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—— Abstract

Properties of stable matchings in the popular random-matching-market model have been studied for
over 50 years. In a random matching market, each agent has complete preferences drawn uniformly
and independently at random. Wilson (1972), Knuth (1976) and Pittel (1989) proved that in
balanced random matching markets, the proposers are matched to their In nth choice on average. In
this paper, we consider competitive markets with n jobs and n+ k candidates, and partial lists where
each agent only ranks their top d choices. Despite the long history of the problem, the following
fundamental question remains unanswered for these generalized markets: what is the tight threshold
on list length d that results in a perfect stable matching with high probability? In this paper, we
answer this question exactly — we prove a sharp threshold dp = Inn - In Z—ff on the existence of
perfect stable matchings when k = o(n). That is, we show that if d < (1 — €)do, then no stable
matching matches all jobs; moreover, if d > (1 + €)do, then all jobs are matched in every stable
matching with high probability. This bound improves and generalizes recent results by Kanoria,
Min and Qian (2021).

Furthermore, we extend the line of work studying the effect of imbalance on the expected rank
of the proposers (termed the “stark effect of competition”). We establish the regime in unbalanced
markets that forces this stark effect to take shape in markets with partial preferences.
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1 Introduction

The stable matching problem is a classic problem in computer science, economics and
mathematics. In the standard and perhaps antiquated description of the problem as the
“stable marriage problem”, the market instance consists of n men and n women and a
complete preference ordering of size n for each, where every man ranks all the women and
vice versa. A matching is considered to be stable if no pair of agents would prefer to break off
from their current match and match with each other instead. Stability has proved to be an
extremely robust notion in the success of centralized two-sided matching markets [26]. The
deferred-acceptance (DA) algorithm by Gale and Shapley [9] to compute stable matchings
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has proved extremely influential and has since been used in many real-life matching markets
such as matching doctors to hospitals, students to schools, and applicants to jobs; see for
example [27, 1, 2, §].

Initiated by [28, 17], there has been over 50 years of fascinating research to understand the
properties of stable matchings in random-matching markets, where the preferences of the
agents are generated uniformly and independently at random. Typically, the markets studied
are balanced (equal number of agents on both sides) with complete preference lists.

The early results [28, 17, 23] were primarily motivated by the average complexity of the
aforementioned DA algorithm. In the process, they uncovered a glimpse into other interesting
market phenomena. For instance, if there are n candidates applying to n jobs, the average
candidate is matched to their In nth preferred job whereas the average job is matched to
its (n/Inn)th preferred candidate. This quantifies and highlights the stark (and from a
real-world perspective, rather untenable) advantage of the candidates over the jobs.

It turns out that this advantage is an artifact of the (unrealistic in some labour markets)
assumption of having an equal number of jobs and candidates. Indeed, a particularly
remarkable result by [5] shows that having even one extra candidate (i.e., n + 1 candidates
and n jobs) reverses the situation entirely. The average matched candidate gets their
Q(n/lnn)th preferred job and the average job is matched to their O(Inn)th preferred
candidate — as if the jobs were “applying” to the candidates. In general, [5] show that if
there were n + k candidates, then the average (matched) candidate gets assigned to their
Q(n/In(n/k))th preferred job. This was dubbed the “stark effect of competition”.

Of course, all of the discussion above assumes that each candidate is required to submit
a full ranking of every job. This is infeasible even in mildly-large labor markets such as
the National Residency Matching Program (NRMP), college admissions, and school choice
(which all rely on the DA algorithm) where there are more than 1000 jobs (“positions”). In
fact, the NRMP allows each candidate to only provide their top 20 choices.! The efficiency
of these labor markets are measured by the number of positions filled (every year the NRMP
publishes its “fill rate”). Thus, from the point of view of having every position filled, a
fundamental market-design question is:

If each candidate and job only rank only their top d choices (uniformly and independently
at random), how big does d have to be to ensure that all jobs are matched?

Given that the DA algorithm has been in use for over 70 years, first adopted by NRMP
in 1952, it is surprising that this natural question has not been answered.

1.1 Our Results

Our main result answers this question. We say that a stable matching is perfect if every
job is matched. We tightly characterize the existence of perfect stable matchings in random
matching markets with imbalance and partial preferences.

» Theorem (Informal Statement of Theorem 6). Consider a matching market with n jobs
and n + k candidates where k = o(n), and each candidate has a uniform-random preference
list of length d. Then, there is a threshold dy = Inn - In Z—j_’f such that,

if d > (14 0(1))do, then all stable matchings are perfect with high probability, and

if d < (1 —o0(1))do, then no stable matching is perfect with high probability.

! Candidates submit 20 ranks for free; each additional rank costs $30 up to a maximum of 300 [22].
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Before we proceed, lets put this in context with respect to recent NRMP data. In 2024,
there were about 50, 500 registered applicants, and about 41,500 positions. So going by the
prediction of the above theorem with & = 9000, to ensure that all positions are filled, each
applicant should submit their top In(41500) - In(505000/9000) ~= 19 preferences. Admittedly
there are many factors and decades of refinement that determine the details of systems
such as medical residency programs. However this back-of-the-envelope calculation, though
admittedly fortuitous, does seem to offer a theoretical explanation as to why (a) the NRMP
settled on soliciting about 20 preferences over time, and (b) it is able to successfully fill most
positions.

