parts separately.

High part

(5(h1gh) 6(h1gh )

The high part sequence is sparse and thus easy to store. As

i C 51 G
26<hgh DI S

=1 =1

3 We define 5<<hl.igh) and 6<<H;id) similarly to d<;: 5(<hiigh> = Z; L 5;hlgh) and so is 6<m'd)
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there are at most A/22"

we can make the space usage of the high part very small such that we can regard the entire
high part as redundant information.

Let I C [1,B!] be the set of indices of all non-zero entries in the high part, then
|I| < A/2%". The high part of the data structure consists of the following two components:
A predecessor data structure of the set I, where each ¢ € I is associated with 6(<hiigh).

A predecessor data structure of the set {d<; : i € I'}, where each d<; is associated with 7.*
According to Lemma 6, there is a compact implementation of predecessor data structures,

with O(]I| - w) = O(w - A/22") bits of space and query time O(loglogU).

non-zero entries in the high part. By setting a large parameter h,

Mid part

We will store the mid-part sequence (6§mid), cee 5grtﬁd)) by an aB-tree with branching factor

B and size BY, using Lemma 5.° The details of the aB-tree are as follows.
Each leaf of the aB-tree contains a single mid-part entry 6§mid) € 22" = %
There is a label on each node that equals the sum of all the leaves §Emid) in its subtree.
As 6™ < 92k for each i € [1, BY], we have & C [Bt - 22h].
The premise of Lemma 5, B = O(m), can be satisfied by setting h = tlog B. Re-
elogU
t

alogU_O log U ):

calling that B is a parameter with Blog B = tlos B — (10g(B‘-22”')

, we have B =

O(rogrmteran)-
The size of the lookup table is

O(BQt|Z| + BSt|(I’|2B) — O(BSt|(I>|2B) S O(B3t . (B3t)23)
— O(B6tB+3t) < O(BIOtB) — O(U105>

words, which will be shared between blocks.
The aB-tree can support three types of queries within O(¢) time:
Given i, query 5(<r?ld).

Given v, query the largest index i, with 5(2;(1) <.

mid mid
(mid) - gmid)y

Given the value v, query the mazimal interval [i1, 2] of the sequence (§ B

with respect to v, defined as follows.
» Definition 8. The maximal interval of a (non-negative) sequence (ay,...,apgt) with
respect to value v is defined as the interval [i1, 2] formed by all indices i with a<; = v.
In the mazximal interval, we have a;,+1 = a;, 42 = -+ - = a;, = 0, while a;,,a;,11 > 0, and

a<4y = 0.

We now compute the space usage of the mid part. To use Lemma 5, we need to first
store the root label ¢ before storing the aB-tree, as Lemma 5 assumes free access to the
root label. After that, the aB-tree will occupy log N'(BY, ¢) + 2 bits where N'(B?, ¢) is the
number of sequences (5§mid), . 55;1(1)) with root label ¢. Recalling that ¢ is the sum of
this sequence and

Bt ) Bt
o= 6 <N 5 =4,
=1 =1

4 Note that all the d<; are distinct for i € T as 6£high> # 0 for all ¢ € I, hence {0<; : i € I'} is a valid set.
5 When the block size m is smaller than B?, we will use an incomplete aB-tree, that is why we need to
support incomplete aB-trees in Lemma 5.
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the number of possible sequences ((5§mid)7 e ,5;?@) is at most (%Tit) Therefore, the
number of bits used by the mid part (per block) is at most

t
O(log A) + log N'(B, §) + 2 = log (if_ﬁ) +O(w).

Low part

In this basic data structure, the low part is directly stored in an array. Specifically, we store
the sequence (:c§1°w>, e ,x%?,w)) one by one as B! integers each of b bits in the memory.
Note that the low-part sequence has the following locally increasing property which we

will use in our query algorithms:

Restricted to a maximal interval [i1, i3] of (41, ...,dp¢), the subsequence (mgow), . gow))
is strictly increasing. This is because by the condition of Problem 2, the sequence
(atgioW) +2° 0y oy a:gow) +2b . §<;,) is strictly increasing, whereas d<;, = - -+ = d<;,

by the definition of maximal interval.

