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—— Abstract

The Probabilistically Checkable Reconfiguration Proof (PCRP) theorem, proven by Hirahara and
Ohsaka (STOC 2024) [22] and Karthik C. S. and Manurangsi [29], provides a new PCP-type
characterization of PSPACE: A language L is in PSPACE if and only if there exists a probabilistic
verifier V and a pair of polynomial-time computable proofs 7™, 7" such that the following hold for

every input z:

If x € L, then 7™ (z) can be transformed into 7" (

x) by repeatedly flipping a single bit of the

proof at a time, while making V(x) to accept every intermediate proof with probability 1.

If © ¢ L, then any such transformation induces a proof that is rejected by V(z) with probability

more than %
The PCRP theorem finds many applications in PSPACE-hardness of approximation for reconfigu-
ration problems.

In this paper, we present an alternative proof of the PCRP theorem that is “simpler” than those
of Hirahara and Ohsaka [22] and Karthik C. S. and Manurangsi [29]. Our PCRP system is obtained
by combining simple robustization and composition steps in a modular fashion, which renders its
analysis more intuitive. The crux of implementing the robustization step is an error-correcting code
that enjoys both list decodability and reconfigurability, the latter of which enables to reconfigure

between a pair of codewords, while avoiding getting too close to any other codewords.
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1 Introduction

Given a combinatorial problem and a pair of its feasible solutions, can we find a “step-by-step”
transformation from one to the other that maintains the feasibility at every intermediate state?
Combinatorial reconfiguration is a brand-new field in theoretical computer science, aimed at
studying connectivity problems over the solution space of a combinatorial problem, called
the source problem. One canonical reconfiguration problem is 3-SAT Reconfiguration [15],
whose source problem is 3-SAT: For a satisfiable 3-CNF formula ¢ and a pair of its satisfying
assignments o™ 0", we shall transform o™ into 0" by repeatedly flipping a single variable
assignment at a time, while always preserving that ¢ is satisfied. Formally, a reconfiguration

end

sequence from o™ to o™ is a sequence of assignments to ¢, denoted by & = (0(1), . ,U(T)),

such that o) = ¢ (T = gend and ¢() and ¢+ differ in at most one variable.

3-SAT Reconfiguration

Input: a 3-CNF formula ¢ and a pair of its satisfying assignments o™, g*"

nd

Output: is there a reconfiguration sequence from o™ to ¢*™ consisting only of

satisfying assignments?
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Since Ito, Demaine, Harvey, Papadimitriou, Sideri, Uehara, and Uno [27] initiated the
unified framework for reconfiguration, many reconfiguration problems have been formulated,
including those of Boolean satisfiability, constraint satisfaction problems, and graph problems.

Of particular interest has been to elucidate their computational complexity. On the
hardness side, a reconfiguration problem generally becomes PSPACE-complete if its source
problem is intractable (say, NP-complete), e.g., reconfiguration problems of 3-SAT [15],
4-Coloring [8], and Independent Set [19, 20]. On the tractable side, a source problem in
P frequently leads to a reconfiguration problem that also belongs to P, e.g., 2-SAT [15],
Matching [27], and Spanning Tree [27]. Some exceptions are known, such as 3-Coloring [10]
and Shortest Path [7]. Having established the complexity results of popular reconfiguration
problems, researchers have turned their attention to parameterized complexity [5, 6, 9, 31]
and restricted graph classes [18, 28, 30, 43]. We refer the readers to the surveys by Bousquet,
Mouawad, Nishimura, and Siebertz [9], Mynhardt and Nasserasr [32], Nishimura [33], and
van den Heuvel [42] as well as the Combinatorial Reconfiguration wiki [24] for more hardness
and algorithmic results.

In this paper, we consider approzimability of reconfiguration problems, which has been
recently studied from both hardness and algorithmic sides, e.g., [21, 22, 23, 29, 34, 35, 36,
37, 38, 39]. For a reconfiguration problem, its approzimate version affords to relax the
feasibility of intermediate solutions, but requires to optimize the “worst” feasibility during
reconfiguration. For example, in Maxmin 3-SAT Reconfiguration [27] — an approximate version
of 3-SAT Reconfiguration — we are allowed to use any non-satisfying assignments to produce
a reconfiguration sequence, but are required to maximize the minimum fraction of satisfied
clauses.

Maxmin 3-SAT Reconfiguration

Input: a 3-CNF formula ¢ and a pair of its satisfying assignments o™, o™,

Output: a reconfiguration sequence @ from o™ to o™,
Goal: maximize the minimum fraction of satisfied clauses of ¢, where

the minimum is taken over all assignments of &.

7

Solving Maxmin 3-SAT Reconfiguration approximately, we may be able to find a “reasonable
reconfiguration sequence consisting of almost-satisfying assignments, so that we can mange
No instances of 3-SAT Reconfiguration.

Tto, Demaine, Harvey, Papadimitriou, Sideri, Uehara, and Uno [27, Theorems 4 and 5]
showed that Maxmin SAT Reconfiguration and Maxmin Clique Reconfiguration are NP-hard to
approximate. Their proofs do not bring PSPACE-hardness because of relying on the NP-
hardness of approximating the corresponding source problems (i.e., Max SAT [26] and Max
Clique [25]). Since many reconfiguration problems are PSPACE-complete, NP-hardness
results seem not optimal. In fact, [27] posed PSPACE-hardness of approximation for
reconfiguration problems as an open problem. The significance of showing PSPA CE-hardness
compared to NP-hardness is that it not only rules out polynomial-time algorithms under
P # PSPACE, but further disproves the existence of a witness (especially a reconfiguration
sequence) of polynomial length under NP # PSPACE.

1.1 PCRP Theorem, Its Consequences, and Our Contribution

Recently, Hirahara and Ohsaka [22] and Karthik C. S. and Manurangsi [29] established a
reconfiguration analogue of the PCP theorem [2, 3], a.k.a. the Probabilistically Checkable
Reconfiguration Proof (PCRP) theorem, which provides a new PCP-type characterization of



N. Ohsaka

PSPACE. For a pair of proofs 7" 7¢" € {0, 1}", a reconfiguration sequence from 7" to
7" is a sequence 7 = (7(V, ..., (7)) over {0,1}" such that 7(1) = 7" 7(T) = gend and

7® and #(*+1) differ in at most one bit for every t.