To motivate our second result, we refocus on the aforementioned “stark effect of competi-
tion” [5]. It turns out that this stark effect is not observed in many real-life datasets. Kanoria
et al [15] proposed that this phenomenon is a consequence of the fact that in these settings,
the applicants typically apply to a small subset of the jobs. However, this explanation only
holds for a restricted parameter range (when k < n'=%(1) and d = o(log?n)). We show a
general lower bound on the rank that the average (matched) candidates can obtain.

» Theorem (Informal Statement of Theorem 12). Consider a stable matching market with
n + k candidates, n jobs and uniform-random preference lists of length d where k = o(n)
and d = w(logn). Let rc denote the expected rank of the best-possible stable partner each
candidate can obtain. Then we have E[re] > (1 — 0(1))@.

To put this result in context, we compare it with the general economic insight in [15]
that a matching market exhibits a significant short-side advantage if and only if the number
of short side agents who remain unmatched is smaller than the market imbalance. Note that
while it is not a priori known how many agents will end up being unmatched, Theorem 12
provides a more complete picture in terms of known market parameters (n, k and d). In
particular, it shows that the stark effect of competition is likely to take shape when the
imbalance k > ne= V4.

One final point worth noting, is that the characteristics of random matching markets
seem to hold when preferences between the candidates are correlated. In particular, [4]
show that even when the preferences are tiered (based on public scores), the average ranks
observed in random markets continue to hold up to constants. This further provides further
explanation for why random matching markets have served as a yardstick for understanding
and guiding market-design over many decades [17, 16, 24, 15, 5, 6].

1.2 Background and Prior Work

Let us first review the deferred-acceptance algorithm [20, 9]. Given the preference lists of
each candidate and job, consider the following procedure in which the candidates “propose”
to jobs on their list. At each point, a candidate without a potential match (chosen arbitrarily)
proposes to the highest job on their list that they have not been rejected by yet. On receiving
a proposal from a candidate ¢, a job j becomes potentially matched to c if ¢ is the highest
ranked among the candidates that have proposed to j so far, otherwise j rejects c. The
process goes on until every candidate has either been rejected by every job on their list, or
has a potential match. At the end, the potential matches are final.

The DA algorithm has some interesting properties that those unfamiliar may find sur-
prising: (a) it always find a stable matching, and (b) this stable matching results in the
best-possible stable partner for all candidates, and the worst-possible stable partner for the
jobs. Beyond algorithmic applications, these properties also make DA an important tool in
the study of random instances.
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The DA algorithm readily generalizes to partial preferences [12]. Notice that if the pref-
erence list length d is too small, some candidates/jobs may remain unmatched. Remarkably,
the set of unmatched agents stays the same in every stable matching (this is referred to
as the Lone Wolf Theorem [21]). Thus, if a perfect stable matching exists, then all stable
matchings are perfect.

1.3 Model and Discussion

Before we proceed, we formally define the model. Consider a two-sided matching instance
My, 4.5 with n + k candidates and n jobs, where k > 0. An edge (c, j) between a candidate ¢
and job j occurs independently with probability d/n (thus the resulting graph is a bipartite
Erdos-Rényi graph Gj,4n,4 graph). Each candidate and job have random ranking over their
neighbors, chosen uniformly and independently. So for example, M,, 5, o is the random stable
matching instance with complete preference lists. We abuse notation and use M, 4 to refer
both to the stable matching instance (graph and rankings) and the graph itself.

We refer to d as the degree of the underlying random graph. One may easily deduce that
for a perfect stable matching, it must hold that (n + k)d > (1 — o(1))nlnn, since otherwise,
M,, 4.5 has no perfect matching with high probability. As noted before, we show that critical
threshold for perfect stable matchings is a bit higher, ~ lnn - In(n/k).

The DA algorithm also naturally motivates another distribution over random stable
matching instances, where each candidate chooses a set of d (chosen in advance) jobs along
with a uniform ranking independently, and each job ranks the candidates uniformly and
independently. This is the model used in past work on partial preferences [13, 14, 15]. We
use MS,dJc to denote this model, and M;Z(Lk to denote the analogous model in which the
jobs choose their top d candidates independently.

As one might expect, the above models are closely related to each other in the sense that
some results (particularly, the type we are interested in) often translate between them when
d > Inn. Indeed, we prove that in this regime, a random instance from one of these models
can be “sandwiched” using instances of another model that are close enough; see Lemma 4.