Query algorithms

Now we can formally state our algorithms for the PARTIALSUM and RANK queries in this
intra-block data structure.

For the PARTIALSUM(%) query, we will query the high part, mid part, and low part of the
data structure separately to get 5(<hiigh), 5(<r?id) , and the mglow):

high

To get 5(<i ), we query ¢ on the first predecessor data structure of the high part, getting

the largest index ¢’ € I such that i’ < ¢, with its associated value 5(<hii,gh). As ¢ is the
last index before i with a nonzero 6z(,h igh), we have (5(<h;gh) = 5(<hii,gh), as desired. This takes
O(loglogU) time. - B
To get 6(<nilid), we directly query it from the aB-tree of the mid part, which takes O(t)
time.
To get xglow)
O(1) time.
Finally, the algorithm will return d<; - 2° + acglow) = 6(<hiigh) 222t 4 5(<n;id) 204 xglow). The
total time cost will be O(t + loglogU). - -

, we directly read it out from the integer array of the low part, which takes

For the RANK(z) query, we will sequentially query the high part, mid part, and low part
of the data structure to narrow down the search interval of the desired index i:

We first query the high part to locate ¢ within a maximal interval of ((5§high), ey
This is achieved by querying the second predecessor data structure of the high part, when
we will get two adjacent indices i1,is € I with d<;; < |2/2°] < §<;,, which locates the
index ¢ within [i1,42). Moreover, as i1,is are adjacent indices in I, the interval [i1, i2)
forms a maximal interval of the sequence (tﬁhigh), el 5gltigh)) with respect to the value
Uhigh = 6(<h;1gh). This takes O(loglogU) time.

Recall that the mid-part step needs to find the largest @' € [i1,12) such that d<; does

not exceed a threshold |z/2°]. As all i’ share the same value 5(§hii,gh), this is equivalent to

finding the largest i’ € [i1,42) such that 6(<I?,id) does not exceed |2/2°] — vhign - 22". This
can be done with one query to the aB-tree in the mid part.
If the i’ we found satisfies the strict inequality d<; < |z/2°], we conclude the
query with ¢ = ¢/, because no matter what the low parts are, we already know
S<ir -2 4+ 20 < (6<y 4+ 1) - 2° — 1 is strictly smaller than the queried key x, and
(low

i,
O<irg1 20 4 xi,H) > 0<irg1 - 2% is larger than z.

sihieh)y
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If <; is equal to the threshold |z/2°], we find the maximal interval [i},i5] C [i1,42)
of (01,...,0pt) with d<jy = 0<iy = |z/2%] by querying the aB-tree again. In this case,
we can locate the answer i to the query within the interval [i] — 1, 5], but the concrete
answer depends on the information in the low part.
In both cases, the mid-part step takes O(¢) time.
Assuming the previous step encounters the second case, where an interval [¢}, 5] is known
to have the same d<; for all ¢/, and the answer ¢ to the query is guaranteed to reside in
Elow) < (z mod 2°),
is already larger than (x mod 2%), the

answer to the query should be if — 1.) Since (ngow)) e m§}ow)) is strictly increasing, we
1 ‘2

[i1 —1, i5]. Therefore, we need to find the largest ¢ € [¢}, 5] such that z
ow

)
1

and that will be the answer to the query. (If 2

i

can use binary search to find ¢ within O(log L) time where L := i — i} + 1; as L < BY,
the running time of this step is bounded by O(log B*) = O(tloglogU).°
Hence, the total time cost of the RANK query is at most O(tloglogU).