» Theorem 1.1 (PCRP theorem [22, 29]; see Theorem 3.1 for the formal statement). A
language L C {0,1}* is in PSPACE if and only if there exists a probabilistic verifier V with
randomness complexity O(logn) and query complexity O(1) and a pair of polynomial-time
computable proofs 7" 7 {0,1}* — {0,1}* such that the following hold for every input
z € {0,1}*

(Completeness) If x € L, then there exists a reconfiguration sequence T from w"(x) to

7ed(z) such that V() accepts every proof in T with probability 1.

(Soundness) If x ¢ L, then every reconfiguration sequence T from m"(x) to " (z)

contains some proof that is rejected by V(x) with probability more than %

The PCRP theorem, along with a series of gap-preserving reductions [21, 22, 23, 29, 34,
35, 36], implies that several reconfiguration problems are PSPACE-hard to approximate,
thereby resolving the open problem due to Ito, Demaine, Harvey, Papadimitriou, Sideri,
Uehara, and Uno [27] affirmatively.

» Corollary 1.2 (from Theorem 1.1 and [21, 22, 23, 29, 34, 35, 36]). There exists a universal
constant € € (0,1) such that approximate versions of the following reconfiguration problems
are PSPACE-hard to approximate within a factor of 1 + e:

3-SAT Reconfiguration, 2-CSP Reconfiguration, Independent Set Reconfiguration, Vertex Cover
Reconfiguration, Dominating Set Reconfiguration, Set Cover Reconfiguration, Max Cut
Reconfiguration, and Nondeterministic Constraint Logic.

In this paper, we present an alternative proof of the PCRP theorem that is “simpler”
than those of Hirahara and Ohsaka [22] and Karthik C. S. and Manurangsi [29]. Our
technical contribution is to develop a reconfiguration analogue of robustization [4, 12] and
composition [2, 3]. Below, we review existing proofs of the PCRP theorem [22, 29], followed
by our proof and techniques.

1.2 Recap of Two Proofs due to [22, 29]

We recapitulate two proofs of the PCRP theorem due to Hirahara and Ohsaka [22] and
Karthik C. S. and Manurangsi [29]. Let L C {0,1}* be a PSPACE-complete language,
say, 3-SAT Reconfiguration,! for which we will design a PCRP system. Suppose that we are
given a satisfiable 3-CNF formula ¢ over n variables and a pair of its satisfying assignments
o gend € {0,1}". Both [22, 29] employ the following common strategy:

Encode each assignment to ¢ using an error-correcting code Enc: {0, 1} — {0, 1}7(),
Check if an input string f € {0,1}?(") is the encoded satisfying assignment to ¢ (i.e.,
f = Enc(o) for some assignment o € {0,1}"), by running the assignment tester [12]
(a.k.a. PCP of proxzimity [4]) on f along with an auxiliary proof = € {0,1}*.

d

Ideally, the existence of a reconfiguration sequence @ from o™ to o' consisting of
—

satisfying assignments to ¢ should imply the existence of a reconfiguration sequence II from

Enc(o™) o 7 to Enc(o®"d) o " consisting only of accepting proofs, where 7 end

ini

and

! Hirahara and Ohsaka [22] adopted Succinct Reach and Karthik C. S. and Manurangsi [29] adopted
2-CSP Reconfiguration, but the choice of PSPACE-complete languages does not so matter.
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are auxiliary proofs accepted by the assignment tester along with Enc(¢™) and Enc(o®™),
respectively. On the other hand, if there is a reconfiguration sequence I from Enc(o™™) o 7in
to Enc(c®") o 7" in which every proof is accepted with a high probability (say, 0.99), then
(o™ ;) must be a YES instance of 3-SAT Reconfiguration. The challenge for the former
requirement (i.e., completeness) is that every reconfiguration sequence between different
codewords must induce a string that is “far” from every codeword, which would be rejected by
the assignment tester, whereas for the latter requirement (i.e., soundness) is that we should
be able to extract from II a reconfiguration sequence & consisting of satisfying assignments
to ¢. Hirahara and Ohsaka [22] and Karthik C. S. and Manurangsi [29] took slightly different

approaches to these challenges.

Hirahara—Ohsaka’s System

Hirahara and Ohsaka [22] first create a pair of fresh copies of the input string, denoted by
f and g, so that one of them can be arbitrarily edited as long as the other is the encoded
satisfying assignment. Introduce then a special symbol L to indicate that a particular copy is
in the “in transition” state. The verifier Vo of [22] is given oracle access to a pair of strings
fig€{0,1, J_}p("), supposed to be the encoding of adjacent satisfying assignments, and an
auxiliary proof 7 € {0, 1, J_}e("), supposed to assert that f o g is as expected. Here, we say
that a pair of assignments are adjacent if they differ in at most one variable. Informally, Vio
performs the following three stages:

1. Vio makes sure that f or g is a codeword of Enc (by using its local tester). If this is not
the case, then it immediately rejects.

2. Vuo determines if f or g contains “many” 1’s (by random sampling), and if so, then it
immediately accepts. This stage is crucial for achieving the perfect completeness.

3. Otherwise (i.e., both f and g contain “few” 1’s), Vgo runs an assignment tester on
fogom (asif fogom does not contain any L) to ensure that fog is indeed the encoding
of adjacent satisfying assignments to ¢, which is a crucial stage for the soundness.

One subtle issue is that implementing Vio causes minor changes in the assignment tester,
which makes its analysis less intuitive.