Discussion on Theorem 6

For balanced markets (when k = 0), the best-known bound for the threshold for the existence
of perfect stable matchings was studied by Pittel [24] in the context of the maximum number
of proposals any agent makes in a balanced market with complete preferences, which is
proved to be ©(In? n). A note at the end of [24] mentions that the sharp threshold of In*n
may be recovered from the results of [25]. However, we are unaware of a self-contained proof
of this fact. Thus, our analysis serves as a new combinatorial understanding of the In%n
threshold for balanced markets.

The threshold for unbalanced markets was studied by [15], who prove (among other
closely related results), the following;:

If d = o(log® n) and k = O(n'~¢), then no perfect stable matching exists w.h.p., and,

If d = Q(log® n) and d = o(n), and k = o(n), all stable matchings are perfect w.h.p.

We improve these results in two significant ways. First, Theorem 6 captures the correct
dependence on the imbalance k. In particular, when & = n/Inn, both the above bounds on
d are not tight, and the right threshold, as given by Theorem 6 is InnInlnn. Second, we
provide a new and (in our opinion) significantly simpler analysis framework which can be
leveraged to establish other properties of interest in these markets. An interesting empirical
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observation made in [15] is that constants hidden in their bounds are much smaller than 1 as
the imbalance gets larger. Thus, the bound in Theorem 6 formally captures this empirical
observation.

Discussion on Theorem 12

As mentioned earlier, [5] analyze the effect of competition in stable matching instances with
complete preferences, that is, M, ,, k.

More recently, [15] focused on the effect of competition as the degree d becomes smaller.
In particular, they study stable matching instances MS .k With polynomially small imbalance,
that is, 1 < k < n'~¢, and show the following dichotomy: (a) when d = o(In®n), both
candidates and jobs are matched to the v/d(1+o0(1))-ranked partner on average and thus there
is no effect of competition, and (b) when d = Q(In®n), there is a stark effect of competition —
the candidates are matched to their (d/Inn)th ranked job and the jobs to their In nth ranked
candidate (in expectation).

The lower bound of v/d(1 + o(1)) is better than the one in Theorem 12 when k < ne~ V4.
Interestingly enough, the regime that they work in, k = n'~¢ and d = o(log® n), reflects this
and the competition in this regime plays a negligible role. Theorem 12 improves their lower
bound of (d/Inn) for larger imbalance. It would be a natural guess that k ~ ne=V4 is where
the “stark effect of competition” phenomenon starts to take shape. So, we conjecture that
the bound in Theorem 12 is tight when k£ > ne=vd,

1.4 Technical Contributions

We develop the following technical tools in our analysis.

First, we compare the proposals in the DA algorithm to a balls-in-bins process. This
comparison itself is not new: analyzing the DA as a balls-and-bins or coupon-collector game
dates back to the original papers by [28, 17]. We add to this approach by providing some
general bounds using simple methods that could simplify similar proofs in the future.

Second, our methods are simple, streamlined, and provide a new analysis framework
for this model. To establish whether or not a stable matching exists, we look at which of
the two competing forces in the DA algorithm occurs first: each of the n jobs receiving a
proposal or k + 1 candidates exhausting all d of their proposals. We analyze this competition
by defining a simple probabilistic game on the “rejection chains” in the DA algorithm. The
methods in [15] also study rejection chains, but at a conceptual level, understanding the
competing forces seems to offer a fundamentally different approach. For instance, the analysis
in [15] requires a bound on the total number of proposals made in the DA algorithm. The
aforementioned game lets us circumvent this and isolate the event of interest (the existence
of a perfect stable matching).

Finally, we study three closely related random models: the symmetric case M, 4 which
is arguably the most natural to state as it is independent of which side of the market proposes,
and the asymmetric models MS 4k and M;l7 dk which the candidates and jobs choose
preference lists of length d respectively. Switching between these models helps analyze the
problem from both sides: in particular, we analyze the candidate-proposing DA on MS dk
and the job-proposing DA on M ;Z dk- We combine these results to obtain a bound for M, 4k
using a “sandwiching lemma” (Lemma 4). We believe that this approach of analyzing the
DA on different random stable-matching instances provides new insights as past work has
only studied the instance M ;.
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1.5 Additional Related Work

The original DA algorithm [9] was extended to the imbalanced case by McVitie and Wilson [20],
and to the case of partial preferences by Gusfield and Irving [12]. Stable matchings have
since been extensively studied over 60 years with several books on the topic; we refer to the
readers to [18]. We mention closely related results below. For a more comprehensive survey
on the history and results on random matching markets, see [19].

Wilson [28] and Knuth [17] reduce the problem of running deferred acceptance in random
balanced matching markets with complete lists, M, ., to the coupon-collector problem
and use it to compute its average complexity. This technique is used in various works
(including this paper), e.g. [15, 4, 5]. [29] showed that the expected number of proposals
in the candidate-proposing DA is at most nH,,. Knuth [17] improved this upper bound to
(n —1)H, + 1 and proved a matching lower bound of nH,, — O(In*n). Thus, the candidates
side are matched to their Innth ranked partner in expectation. In contrast, Pittel [23]
showed that the receiving side is a lot worse and is matched to their (n/lnn)th partner in
expectation.