Space usage of the block

Recalling that in our construction, the high part, mid part, and low part of the data structure
t

use O(w - A/227), log (%ffl) + O(w) and b - B? bits, respectively, the total space used by

the intra-block data structure is

A+ Bt

-B'+1
b +Og<Bt—1

)+O(w+w-A/22h). (2)

3.2 Performance of the data structure

In this subsection, we will combine all parts of our construction to get the basic data structure,
and check its time complexity, lookup table size, and redundancy to complete the proof of
Theorem 7.

Time complexity

Recall that our query algorithm will first query the inter-block data structure using
O(loglogU) time to locate a block to query, and then query one intra-block data structure
within O(tloglog U) time to get the answer. The time complexity of the whole data structure
is O(tloglogU) per operation.

Lookup table size

The only lookup table used by our data structure occurs in the mid part within each block,
which is used for aB-trees due to Lemma 5. As computed before, the size of this lookup
table is O(U'%¢) words, which is shared between all blocks, as desired.

Redundancy

The redundancy of the whole FID consists of the following two parts:
The entire inter-block data structure is regarded as redundant. To store the endpoint
sequence, we need to store n/B' + 1 keys from [U], which occupies O(w - n/B" + w) bits.
To store the predecessor data structure of the endpoint sequence, we also need at most

6 Recall that Blog B = %, we have B <logU, hence tlog B < tloglogU.
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O(w - n/B! 4+ w) bits according to Lemma 6. Recalling that Blog B = %, we have
B> +/BlogB = ElogU , and hence

<R:= max{(log[;;t)m, O(log U)}. (3)

thus this part is covered by the desired amount of redundancy.
The redundancy caused by intra-block data structures, which we calculate below.

Recall that (2) upper bounds the space usage of each intra-block data structure. Taking a
summation of (2) over all blocks, we get the total space consumption of the intra-block data

structures:
n/B?
A Bt
> <b.Bt+log< §t+ . ) +O(w+w-Ak/22h))
k=1 -
n/B* n/B?t
—I—B nw w
k=1
/B Bt nw  nw
n/B
A + B!
§nb+Zlog<§t_l>+O(R), (4)
k=1

where the first inequality is due to (1); the second inequality is because h = tlog B, thus
O(nw/2") = O(nw/B') < O(R) according to (3). We further have

7§ log Ak + Bt o nﬁ Ay + Bt “ 1o Zi}ft Ap+n
it P Bt —1 =08 n —n/Bt
2h
< log ( et n) (5)
n
Comparing this quantity with the information-theoretic lower bound log (g) of FID, we get
oe () _ 10 2" +n o U U-1 U—-n+1
&\n & n =%\ 0 21 2hn 4+ 1
U U 2h +1 n
>nlogl — | =nllog— —log—— | >nb— ——
"Og(th+n> n<0g2hn %8 Ton ) =T gy (©)

where the last inequality is because b := log % —h and log(1+27") < 27"/In2. By plugging
(5) and (6) into (4), the total space usage of all intra-block data structures is at most

2hn +n U n U
< —_ =
nb + log < n ) + O(R) < log (n) +O(R+ 2h> log (n) + O(R),

where O(n/2") = O(n/B?) is covered by R according to (3).

7 We need to check that log U < (log U/t)t/® for any 100 < ¢ < log U/ loglog U and sufficient large U. The
derivative of the right-hand side equals, ignoring a positive multiplicative factor, loglog U—logt—1/1n2 >
logloglogU — 1/1In2 > 0, which means (log U/t)"/® reaches its minimum at ¢ = 100 where we have
(log U/t)t/® > (log U/100)1%%/8 > log U.
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In conclusion, the total redundancy of our data structure for FIDs is bounded by R. Since
we have constructed an FID with time complexity O(tloglog U), lookup table size O(U%¢),
and redundancy R = max{n/(log U/t)*® O(logU)}, Theorem 7 follows.

4  Advanced data structure for FIDs

In this section, we will prove Theorem 1 by improving the basic data structure.

» Theorem 1 (Restated). For any parameters n,U,t with U = n't®M and t <
logn/loglogn, there is a static fully indexable dictionary with query time O(t + loglogn)
and redundancy R = n/(logn/t)*® | in word RAM with word size w = ©(logn).