Karthik C. S.—Manurangsi’s System

Karthik C. S. and Manurangsi [29] first create fresh four copies of the input string, denoted by
f1, f2, f3, f4, so that whenever three of them are the encoded adjacent satisfying assignments
to ¢, the remaining copy can be whatever. Create also a special variable v* to denote which
copy is currently “in transition.” The verifier Vi of [29] is given oracle access to four
strings f1, fa, f3, f4 € {0,1}P(") three of which are supposed to be the encoding of adjacent
satisfying assignments, four auxiliary proofs 7y, ma, w3, 74 € {0, 1}“”), where each 7, should
assert that {f;},+r are as expected, and the special variable v* € [4]. Roughly speaking,
Vium works as follows: Suppose that Vi finds v* to take a value k € [4]; i.e., fi is on the
way of transition. Then, Vi calls an assignment tester on {f;};2r o m; to confirm that
{fi}izr are indeed the encoding of adjacent satisfying assignments to .

Unlike Vio of [22], implementing Vky does not require any modification in assignment
testers. However, Vi entails four copies of the input string and the special variable v*
to take the majority decoding, which makes the (soundness) analysis slightly complicated.
Another drawback common to [22, 29] is that both Vio and Vi apply error-correcting
codes and assignment testers all at once, and thus, we are not able to analyze their effects
separately.
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1.3 Overview of Our Proof

We now outline our proof of the PCRP theorem. Our proof also relies on error-correcting
codes and assignment testers as in [22, 29], but does not involve either the special symbol L
or the special variable v*. The crucial difference from [22, 29] is that our PCRP system is
obtained by combining simple robustization and composition steps in a modular fashion,
which renders its analysis more intuitive. This can be thought of as an extension of alphabet
reduction [11] for Maxmin 2-CSP Reconfiguration due to [35].

Starting Point (Section 3.1)

The starting point for which we build a PCRP system is a PSPACE-complete problem
called Succinct Reach [14, 22, 40], defined as follows: Given a circuit C: {0,1}?" — {0,1}
that represents an exponentially large graph G over {0,1}" such that a pair of “vertices”
a,B € {0,1}" are adjacent in G if and only if C(a o ) = 1, we are required to decide
if there exists an undirected path from 0" to 1™ in G.? Succinct Reach can be thought
of as a reconfiguration problem, which asks if there exists a reconfiguration edge sequence
(@M oM o™ o BT from 0™ 0 0™ to 1" 0 1™ such that a*) = ot+1) or g = glt+1)
for every ¢, and every (a(t),ﬁ(t)) is an edge of G.3 Such a sequence has the following
interpretation [22] under the token jumping model [28]: Given a pair of “tokens” initially
placed on self-loop (0™,0™) of G, we can transfer them to self-loop (1™,1™) of G by repeatedly
moving a single token while preserving that the two tokens are always adjacent in G.

Robustization (Section 3.2)

The first step is robustization [4, 12], which reduces Succinct Reach to a “robust” version
of Circuit SAT Reconfiguration. Given a circuit ®: {0,1}??(®) — {0,1} and a pair of its
satisfying assignments o™, "¢, Circuit SAT Reconfiguration asks to decide if there exists a

end consisting only of satisfying assignments to ®.

reconfiguration sequence & from o' to o
We shall achieve the following requirement in reducing an input C of Succinct Reach to an

input (o™ o®"; ®) of Circuit SAT Reconfiguration (Lemma 3.7):

(Perfect completeness) If C' is a YES instance, then (o™, 0®"d; ®) is a YES instance.
(Robust soundness) If C' is a NoO instance, then every possible reconfiguration sequence
7 from o™ to o®" contains some assignment that is Q(1)-far from every satisfying

assignment to .

In the same manner as [22, 29|, we first encode each “vertex” represented by C': {0,1}?" —
{0,1} using an error-correcting code Enc: {0,1}"™ — {0,1}?(™ whose relative distance will
be denoted by p. Obviously, two (supposedly satisfying) assignments o™, o*™ € {0, 1}2P(")
should be defined as o™ := Enc(0") o Enc(0") and °™ := Enc(1") o Enc(1™). The central
question is how to design a new circuit ®: {0,1}2?(™ — {0, 1}, which takes a pair of strings
f.g € {0,1}*(") 50 as to meet the above requirements.

The first naive attempt mimics the existing robustization, e.g., [11]: Our (seemingly
promising) circuit accepts only Enc(a) o Enc(3) such that C(« o 8) = 1, which, however, fails
to derive the perfect completeness. Intuitively, there is no consecutive path between distinct
codewords of Enc, making the reconfiguration impossible.

2 Without loss of generality, we can assume that G is undirected and has self-loops at every vertex.
3 We remark that reconfiguration edge sequences are different from reconfiguration sequences, in which
every adjacent pair of strings differ in at most one bit.
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» Example 1.3 (first failed attempt). Construct a circuit ®; such that ®;(f o g) =1 if and
only if

1. both f and g are some codewords of Enc, and

2. if f = Enc(«) and g = Enc(f), then C(a o 8) = 1.

Consider any reconfiguration sequence & from o™ to 0. Since Enc(0") and Enc(1") are
p-far from each other, @ must contain some assignment 0° = f° o g° such that f° is 5-far
from every codeword of Enc; i.e., 0° is f-far from every satisfying assignment to &)1, losing

the perfect completeness. a

Given the first attempt’s failure, one may think of forcing the circuit to accept a pair

of strings that are up to £-close to some codewords. Unfortunately, this modification now
reduces the robust soundness to o(1). The nature behind this failure is that moving one bit
away from the radius of the ball results in a rejecting string, even though it is only one bit

away from an accepting string.

» Example 1.4 (second failed attempt). Construct a circuit ®, such that ®y(f o g) = 1 if
and only if

1. both f and g are £-close to some codewords of Enc, and

2. if f and g are §-close to Enc(a) and Enc(f3), respectively, then C(a o ) = 1.

Then, the following issue arises: Even if an assignment o € {0, 1}%(") is £-far from Enc(a) o
Enc(B) for every strings a, 8 € {0,1}", we cannot exclude the possibility that o is still
o(1)-close to some satisfying assignment to ®,. Let f € {0,1}7(") be a string that is £-close

to both Enc(0™) and Enc(1"). Consider the following reconfiguration sequence @ from o™ to
o via fo f:

(Enc(0™) o Enc(0™),- -, f o Enc(0™),- -+, fo f,--+, foEnc(1"),--- ,Enc(1™) o Enc(1™)).

