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—— Abstract

We present a dependent randomized rounding scheme, which rounds fractional solutions to integral
solutions satisfying certain hard constraints on the output while preserving Chernoft-like concentration
properties. In contrast to previous dependent rounding schemes, our algorithm guarantees that the
cost of the rounded integral solution does not exceed that of the fractional solution. Our algorithm
works for a class of assignment problems with restrictions similar to those of prior works.

In a non-trivial combination of our general result with a classical approach from Shmoys and
Tardos [Math. Programm.93] and more recent linear programming techniques developed for the re-
stricted assignment variant by Bansal, Sviridenko [STOC’06] and Davies, Rothvoss, Zhang [SODA’20],
we derive a O(logn)-approximation algorithm for the Budgeted Santa Claus Problem. In this new
variant, the goal is to allocate resources with different values to players, maximizing the minimum
value a player receives, and satisfying a budget constraint on player-resource allocation costs.
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1 Introduction

A successful paradigm in the design of approximation algorithms is to first solve a continuous
relaxation, which can typically be done efficiently using linear programming, and then to
round the fractional solution = € [0,1]¢ to an integer solution X € {0,1}%. Careful choices
need to be made in the rounding step so that the error introduced is low. Independent
randomized rounding is one of the most natural rounding schemes. In the simplest variant, we
independently set each variable X; to 1 with probability z; and to 0 with probability 1 — x;.
The advantage is that the value of every linear function (over the d variables) is maintained
in expectation. Moreover, for linear functions with small coefficients, a Chernoff bound yields
strong concentration guarantees for the value. Hence, if the initial solution z satisfies some
linear constraints from the continuous relaxation, we can often argue with several Chernoff
bounds combined by a union bound that they are still satisfied up to a small error by the
rounded solution X.
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In some cases, however, the problem dictates structures or hard constraints on the solution.
For example, we might require X to be (the incidence vector of) a perfect matching in a given
graph or the basis of a given matroid. Perfect matchings or bases are objects that are quite
simple in many computational aspects, but it is typically very unlikely that independent
randomized rounding on a fractional object, that is, a point in the convex hull of the objects
we want, results in one of these objects. This motivates so-called dependent randomized
rounding. Here, the goal is to achieve similar guarantees as independent randomized rounding,
but with a distribution over a restricted set of objects, which necessarily introduces some
dependency between variables. These rounding schemes are typically tailored to specific
object structures and achieving comparable goals is already challenging for very simple
structures.

For bipartite perfect matchings, a fundamental structure in combinatorial optimization,
one cannot hope to achieve similar concentration guarantees to independent randomized
rounding, due to the following well-known example. Given a cycle of length n € 2N, there
are only two perfect matchings, the two alternating sets of edges. If the values of a linear
function over the edges alternate between 0 and 1, then the fractional matching, which takes
every edge with 1/2 will have a function value of n/2, but each of the integral matchings
incurs an additive distortion of (n), much higher than the bound of O(y/n) that holds
with high probability if each edge is picked independently with probability 1/2. If one
considers b-matchings or other more general assignment problems, however, then there are
non-trivial guarantees that can be achieved with dependent rounding. Gandhi, Khuller,
Parthasarathy, and Srinivasan [11] show that between any two edges incident to the same
vertex, they can establish negative correlation. Furthermore, their algorithm has the natural
property of marginal preservation, which means that the probability of X, = 1 is equal
to the fractional value z. for each variable X.. Together this implies strong concentration
guarantees at least for linear functions on the incident edges of each vertex. The following
proposition is a consequence of their result.

» Proposition 1. Let G = (AU B, E) be a bipartite graph and x € [0,1]F represent a
fractional many-to-many assignment. Furthermore, let ¢ € REO, and ay,...,a; € [0,1]F
such that for each j € {1,...,k} there is some v € AU B with supp(a;) C §(v). Then, in
randomized polynomial time, one can compute X € {0,1}¥ satisfying with constant probability
Cost Approximation. c'X < (1+¢€)-c'x

Concentration. lajz — a] X| < O(max{logk, \/alx -logk}) for all j € {1,...,k}
Degree Preservation. X (d(v)) € {|z(d(v)], [z(6(v))]}

Here, € > 0 is an arbitrarily small constant that influences the success probability.