Proof. We start by reviewing the bottleneck of Theorem 7. In the basic data structure,
the time bottleneck is that RANK queries take O(tloglogU) time in the low-part step.
Specifically, suppose we are required to answer the query RANK(z). The inter-block data
structure, together with the high and mid parts of the intra-block data structure, uses
O(t + loglogU) time to locate the desired index ¢ within a maximal interval [¢},45] of

(61,...,0pt). Then, in the case where the low-part step is required, we need to further
determine the maximum index i € [}, 45] such that xglow) < Viow = (z mod 2°). This can be
formulated as a RANK query for the increasing sequence (xg,iow)7 . ,mgiow)):

RANK (Vo ): Return the largest index i € [i], 5], such that xz(-low) < Viow-
In the basic data structure, we directly store the sequence (:1720‘"), ceey LI?Z(.}OW)) as a sorted

array using bL bits and support RANK queries by binary search within O(lo2g L) time, where
L =i}, —i} +1 is the length of the subsequence. However, in the worst case, L can be as large
as the block size B!, which makes the time of the binary search O(log B) = O(tloglogU).
To address this bottleneck, we change the storage structure of the low part below.

New construction for the low part

The key observation is that storing the subsequence (xE}OW), e ,xl(.}ow)) to support RANK
1 2

and PARTIALSUM queries can be viewed as managing a smaller FID. Hence, we have the
following unified data structure to store it:
If L < Lineq == log U, then we still store the subsequence as a sorted array within bL bits.
Otherwise, we will use the basic data structure in Theorem 7 (as a subroutine) to store
the subsequence, with parameter ¢ = O(1) and constant ¢ to be determined.® As
{mz(,,iow), . ,ch,low)} - [2”} is a set of L elements, the basic data structure will have query

time O(t' log 1(2)g U) = O(loglogU), and will use

lo 2 +#+O(lo 2%y < Llo e—2b+O(L+b)
S\r (log 20)2(1) §=) =08

= Lb—Llog L+ O(L +b) < Lb

bits of space, where the last inequality uses the fact L > Lin.q = logU to ensure that
Llog L is asymptotically larger than O(L) and O(b) := O(log(U/n) — h) < O(logU).
Hence, in this case, the basic data structure storing the subsequence also fits in bL bits.

8 Theorem 7 requires that the universe size 2% of the basic data structure is at least a large polynomial of
the number of keys L < BY. This condition holds because, on one hand, our choice of B (i.e., Blog B =

(elogU)/t) implies L < Bt = U°Y; on the other hand, 2° = (U/n)/2" = (U/n)/B! = poly U.
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We pad 0’s to the end of the encoding of the basic data structure until it occupies exactly
bL bits, ensuring memory alignment.
Clearly, this unified data structure allows us to answer RANK and SELECT queries of the
subsequence (:cglow), . ,xgﬁw)) within O(loglog U) time:
If L < Lipg, then the subsequence is stored as a sorted array. For RANK queries, we
can use binary search to get the desired index, which takes O(log L) < O(log Linra) =
O(loglogU) time; for SELECT queries, we can directly read out the desired a:l-low) within
O(1) time.
Otherwise, the subsequence is stored using the basic data structure in Theorem 7, which
can support RANK and SELECT queries within O(loglogU) time.

Further, we can store the entire low part using the above unified data structure for
subsequences. Specifically, we first divide the interval [1, B?] into all maximal intervals

of (81,...,d0pt). For each maximal interval [i],45] of length L, we store the corresponding
subsequence of the low part (xgow), ey mz(.}ow)) using the unified data structure in bL bits.
2

Finally, we concatenate all these unified data structures from the leftmost maximal interval
to the rightmost one, obtaining a string of bB? bits, which serves as the encoding of the
entire low part.