Changing a few bits of f, we can reach a new string f* that is £-close to Enc(0™) but £-far
from any other codeword of Enc. Since 62(f* o f*) =1 by definition, f o f is o(1)-close to a
satisfying assignment (i.e., f* o f*) to D, Similarly, every assignment in & can be shown
o(1)-close to some satisfying assignment to ®,. a

The crux of realizing the perfect completeness and robust soundness simultaneously is
the following error-correcting code, which enjoys both list decodability and reconfigurability.

» Theorem 1.5 (informal; see Theorem 3.4 [16] and Lemma 3.5). There exists an error-
correcting code Enc: {0,1}" — {0,1}*™) for some polynomial p such that the following
hold:
(List decodability) There exists a polynomial-time algorithm that list-decodes Enc up to
relative radius %
(Reconfigurability) For every distinct strings o # 8 € {0,1}", there exists a reconfiguration
sequence from Enc(a) to Enc(8) in which every string is
1-close to at least either Enc(a) or Enc(B), and
%—far from Enc(ny) for every string v # «, 8.
The latter property enables to reconfigure between a distinct pair of codewords, while avoiding
getting too (say, %) close to any other codewords. Specifically, a standard concatenation
of Reed—Solomon codes and Hadamard codes [1, 13, 16] suffices to meet the list decodabil-
ity [16] and the reconfigurability, which only involves an elementary proof. Note that the

reconfigurability of Hadamard codes has been investigated by Ohsaka [35].
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Owing to Theorem 1.5, we eventually implement the actual circuit ®: {0,1}?(") — {0,1}
such that ®(f o g) =1 if and only if

1. both f and g are }l—close to some codewords of Enc, and

2. if f and g are %—close to Enc(a) and Enc(f), respectively, then C(a o 8) = 1.

(The difference from &, and 5 of Examples 1.3 and 1.4 is highlighted. ) Intuitively speaking,
the threshold gap between the first and second conditions enables us to bypass the issues of
the two naive failed attempts at the same time.

Composition (Section 3.3)

The second step is composition [2, 3], which builds a PCRP system for a “robust” version of

Circuit SAT Reconfiguration. Given a circuit ®: {0, 1}?P(") — {0,1} and a pair of its satisfying

assignments o™, 0" produced by the robustization step, we shall construct a verifier V

and a pair of proofs IT" T1*"¢ € {0, 1}P°¥(") such that the following hold (Lemma 3.8):
(Perfect completeness) If C'is a YES instance, then there exists a reconfiguration sequence
I from IT™ to T1e" such that V accepts every proof in T with probability 1.
(Soundness) If C is a NoO instance, then every reconfiguration sequence I from II" to
I1*"¢ contains some proof that is rejected by V with probability more than %

A naive failed attempt is to just feed ® to an assignment tester A as in the NP regime [11].
Given oracle access to an assignment o € {0,1}??(™) and an auxiliary proof 7 € {0, 1}4") A
meets the following conditions:

If ®(o) = 1, then there exists a proof 7 such that A7°7(®) accepts with probability 1.

If o is e-far from every satisfying assignment to ®, then 47°7(®) rejects with probability

Q(e) for every proof .

Define II" := o™ o 7" and II*" := g™ o 7*" for some proofs 7™, 7" € {0,1}*™ such
that both A" (®) and Anend(q)) accept with probability 1. The robust soundness of Circuit
SAT Reconfiguration implies the aforementioned soundness. On the other hand, the perfect
completeness would be broken because we need to reconfigure between IT" and I1°", which
may be significantly different.

We resolve this issue by creating twins of proofs w1, e so that a kind of “redundancy”
is ensured. Our actual PCRP verifier V runs A°°™ (®) and A”°™2(®) independently, and
accepts if (at least) either of the runs accepted. The perfect completeness is almost immediate
by definition of V. If ¢ is e-far from every satisfying assignment to ®, then V rejects with
probability Q(e2) for every alleged proofs 7y, 7o, implying the desired soundness.

2 Preliminaries

Notations and Definitions

For a nonnegative integer n € N, let [n] := {1,2,...,n}. The base of logarithms is 2. A

sequence of a finite number of elements a(!), ..., a(™) is denoted by @ = (aV),...,a(™)), and

we write a € @ to indicate that a appears in @ (at least once). The symbol o stands for a

concatenation of two strings, (-,-) for the inner product, F, with a prime power ¢ for the

finite field with ¢ elements, 0™ for 0---0, and 1™ for 1---1. Let X denote a finite set called
~—— —~—

n times n times

alphabet. For a string f € X and an index set I C [n], we use f|; € I to denote the

122:7
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restriction of f to I. The relative Hamming distance between two strings f,g € X", denoted
by 6(f, g), is defined as the fraction of positions at which f and g differ; namely,

6(f.9) == P [F(0) # 9] (2.1)

P
i~ [n]
We say that f is e-close to g if §(f, g) < € and e-far from g if §(f, g) > €. Analogous notations
are used for a set of strings S C £"; e.g., §(f,S) = minges0(f,g) and f is e-close to S if
5(f,8) < <.

2.1 Error-Correcting Codes

Here, we introduce error-correcting codes, followed by two examples.

» Definition 2.1 (error-correcting code). For a real p € [0,1], a function Enc: % — X" is
an error-correcting code with relative distance p if §(Enc(a), Enc(8)) = p for every distinct
strings a # 3 € ¥*. Each Enc(a) for a € ¥¥ is called a codeword of Enc. Denote by Enc(-)
the set of all codewords of Enc.

» Definition 2.2 (Reed-Solomon code [41]). For a finite field F and two positive integers k, n
such that k < n < |F|, the Reed-Solomon code is defined as a function RSp: F¥ — F™ such
that RSp(a) := (fa(71),. .., fa(z,)) for each string a € F¥, where f,(z) = > i (0) Sttt
and x1,...,x, are n distinct elements of .