The model of partial preferences was first considered in [13, 14], who assume that the
proposing side has preference lists consisting of only O(1) jobs (drawn independently at
random using an arbitrary distribution). They use the algorithm to enumerate all stable
partners of an agent (by breaking matches and continually running deferred acceptance)
originally suggested by McVittie [21] and Gusfield [11]. In this paper, we use the simplified
version by [16]. This technique is used in [13, 14, 5] to show that the number of candidates
with more than one stable partner is a vanishingly small fraction, the phenomenon referred
to as “core convergence.”

Non-uniform preference distributions have been studied, e.g. tiered preferences [4] and
correlated preferences [10]. Partial preferences based on public scores was studied in [3].

1.6 Organization

We describe the model, the deferred acceptance algorithm, as well the main building blocks
of our analyses — the probability game — in Section 2. We give the the tight upper and lower
bounds on the threshold in Section 3. Finally, we analyze the expected rank in Section 4.

2 Preliminaries

In this section, we formally present our model, the DA algorithm and other definitions and
notations used in the rest of the paper.

Stable Matchings

Consider a stable matching instance M with n + k candidates C and n jobs J. Without loss
of generality assume that k& > 0. Each candidate ¢ € C has a (partial) preference list of length
d* over a subset of jobs ranking them from the most to least preferred. Similarly, each job
j € J has a (partial) preference list of length dé-” over a subset of candidates ranking them
from most to least preferred. Consider the undirected bipartite graph GM on CU.J where the
edge (c, 7) is present if ¢ appears on j’s preference list and vice versa. Let LM = (jy, ... s Jam)
to denote the list of the candidate ¢ in M. We define L;VI for jobs analogously.

For stable matching instances M; and M5 on C U J, we say that My Ce Ms if for each
candidate ¢ € C, we have that dM1 < dM2 and the first dM1 elements and their order in L2
is the same as in LM1. Moreover, for every job j, the relative ranking of the candidates in
L;”l remains the same. Similarly, we say that M; C s Mo if the same holds for every j € J.
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A matching p is a set of vertex-disjoint edges in G™. A matching u is perfect if each job
j is an endpoint of some edge in p. For simplicity, we let p(c) denote a candidate ¢’s match
in p (let p(c) = 0 if ¢ is unmatched). We define u(j) similarly for a job j. A matching p is
stable if there exists no blocking pair with respect to . A pair (¢, j) where c€ C and j € J
is a blocking pair with respect to the matching p if any one of the following conditions hold:
(a) ¢ prefers j to p(c) and j prefers ¢ to u(j), (b) ¢ prefers @ to p(c), and (c) j prefers @ to

u(j)-

Deferred-Acceptance Algorithm

We describe the candidate-proposing deferred-acceptance (CPDA) algorithm in Algorithm 1.

The job-proposing DA (JPDA) is analogous.
Let U be the set of unmatched candidates. Let R be the set of candidates who have

ezhausted their preference list, that is, have been rejected by all jobs on their preference list.

Algorithm 1 Candidate Proposing Deferred-Acceptance (CPDA) Algorithm.

Fix an ordering over C; Initialize U <— C and R +— 0 and pu(j) < 0 for all j € J
while &/ \ R # 0 do
Pick a candidate ¢ € U with the lowest index

if ¢ ¢ R then
Let j be the most preferred job on ¢’s list that ¢ has not yet proposed to

if j is the last job on ¢’s list then
| add cto R

end
¢ proposes to j; Let ¢ = pu(j)
if j prefers ¢ to ¢’ then
j rejects ¢’
if ¢/ # () then
| add ¢ toU
end
J accepts c;
Set u(j) = ¢ and remove ¢ from U
end

end
end

We use the following properties of the CPDA algorithm.

» Theorem 1 ([9, 20]). The CPDA algorithm has the following properties:

1. It outputs a stable matching p*. The matching ux is candidate optimal, that is, each
candidate is matched to their best-possible stable match. Moreover, ;* is job pessimal,
that is, each job is matched to their worst-possible stable match.

2. The matching p* is independent of the order of the proposals. Moreover, the same
proposals are made during the algorithm, regardless of which candidate is chosen to
propose at each step.

3. (Lone Wolf Theorem) The candidates and jobs that are unmatched in p* do not have
any possible stable partner. That is, the set of unmatched agents is the same across all
stable matchings.

125:7
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Algorithm Terminology

Let the current time step of the CPDA algorithm be the number of proposals made so far.
Since the next proposal is always from a currently unmatched candidate with the lowest
index, a candidate keeps proposing until either they are matched or exhaust their preference
list. Moreover, if the ¢tth proposal results in a rejection of a candidate ¢ (either because ¢
made the proposal, or because the tth proposal causes a previously-matched ¢ to become
unmatched) the next proposal is always from ¢. This sequence of proposals is termed as a
rejection chain in the literature, defined more formally below.