Finally, to obtain the advanced data structure, we start with the basic data struc-
ture and replace the encoding of the low part with the new construction above (the con-
catenation of unified data structures). As our new construction for the low part occu-
pies the same space (bB! bits) as before, the redundancy of this data structure is still
R = max{n/(logU/t)*® O(logU)} = n/(logU/t)**). What makes the advanced data
structure special is that the “basic data structure” appears twice here, once as the entire
framework and once as the subroutines for maximal intervals in the low part. By embed-
ding small instances of basic data structures within a larger framework of the same basic
data structure in a non-recursive manner, we can improve the query time of FIDs without
introducing any additional redundancy, as introduced below.

Query algorithms

The query algorithms for our advanced data structure are similar to those of the basic data
structure in Section 3: We first use the inter-block information to transform the original
queries on the entire FID into RANK/PARTIALSUM queries within each block. Then, a
three-stage process involving the high, mid, and low parts will obtain the answer to the
query. The only difference is that, before we access anything in the low part, we need to
first compute the maximal interval of (01, ...,dp:) that we plan to access; by comparing the
length of the interval with the threshold Liy.q, we determine if the unified data structure for
that maximal interval is stored as a sorted array or a basic data structure. The algorithms
to answer RANK/PARTIALSUM queries within each block are explained below.

For the query RANK(x), using the high and mid parts of the data structure, we can either
answer the query directly or locate the desired index ¢ within a maximal interval [i], 5]
of (61,...,0p¢t). In the latter case, we read the encoding of the unified data structure
for (xg}low), ... ,a:%ow)), which resides in the ((¢) — 1)b+ 1)-th bit to the i5b-th bit in the
encoding of the entire low part. Recall that comparing ¢} — @5 + 1 with Lipyg will tell us
whether the unified data structure is stored as a sorted array or a basic data structure for
FIDs. After that, we perform the query RANK(vjoyw) = RANK(z mod 2°) on the unified

data structure to obtain the desired index i within O(loglogU) time.
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For the query PARTIALSUM('), we first get d<; by the mid and high parts. Then, instead
of directly reading out x( %) from the low part as before, now we also need to know the
maximal interval [i],45] of (d1,...,0pt) containing ¢ to help us access the low part We
use a similar algorithm to the RANK query, to compute this maximal interval [i}, 5] with
respect to d<;, and to extract the encoding of the subsequence (:13 }OW),. &OW%)
querying SELECT(i — i} + 1) on the unified data structure of this subsequence we get
xglow) in O(loglogU) time.

Both types of queries take O(t 4 loglog U) time, because the aB-trees in the mid part take
O(t) time, while other steps (including the high and low parts and the inter-block data

structure) take O(loglogU) time per query. This meets the requirement in Theorem 1.

Space of the lookup table

Finally, we check that the size of the lookup table introduced by Theorem 7 is also dominated
by R. Recall that the lookup table consists of O(U'%%) words. As U = n't®() we can
assume there is a constant « > 1 such that U < n®. Then, we can set ¢ = 1/(20«), which
means that the number of bits in the lookup table is O(UY(?*) log U) = O(n'/? logn), which
is significantly smaller than R = n/(log U/t)*®) as desired.

In summary, we get a data structure for static FID with query time O(t + loglog U) and
redundancy R = n/(logU/t)*®, which concludes the proof of Theorem 1. <

5 Select and partial sum

In this section, we prove Theorems 3 and 4 by adjusting the basic data structure introduced
in Section 3. We will rely on the predecessor data structure from [40] when the set to store
is relatively dense:

» Lemma 9 (Similar to Lemma 6, see [40]). For U < nlog’n, there is a predecessor data
structure with assoctated values that uses O(n logU + nlog V) bits of space and answers
queries in O(logt) time.

We follow the same notations in Section 3 in the following proofs.

5.1 Select dictionaries

» Theorem 3 (Restated). For any parameters n,U,t with U = n't®1) and t <
logn/loglogn, there is a static dictionary that answers SELECT queries within O(t) time
and has redundancy R =n/(logn/t)*®, in word RAM with word size w = ©(logn).