» Definition 2.3 (Hadamard code). For a positive integer n, the Hadamard code is defined
as a function Had: {0,1}" — {0,1}?" such that Had(a) :== ({o,21),..., (a,z2n)) for each
string o € {0,1}", where ; is the i*! string of {0,1}".4

The relative distance of Reed—Solomon codes and Hadamard codes is ”’Tk“ and %, respec-
tively, see, e.g., [17]. Moreover, Had(«) and Had(53) for every distinct strings o # 8 € {0, 1}
differ in exactly half the bits.

2.2 Verifiers and Assignment Testers

Subsequently, we introduce the notion of verifier, followed by assignment tester [12] (a.k.a.
PCP of prozimity [4]).

» Definition 2.4 (verifier). A wverifier with randomness complexity r: N — N and query
complexity q: N — N is a probabilistic polynomial-time algorithm V that given an input
x € {0,1}*, tosses r = r(|z|) random bits R € {0,1}" and uses R to generate a sequence
of ¢ = q(|z|) queries I = (41,...,4,) and a circuit D: {0,1}7 — {0,1}. Given an input
x € {0,1}* and oracle access to a proof m € {0,1}*, denote V’s (randomized) output by
V7™ (x) == D(w|r) over the randomness of R. We say that V(z) accepts 7 or simply V™ (z)
accepts if V™ (x) = 1, and that V™ (z) rejects if V™ (x) = 0.

» Definition 2.5 (assignment tester [4, 12]). An assignment tester with rejection rate x> 0
is a verifier A such that for a polynomial-size circuit ®: {0,1}" — {0,1} (as explicit input)
and oracle access to its assignment y € {0,1}" (as implicit input) and a proof = € {0,1}*,
the following hold:

4 The inner product is taken modulo 2.
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(Perfect completeness) If ®(y) = 1, then there exists a proof © € {0,1}* such that A(x)
accepts y o m with probability 1; namely,

Ir € {0,1}*, ]P[Ayow(l‘) - 1} -1 (2.2)

(Soundness) If y is e-far from every satisfying assignment to ®, then for every proof
m € {0,1}*, A(zx) rejects y o w with probability more than & - £; namely,

v e 0,1}, P[Aw”(m) - 0} > k-e. (2.3)

There exists an assignment tester with randomness complexity O(logn), query complexity
O(1), and rejection rate (1), described as follows.

» Theorem 2.6 ([4, 12]). There exists an assignment tester A with randomness complexity
r(n) = O(logn), query complexity q(n) = O(1), and rejection rate k > 0. Moreover, for a
polynomial-size circuit ®: {0,1}™ — {0,1} and its satisfying assignment y € {0,1}", a proof
m € {0,1}* such that AY°™(z) accepts with probability 1 can be computed in polynomial time.

3 A Simple Proof of the PCRP Theorem

In this section, we present a simple proof of the Probabilistically Checkable Reconfiguration
Proof (PCRP) theorem. For a pair of proofs 7™ 7" € {0,1}", a reconfiguration sequence
from 7™ to 7" is defined as a sequence 7 = (7). .. 7(T)) over {0,1}" such that 7(1) = 7",
7™ =7 and 7 and #(**1 differ in at most one bit for every t. The PCRP theorem is

formally stated as follows.

ini

» Theorem 3.1 (Probabilistically Checkable Reconfiguration Proof theorem [22, 29]). A language
L C{0,1}* is in PSPACE if and only if there exists a verifier V with randomness complexity
r(n) = O(logn) and query complezity q(n) = O(1) and a pair of polynomial-time computable
proofs wM e {0,1}* — {0,1}* such that the following hold for every input x € {0,1}*:

(Completeness) If x € L, then there exists a reconfiguration sequence ® = (7 ... x(1)
from ©"(z) to w*"(x) such that V(x) accepts every proof © in T with probability 1;
namely,

vt € [T], P[V”(” (z) = 1} — 1. (3.1)

(Soundness) If x ¢ L, then every reconfiguration sequence © = (7 ... . x(™) from
7 (z) to 7" (x) contains some proof ©) that is rejected by V(x) with probability more
than %; namely,

¢ 1
3t € [1], ]P’[V"( '(z) = 0} > 3. (3.2)
Since the “if” direction of Theorem 3.1 is obvious (see, e.g., [22]), we prove the “only-if”
direction; i.e., we will construct a PCRP system for a PSPACE-complete language in the
remainder of this section.

3.1 Succinct Reach and PSPACE-completeness

We first introduce a PSPACE-complete problem called Succinct Reach, e.g., [14, 40], for
which we design a PCRP system. The input of Succinct Reach is specified by a polynomial-size
circuit C: {0,1}?" — {0,1}. Informally, C' “succinctly” represents an exponentially large
graph G over {0,1}" such that a pair of “vertices” «, 5 € {0,1}" are adjacent in G if and
only if C'(«ao 8) = 1. Hereafter, we restrict C' to satisfy the following conditions:
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122:10 Yet Another Simple Proof of the PCRP Theorem

(C1) C(aopf) =C(Boa) for every strings a, 8 € {0,1}" (i.e., G is undirected), and

(C2) C(aoa) =1 for every string « € {0,1}" (i.e., G has self-loops at every vertex).

For four strings o™, g e gend € 10,117, a reconfiguration edge sequence from o™ o M to
a*opend is a sequence (Mo ... oM oBM)) over {0,1}2" such that aVop) = aMopin,
a0 pI) = gend o gend and (a®) = ot or B = D) for every t. We are now ready

to define the Succinct Reach problem.

» Problem 3.2. Given a polynomial-size circuit C': {0,1}?" — {0,1} that satisfies (C1)
and (C2), Succinct Reach asks to decide if there exists a reconfiguration edge sequence
(@M o M . alT) o gT)) from 0™ 0 0™ to 1" o 1™ such that C(aY) o f)) = 1 for every
te[T].

As an immediate corollary of Hirahara and Ohsaka [22, Proposition 5.3], we have the
PSPACE-completeness of Succinct Reach.

» Corollary 3.3 (from [22, Proposition 5.3]). Succinct Reach is PSPACE-complete.

