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Abstract
This paper studies the hazard-free formula complexity of Boolean functions.

Our first result shows that unate functions are the only Boolean functions for which the
monotone formula complexity of the hazard-derivative equals the hazard-free formula complexity
of the function itself. Consequently, they are the only functions for which the hazard-derivative
approach of Ikenmeyer et al. (J. ACM, 2019) yields optimal bounds.

Our second result proves that the hazard-free formula complexity of a uniformly random Boolean
function is at most 2(1+o(1))n. Prior to this, no better upper bound than O(3n) was known. Notably,
unlike in the general case of Boolean circuits and formulas, where the typical complexity is derived
from that of the multiplexer function with n-bit selector, the hazard-free formula complexity of a
random function is smaller than the optimal hazard-free formula for the multiplexer by an exponential
factor in n.

We provide two proofs of this fact. The first is direct, bounding the number of prime implicants of
a random Boolean function and using this bound to construct a DNF of the claimed size. The second
introduces a new and independently interesting result: a weak converse to the hazard-derivative
lower bound method, which gives an upper bound on the hazard-free complexity of a function in
terms of the monotone complexity of a subset of its hazard-derivatives.

Additionally, we explore the hazard-free formula complexity of block composition of Boolean
functions and obtain a result in the hazard-free setting that is analogous to a result of Karchmer, Raz,
and Wigderson (Computational Complexity, 1995) in the monotone setting. We show that our result
implies a stronger lower bound on the hazard-free formula depth of the block composition of the set
covering function with the multiplexer function than the bound obtained via the hazard-derivative
method.
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115:2 On the Complexity of Hazard-Free Formulas

1 Introduction

Hazards are a critical issue in the design of combinational circuits, which are key components
in digital systems, realizing Boolean functions in the physical domain. A combinational
circuit consists of gates connected by electrical wires. When setting voltage at the inputs,
the signal propagates through the gates and wires until it reaches the output gate. This
propagation involves inevitable signal delays, which may vary on each path of the circuit. As
a result, when the inputs change, some gates may respond faster than others, potentially
leading to static hazards. A static hazard occurs when a change in the input causes a brief,
unintended fluctuation in the output, even though the output is expected to remain constant.
Such hazards in combinational circuits can lead to unpredictable system behavior.

The study of hazards began in the late 1950s with the pioneering work of [10], who
suggested that it is possible to design circuits whose structure inherently prevents hazards
without introducing delays. Huffman was the first to provide a hazard-free formula imple-
mentation for all Boolean functions, achieving a size of O(

√
n · 3n). Later, additional works

classified different types of hazards and suggested methods for identifying and eliminating
them [30, 20]. There is a broad body of literature on hazard-free computation, and we refer
the interested reader to [19, 11] and references therein.

Recent research on hazard-free computation focuses on two main areas: electronic
circuit design (e.g., [7, 3]) and computational complexity (e.g., [11, 17, 13, 12]). While the
motivation for the former is clear, the interest from the computational complexity community
stems from the results of [11], which show that hazard-free formula complexity generalizes
monotone formula complexity to all Boolean functions. This makes it an interesting restricted
computational model of Boolean circuits and raises hope that hazard-free techniques may
offer deeper insights into the general model.

Kleene’s three-valued logic was introduced as an abstraction of static hazards [31, 6].
This logic extends the standard Boolean values {0, 1} by introducing a third symbol, u,
representing an undefined or unstable value.

▶ Definition 1 (Kleene three-valued logic [16]). Kleene’s three-valued strong logic of indeterm-
inacy extends the two-valued Boolean logic by a third value u. The Boolean values {0, 1} are
called “stable” and u is called “unstable”. The De Morgan gates are appropriately extended,
as shown in Table 1.

Now, any Boolean circuit or formula can be viewed as taking an input x ∈ {0, u, 1}n

and outputting a value in {0, u, 1}. The extended gates are monotone with respect to the
following partial order:

▶ Definition 2 (
u

≤ [22]). The relation
u

≤ is a partial order in which u
u

≤ 1, u
u

≤ 0 and 0, 1
are not comparable. For x, y ∈ {0, u, 1}n, we denote x

u

≤ y if for every i ∈ [n], xi

u

≤ yi.

We present an abstraction of hazards using ternary algebra, following the definitions of
[7, 11].

Table 1 Extended De Morgan gates.

or 0 u 1
0 0 u 1
u u u 1
1 1 1 1

and 0 u 1
0 0 0 0
u 0 u u

1 0 u 1

not 0 u 1
1 u 0
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Figure 1 Formula with a hazard at x1 = u, x2 = u, x3 = 0, x4 = 0.

▶ Definition 3 (Resolution). Let x ∈ {0, u, 1}n. A resolution y ∈ {0, 1}n of x is obtained
by replacing every occurrence of u in x by either 0 or 1. We denote by R(x) the set of all
resolutions of x, namely, R(x) := {y ∈ {0, 1}n | x

u

≤ y}.

▶ Definition 4 (Hazard). Let C be a Boolean circuit. C has a hazard at input x ∈ {0, u, 1}n

if and only if C(x) = u and there exists b ∈ {0, 1} such that for every y ∈ R(x), it holds that
C(y) = b.

In words, there is a hazard at input x ∈ {0, u, 1}n if the function is constant on every
resolution of x (i.e., regardless of how the unstable coordinates are resolved into stable values,
the output remains unchanged), yet the circuit still outputs u. Put differently, a hazard-free
circuit outputs u if and only if the output cannot be determined solely by the stable bits.

▶ Definition 5 (Hazard-free circuit). Let C be a Boolean circuit. C is said to be hazard-free
if for every x ∈ {0, u, 1}n, C does not have a hazard at x.

By examining the truth tables in Table 1, we observe that the extended De Morgan gates
are hazard-free. However, circuits1 and formulas composed of these gates do not necessarily
retain the hazard-free property. Consider F (x) = x ∨ ¬x, a Boolean formula over one bit.
F computes the constant Boolean function 1, and by the truth tables in Table 1, has a
hazard at x = u. Another less trivial example of a Boolean formula exhibiting hazards, is
the formula in Figure 1. It is not difficult to verify that when evaluated on every resolution
in R(uu00) the formula outputs 0, but on uu00, the formula outputs u.

Not every ternary function f : {0, u, 1}n → {0, u, 1} can be computed by a Boolean circuit.
For instance, consider f over one bit, defined such that f(0) = f(1) = u and f(u) = 1. The
reason f cannot be computed by a circuit is that every gate in Table 1 outputs a Boolean
value when given a Boolean input and, as mentioned, is monotone with respect to

u

≤. It
can be proven by induction that circuits also preserve these properties. Consequently, only
a subset of all ternary functions can be computed by Boolean circuits. [22] refers to these
functions as natural functions.