» Definition 2 (Rejection Chain). Fiz any time step t in CPDA (Algorithm 1) and let ¢ be
the next candidate in line to propose. The rejection chain R(t) starting at time step t is
empty if ¢ has been rejected by all jobs on their preference list. Otherwise, let j be the job ¢
proposes to next.

If j is currently unmatched, then R(t) = (c, j, accept).

Otherwise, if j prefers u(j) to ¢, then R(t) = (c, j,reject) o R(t 4+ 1).

Otherwise, if j prefers ¢ to u(j), then R(t) = ((¢, j,accept), (¢, j,reject)) o R(t 4+ 1).

We use the following two observations about rejection chains in our analysis.

» Observation 3. Consider the rejection chain R(t) at time step t defined in Definition 2.

1. R(t) terminates when either previously unmatched job receives a proposal and thus will
remain matched till the end, or a candidate is rejected by all jobs on their preference list
and thus will remain unmatched till the end.

2. In a rejection chain, if d contiguous proposals result in a rejection, then some candidate
must have been rejected d times and must remain unmatched.

Note that Part (2) of the above observation was also used by [15].

Deferred Acceptance on Random Instances

We recall the random stable matching instance M,, 45 defined in Section 1. In this instance,
there are m = n + k candidates and n jobs. The underlying graph is a Erdés-Rényi graph
Gpntk,n,d/m- Thus, an edge (c,j) between a candidate ¢ and job j occurs with independent
probability d/n. Moreover, each candidate and job have a random ranking over their
neighbors, chosen uniformly and independently. The stable matching instance M, 4 refers
to the graph G, 1 5 a/n and the preferences over the edges.

Let us define two other related models of random stable matching instances. Let us
define Mg a4,k to denote a stable matching instance with n jobs, n + k candidates, and each
candidates chooses a preference list of d jobs uniformly and independently. This is the model
in [15].

Similarly, we also define M;Z 4.k Where each job chooses a preference list of d candidates
uniformly and independently.

We analyze the CPDA algorithm on Mgﬁtk and the JPDA algorithm on Mde,k' To
obtain the final result on the symmetric stable matching instance M,, 4, we relate all three
random instances using the following “sandwiching” lemma.

» Lemma 4. (Sandwiching Lemma) For every § > 0, there is a joint distribution (Ms,d(lfé)Jw
Mn,d,hMS,d(Hé),k) such that with probability at least 1 — O (nexp{—62d/3}), we have

c c
Mn,d(ké),k Ce Mn,d,k Ce Mn,d(1+6),k'

The same claim also holds for (M;Zd(lfé),k’Mnad(1+(k/”))>k7M;Zd(l+6)7k)‘
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Since we (eventually) analyze the DA algorithm on a random instance Mg dk» We reveal
the next job j in the list of candidate ¢ when they are called up to propose, uniformly among
all jobs that have not already rejected c. We also reveal ¢’s relative ranking among all the
proposals received by j (including from ¢) when ¢ proposes to j.

2.1 Probability Game

Define a multi-round probabilistic game as follows. In each round, there are three events
that can occur: G (Good), B (Bad), and N (Neutral). Given an input parameter d, for each
round, conditioned on the events in previous rounds, define Pr(G) = pg, Pr(B) > pp and
Pr(N) = pn. The game is won if G occurs. The game is lost if B occurs d times in a row.

Let Pryin(pg,pp) denote the probability of winning this game. Then, we prove the
following.

» Lemma 5.

Pr(pg,pp) < d- IZZTZ
Proof. Suppose the game is played for ¢ rounds, and let S = (s1,$2,...,$;) denote the
random sequence of events that occur. Consider a new game that is the same as the original
except now Pr(B) = pp, and let S" = (s}, s, ..., s;) denote the random sequence of events
that occur when the new game is played for ¢ rounds. Let Pry;, be the winning probability
in the new game. Through a coupling argument, we first show that Pryi, < Pryiy.

Given the sequence S’, we create a sequence S as follows. For 7 > 0, as long as the game
does not end in a loss at ¢ rounds, do:

if s} = G, then s; = G,

if s} = B, then s; = B,

if s; = N, then s; = N with probability % and s; = B otherwise. Here piy =

Pr(s; =B | si—1,...,81) > DB-
Note that whenever S’ ends in a loss (event B occurs d times in a row), then S also ends in
a loss. Thus, Pryin < Pryin.

Finally, we finish the proof of the lemma by using the following recurrence.

Pr =pc+pn- Pr4ps-py- Pr4pp-Po + % -pN-VEIIl-/+p% DG
+o ot pE pN s Proppe
win

:pG"FpN‘VEYI:/(l-i-pB+p%+...+pd371)+p3'pG(1+pB+p%+...pd372)

1— d 1_pd71
ZPG-H?N'PY( pB>+PB'PG —
win’ 1—pB l_pB

So we have
_pe(l—pp) +ps-pe(l—p5") _ pe—p§
win’ 1—pg—pnN+pN-DPE pc +pN P
1— d
_pe, (d—pB) <a.be )
ps  (pc/p% +pN) P

We say an event £ occurs with high probability if P(€) =1 — o(1).
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3 Sharp Threshold for Perfect Stable Matchings

In this section, we formally state and prove our main theorem.