A generalization to matroid intersection with a similar restriction was shown by Chekuri,
Vondrack, and Zenklusen [7]. The same work also presents a dependent rounding scheme
for a single matroid that outputs a basis satisfying similar concentration bounds on linear
functions without a restriction on the support. In this study, we ask the following question:

Can we avoid an error in the cost for dependent rounding while maintaining comparable
other guarantees?

We call a rounding algorithm cost preserving if it does not exceed the cost of the fractional
solution we start with. Here, we focus on the stronger variant where distributions are only
over objects that are cost preserving, although one might be satisfied with a sufficiently high
probability of cost preservation in some cases. We have no evidence that such a relaxation
would make the task significantly easier.
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There are several situations where even the seemingly small cost approximation of (1 +¢€),
as derived from marginal preservation and Markov’s inequality in the previously mentioned
result, is unacceptable. For example, the cost of the fractional solution might come from
a hard budget constraint ¢'z < C in the problem. Another situation is an extension of
the objective function to potentially negative values, representing for example the task of
maximizing profit = revenue - cost. Here, Markov’s inequality cannot be applied at all.
Finally, an algorithm that preserves the cost provides polyhedral insights: every fractional
object is in the convex hull of integer objects that marginally deviate in the considered
linear functions. And similarly, the (non-integral) polytope of a relaxation is contained in an
approximate integral polytope. It is easy to see that cost preservation is incompatible with
marginal preservation and hence cannot be satisfied by the dependent rounding schemes

above: consider d + 1 variables xg, z1,..., x4 of which exactly one is selected, then this can
be modeled by bases of a uniform matroid or a degree constraint in the assignment problem
above. Suppose that ¢; = --- = ¢q = 1/(1 —279) > 1 and ¢y = 0 where the fractional
solution is given by z; = --- = z,, = (1 — 27%)/d and zg = 2%, leading to a cost of 1.

For a marginal preserving distribution, the probability that the integral solution X has a
cost lower than 1 (i.e., Xo = 1) is exponentially small. Note, however, that this is not an
immediate counter-example to our stated goal: in this example, deterministically choosing
Xo=1 (and X; = -+ = Xy = 0) still maintains |a"z —a" X| < 1 for every a € [0,1]4F1.

Our contributions

Our results are twofold. First, we show that one can obtain comparable guarantees to
Proposition 1 while preserving costs.

» Theorem 2. Let G = (AU B, E) be a bipartite graph and x € [0,1]¥ represent a many-
to-many assignment. Furthermore, let ¢ € RF and ay,...,ar € [0,1]% such that for each
je{1,... k} there is some v € AUB with supp(a;) C §(v). Then, in randomized polynomial
time, one can compute X € {0,1}¥ satisfying with constant probability

Cost Preservation. X <cz,

Concentration. lajz — a} X| < O(max{logk, \/ajx - logk}) for all j € {1,...,k},
Degree Preservation. X (6(v)) € {|z(6(v)) ], [=(0(v)) 1}

Note that in contrast to the previous result, we allow for negative components in the cost
function c.

Second, we present a non-trivial application of our theorem to an allocation problem
we call the Budgeted Santa Claus Problem (with identical valuations). Colloquially, it is
often described as Santa Claus distributing gifts to children on Christmas. Formally, there
are n resources R (gifts) to be distributed among m players P (children). Each resource j
has a specific value v; > 0. Additionally, there is a total budget of C' > 0, and assigning
a resource j to a player 4 incurs a cost denoted by ¢;; > 0. The goal is a distribution of
resources among the players where the least happy player is as happy as possible and the
total cost does not exceed the budget C'. Formally, we aim to find disjoint sets R; C R,
i € P, maximizing min;ep ) ;. p, v; while ensuring that 37, 5 > .. ¢;j < C. Note that
not all resources need to be assigned. However, the variant, where all resources must be
assigned can be shown to be not more difficult than our problem, see Appendix A.1.