▶ Definition 6 (Natural function). A function f : {0, u, 1}n → {0, u, 1} is called a natural
function if it satisfies the following:
1. f preserves stable values, i.e., for every Boolean input x ∈ {0, 1}n we have f(x) ∈ {0, 1}.
2. f is monotone with respect to

u

≤. Intuitively, replacing stable bits in the input with u can
only cause the output to change to u.

1 An example of a Boolean circuit exhibiting hazards is shown in [11, Figure 1].
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▶ Proposition 7 ([22, Theorem 3]). A function f : {0, u, 1}n → {0, u, 1} can be computed by
a Boolean circuit if and only if f is natural.

An equivalent way of defining a hazard-free circuit is by the ternary function it computes.
A circuit is considered hazard-free if it calculates the following natural function:

▶ Definition 8 (The hazard-free extension of f). Let f : {0, 1}n → {0, 1} be a Boolean
function. The hazard-free extension of f , denoted f̃ : {0, u, 1}n → {0, u, 1}, is defined as
follows:

f̃(x) =


0, if f(y) = 0 for all y ∈ R(x),
1, if f(y) = 1 for all y ∈ R(x),
u, otherwise.

[11] showed a profound correspondence between monotone complexity and hazard-free
complexity. Recall that a Boolean function is monotone if changing the value of an input
coordinate from 0 to 1 cannot change the value of the function from 1 to 0. Monotone
functions can be computed by monotone circuits, which are circuits that do not use negation
gates. Using the hazard-derivatives method, which we discuss next, they proved that for
monotone functions, the hazard-free complexity and the monotone complexity are identical.

▶ Theorem 9 (Hazard-free and monotone circuit complexity are equivalent [11, Theorem 1.3]).
Let f : {0, 1}n → {0, 1} be a monotone Boolean function, then:

sizeuC(f) = size+
C(f),

where size+
C(f) and sizeuC(f) denote the minimal size of a monotone Boolean circuit and a

hazard-free circuit computing f , respectively.

In fact, [13] further proved that an optimal hazard-free circuit for a monotone function
must be a monotone circuit. As superpolynomial lower bounds for monotone circuits [25, 1, 29]
are known, [11] used Theorem 9 to prove lower bounds on the hazard-free circuit complexity
of monotone functions whose Boolean circuit complexity is only polynomial.

While Theorem 9 only concerns monotone functions, [11] found a striking connection
between hazard-free complexity and monotone complexity for all Boolean functions. That is,
the hazard-free complexity of every Boolean function f : {0, 1}n → {0, 1} is bounded from
below by the monotone complexity of the hazard-derivative of f , defined as follows:

▶ Definition 10 (The hazard-derivative of a natural function [11, Definition 4.3]). Let f :
{0, u, 1}n → {0, u, 1} be a natural ternary function. The hazard-derivative of f , denoted
df : {0, 1}2n → {0, 1}, is defined as follows:

∀x, y ∈ {0, 1}n, df(x; y) =
{

0, if f(x + uy) = f(x),
1, if f(x + uy) = u.

Where for every i ∈ [n]:

(x + uy)i =
{

xi, if yi = 0,

u, if yi = 1.

For a Boolean function f : {0, 1}n → {0, 1}, we define df := df̃ .
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The + operator in Definition 10 also serves as the hazard-free XOR operator.2
For a fixed x ∈ {0, 1}n, df(x; y) indicates whether “perturbing” x according to uy causes

f̃ to output an unstable value. It is not difficult to see that df(x; ·) is a monotone Boolean
function, as if we perturb more bits in x, we are more likely to have two resolutions on which
f outputs different values.

▶ Lemma 11 (The hazard-derivative is monotone [11, Lemma 4.6]). Let f : {0, 1}n → {0, 1}
be a Boolean function and x ∈ {0, 1}n be a fixed input, then df(x; ·) is a monotone Boolean
function.

Every hazard-free circuit (or formula) for f can be tweaked to yield a monotone circuit
(or formula) for df(x; ·) resulting in the following Theorem:3

▶ Theorem 12 (The hazard-derivative lower bound [11, Theorem 4.9]). Let f : {0, 1}n → {0, 1}
be a Boolean function and x ∈ {0, 1}n be a fixed Boolean input, then:

size+
C(df(x; ·)) ≤ sizeuC(f) and size+

F (df(x; ·)) ≤ sizeuF (f),

where size+
F (f) and sizeuF (f) denote the minimal size of a monotone Boolean formula and a

hazard-free formula computing f , respectively.

[11], and later [13], provided examples of non-monotone Boolean functions that have
polynomial-sized Boolean circuits but whose hazard-derivatives require large monotone circuit
complexity, thereby establishing strong lower bounds on the hazard-free circuit complexity
of these functions. We note that until [11], hazard-free lower bounds were proved only for
restricted models such as hazard-free depth 2 circuits [6, 24]. Therefore, their work motivates
the study of the hazard-free model as a bridge between monotone complexity and Boolean
circuit complexity.

Additionally, [11, Theorem 1.3] proved that the hazard-derivative method yields tight
bounds for monotone Boolean functions. That is, for a monotone function size+

C(df(x; ·)) =
sizeuC(f) and size+

F (df(x; ·)) = sizeuF (f) when x = 0̄. This raises the following intriguing
question.

▶ Question 13. Is there a criterion that determines whether the hazard-derivative method
yields an exact lower bound? If so, is this criterion easy to verify?

1.1 The Monotone Gap
[11, 13] obtained exponential lower bounds on the hazard-free computation of many Boolean
functions using Theorem 12. However, there are Boolean functions for which the hazard-
derivative method fails to provide optimal lower bounds on hazard-free complexity due to the
low monotone complexity of the hazard-derivatives. [12] highlights this issue and refers to it
as the monotone barrier. They define breaking the monotone barrier as achieving stronger
lower bounds than those obtained by the hazard-derivative method.

As an example of a result that breaks the monotone barrier, [12] note that the hazard-
derivatives of the parity function on n variables, XORn, are simply OR functions on n literals,
which have trivial formulas of size n. On the other hand, it is known that the De Morgan
formula complexity of XORn is Ω(n2), while it is not hard to see that any formula for XORn

is hazard-free.

2 When considering uyi =
{

0, if yi = 0,

u, if yi = 1.
3 [11, Theorem 4.9] only speaks about circuit size, but the same proof holds for formulas as well.