Proof. Recall that we have divided the binary representations of keys into the high, mid,
and low parts, and in the high part, for each block of B! keys, we stored a predecessor
data structure (Lemma 6) to compute 5 (hi gh , which takes O(loglogn) time to answer each
predecessor query. This is the only step exceeding O(t) time in the process of answering
SELECT queries.

Instead of storing predecessor data structures for each block separately, here we store one

high) )
(high)sg ¢ achleveb the same
lgh)7

large predecessor data structure for all n keys with nonzero ¢;

functionality of computing (5(;1gh . The number of elements with nonzero 5 s is bounded
by n/2" = n/B*, thus the predecessor data structure stores n/B* > n/log’ n elements from
the range [1,n]. (If the number of nonzero 5(hlgh

elements until there are n/B* elements.) According to Lemma 9, the predecessor data

s is smaller than n/B?, we add dummy
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structure takes O(logt) time to answer each query, and takes nlogn/B! = n/(logn/t)?*®
bits of space, which fits in our desired redundancy. Other parts of the data structure remain
the same as in Section 3.

When we perform a SELECT query, the above predecessor data structure in the high part
will compute the prefix sum of the high part of the difference sequence, which takes O(logt)
time per query; the aB-trees in the mid part takes O(t) time to return the prefix sum of the
mid part (within each block); finally, the low part reads xElOW) directly to obtain the low part
of the target key. The entire process takes O(t) time. <

5.2 Partial sum on integer sequences

» Theorem 4 (Restated). For any parameters n,?,t with £ = ©(logn) and t < logn/loglogn,
there is a data structure storing a sequence of n £-bit integers ay,...,a,, which uses nf +
n/(logn/t)*Y) bits of space and can answer the partial-sum queries Z;Zl a; for any given i
within O(t) time.

Proof. Let x; := 23:1 a; be the partial-sum sequence of the input. The partial-sum problem
is equivalent to storing a (multi-)set of keys x1 < x5 < --- < x,, supporting SELECT queries,
i.e., a select dictionary. The only distinction is that the difference x; — x;_1 between any
two adjacent keys is bounded by 2¢ — 1 in this problem. The data structure we design for
partial-sum is similar to that of the select dictionaries, except that we adjust the parameters

and change the number of bits in the high, mid, and low parts:
There is no high part.
Let B be a parameter such that Blog B = 51"% for a small constant e, and let h := tlog B.
We call the (£ — h) least significant bits of each z; the low part, and store these bits

directly using an array.

The remaining bits |2;/27"]| are called the mid part. In their difference sequence
81,...,0, where 0; == |2;/27"| — [2;_1/2¢7"], each entry 6; equals either |a;/2°""] (i.e.,
the h most significant bits of the input entry a;) or |a;/2"] + 1, and thus is in [0, 2"].
Same as in Section 3, we divide 1, ..., d, into blocks of size B! and use aB-trees to store
them, supporting prefix-sum queries on 61, ...,0,.

Recall that N (B?, ¢) represents the number of instances for an aB-tree with size B? and
root label ¢ (i.c., the sum of entries in the aB-tree equals ¢), which is bounded by (2" +1)5".
The space usage of the mid part is thus

log N'(B%, ¢) + 2 + O(logn) < B'log(2" + 1) + O(logn) < B* - h 4+ O(B!/2" 4 logn)
= B'-h+ O(logn)
bits per block, where log N'(B?, ¢) + 2 is the space usage of the aB-tree, and O(logn) is the
space to store the root label ¢ of the aB-tree. Taking a summation of the space usage over
all blocks, including the n - (¢ — h) bits taken by the array in the low part, the inter-block

information, and the lookup tables, we know the total space occupied by the data structure
is at most

n(é—h)+%-(3t -h 4 O(logn))+n"! < n(f—h)+n-h+O0(nlogn/B') < nl+n/(logn/t)*")

bits, as desired. Similar to Theorem 3, each query takes O(t) time. <
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