It is possible to consider an even more general variant where each value v;; depends on both
player ¢ and resource j, which we call the unrelated valuations. Mainly, we restrict ourselves
to identical valuations because the understanding of unrelated valuations in literature is
rather poor — even without considering costs. In fact, much of the recent literature is
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focused on the so-called restricted assignment case of unrelated valuations (without costs),
where v;; € {0,v;}, meaning each resource is either desired with a value of v; or worthless to
a player. Among players who desire a particular resource, its value is the same. Our budgeted
variant generalizes the restricted assignment case: observe that by setting costs ¢;; € {0,1}
and C' = 0, we can restrict the set of players to which a resource can be assigned. In a
non-trivial framework, we apply our dependent rounding theorem to obtain the following
approximation guarantee.

» Theorem 3. There is a randomized polynomial time O(logn)-approximation algorithm for
the Budgeted Santa Claus problem.

Other related work for dependent rounding

Saha and Srinivasan [15] also provide a dependent rounding scheme for allocation problems,
focusing on combinations of dependent and iterative rounding. Bansal and Nagarajan [5]
combine dependent rounding with techniques from discrepancy theory, known as the Lovett-
Meka algorithm [14]. They prove that one can round a fractional independent set (or basis) of
a matroid to an integral one, while maintaining comparable concentration guarantees to both
Lovett-Meka and Chernoff-type bounds. We note that Bansal and Nagarajan also integrate
costs in their framework, but they make the assumption that the costs are polynomially
bounded, which is inherently different from our setting (apart from the fact that they consider
matroids).

Another well-known dependent rounding scheme is the maximum entropy rounding
developed by Asadpour, Goemans, Madry, Gharan and Saberi [3]. This is used to sample a
spanning tree, i.e., a basis of a particular matroid, while guaranteeing negative correlation
properties and therefore Chernoff-type concentration. This result led to the first improvement
over the longstanding approximation rate of ©(logn) for the asymmetric traveling salesman
problem (ATSP). However, all algorithms above guarantee marginal preservation, which
means they cannot guarantee cost preservation.

At least superficially related to our work is the literature on multi-budgeted independence
systems [8, 12]. Here, the goal is to find objects of certain structures, e.g., matchings or
independent sets of matroids, subject to several (potentially hard) packing constraints of the
form a'z < b for some a € R%,, b € R>g. This can also be used to model cost preservation
alike to our results. Chekuri, Vondrak, and Zenklusen [8] and Gradoni and Zenklusen [12]
show various positive results in a similar spirit to ours. These results, however, are restricted
to downward-closed structures where for a given solution, formed by a set of elements,
all subsets are valid solutions as well. For example, Chekuri, Vondrak, and Zenklusen
achieve strong concentration results for randomized rounding on matchings, but this relies on
dropping edges in long augmenting paths or cycles in order to reduce dependencies. Gradoni
and Zenklusen [12] give a rounding algorithm for a constant number of hard budgets, but
this requires rounding down all components of a fractional solution. Hence, these results are
unable to handle instances like matroid basis constraints, perfect matching constraints, or
degree preservation as in Theorem 2.

Other related work for the Santa Claus problem

Omitting the costs in the variant we study, the problem becomes significantly easier and
admits an EPTAS, see e.g. [13], which relies on techniques that contrast with the ones that
are relevant to us. As mentioned before, the problem with costs generalizes the restricted
assignment variant and therefore inherits the approximation hardness of 2 — e due to [6]. Here
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and in the following, we use restricted assignment synonymous with the variant without costs,
but v;; € {0,v;}. Bansal and Srividenko [6] developed a randomized rounding algorithm for
the restricted assignment. Normally, this would lead to a similar logarithmic approximation
rate as ours (for the problem without costs), but they show that combining it with the
Lovész Local Lemma yields an even better rate of O(loglogm/logloglogm). Using similar
techniques, the rate was improved to a constant by Feige [10]. Note that this randomized
rounding uses intricate preprocessing that violates the marginal preserving property and
thus cannot even maintain the cost of a solution in expectation. Based on local search,
there is also a combinatorial approach, see e.g., [4, 2, 1], which yields a (better) constant
approximation for restricted assignment. However, it is not at all clear how costs could be
integrated in this framework.