ICALP 2025
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To quantify the gap between the hazard-free complexity of a given Boolean function and
the monotone complexity of its hazard-derivatives, we define a measure, similar to the one
defined in [13, Section 7], which we refer to as the monotone gap.

▶ Definition 14 (The monotone gap). Let f : {0, 1}n → {0, 1} be a Boolean function. The
monotone gap of f is defined as:

mono-gap(f) := sizeuF (f)
max

x∈{0,1}n
size+

F (df(x; ·))
.

For example, the monotone gap of XORn is Ω(n). In an attempt to understand the power
of the hazard-derivative method (or its weaknesses), we wish to answer the following:

▶ Question 15. Let f : {0, 1}n → {0, 1} be a Boolean function. How large can mono-gap(f)
be? What is mono-gap(f) for a typical Boolean function?

1.2 The Hazard-Free KW Game
[12] studied a generalization of the classic Karchmer-Wigderson game [15] in the hazard-free
setting.

▶ Definition 16 (Hazard-free KW game [12, Definition 5]). Let f : {0, 1}n → {0, 1} be a
Boolean function. The hazard-free Karchmer-Wigderson game of f , denoted KWu

f , is defined
as follows: Alice receives x ∈ {0, u, 1}n such that f̃(x) = 1, Bob receives y ∈ {0, u, 1}n such
that f̃(y) = 0, and their goal is to output a coordinate i ∈ [n] such that xi ̸= yi and xi, yi ̸= u.

As KWu
f ⊆ f̃−1(1) × f̃−1(0) × [n], and every x ∈ f̃−1(1) and y ∈ f̃−1(0) are valid

inputs4, KWu
f has a potentially larger set of inputs than the classic game. As a result,

the communication matrix may be more complex. Similarly to the classic KW game, the
hazard-free KW game preserves a tight connection between the underlying communication
problem complexity and the optimal hazard-free formula depth and size.

▶ Theorem 17 ([12, Theorem 7]). Let f : {0, 1}n → {0, 1} be a Boolean function. Then,

depthu
F (f) = CC(KWu

f ) and sizeuF (f) = mono-rec(KWu
f ),

where depthu
F (f) is the depth of the shallowest hazard-free formula computing f , CC(R) is

the communication complexity of the relation R, and mono-rec(R) is the minimal number of
leaves in a protocol that solves R.

Like the monotone version of the KW game, [12] proved that the communication com-
plexity of KWu

f does not decrease even if it is played only on the prime implicants of f and
the prime implicates of f .

▶ Theorem 18 ([12, Theorem 10]). For any Boolean function f : {0, 1}n → {0, 1}, the
communication complexity of KWu

f remains unchanged even if we restrict Alice’s input to
the prime implicants of f and Bob’s input to the prime implicates of f .

The notion of prime implicants and prime implicates is well established in Boolean algebra.
Following [12], we provide analogous definitions using ternary algebra as previously defined
in [17][p.3] and [12][p.7].

4 There must exist a coordinate i ∈ [n] such that xi ̸= yi and xi, yi are stable. Otherwise, x, y have a
common resolution, in contradiction to Definition 8.
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▶ Definition 19 (Implicants and implicates of a Boolean function). Let f : {0, 1}n → {0, 1} be
a Boolean function. We define the implicants of f , denoted by I

(f)
1 , and the implicates of f ,

denoted by I
(f)
0 , as follows:

I
(f)
1 := f̃−1(1), I

(f)
0 := f̃−1(0).

▶ Definition 20 (Prime implicants and prime implicates of a Boolean function). Let f :
{0, 1}n → {0, 1} be a Boolean function. We say x ∈ {0, u, 1}n is a prime implicant of f if
the following holds:

x is an implicant of f .
For every stable bit xi ∈ {0, 1} in x, we have f̃(x|i ⇝u) = u, where x|i ⇝b stands for
replacing the value of the i’th coordinate in x with b ∈ {0, u, 1}.

A prime implicate is defined analogously. We denote the set of prime implicants of f by P
(f)
1

and the set of prime implicates of f by P
(f)
0 .

For the remainder of the paper, we abuse notation and use KWu
f to denote the restricted

game. We next define the communication matrix of the KWu
f game.

▶ Definition 21 (Communication matrix of KWu
f ). Let X := (p(1)

1 , . . . , p
(k)
1 ) and Y :=

(p(1)
0 , . . . , p

(ℓ)
0 ) be an arbitrary ordering of the elements in P

(f)
1 and P

(f)
0 , respectively. We

call X and Y the row labels and column labels, respectively. The communication matrix of
KWu

f , denoted MKWu
f
, is defined such that every entry of MKWu

f
contains the set of all stable

coordinates in which p
(i)
1 and p

(j)
0 differ:

∀i ∈ [k], j ∈ [ℓ], (MKWu
f
)i,j = {z ∈ [n] : (p(i)

1 + p
(j)
0 )z = 1}.

For y ∈ {0, u, 1}n, we denote by y|s⇐a the result of replacing all occurrences of s ∈ {0, u, 1}
in y with a ∈ {0, u, 1}. We then use (p(i)

1 + p
(j)
0 )|u⇐0 := {z ∈ [n] : (p(i)

1 + p
(j)
0 )z = 1} as an

abbreviated notation.

Another interesting observation is that, for a monotone function, the hazard-free KW
game captures the monotone formula complexity.

▶ Theorem 22 ([12, Theorem 11]). Let f : {0, 1}n → {0, 1} be a monotone Boolean function.
Then, KWu

f and KW+
f are equivalent.

Consequently, the size and depth of an optimal hazard-free formula are identical to those
of its monotone counterpart. This provides a proof of Theorem 9 for formulas instead of
circuits.

By using communication complexity methods to prove lower bounds on hazard-free for-
mulas, [12, Theorems 19, 23] determined the exact hazard-free formula size of the multiplexer
function.

▶ Definition 23 (The multiplexer function [12]). The function MUXn : {0, 1}n+2n → {0, 1},
called the multiplexer function, is defined by

MUXn(s, x) = xbin(s),

where s ∈ {0, 1}n, x ∈ {0, 1}2n and bin(s) is the natural number represented by s in binary
basis.

▶ Theorem 24 (Hazard-free formula size for the multiplexer function [12, Exact Bounds]).

sizeuF (MUXn) = 2 · 3n − 1.

ICALP 2025



115:8 On the Complexity of Hazard-Free Formulas

This result is much better than what can be achieved using the hazard-derivative method
since the hazard-derivatives of the multiplexer function have quasi-linear monotone formula
complexity (see [12, Proposition 1]).