3.2 Reducing Succinct Reach to “Robust” Version of Circuit SAT
Reconfiguration

We construct a polynomial-time reduction from Succinct Reach to a “robust” version of
Circuit SAT Reconfiguration. Given a polynomial-size circuit ®: {0,1}" — {0,1} and a pair
of its satisfying assignments o™, o"¢ € {0,1}", Circuit SAT Reconfiguration asks to decide
if there exists a reconfiguration sequence @ = (¢(),..., o)) from o™ to ¢*™ such that
q)(a(t)) =1 for every t. The robust soundness requests that every reconfiguration sequence &

from o™ to ged

contains some assignment that is Q(1)-far from every satisfying assignment
to ®. To achieve this requirement, we encode each “vertex” represented by a polynomial-size
circuit C: {0,1}?" — {0,1} of Succinct Reach using a special error-correcting code that

enjoys list decodability and reconfigurability.

Concatenated Codes, List Decodability, and Reconfigurability

Our error-correcting code Enc is obtained as a standard concatenation of Reed—Solomon
codes and Hadamard codes [13], see also [1, Chapter 19] and [16, Chapter 8]. Let n € N
be a positive integer that is a power of 2 for simplicity of notation. Define B := 2% = 256,
gg = %, and F := Fauesn. Note that [F| = Bn. The concatenation of a Reed—Solomon
code RSp: F* — FB”™ with a Hadamard code Had: {0,1}'8(B™) — {0, 1}58" denoted by
Had o RSp: {0,1}71e(Bn) —y {0 1}(B™)* s defined as follows. By a canonical bijection
between elements in F and strings in {0, 1}!°8 Il we consider RSy as an outer code from
{0,1}"1°8[Fl to FB" whereas Had as an inner code from F to {0,1}/Fl. For each string
a € {0,1}"198(B") e define (Had o RSy)(a) as

(Had o RSg)(a) = (Had(RSF(a)1)7 - Had(RSF(a)Bn)), (3.3)

where RSp(a)r € F is the k' symbol of RSp(a) € FB". Define finally Enc: {0,1}" —
{0,1}*™ as Enc(a) = (HadoRSp)(a o 0"1°&(Bn)=n) for each string a € {0,1}", where
p(n) == (Bn)2. Note that the relative distance of Had o RSy (and thus Enc) is at least the
product of the relative distances of the outer and inner codes, i.e., % . % > 1*%

Guruswami [16] established the list decodability of Had o RSy for general finite field F,

which implies the following.
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» Theorem 3.4 (list decodability of Enc [16, Theorem 8.2]). There exists a polynomial-time
list-decoding algorithm Dgn that takes a string f € {0, 1}p(") and produces a list of all
codewords in Enc(-) that are p-close to f, where

1-— €0
p= 0 o(h). (3.4)
Moreover, Enc enjoys the following reconfigurability property.

» Lemma 3.5 (reconfigurability of Enc). For every distinct strings a # 8 € {0,1}™, there
exists a reconfiguration sequence f = (fM, ..., fT)) from Enc(a) to Enc(3) over {0,1}P(")
such that for every string v € {0,1}™ \ {«, 8} and every t € [T,

min{é(f(t), Enc(a)),d(f®, Enc(ﬁ))} < i, (3.5)
5(/,Enc(7)) > 3 — 20~ O(2). (3.6)

Proof. For any distinct strings a # 8 € {0,1}", let @ == a0 0*1°8(BM)=" and = B o
onleg(Bn)=n_ Note that Enc(a) = (Had o RSy)(@) and Enc(3) = (Had o RSg) (). Think of a
string in {0,1}(B™* as consisting of Bn blocks in {0,1}B". Recall that if RSp(@); # RSr(B)x
for the k" block, then Had(RSg(a@);,) and Had(RSg(5)y,) differ in ezactly £ bits owing to
the relative distance of Had. Consider a reconfiguration sequence ? from Enc(c) to Enc(5)
obtained by the following procedure.

Reconfiguration sequence 7 from Enc(a) to Enc(3)

1: for each k € [Bn] such that RSp(@)x # RSp(3)x do
2: change the k' block of the current string from Had(RSg(@)x) to Had(RSr(B))
by flipping exactly % bits on which they are different.

Let fo = (f7,.--, f3,) € ({0,1}5")B" be any intermediate string of ? We first prove
Eq. (3.5) for f°. By construction, Bn blocks of f° can be partitioned into X UY U Z = [Bn)

such that f = Had(RSp(@);) for every k € X, fp = Had(RSg(f)x) for every k € Y, and [y is

neither Had(RSp(@)x) nor Had(RSg(8)x) for every k € Z (i.e., it is on the way of transition).

Since |Z| < 1 and every block f7 is i-close to both Had(RSg(a@);) and Had(RSg(8)), we

derive

o L (. 1 1 Y]+ 12]
8(£°,Enc() < 5=+ (0-1X]+ 4 V] +§-12]) < ==, .
. 1o s X|+12| |
6(£°,Enc(8)) < 5=+ (3 1X[+0-[¥|+3-12]) < ==,
. . . min{|X| +|Z|,|Y|+|Z Bno
— mm{é(f ,Enc()),8(f ,Enc(ﬁ))} < X 2|Bll| | +121} < 2571 =7
(3.8)

where we used the fact that min{|X| + [Z|, Y|+ |Z|} < B2.

We then prove Eq. (3.6) for f°. Let v € {0,1}"\ {a, 8} and 7 := v o 071°8(B") =" Gince
the relative distance of RSy is 1 — £, we have RSp(7)r = RSp(@)x or RSp(¥)x = RSp(3)x for
at most 2o - Bn number of k’s in X UY. Therefore, §(f,Had(RSp(7)x)) = 3 for at least

(| X UY| = 2¢0 - Bn) number of k’s in X UY. Consequently, we get

1 1 1
°E 2—-7()( Y| -2 -3)27— —0(Y), :
(7% Enc(7) > o 5 (IX| + Y|~ 20 Bn) > 1 20~ O(2) (39)
where we used the fact that | X|+|Y| > Bn — 1, as desired. <
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» Remark 3.6. In the proof of Lemma 3.5, we essentially used the following simple properties
of Hadamard and Reed—Solomon codes:
Since 6(Enc(a), Enc(B)) < 3 for every distinct strings a # 3 by the relative distance of
Hadamard codes, we can transform Enc(«) into Enc(3) without getting §-far from both
Enc(«) and Enc(B).
Since 6(RSy(a), RSp(B)) < 1 — eq for every distinct strings o # 3 by the relative distance
of Reed—Solomon codes, we can transform RSp(a) into RSp(8) without getting close to
any other codeword RSg (7).