» Theorem 6. Consider a stable matching instance My, 4, where 0 <k =o(n) and1 < d < n.
Then, for each € > 0,

.ifd>(1+€)lnn-ln (fo) then w.h.p, all stable matchings are perfect, and

.ifd<(1—¢e)lnn-In (k+1) then w.h.p, no stable matching is perfect.

That is, we prove tight upper and lower bounds on the degree d that determines whether
or not a stable matching exists in a random matching market with imbalance k£ and average
degree d. As alluded to earlier, we prove the lower bound on M d(140(1)),k? and upper bound

onM d(1—o(1)),k"

» Lemma 7. Foranye >0, ifd<(1—¢)lnn-In (WJM))’ then

P (Mc 4. has no perfect stable matching) > 1 — (k/n))

n7

» Lemma 8. Foranye >0, ifd>(1+¢)lnn-ln (%), then

]P’(M;Zd_k has a perfect stable matching) > 1 — n =),

We prove Lemmas 7 and 8 in Section 3.2 and Section 3.3 respectively. Using them, we
finish the proof of Theorem 6 below.

Proof of Theorem 6. Let us denote dy := lnn - In (Z—“ﬁ and k = o(n). Observe that

1
do Nlnn~ln(#(:+k)) for k <n.

Denote M = M,, g,(1—¢),k, and M€ Mn do(1—¢/2) k" For the proof of part 1, it suffices
to prove the same statement for M. Indeed, since by Lemma 4, there is a joint distribution
(M, M€) such that M Ce M€ with probability at least 1 — nexp{—Q(e2dy)}). By part 2
of Theorem 1, we have that if the CPDA algorithm on M€ does not give a perfect stable
matching, then it does not give one even in M.

The proof of part 2 proceeds in a similar fashion, using M (1+-(J/n))do (14¢/2) K <

3.1 High-level Overview

We first describe the high-level idea of the upper and lower bound proofs for the balanced
case (k =0) to give some intuition.

Lower bound

To show that a perfect stable matching does not exist when the average degree d < (1—¢)In*n
in My, 4,0, we analyze the proposals when the CPDA algorithm is run on the random instance
MS 4,0- Thus, each candidate has a preference list of length d. Notice that in the CPDA, as
soon as all n jobs receive even a single proposal, the final matching must be perfect. This
is because jobs only upgrade their potential matches as the algorithm proceeds. On the
other hand, a candidate ¢ remains unmatched if ¢ has been rejected by all d jobs on their
preference list. Thus, to show that a perfect stable matching does not exist, we show that
some candidate exhausts all d of their proposals before all n jobs receive a proposal. We
model this using the probability game from Section 2.1. Finally, we set the probabilities in
the game using a careful coupling between CPDA and a balls-in-bins process.
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This proof naturally extends to the unbalanced case: we simply analyze the probability
that k 4+ 1 candidates exhaust all d of their proposals before all n jobs receive a proposal.

Upper bound

To show that a perfect stable matching exists when the average degree d > (1 + ¢) In®n in

M,, 4.0, we analyze the proposals in the JPDA algorithm on the random instance M;Zd o

Thus, each job has a preference list of length d. To prove that each job gets matched, we look
at all the proposals made by the last job j in JPDA and compute the probability that j gets
rejected from all d candidates on its list and show that it is small. For a single proposal from
j to a candidate ¢ to be successful, not only must ¢ accept it but the resulting rejection chain

must not knock j off. We use the probability game to compute the probability of the latter.

3.2 Lower Bound on Threshold

Next, we prove the lower bound for any k = o(n) formally.

Proof of Lemma 7. Let ko := n'~9(® be small enough that 0 < (d/2)~12/<. We split the
analysis into whether k is larger or smaller than k.

Case 1: k < kg. Let P denote the event that ngdﬁk has a perfect stable matching. Recall
that in MS 4.k» €ach candidate has a preference list of length d. We consider the CPDA
procedure in Algorithm 1 on Mg dk- We define an eztended process in the algorithm where
there are n + k real candidates and co “fake” candidates and n jobs. Recall that we assume
that there is some predetermined order on the candidates and the unmatched candidate with
the least index is next in line to propose.

Fix k =nlnn — Cn, for C = O(eln(n/(n + k))). Suppose x proposals have been made.

We consider the rejection chain R(k) as defined in Definition 2. In particular, consider the
proposal made by candidate ¢ at step x + 1. We have the following cases: (a) the proposal
goes to an unmatched job and is accepted, (b) the proposal goes a matched job and is
rejected, and (c) the proposal goes to a matched job, is accepted, which causes its previous
match ¢ now to be free. By Observation 3, R(k) ends when either a proposal goes to an
unmatched job, or when some candidate exhausts all their d proposals (and thus remains
unmatched).

Let us define the following events and then bound their probabilities.