Finally, a classical algorithm by Shmoys and Tardos [17] gives an additive guarantee,

where the rounded integral solution is only worse by the maximum value vpmax = max;; v;;.

Therefore, it even works in the unrelated case without increasing the cost. Notably, they
state this result for the dual of minimizing the maximum value, namely the Generalized
Assignment Problem. The mentioned guarantee for Santa Claus is followed by a trivial
adaption, see Lemma 10. Although very influential, this is the only technique we are aware
of which considers the problem with costs. Unfortunately, this additive guarantee does not
lead to a multiplicative guarantee, since the optimum may be lower than vy.x. In fact, it is
well known that the linear programming relaxation used in [17] has an unbounded integrality
gap even for restricted assignment [6]. Hence, one cannot hope to improve this by a simple
modification. Nevertheless, this algorithm forms an important subprocedure in our result.

Notation

First, we introduce some necessary notation. Let S, T € {0,1}¥ be edge sets in a bipartite
graph G = (AU B, E). For all T'C S, define S(T') = >__ ., Se. Let P be the convex hull of
degree preserving edge sets S € [0, 1]¥. Moreover, for any v € AU B define §(v) = {e € E | v
is incident to e}. For the sake of simplicity, we use the shorthand notation [¢] = {1,...,q}
for any ¢ € N. Furthermore, for any vector a € [0,1]¥, the support of a is denoted by

supp(a) = {e € E'| a. # 0}.

2 Budgeted Dependent Rounding

This section will introduce a dependent randomized rounding procedure, which produces an
integral solution satisfying certain concentration guarantees, while preserving the cost and
the degree of the fractional solution. The formal properties are summarized in the following
theorem.

» Theorem 2. Let G = (AU B, E) be a bipartite graph and x € [0,1]¥ represent a many-
to-many assignment. Furthermore, let ¢ € RE and ay, ..., a; € [0,1]F such that for each
je{1,...,k} there is some v € AUB with supp(a;) C §(v). Then, in randomized polynomial
time, one can compute X € {0,1}¥ satisfying with constant probability

Cost Preservation. X <z,

Concentration. lajz — a} X| < O(max{logk, \/alx -logk}) for all j € {1,...,k},
Degree Preservation. X (8(v)) € {[z(6(v)) ], [(6(v)) 1}
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Throughout this section, the proofs of the technical lemmas are deferred to Section 2.1.
An oversimplified outline of our algorithm is as follows: imagine z is the average of two
integral edge sets, then the result can be shown by decomposing the symmetric difference of
both edge sets into cycles and paths. We reduce to this case by starting with many edge sets
and iteratively merging pairs of them in a tree-like manner.

In order to find the initial integral edge sets, we compute a representation of = (or rather
another similar assignment y’) that is a convex combination of degree preserving edge sets
such that its scalars satisfy a certain level of discreteness. Let P be the convex hull of degree
preserving edge sets S € {0,1}F, that is, those S that satisfy for all v € AU B

S(6(v)) € {l=(6(v))], [2(5()T}-

It can be shown that x is contained in P and, in particular, x is a convex combination of
degree preserving sets. In the following lemma, we show something even stronger: there
exists a fractional assignment y at least as good as x, which is the convex combination of
only few edge sets and has few fractional variables in the support of each constraint.