Reduction

Our reduction from Succinct Reach to (a “robust” version of) Circuit SAT Reconfiguration
is described as follows. Given a polynomial-size circuit C: {0,1}?" — {0, 1} as an input of
Succinct Reach, let Enc: {0,1}" — {0, 1}?("™ be the proposed error-correcting code. Without
loss of generality, we can assume that n is a power of 2 and sufficiently large so that
Theorem 3.4 holds even if Eq. (3.4) is replaced by “p = %” and Lemma 3.5 holds even if
Eq. (3.6) is replaced by “6(f®),Enc(y)) > 2 > 17 Create a new polynomial-size circuit
®: {0,1}?(") — {0,1} such that ®(f o g) = 1 for two strings f,g € {0,1}*™ if and only if
the following hold:

max{é(f, Enc()),4(g, Enc(-))} < i, (3.10)

Yo, B € {0,1}", (max{a(f, Enc(a)), 8 (g, Enc(B))} <: = Oa,f8) = 1). (3.11)

W =

Specifically, ® can be implemented as follows.

~ Implementation of ® ~

Input: two strings f,g € {0,1}?(™),

1: run Dgnc on f to generate a string list £f == {o € {0,1}" | 6(f, Enc(a)) <
run Dg,c on g to generate a string list %, = {5 € {0,1}" ‘ d(g,Enc(B)) <
if 6(f,Enc(a)) > 1 for every string a € £ then
_ return 0.
if 6(g,Enc(pB)) > % for every string 8 € £, then

return 0.
for each a € £y and § € £, do
L if C(ao ) =0 then

_ return 0.

5}
5t

return 1.

,_.
e

J

Define o™, o € {0,1}??(") as o™ = Enc(0™) o Enc(0") and 0*™ := Enc(1") o Enc(1").
Observe easily that ®(o'") = 1 and ®(c*") = 1, which completes the description of the
reduction.

Correctness
We obtain the following “perfect” completeness and “robust” soundness.

» Lemma 3.7. The following hold:
(Perfect completeness) If C is a YES instance, then there exists a reconfiguration sequence
7= (cW,...,0M) from o™ to o such that ®(cM) =1 for every t € [T).
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(Robust soundness) If C is a NO instance, then every reconfiguration sequence @ =
(cM, ... o) from o™ to 0" contains some assignment o®) that is ﬁ-far from every
satisfying assignment to P.

Proof. We first prove the perfect completeness. Suppose that C' is a YES instance; i.e., there
exists a reconfiguration edge sequence (aV) o V... aT) o (1)) from 0™ 0 0" to 1™ o 1"
such that C(a® o () =1 for every ¢ € [T]. Consider a reconfiguration sequence ; from
Enc(a®)oEnc(B®) to Enc(at+1))oEnc(B3+1) for each t € [T — 1] obtained by the following
procedure.

-~ Reconfiguration sequence 7, from Enc(a®) o Enc(8®) to Enc(a*+1)) o Enc(+1) N

1. if g = gt+D and a® #£ o(t+tD) then

2| et (fO,..., f(T)) be a reconfiguration sequence from Enc(a®) to Enc(alt+1)
obtained by Lemma 3.5.

3. return (fO o Enc(8®),..., fT) o Enc(81)).

else if o) = ot and g® £ 3+ then

let (¢, ...,9(T)) be a reconfiguration sequence from Enc(5®") to Enc(3(*+1)
obtained by Lemma 3.5.

return (Enc(a®)o g® ... Enc(a®)o g(T)).

else > al) = ot gnd g = pt+1),
. return (Enc(a®) o Enc(8®)).

N\ J

We claim that any intermediate assignment o° of &, satisfies ®. Suppose first that 5 = gt+1)
but o) # a(+1); namely, o° is of the form f°oEnc(B")) for some string f° € {0,1}*(™). Since
§(f°,Enc(+)) < 1 by Lemma 3.5, o° satisfies Eq. (3.10). Observe further that 6(f°, Enc(y)) >
1 for every string v ¢ {a¥, a("*D} by Lemma 3.5, §(Enc(3")), Enc(7)) > 3 for every string
v # M, and C(a® o B1) = C(al*+) o () = 1 by assumption; i.e., o° satisfies Eq. (3.11),
implying that ®(¢°) = 1. Suppose next that a(¥) = a1 but *) £ ¢+ Similarly to the
first case, we can show that ®(c°) = 1. Suppose finally that o) = a(*+1) and g*) = glt+1)

which is a trivial case. Consequently, concatenating o for every t € [T — 1], we obtain a
end

A

oo

reconfiguration sequence & from o™ to o°" consisting only of satisfying assignments to @,
which completes the proof the perfect completeness.

We then prove the robust soundness. Suppose that C is a NO instance. Let & =
(M, ..., 6™) be any reconfiguration sequence from ¢™ to o, where each ¢® is of the
form f® o g(®) € {0,1}2P("), Create then a sequence 7 = (M o g1 ... o™ o B(T)) over

{0,1}?" by “decoding” @’; namely, a¥) and B for each t are defined as follows:

oY .= argmin 6(f(t),Enc(a)) and A% = argmin 5(g(t),Enc(B)), (3.12)
ae{0,1}n pefo,1}n

where ties are broken according to any prefixed order over {0,1}™. Note that a® =M =on
and oT) = BT = 17 Since o® and o*tV differ in at most one bit, a(t) = o+ or
BH) = D for every t; i.e., 7 is a valid reconfiguration edge sequence from 0™ o 0" to

1" 0 1", In particular, 3 must contain a® o () such that C(a® o ) = 0.