Let M be the event that CPDA finds a (potential) matching of size n before k + 1

candidates have exhausted all d of their proposals.?

Let £ be the event that every job gets a proposal from a candidate in at most x rounds.

Let B be the event that after k rounds, the probability that the next proposal from a
candidate is accepted is greater than (1 + 5).
Let £ be the event that the number of unmatched jobs at # rounds is at least e2¢.

Then,
P(P) < P(M) < P(M|BEL) +P(B) + P(€) + P(L). (1)

As there are n + k real candidates and n jobs, there is no perfect stable matching if more
than k candidates end up with all d of their proposals rejected before all n jobs receive even
a single proposal. We have the following claim whose proof is omitted.

2 Note that a potential matching of size n is found as soon as n jobs have received a proposal from some
candidate (not necessarily their final match).
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> Claim 9. The following inequalities hold:
1. P(B) < O0(1/y/n).

2. P(€) <e .

3. P(L) <2e7C/2 + O(1/y/n)

We finish the proof as follows. Let pg (= 1 — niﬁ(l + 5). Conditioned on B, the
next proposal is rejected with probability at least pp. Conditioned on &, let pg be the
probability of the next proposal goes to an unmatched job. By Observation 3 (1) the number
of unmatched jobs stays the same during all proposals that occur within the rejection chain
R(x). By Observation 3 (2), any time there are d rejects in a row in R(k), some candidate
must have exhausted all d of their proposals.

Now, we use the probability game from Section 2.1 with pg = % Using Lemma 5 and
the fact that Pyin(pa, pp) is the probability that every subsequent rejection chain ends in a

new job getting matched, we get the following:
]Pwin (PGJ)B) S d- PGp;gd
—(1—¢) lnnln(ﬁ(:w)
<d-e2Cn7! (1 - a+ 6/3))
n—+k

—1+€/2
<d,€20n1<k+n/(”+k)> e
- n+k

In the last inequality, we used the fact that 1 — z > e‘”‘xz, and that k =

€/4 e
Q(nlnn). So, with probability at least 1 — <d - e2¢ (% + %M) (1+ %)1 /2> the next

1—e/4
n- (% + %Hc) > k rejection chains end in an additional unmatched candidate. Therefore,

€/4 1—e€/2
P(M|BEL) < d - ¢*° (k 41 ) (1 + ’“) . )
n n+k n

Finally, substituting C' = O(eln(n/(n + k))) and k/n < (d/2)~'?/¢, and plugging in the
bounds from Claim 9 and Inequality (2) into the expression in Inequality (1), we get

P(P) < (k/n)™) < (logn) =M.

Case 2: k > ko. We repeat a similar argument as before using the extended JPDA, setting
k=(n+k)ln (”T*k) (1 —¢) for some small § > 0. As before, we have:
Let M be the event that JPDA finds a (potential) matching of size n before any job has
run out of proposals.?
Let B be the event that after x rounds, the probability that the next proposal to a
candidate is accepted is greater than 7--(1+ 5).
Let &€ be the event that there are fewer than % unmatched candidates at x rounds.
We have

P(P) < P(M) < P(M|BE) + P(£) + P(B).

Similar to Claim 9, we have the following claim:

3 Note that a potential matching of size n is found as soon as n jobs have received a proposal from some
candidate (not necessarily their final match).
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> Claim 10. The following inequalities hold:
1. P(B) < O(1/y/n).
2. P(&) <O(1/+/n).
We finish the argument as follows: Conditioned on £, there are at least nk—fk unmatched
jobs at this point. Conditioned on B, the probability that the next job runs out of proposals

d
without matching to a candidate is at least (1 - (1 + §)) > n~!*1. So, the probability

that at least one job runs out of proposals in the next n’“—fk = n'=9(©) rejection chains is at
least 1 — n =9, |

3.3 Upper Bound on Threshold

Below, we prove a tight upper bound on the threshold.

Proof of Lemma 8. Suppose d > (1+¢€)Inn-In (WM) Consider the JPDA algorithm

(analogous to Algorithm 1). Fix a job j, and let us place it in the last place in our
predetermined order for the JPDA algorithm — that is, j is the last job that has not yet
proposed to any candidate on their list. Let x be the number of proposals at the moment
j starts proposing. Let (the random candidate) ¢ be j’s next proposal and N. be the
random variable denoting the number of proposals ¢ has received so far. We have that
E[N,|k] = k/(n + k). Observe that j’s proposal to ¢ is successful if the following two events
occur:

1. c accepts j’s proposal, and

2. the resulting rejection chain R(x) does not end with j getting unmatched.

The first event occurs with probability 1/(N, + 1).

To bound the probability of the second event, we analyze the proposals in R(7) using the
probability game from Section 2.1. In the particular, consider the probability game with
parameter d = 1. Let G be the event that j gets unmatched because another job j' proposes
to ¢ in R(7). Then, pg < WM
list is at most 1/m and ¢ must prefer j' to the N, + 1 proposals it already has received. Let

because the probability that ¢ is next on j’ preference

B be the event that the rejection chain R(k) ends without j getting kicked off from ¢ in R(k).