1.3 Universal Upper Bounds
An immediate consequence of Theorem 24 is that any Boolean function f can be implemented
by a hazard-free formula of size 2 · 3n − 1. Indeed, it holds that:

f(x) = MUXn(x, f(0, 0, . . . , 0), . . . , f(1, 1, . . . , 1)),

therefore, the hazard-free formula for the multiplexer, when hardwired the truth table of
f , gives a hazard-free formula for f . This result is the first to break the O(

√
n · 3n) upper

bound of Huffman [10].
We note that this state of knowledge is much poorer compared to what is known for

hazard-free circuits. Analogous to [28, 23], Jukna [13, Section 7] proved that any Boolean
function has a hazard-free circuit of size O(2n/n), applying the following:

▶ Proposition 25 ([13, Proposition 3]). Let C0, C1 be arbitrary hazard-free circuits over
x1, . . . , xn−1, and xn a new variable. Then, the circuit

C := (¬xn ∧ C0) ∨ (xn ∧ C1) ∨ (C0 ∧ C1) (1)

is hazard-free.

Therefore, naturally, we can construct a hazard-free circuit for f : {0, 1}n → {0, 1} by
using hazard-free implementations C0 and C1 for f0(x1, . . . , xn−1) := f(x1, . . . , xn−1, 0) and
f1(x1, . . . , xn−1) := f(x1, . . . , xn−1, 1), respectively. However, in the case of formulas, the
size of the formula obtained by (1) is O(3n), since it is composed of 3 hazard-free formulas
over n − 1 bits.5

This result matches the lower bound obtained via the same counting arguments used in
the Boolean setting. In particular, for a typical Boolean function (i.e., one sampled uniformly
at random from all Boolean functions on n bits), we have sizeuC(f) = Θ(sizeC(f)).

On the other hand, counting arguments give a lower bound of order Ω(2n/ log n) for the
size of the hazard-free formula of a random Boolean function [27, 28], whereas Theorem 24
only implies an O(3n) upper bound. Thus, there is an exponential gap between the two
bounds. This naturally leads to the following question.

▶ Question 26. Denote with sizeuF (n) the maximal hazard-free complexity of an n-bit Boolean
function. What is the asymptotic value of sizeuF (n)? What is sizeuF (f) of a typical Boolean
function?

1.4 The Hazard-Free KRW Conjecture
Karchmer, Raz and Wigderson [14] introduced the KRW conjecture as an approach for
establishing super-polynomial lower bounds for De Morgan formulas. Proving this conjecture
would imply P ̸⊆ NC1. A detailed discussion can be found in [21].

5 Note that the extra (C0 ∧ C1) term is necessary. Say that for some x ∈ {0, u, 1}n−1 we have f̃(x, u) =
1. Hence, by definition, we also have f̃0(x) = 1, f̃1(x) = 1, and so C0(x) = 1, C1(x) = 1. But,
(¬xn ∧ C0) ∨ (xn ∧ C1) will evaluate to u.
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To state the conjecture, we define the block-composition of two Boolean functions
f : {0, 1}n → {0, 1} and g : {0, 1}m → {0, 1} as

f ⋄ g(X) := f(g(X1), . . . , g(Xn)),

where X is a n × m Boolean matrix, and Xi ∈ {0, 1}m is the i’th row of X. For a Boolean
function f , we denote with depthF (f) the depth of the shallowest formula computing f .

▶ Conjecture 27 (The KRW conjecture [14]). Let f : {0, 1}n → {0, 1} and g : {0, 1}m → {0, 1}
be non-constant Boolean functions. Then it holds that:6

depthF (f ⋄ g) ≈ depthF (f) + depthF (g).

Following [15], the conjecture can be rephrased as:

CC(KWf⋄g) ≈ CC(KWf ) + CC(KWg).

Roughly, the conjecture states that the smallest depth formula for computing f ⋄ g is
obtained from the composition of the shallowest formula for f and the shallowest formula for
g. We next state an analogous conjecture in the hazard-free setting.

▶ Conjecture 28 (Hazard-Free KRW conjecture). Let f : {0, 1}n → {0, 1} and g : {0, 1}m →
{0, 1} be non-constant Boolean functions. Then the following holds:

depthu
F (f ⋄ g) ≈ depthu

F (f) + depthu
F (g).

Similarly to [4, 26], we state a stronger version of the conjecture on the formula size.

▶ Conjecture 29 (Hazard-free strong KRW conjecture). Let f : {0, 1}n → {0, 1} and g :
{0, 1}m → {0, 1} be non-constant Boolean functions. Then the following holds:

sizeuF (f ⋄ g) ≈ sizeuF (f) · sizeuF (g).

The KRW conjecture has been extensively studied through various special cases and
simplified communication problems, as intermediate steps toward proving Conjecture 27.
The monotone version of the KRW conjecture is most related to the hazard-free setting due
to the connection to the hazard-derivative, which is a monotone function.

▶ Conjecture 30 (Monotone KRW conjecture [14]). Let f : {0, 1}n → {0, 1} and g : {0, 1}m →
{0, 1} be monotone Boolean functions. Then the following holds:

depth+
F (f ⋄ g) ≈ depth+

F (f) + depth+
F (g).

In [26, Theorem 3.1], Conjecture 30 was proved for monotone inner functions g whose depth
complexity can be lower-bounded by a lifting theorem. In an earlier work, [14] observed
that the monotone KW game can be played on the prime implicants and implicates of the
monotone function, aligning well with the results concerning the hazard-free KW game
presented in Theorem 22. Notably, the hazard-free KRW conjecture generalizes the monotone
KRW conjecture, as proving the former for every f and g would also imply the latter.

6 We use ≈ instead of ≥ as we can allow a less exact inequality, see [14, 8].
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1.5 Our Results
1.5.1 Unateness as a Criterion
We provide a complete answer to Question 13 by proving that the hazard-derivative method
yields exact lower bounds only for unate Boolean functions:

▶ Theorem 31 (Unateness as a criterion). Let f : {0, 1}n → {0, 1} be a non-constant Boolean
function. Then, there exists x ∈ {0, 1}n such that:

size+
F (df(x; ·)) = sizeuF (f),

if and only if f is a unate function.

A unate Boolean function is defined as follows:

▶ Definition 32 (Unate function in xi). A Boolean function f : {0, 1}n → {0, 1} is positive
unate in xi if for all x ∈ {0, 1}n the following holds:

f(x|i ⇝0) ≤ f(x|i ⇝1),

Similarly, a function is negative unate in xi if for all x ∈ {0, 1}n the following holds:

f(x|i ⇝0) ≥ f(x|i ⇝1).