» Lemma 4. There exists a convex combination y = Zie[k] AiS; where A\; € [0,1] and
Zie[k] Xi =1 and S; € PN {0,1}F with

cTy < ' (1)
a}y:a}x vie{l,...,k} (2)
{e € 6(v) | ye ¢ {0,1}}] < 2k Yve AUB (3)

Considering y as a vertex solution of a linear program, the proof follows from analyzing the
structure of polytope P. For our algorithm, however, the scalars \; are not discrete enough.
Hence, we use the following lemma to round y to a more discrete assignment 3’

» Lemma 5. Let € Nxg and y = ;9 MiSi where A € [0,1], Y,cpq M = 1, and
S; € {0,1}F. In polynomial time, we can compute y' = Zie[k] A\,S; where Zie[k] N, =1 and

N, € 37 - Lo, Vie{l,...,k} (4)

N =i, Vie {1,....k} A € {0,1) (5)

lye — yol < k- 5, Ve € E (6)
'y <cly. (7)

We prove this lemma by constructing a flow network and the standard argument that integral
capacities imply existence of an integral min-cost circulation.

Notably, this is the first time we incur a small error for the linear functions a; while the
cost is preserved. More precisely, we use the lemma with ¢ := 2log(2k). From Equation (6)
follows that for all e € E

lye —yol < k-5 < 5z (8)

Therefore, the linear functions also slightly change. Using Equations (3) and (8), it holds
that for all j € {1,...,k}

lajo —ajy'| = lajy —aly'| = Y (a;)elyl —ye| < 1. 9)
ecE

Since y’ is a convex combination of (integral) degree preserving sets in P, we have 3’ € P.
In other words, the scalar rounding in Lemma 5 does in fact preserve the degree of y.



L. Rohwedder, A. Rouhani, and L. Wennmann

Next, we construct a complete binary tree 7 with levels 0,1,...,¢, where each node
will be labeled with an edge set. When the algorithm finishes, the label of the root will
be X € {0,1}F and satisfy the properties stated in Theorem 2. In the following, we describe
how the algorithm TREEMERGE creates the labels on 7. The lowest level ¢ represents the
fractional assignment 3y’ = Zie[k] MiS; where S; € PN {0,1}¥ are degree preserving edge
sets. As we can write A} = hi/2e for some h; € Z>¢ and all h; sum to 2¢ we can naturally
label h; leaves of level £ with S; for all ¢ € {1,...,k}. Thus, ¢’ is the average of all labels of
level £. For all j € {0,...,¢ — 1}, the labels of level j are derived from those in level j + 1
such that each node’s label is closely related to those of its two children. Similar to the last
level, each level j represents a (fractional) edge set yg by taking the average of all labels in
this level.

One of the central goals in the construction of y; is to guarantee cTyg < cTy;- 11- We
achieve this by creating two complementary labelings of level j and selecting the better of
the two. Denote the labels of level j + 1 by Sa;_1,S9; for all i € {1,...,27}. Here, each
pair So;_1,S2; represents the children of the i-th node in level j. For node i, we construct
two potential labels T;, T/ € {0,1}¥ using a random procedure with the following guarantees.

» Lemma 6. Let Sy,S5; € {0,1}F. There exists a random polynomial time procedure that
constructs two random edge sets T,T' € {0, 1} with the following properties.
It holds that T +T' = Sy + Se and B(T) =E(T") = (S1 + S2)/2.
For allv € AUB it holds that T'(6(v)), T'(d(v)) € {[ (S1(6(v))+S2(6(v)))/2 ], [ (S1(d(v))+
$2(6(0)))/21}-
For allv e AU B and all e € §(v), there is at most one edge ¢ € §(v) \ {e} such that T,
depends on Ter. Likewise, there is at most one edge €' € §(v) \ {e} such that T, depends
on T,.

The lemma can be derived in two steps. First, decompose the symmetric difference of S
and So into cycles and paths. Second, for each of cycle and path, randomly select one of
the alternating edge sets for T' and the other for T7”. This random process is similar to other
dependent rounding approaches, e.g. [7, 11], except that we also store 7" that contains the
“opposite” to every decision in T'.