We will demonstrate that ¢® is é—far from every satisfying assignment to ®. Let
oc* = ffog* e {0,1}2p(") be any satisfying assignment to ®. There must exist a pair
o*, B* € {0,1}" such that 6(f*,Enc(a*)) < i, 6(¢%, Enc(8)) < }, and C(a* 0 %) = 1.
Deduce that (1) f* is 2-far from Enc(a(®)) or (2) g* is 3-far from Enc(8(*)), because otherwise

3
we have ®(f* o g*) = 0. Suppose first that §(f*, Enc(a®)) > %, implying that o* # a(®).

37
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Y

1—¢o
2

Figure 1 Illustration of the proof of the robust soundness in Lemma 3.7. One one hand, f is
closer to Enc(a!?) than Enc(a*) (denoted by blue crosshatch pattern). On the other hand, f* is
i-far from Enc(a?) and 1-close to Enc(a*) (denoted by red lines). The two regions must be o -far
from each other.

Putting together, we have the following three inequalities in hand (see Figure 1):

5(f, Enc(a(t))) > %, (by assumption) (3.13)
§(f*,Enc(a®)) < i, (by assumption) (3.14)
5(f®,Enc(a®)) < (f,Enc(a®)). (by definition of a®) (3.15)

Simple calculation using the triangle inequality derives

5(f* Enc(a®)) <a(f*, fM) +5(f¥,Enc(a®))
<5(f,f )+( t)Enc )
<

. . . (3.16)
S(f* D) +6(fD, f7) +6(f*,Enc(a”))
=2-5(fY, f*) +6(f*,Enc(a”)),
1 1
(t) px > - * t)y) _ * * -
= 0(f", f*) = 5 (6(f ,Enc(a'V)) = 6(f*, Enc(a ))) > o0 (3.17)
>3 <3
Consequently, ¢(*) must be ﬁ-far from o*. Suppose next that 6(g*, Enc(3®")) > 3. Similarly
to the first case, we can show that d(g*), g*) > 24, deriving that o(f) is @-far from o, which
completes the proof of the robust soundness. |

3.3 Composing Assignment Testers

We build a PCRP system for Circuit SAT Reconfiguration to complete the proof of Theorem 3.1.

Reduction

Our reduction from (a “robust” version of) Circuit SAT Reconfiguration to a PCRP system is
described as follows. Given a polynomial-size circuit ®: {0,1}2P(®) — {0,1} and a pair of its
satisfying assignments o™, 0" € {0, 1} produced by Lemma 3.7, we apply Theorem 2.6 to
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obtain an assignment tester A4 for & with randomness complexity O(logn), query complexity
O(1), and rejection rate £ > 0. The proof length of A, denoted by ¢(n), can be bounded by
some polynomial in the size of ® and thus n. Our PCRP verifier V is given oracle access to
an assignment o € {0, 1}21’(”) as implicit input and twins of proof m,m € {0, 1}“”). Then,
V runs A7°™ (®) and A7°"2(P) independently and accepts if (at least) either of the runs
accepted, which is described as follows.

s Our PCRP verifier V ~

Input: a polynomial-size circuit ®: {0,1}??(") — {0,1} and an assignment tester A.
Oracle access: an assignment o € {0,1}?P(") and twins of proof 71,75 € {0,1}4™).
independently run A7°™ (®) and A7°7 (D).

if either of runs returned 1 then

‘ return 1.

else

. return 0.

N J

AN R A

By Theorem 2.6, compute two proofs 7" "¢ € {0, l}é(") in polynomial time such that
A(®) accepts o™ o 7" and " o 7" with probability 1. Define two proofs IT", TIe"d ¢
{0, 1}2P(M)+21) a5 TN = i o M o 7" and TTe" := g*"d o re"d o 174, Observe that ) accepts
ITM and I1" with probability 1, which completes the description of the PCRP system.

Correctness

We show the following perfect completeness and soundness.

» Lemma 3.8. The following hold:
(Perfect completeness) If C is a YES instance, then there exists a reconfiguration sequence
v from IIM to T1e" such that V accepts every proof in I with probability 1.
(Soundness) If C is a NO instance, then every reconfiguration sequence i from ITM to
1" contains some proof that is rejected by V with probability more than (&)2.

Proof. We first prove the perfect completeness. Suppose that C is a YES instance. By
Lemma 3.7, there exists a reconfiguration sequence @ = (0(1), . ,O'(T)) from o™ to gend
such that ®(c®) = 1 for every t. Let 7® be a proof such that A(®) accepts ¢ o 7®) with
probability 1. In particular, 7(!) = 7" and 7(T) = 7", Consider a reconfiguration sequence

I from IIM to IIe" obtained by the following procedure.

Reconfiguration sequence I from II" to ITed

1: for each t from 1 to T — 1 do > start with o® o 7 o 7(®),
2: change the second string from 7() to 7(*+1), > obtain o® o 7t o 7(®)
3: change the first string from ¢® to o(*+1). > obtain o) o 7(t+1) o (1)
4: change the third string from 7® to 7+, > end with o+ o gD o g+

We claim that V accepts any intermediate proof I1° of I with probability 1. By construction,
I1° is of the form ¢° o 79 o 7§ such that 0° = ¢® and (7% = 7 or 75 = 7)) for some
t. Since A(®) always accepts 0 o 7® | we find V to accept II° with probability 1, which
completes the proof of the perfect completeness.
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We then prove the soundness. Suppose that C' is a NO instance. Let o= (H(l), . 7H(T))
be any reconfiguration sequence from IT" to IT*". By Lemma 3.7, I contains a proof
o =g® o 7r§t) o wét) such that o(*) is ﬁ—far from every satisfying assignment to ®. Since
A(®) rejects both o® o ﬂit) and ¢ o wét) with probability more than jz by Theorem 2.6,
VY rejects 11 with probability

2
]P’[(A(@) rejects o o ﬂgt)) and (A(®) rejects o® owét))] > (%) , (3.18)

which completes the proof of the soundness. <

The proof of Theorem 3.1 follows from PSPACE-completeness of Succinct Reach (Corol-
lary 3.3) and its PCRP system (Lemma 3.8), where the soundness error can be reduced to %
by repeating V a constant number of times.
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