We say f is unate in xi if f is either positive or negative unate in xi.

▶ Definition 33 (Unate function). A Boolean function f : {0, 1}n → {0, 1} is unate if it is
unate in x1, . . . , xn.

Monotone functions are a subset of unate functions, which increase or decrease mono-
tonically in each variable. Given the truth table of a Boolean function as input, we can
efficiently determine whether it is unate or not by inspecting the truth table. We prove this
result by analyzing the hazard-free KW game of the function and its hazard-derivatives. See
Section 2 for more details.

1.5.2 A Universal Formula Upper Bound for Most Boolean Functions
We prove that the hazard-free formula size of a random Boolean function is 2(1+o(1))n, thereby
partially answering Question 26. This gives an exponential improvement over the best known
O(3n) upper bound of [12]. It is important to note that the upper bound of [12] holds for all
functions, so it is conceivable that some functions require hazard-free formula size larger than
2(1+o(1))n. Even if this is the case, then neither counting arguments nor the hazard-derivative
method, which can only provide a lower bound of at most 2n, will be able to prove it.

▶ Theorem 34 (A universal upper bound for most Boolean functions). For a random Boolean
function f : {0, 1}n → {0, 1}, we get that with high probability:

2n

log n
≤ sizeuF (f) ≤ 2n · n(1−o(1)) log n.

Thus, we demonstrate that, unlike Boolean circuits, Boolean formulas, and hazard-free
circuits – where the typical complexity matches that of the multiplexer function – the hazard-
free formula complexity is smaller than the optimal hazard-free formula for the multiplexer
function by an exponential factor in n.
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We provide two proofs for Theorem 34. The second proof relies on two other results
that are interesting on their own. The first shows that, with high probability, the hazard-
derivatives of a random Boolean function do not have too large monotone formulas. In
particular, this provides a strong answer to Question 15, showing that the monotone gap can
be exponential in the number of variables.

▶ Proposition 35. Let f : {0, 1}n → {0, 1} be a random Boolean function. Then, with high
probability,

mono-gap(f) = ω

(
2n

nlog n

)
.

The second ingredient is an upper bound using hazard-derivatives. For b ∈ {0, 1}, we say
that pb ∈ P

(f)
b derives x if pb

u

≤ x. We denote the subset of P
(f)
b containing the strings that

derive x by P
(f)
b |x.

▶ Theorem 36 (Hazard-derivatives upper bound). Let f : {0, 1}n → {0, 1} and b ∈ {0, 1}. Let
Xb ⊆ f−1(b). Then,

if P
(f)
b =

⋃
x∈Xb

P
(f)
b |x, then it holds that sizeuF (f) ≤

∑
x∈Xb

size+
F (df(x; ·)).

We also provide an example in Section 2.3 that shows that Theorem 36 yields tight bounds
for range functions (functions that accept all inputs whose weight is within some range).

1.5.3 Composition of Hazard-Free Functions
Following [14], we establish a lower bound on the hazard-free complexity of block-composition
of functions and demonstrate how it can be used to surpass the hazard-derivative method.

▶ Proposition 37 (Lower bound via direct sum). Let f : {0, 1}n → {0, 1} be a monotone
Boolean function. Let g : {0, 1}m → {0, 1} a Boolean function. Let Φ : X × Y → {0, 1}
and Ψ : X ′ × Y ′ → {0, 1} be functions such that Φ reduces to KW+

f and Ψ reduces to KWu
g .

Then, the following holds:

CC(KWu
f⋄g) ≥ log(Rank(MΦ)) + log(Rank(MΨ)).

Proposition 37 provides a step toward advancing hazard-free lower bound techniques,
and we hope it encourages further research in this direction. As an application, we prove a
lower bound on the depth of the composition of the set covering function and the multiplexer
function.

▶ Proposition 38 (Composition of a set covering and the multiplexer function). Let MUXm be
the multiplexer function and MCk,n be the set covering function, such that k = c log n for
some suitable constant c > 0. Then,

depthu
F (MCk,n ⋄ MUXm) ≥ log(3m) + log

(
n

c log n

)
≥ log(3) · m + Ω(c(log n)2).

2 Proof Overview

We provide a brief overview of the proofs, focusing on the main ideas and the underlying
intuition. For the full proofs, see [2].
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

uu00 u1u0 1uu0 u00u 111u
001u 3 2 1 3 1, 2
u101 4 4 4 2 3
u011 3, 4 2, 4 4 3 2
0u11 3, 4 4 1, 4 3 1
01u1 4 4 1, 4 2 1


(a) The matrix of fprime.

( uu00 u0u0 0uu0
111u 3 2 1
uuu1 4 4 4

)
(b) The matrix of dfprime(1100; ·).

( u00u
u1uu 2
uu1u 3

)
(c) The matrix of dfprime(1001; ·).


000u

uu1u 3
u1uu 2
1uuu 1


(d) The matrix of dfprime(1111; ·).

Figure 2 Sketch of KWu communication matrices for fprime.

Our proofs rely on the framework of hazard-free KW games, restricted to the prime
implicants and prime implicates (see Theorem 18). Specifically, we analyze the hazard-free
KW game of the hazard-derivative at a fixed Boolean input and its relation to that of the
original Boolean function. First, we demonstrate how to derive the prime implicates and
prime implicants of the hazard-derivative from those of the function itself. We then show that
the communication matrix of the hazard-derivative is a submatrix of the original function’s
communication matrix.

We present a simple example which will serve as an illustration throughout this sec-
tion. Consider fprime : {0, 1}4 → {0, 1}, defined such that for every k ∈ N, 0 ≤ k ≤ 15,
fprime(bin(k)) = 1 if and only if k is a prime number. One can calculate the prime implicants
and prime implicates of fprime and sketch its hazard-free KW game communication matrix,
as demonstrated in Figure 2a.

Let f : {0, 1}n → {0, 1} be a Boolean function, and x ∈ {0, 1}n a fixed Boolean input
such that f(x) = b ∈ {0, 1}. We begin by presenting the connection between the prime
implicants and prime implicates of f and df(x; ·).

▶ Lemma 39 (The prime implicates of the hazard-derivative).

P
(df(x;·))
0 = {pb + x : pb ∈ P

(f)
b |x}.

▶ Lemma 40 (The prime implicants of the hazard-derivative).