We create one fractional assignment from the random edge sets T3, i € {1,...,27}, and
one from T7, i € {1,...,27}, and pick the lower cost assignment for y; Formally, let
zj:%ZTi and Z;ZQ%ZTZ
1€[27] i€[24]

From the fact that T; + T = Sg;_1 + So;, it immediately follows that (z; + z;)/2 = y;-_H.
If 'z < cTz;-, set y; = z;. Otherwise, y; = z;. Consequently, we have that

Ty < Tz + )2 =yl (10)

We determine the labels of level j by picking either T; (if z; was chosen) or T} (if 2} was
chosen). Repeating the procedure for all j € {¢ —1,...,0} results in a label for the root
node that is identical to yj. We conclude by setting X = y. As a last step before proving
the main theorem, we bound how much the linear functions a; can change in each level.

» Lemma 7. Let v € AUB and a € [0,1]% with supp(a) C 6(v). Let yj,, € [0,1]F be the
fractional solution of the (j + 1)-th level of TREEMERGE and y; € [0, 1)¥ that of the j-th
level. Let t = 132Ink. Then with probability at least 1 — 1/k'°, it holds that

|aTy;‘ - aTy;‘_H‘ <97i/? (t +1/a"Y ’t) . (11)
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This lemma follows from a standard Chernoff bound. We are now in the position to prove
Theorem 2 using the lemmas above.

Proof of Theorem 2. Let ¢ = 2log(2k). As explained throughout Section 2, we use Lem-
mas 4 and 5 to obtain a fractional degree preserving assignment y’ € P with c'y’ < c'x.
Note that the rounding of x to ¥’ marginally changes the linear function values, but we
are able to maintain |ajy’ — ajz| < 1, see Equation (9). Afterwards, we use the algorithm
TREEMERGE to construct a complete binary tree 7 with ¢ + 1 levels and corresponding
fractional solutions v, , = ¢/, 9y, ...,y = X. It remains to show that X satisfies all three
properties from the theorem. By construction, more precisely Equation (10), it holds that

TX=cyy< <y =cy <ca

Thus, the cost is preserved. Next, we will show that the rounding of x to X also preserves the
degree. Due to Lemmas 4, 5, and 8, we have that ¢y = Zie[k] A.S;, where S; € PN {0,1}F
form the labels of level £ of 7. For all i € {1,...,k}, the fact that S; € P implies

Si(6(v)) € {L=(6(v)) |, [=(5(v)) T} (12)

By induction over the tree 7, we show that all labels and, in particular, X are indeed degree
preserving. Equation (12) proves the base case. Let S;, Sz be the labels for two children
of some node in 7 and T,T” be the two potential labels for the said node (derived using
Lemma 6). From the third property of Lemma 6 directly follows that for all v € AU B

T(3(v)), T'(6(v) € {1 351(8(v)) + 3S2(6(v)) . [ 351 (3(v)) + 582(8(v)) 1} (13)
By induction hypothesis, S; and So are degree preserving, so

| 351(6(v)) + $52(6(v)) | = |2(6(v))] and similarly

[351(0(v) + 352(3(v)) | < [2(3(0))]-
This concludes the induction step.

It remains to prove the concentration, i.e., that X marginally deviates from z in each
of the given linear functions a;. We apply Lemma 7 together with a union bound over
all k linear functions and all £ = 2log(2k) < k levels of 7. Let t = 30logk. As a

consequence, with probability at least 1 — 1/k®, it holds for all levels i € {1,...,¢} and linear
functions a;,j € {1,...,k} that

aTyign — alyll <2772 (¢4 \JaTyl, ). (14)
For some universal constant d, we prove that for all j € {1,...,k} and all ¢ € {0,...,¢}
ajy; <d(l+t+a'w). (15)

Let us first argue that this in fact implies the last part of the theorem. Using triangle
inequality and geometric series, it holds that

|a}X — a;m| = |a}y2+1 - a}yél < Z ‘a-]['-yz/'—&-l - a;yﬂ
1€40,...,0—1}

S i)

i€{0,...,0—1}

S

1
i€{0,...,0—1} (\/ﬁ)i

= O(max{logk,va"z - logk}).