This occurs if R(k) ends in a new candidate getting matched. Thus pg > TLL-FIC + W
Then, Py, corresponds to the probability that j does not end up being matched to ¢ at
the end of R(k), and by Lemma 5 we have,

n+k < 1
kE+n/(n+k)-(n+k) - (N.+2) = N.+2

3)

]Pwin S PG/pB S (

Thus, the probability that j’s proposal to c is successful is at least

1 1
E{Nc+1 (1_NC+2>}

_E 1 S 1 B n+k n+k
T [Ne+2| TE[N.+2  E[g]+2(n+k) ~ E[r]+4n’

Here 7 denotes the final number of proposals (at the end of JPDA) and & is the number
of proposals at the time j started proposing.
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Finally, the probability that j remains unmatched at the end of JPDA is the probability
that all d of j’s proposals fail. This occurs with probability

n+k 1 (n+k)-d
<|l1-"T" | < e
—{ E[T}+4n} —eXp{ E[7] + 4n
d 1
< . (4)
n+k - 1+6/2
4+1In (k+n/J(rn+k)) "

Here, the inequality in step 4 follows from the following claim whose proof is omitted.

< exp

> Claim 11. E[r] < (1+¢/2)-m-In (Wm) +o(1)

Theorem 1 part 3 gives us that this holds for any job j. Thus the expected number of
unmatched jobs is at most n~¢/2, which gives us the desired bound. |

4 Effect of Competition

In this section, we prove a lower bound on the expected ranks of the candidates and the
number of proposals in CPDA in an unbalanced random matching market with imbalance k.
In particular, we prove the following.

» Theorem 12. Consider a stable matching instance Mg’d’k where 0 < k = o(n) and
d = w(logn). Let rc denote the expected rank of the best-possible stable partner each
candidate can obtain. Then we have the following inequalities

L Efre] 2 (1 - o(1)) e,

B YA CET)

2. if (n+k)e= Ve > 1, then Elre] > (1 — o(1))V/d.

Proof of Theorem 12. Consider the JPDA algorithm on M;Zd’k. We use the following
lemma from past works [7, 13, 17].

» Lemma 13 ([7]). Fiz a job j and for any preference list P; of job j and index i € [n], let
P]? denote the preference list P; truncated at index i. Then, job j has a stable partner of rank
better than i if and only if j is matched in CPDA even if j truncates their list after rank i.

We fix a candidate ¢*. Let X be the random variable that represents ¢*’s highest-rank
stable partner (among all stable matchings). Let Y be the highest rank offer ¢* receives
if in the JPDA algorithm ¢* keeps rejecting all proposals (and we keep running JPDA).
Lemma 13 gives us that E[X] = E[Y]. Let Z be the random variable representing the number
of proposals received by ¢* during this algorithm where ¢* rejects all proposals.

Let us compare the JPDA process to a random balls-in-bins process. Assume that there
are m = n + k bins (one for each candidate). Suppose balls are being thrown uniformly and
independently in the bins. Fix a bin ¢* and let Z be the number of balls in ¢* at the time
that exactly n + 1 bins are occupied. Let x be the number of balls thrown at this point. We
show that this process stochastically dominates JPDA as follows.

» Lemma 14. There is a coupling between the JPDA algorithm and the balls-in-bins process
so that Z < Z, and T < K.

Proof. We abuse notation and use [m] to denote both the set of bins and the set of candidates.
Consider the following coupling between the processes of JPDA and balls-in-bins.
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Suppose at a point in the JPDA algorithm, a job j € [n] is required to make a (random)
proposal, and so far, C; is the set of candidates that j has already proposed to. We keep
throwing balls-into-bins uniformly at random until we hit a bin x € C;. We assign x as the
next proposal of j. Thus the distribution of the next proposal of j is uniform on [m] \ C;.

Let 7 and k denote the number of proposals made and number of balls thrown in the
above algorithm respectively. Fix any ¢ € [m], and let Z and Z denote the number of
proposals received by the candidate 7 and the number of balls in the bin i respectively. We
finish the proof by noting that the set B’ of bins occupied is a superset of the set C’' of
candidates who received proposals (the algorithm could end earlier than the balls-in-bins
process, where we have unlimited balls). Also, for the above process, 7 < k and Z < 7. <

As an immediate consequence, using symmetry, we have
E[Z] < E[Z] = E[E[Z|x]] = E[x/m].

Since ¢* has d jobs on their list, the expected highest rank proposal they receive is
Elrc] = E[Y] = E[E[Y|Z]] = E[d/(Z +1)] > d/E[Z + 1] > d - m/(E[] + m).

So the expected rank of the highest ranked stable match of every candidate is at least r,.
Therefore, the expected number of proposals in the CPDA algorithm is at least d - m?/E[x].

The proof is completed by the following proposition, whose proof is identical the proof of
to Claim 11 and so we omit it.

» Proposition 15. E[x] < (1 + o(1))mIn (%) <
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