P
(df(x;·))
1 ⊆ {(p¬b + x)|0⇐u : p¬b ∈ P

(f)
¬b } ⊆ I

(df(x;·))
1 .

To demonstrate the claims consider Figure 2b. For the Boolean input 1100, we have
fprime(1100) = 0. It can be verified that P

(fprime)
0 |1100 = {uu00, u1u0, 1uu0}. By Lemma 39,

the prime implicates of dfprime(1100; ·) are {uu00 + 1100, u1u0 + 1100, 1uu0 + 1100} =
{uu00, u0u0, 0uu0}. Apart from 0010, even numbers are not prime. To transform 1100
to 0010, all three of its most significant bits must be perturbed. Therefore, any per-
turbation affecting only two (or less) out of these three bits still preserves the func-
tion’s value. Following Lemma 40, calculating (p1 + 1100)|0⇐u for every p1 ∈ P

(fprime)
1

yields {111u, u111, 1u11, 1uu1, uuu1}. This set does not consist solely of prime implic-
ants, as u111, 1u11, 1uu1 are already “covered” by uuu1. Furthermore, this is a subset
of I

(dfprime(1100;·))
1 as y ∈ R(uuu1) perturbs (at least) the least significant bit of 1100, and
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MxP
(f)
¬b

P
(f)
b

|x P
(f)
b

\ P
(f)
b

|x
MKWu

df(x;·)


P

d=¬xd
¬b

P
d=xd
¬b

P d=u
¬b

P
(f)
b

|x P
(f)
b

\ P
(f)
b

|x Mx

Rec

(a) MKWu
f
, Mx and MKWu

df(x;·)
.

MxP
(f)
¬b

P
(f)
b

|x P
(f)
b

\ P
(f)
b

|x
MKWu

df(x;·)


P

d=¬xd
¬b

P
d=xd
¬b

P d=u
¬b

P
(f)
b

|x P
(f)
b

\ P
(f)
b

|x Mx

Rec

(b) MKWu
f

for a non-unate f .

Figure 3 Sketch of MKWu
f

.

R(110u) contains 1101, which is the prime number 13 (and clearly we can get a non-prime
number as well). Similarly, y ∈ R(111u) perturbs (at least) the three most significant bits,
and R(uuu0) contains 0010, which is the prime number 2.

2.1 Proof Overview of Lemmata 39 and 40
Let us discuss the underlying intuition. The hazard-derivative is a monotone function and so
its prime implicants and prime implicates are more structured, namely, P

(df(x;·))
1 ⊆ {1, u}n

and P
(df(x;·))
0 ⊆ {0, u}n. Therefore, it is enough to consider the maximal and the minimal

resolutions with respect to ≤:

▶ Definition 41 (The maximal and the minimal resolutions w.r.t ≤). Let x ∈ {0, u, 1}n. We
call x̂ := x|u⇐1 the maximal resolution of x with respect to ≤ and x̌ := x|u⇐0 the minimal
resolution of x with respect to ≤.

Consider q0 ∈ P
(df(x;·))
0 . The 1s in q̂0 represent all the coordinates in x that can be

perturbed while the output f̃(x + uq̂0) still equals f(x) = b. Since q0 is prime, it should not
be possible to add more us to it, and consequently to x + uq̂0. This is the same as saying
that x + uq̂0 = pb ∈ P

(f)
b |x. Since uq̂0 = q0, it follows that q0 = x + pb. The other direction

is more intuitive: for pb ∈ P
(f)
b |x, the 0’s in x + pb encode exactly the stable coordinates in

pb. This is a minimal subset of coordinates that must not be perturbed in x if we wish to
get the output f(x).

Consider q1 ∈ P
(df(x;·))
1 . The 1s in q̌1 represent all the coordinates in x that must

be perturbed in order for f̃(x + uq̌1) to be equal u. Hence, there must be a resolution
z ∈ R(x + uq̌1) for which f(z) ̸= f(x). We prove that for every q1 ∈ P

(df(x;·))
1 such z is

unique among R(x + uq̌1). Specifically, z is the resolution that differs from x in the the
maximal number of coordinates possible, that is, in all coordinates for which q̌1 equals 1. Since
f(z) = ¬b there is some p¬b ∈ P

(f)
¬b such that p¬b

u

≤ z. We then show that q1 = (p¬b +x)|0⇐u,
relying on the fact that z is unique.

Note that unlike Lemma 39, we do not get a complete characterization of the prime
implicants of the hazard-derivative. There may be p¬b ∈ P

(f)
¬b such that for p := (p¬b +x)|0⇐u

there are multiple z ∈ R(x+up̌) such that f(z) ̸= f(x). For those, we prove that (p¬b+x)|0⇐u

are implicants of df(x; ·) (but not prime).
Let MKWu

f
and MKWu

df(x;·)
represent the communication matrix of the hazard-free KW

game of f and df(x; ·), respectively. Let Mx be the submatrix of MKWu
f

with labels

P
(f)
¬b × P

(f)
b |x. Our characterization of the prime implicants and prime implicates of df(x; ·),

allows us to prove the following, as illustrated in Figure 3a:

ICALP 2025
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▶ Proposition 42. Let f : {0, 1}n → {0, 1} be a non-constant Boolean function. For every
x ∈ {0, 1}n, MKWu

df(x;·)
is a submatrix of MKWu

f
.

Proposition 42 can be viewed as an alternative proof for Theorem 12 for formulas. We
achieve Proposition 42 through the following observation:

▶ Lemma 43. Let x ∈ {0, 1}n such that f(x) = b ∈ {0, 1}. Let q1 ∈ P
(df(x;·))
1 and

q0 ∈ P
(df(x;·))
0 . According to Lemma 40 and Lemma 39 there exist pb ∈ P

(f)
b |x and p¬b ∈ P

(f)
¬b

such that q1 = (p¬b + x)|0⇐u and q0 = pb + x. Then, for every i ∈ [n] the following holds:

(q1 + q0)i = 1 ⇐⇒ (p¬b + pb)i = 1.

In words, for every q1 ∈ P
(df(x;·))
1 and q0 ∈ P

(df(x;·))
0 , which label a row and a column of

MKWu
df(x;·)

, we can choose pb ∈ P
(f)
b |x and p¬b ∈ P

(f)
¬b , which label a row and a column of

Mx, that yield q1 and q0. Moreover, the correspondence preserves the set of stable and
different coordinates between (q1, q0) and (pb, p¬b), hence the associated entries in MKWu

df(x;·)

and Mx are identical.
A concrete example is shown in Figures 2a and 2b, where the same colors as in Figure 3a

are used for M1100 and MKWu
dfprime(1100;·)

. It can be verified that u1u0 ∈ P
(fprime)
0 yields u0u0 ∈

P
(dfprime(1100;·))
0 and 001u ∈ P

(fprime)
1 yields 111u ∈ P

(dfprime(1100;·))
1 with the corresponding

entries both equal to {2}.
Next, we make the simple but important observation. Certain rows, which we refer to as

“super-rows”, can be removed from a communication matrix without effecting its complexity.
A super-row is a row r in the matrix such that there exists another row r′, called a sub-row,
whose every entry is a subset of the matching entry in r.

It is not too difficult to see that the rows in Mx that are associated with p¬b ∈ P
(f)
¬b such

that (p¬b + x)|0⇐u ∈ I
(df(x;·))
1 \ P

(df(x;·))
1 are super-rows. Implicants that are not prime, by

definition, contain “extra” stable bits that can be replaced with u while preserving the output
of the function. Therefore, these rows contain possibly more valid answers to the KWu on
df(x; ·) than the ones associated with P

(df(x;·))
1 . Figures 2a and 2b demonstrate this claim,

as the super rows in 2a correspond to {u011, 0u11, 01u1}, which yielded {u111, 1u11, 1uu1}
in our previous calculation.

Following our observation, the super-rows can be removed without changing the complexity
of Mx. Most importantly, removing them results in MKWu

df(x;·)
. Hence, Mx and MKWu

df(x;·)

are equivalent in terms of communication complexity. This highlights the importance of the
hazard-derivative, which captures the communication complexity of Mx, which is a larger
submatrix of MKWu .

▶ Proposition 44. Let f : {0, 1}n → {0, 1} and x ∈ {0, 1}n such that f(x) = b ∈ {0, 1}. We
denote by Mx the submatrix of MKWu

f
with labels P

(f)
¬b × P

(f)
b |x. The following holds:

mono-rec(Mx) = mono-rec(MKWu
df(x;·)

), CC(Mx) = CC(MKWu
df(x;·)

).

2.2 Proof Overview of Theorem 31
In this proof, we further analyze the communication matrix of the hazard-free KW game
of f and show that if f is unate, then it can be reduced to the communication matrix of a
suitable hazard-derivative. If f is not unate, we prove that any protocol must have more
leaves than the optimal protocol for any of its hazard-derivatives.
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In the first direction of Theorem 31, consider a unate f . We prove that there exists
some x′ ∈ {0, 1}n such that Mx′ = MKWu

f
, by characterizing the prime implicants and prime

implicates of a unate function. Another way of proving this is to generalize [11, Corollary
4.5]. A function f is unate if and only if there exists some c ∈ {0, 1}n such that f(x + c) is
monotone. Therefore, it can be shown by [11, Lemma 4.4], that f(x + c) = df(c; x).

The proof of the other direction requires more work. Consider a non-unate function f

and a coordinate d ∈ [n] that demonstrates that f is not unate. As before, let x ∈ {0, 1}n

be a Boolean input such that f(x) = b ∈ {0, 1}. In the case of fprime, we examine the
third most significant bit.7 Let s ∈ {0, u, 1}, and denote by P d=s

1 (P d=s
0 ) the subset of P

(f)
1

(P (f)
0 ) for which the d’th coordinate equals s. By examining the prime implicants and the

prime implicates of f we observe that P d=xd

b , P d=¬xd

b , P d=xd

¬b , P d=¬xd
¬b

≠ ∅ (xi denote the i’th
coordinate of x). We actually prove the following stronger claim:

▶ Proposition 45. Let f : {0, 1}n → {0, 1} be a non-unate Boolean function. Then, there
exists a coordinate d ∈ [n], p1, q1 ∈ P

(f)
1 and p0, q0 ∈ P

(f)
0 such that:

1. (p1)d = 0, (p0)d = 1 and d is the only different and stable coordinate between p1 and p0.
2. (q1)d = 1, (q0)d = 0 and d is the only different and stable coordinate between q1 and q0.

Indeed, in the case of fprime and d as the third most significant bit, we have p0 := uu00,
q0 = 111u ∈ P

(fprime)
0 and p1 = 001u, q1 = u101 ∈ P

(fprime)
1 .

By Proposition 45, consider p¬b ∈ P
(f)
b and pb ∈ P

(f)
b such that (p¬b)d = xd and

(pb)d = ¬xd. For every protocol solving KWu
f , there exists a monochromatic rectangle

Rec ⊆ P
(f)
¬b × P

(f)
b in the partition induced by the protocol that contains (p¬b, pb), and so

must be colored with d. In fact, Rec ⊆ P d=xd

¬b × P d=¬xd

b , since (p¬b)d = xd and (pb)d = ¬xd.
Hence, Rec is disjoint from Mx, as illustrated in Figure 3b. Removing the leaf associated
with Rec from the protocol tree results in a protocol for Mx that has one less leaf, since
Mx ⊆ MKWu

f
\ Rec. This implies that there must be some gap in the number of leaves in the

optimal protocols, thus proving the following proposition:

▶ Proposition 46. Let f : {0, 1}n → {0, 1} be a non-unate Boolean function. Then for every
x ∈ {0, 1}n, it holds that:

size+
F (df(x; ·)) < sizeuF (f).

2.3 Proof Overview of Theorem 34
We obtain two proofs for this Theorem that utilize the same observation: the probability
that a random function is constant on any large Boolean subcube is small. Therefore, it
tends to have prime implicants that consist mostly of stable bits, while its hazard-derivatives
tend to be nearly constant and equal to 1.

The two proofs are “dual” in some sense, so we focus on the second, which offers insights
of independent interest. First, we prove the following lemma, stating that for a random
Boolean function, with high probability, any hazard-derivative has a monotone formula that
is not too large:

▶ Lemma 47. A random Boolean function f : {0, 1}n → {0, 1}, sampled uniformly at
random, satisfies that with high probability, for every x ∈ {0, 1}n:

size+
F (df(x; ·)) ≤ nlog n

log n(1−o(1)) log n
.

7 Note that f(0000) = 0, f(0010) = 1 and f(1111) = 0, f(1101) = 1.
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P
(f)
¬b

P
(f)
b

|
x(1)

P
(f)
b

|
x(k) P

(f)
b

|
x(2) P

(f)
b

|
x(k) . . .Mx(1) Mx(2) Mx(k)



Figure 4 Decomposition of MKWu
f

.

This stems from the observation that, with high probability, a random function is not
constant on any large Boolean subcube, causing its hazard-derivatives to be mostly constant.
Therefore, the prime implicants of its hazard-derivative tend to have a lot of unstable
coordinates, allowing its DNF monotone formula to be fairly small.

The second step consists of proving Theorem 36, which gives a weak converse to The-
orem 12. Building on the analysis of MKWu

f
discussed above, we prove that MKWu

f
can be

decomposed into submatrices, each with communication complexity bounded from above by
that of a specific hazard-derivative. When given a subset {x(1), . . . , x(k)} of boolean inputs
in Xb ⊆ {0, 1}n for some b ∈ {0, 1} that are enough to cover Pb (i.e., for every p ∈ Pb there
exists x ∈ Xb such that p

u

≤ x), we decompose MKWu
f

to k (potentially overlapping) Mx’s

with labels P
(f)
¬b × P

(f)
b |x, as illustrated in Figure 4 (see Figure 2 for a concrete example).

Although MKWu
df(x;·)

may be a proper submatrix of Mx, Proposition 44 implies that each
Mx is upper bounded by the complexity of MKWu

df(x;·)
.

By combining Theorem 36 with Lemma 47, we complete the proof of Theorem 34.
We note that the upper bound in Theorem 36 can be tight. The key observation is that

if there exists x∗ ∈ {0, 1}n such that the prime implicates are covered by x∗ and ¬x∗, then
the upper bound is tight. Since x∗ and ¬x∗ are negated, all stable coordinates of P

(f)
0 |x∗

and P
(f)
0 |¬x∗ are different, making the row entries of Mx∗ and M¬x∗ disjoint.

This is the case for range functions: For 0 ≤ a < b ≤ n we call Rn
a,b : {0, 1}n → {0, 1} a

“range function”, if Rn
a,b(x) = 1 if and only if a ≤ x1 + · · · + xn < b. We show that range

functions have such x∗, and so, Rn
a,b-monochromatic rectangles are a subset of either Mx∗

or M¬x∗ . Therefore, there is an optimal protocol that begins by dividing MKWu
Rn

a,b

to Mx∗

and M¬x∗ .

2.4 Proof Overview of Propositions 37 and 38
For the first, we follow the ideas from the proof of the next lemma:

▶ Lemma 48 ([14, Lemma 4]). Let f : {0, 1}n → {0, 1} and g : {0, 1}m → {0, 1} be monotone
Boolean functions. Then:

KW+
f ⊗ KW+

g ≤ KW+
f⋄g.

The proof of Lemma 48 uses two properties of KW+
f⋄g: First, the game can be played

equivalently on the prime implicants and the prime implicates of the function, and those of
f ⋄ g are constructed of those of f and those of g. Second, for an input X, Y ∈ {0, u, 1}n×m,
a valid answer (i, j) to KW+

f⋄g must be a row i for which g(Xi) = 1, g(Yi) = 0 and so i is
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a valid answer to the KW game of f and j is a valid answer to the KW game of g. We
prove that these properties also hold in the hazard-free KW game of f ⋄ g if f is a monotone
function, while g can be any function.

Let b ∈ {0, 1}, and let P ∈ P
(f⋄g)
b . We think of P as a n × m ternary matrix. We denote

by Pi the i’th row of P and by um a ternary input of length m which all of its coordinates
are equal to u. The following holds:

∃pb ∈ P
(f)
b , (g̃(P1), . . . , g̃(Pn)) = pb and ∀i ∈ [n], Pi ∈


P

(g)
1 , (pb)i = 1,

P
(g)
0 , (pb)i = 0,

{um}, otherwise.

Given the above, if P
(f)
1 ⊆ {1, u}n and P

(f)
0 ⊆ {0, u}n, a valid answer to the hazard-free

KW game of f ⋄ g on the inputs X, Y ∈ {0, u, 1}nm must lie in a row i such that Xi ∈ P
(g)
1

and Yi ∈ P
(g)
0 . Hence, we have g̃(Xi) = 1 and g̃(Yi) = 0, without requiring any additional

properties from g. This is exactly the case if f is monotone. Therefore, we can apply the
same idea as [14, Lemma 4] to obtain:

▶ Lemma 49 (Direct sum is reducible to KWu
f⋄g). Let f : {0, 1}n → {0, 1} be a monotone

Boolean function, and let g : {0, 1}m → {0, 1} be a Boolean function. Then, it holds that:

KW+
f ⊗ KWu

g ≤ KWu
f⋄g.

The proof of Proposition 38 follows by substituting known upper bounds into Proposi-
tion 37.

3 Open Problems

The most obvious open problem is determining whether the universal hazard-free formula
size upper bound in the worst case is equal to that of a random function.

▶ Question 50. Is it true that for every Boolean function f : {0, 1}n → {0, 1}, sizeuF (f) ≤
2(1+o(1))n?

Another interesting question is whether Theorem 31 also holds for circuits:

▶ Question 51. Let f : {0, 1}n → {0, 1} be a non-constant Boolean function. Is it true that
there exists x ∈ {0, 1}n such that:

size+
C(df(x; ·)) = sizeuC(f),

if and only if f is a unate function?

The validity of the KRW conjecture in the hazard-free setting is also an intriguing question.
Many previous works on the KRW conjecture have considered restricted versions to gain
intuition and develop tools, including [14, 9, 5, 8, 18, 21], among others. We believe that the
hazard-free KRW conjecture presents an interesting restricted model to study, with potential
applications to all Boolean functions.

▶ Conjecture 28 (Hazard-Free KRW conjecture). Let f : {0, 1}n → {0, 1} and g : {0, 1}m →
{0, 1} be non-constant Boolean functions. Then the following holds:

depthu
F (f ⋄ g) ≈ depthu

F (f) + depthu
F (g).
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Finally, we consider block compositions with the XOR function. Recall that the hazard-
free complexity of XORn is equal to its standard formula complexity. Additionally, its prime
implicants and prime implicates are f−1(1) and f−1(0), respectively, meaning its hazard-free
and the classic KW games are equivalent. This naturally leads to the question of whether
the lower bound proof of Dinur and Meir [4] can be adapted to the hazard-free setting.
Specifically, we wonder if, in the following theorem, one can replace sizeF with sizeuF .

▶ Theorem 52 (Composition over parity [4, Theorem 3.1]). Let f : {0, 1}k → {0, 1} be a
non-constant Boolean function. Then:

sizeF (f ⋄ XORm) ≥ sizeF (f) · sizeF (XORm)
2Õ(

√
k+log m)

,

where Õ(t) := O(t · logO(1) t).
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