(t+\/d(1+t+aTx)~t>
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Finally, we prove Equation (15). Let j € {1,...,k} and ¢ € {0,...,¢ — 1}. Let ¢’ > i be the

minimal index such that a}—yg, <1l4+t+ a-]'-x. As a}-yz = a-]'-y' <1+ a-]'-x, such 7 must exist.

If i =4, we are done. If i’ £ ¢, then it follows from Equation (14) that
Ay <A +t+ala)+27 D2t 1+t +dle) <31+t+ala).
For all i € {i' —1,...,i}, we have a}-yl’-,, > t. Thus, the same equation implies
a}yéu_l < a}yéu + %GT‘?A” = <1 + //}) aj yin -
2(i"”"=1)/2 77 (" =3)/2 | 7

Using the inequality 1+ z < exp(z) for all z € R, we have

1+1 1
T, 7 T,/
ajyi <ajyi i [ (1 + 2@3)/2)

ir=i'—1
41 1
T,/
< ajYi_q - €xp < Z 2(1”3)/2>
ir=i'—1

<3e%W . (14+t+ a}a:).

This shows Equation (15) and thereby concludes the proof. <

2.1 Omitted Proofs of Dependent Rounding

In this section, we provide the proofs of the previously stated lemmas. Recall that P is the
convex hull of integral degree preserving edge sets for x € [0,1]¥. Let the operator & denote
the symmetric difference (i.e., XOR) of two edge sets. We start by showing that P indeed
contains .

> Lemma 8. Let g = |E|. There exists a convex representation x =3,y AiSi € P where
S; € Pn{0,1}¥ and \; € [0,1] and Zie[q] Ai = 1 such that for allv € AUB andi € {1,...,q}
holds that S;(6(v)) € {[=(6(v)) ], [z(5(v)) 1}

Proof. We rely on a standard flow argument. To this end, construct a digraph Dy = (Vy, Ay)
as follows. Let V; = {s,t} UV be the set of vertices, As be a set of arcs directed from s to
each a € A, A; be the set of arcs directed from each b € B to t, and Ag be a directed variant
of E from A to B. Let Ay = A;UArUA,U{(t,s)} be the set of arcs in Dy. Set the capacity
interval for arc (s,a) € A as [[z(d(a))], [2(d(a))]] and similarly for each arc (b,t) € A; as
[[2(6(b))], [£(6(b))]]. Moreover, set the capacity interval for each arc e € F to [0,1] and for
the arc (¢, s) to [0,00]. A function f: Ay — R is called a circulation if f(6™(v)) = f(6°*(v))
for each vertex v € V.

One can naturally derive a feasible fractional circulation from the vector x € [0,1]¥: the
flow from s to a € A is z(d(a)), which lies in [|z(d(a))], [£((a))]], the circulation from b € B
to t is z(6(b)), which lies in [|2(5(D))], [x(6(D))]], the circulation on each arc (a,b) € Ag
is xqp, and the circulation on arc (¢,s) is z(E). Hence, x satisfies the capacity and flow
conservation constraints. It is well known, see e.g. [16, Corollary 13.10b], that for integral
capacities the set of all feasible circulations (including z) forms an integral polytope. Thus,
we can rewrite the circulation above as a convex combination of integral circulations. Each
of these integral circulations corresponds to a degree preserving edge set. <

Further, there always exists a comparable convex representation which has only few
fractional variables in the support of each constraint.
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» Lemma 4. There exists a convex combination y = Zie[k] AiS; where \; € [0,1] and
e Ni = 1 and S; € PN {0,1}7 with

cdy<ca (1)
a}y:a}—x vie{l,... k} (2)
{e€d(v) [ye ¢{0,1}} <2k Yve AUB 3)

Proof. First, we argue about the structure of the edges of polytope P. Let S,T € {0,1}¥ be
the two vertices at the two ends of some edge of P. We claim that S @ T is a simple cycle or
a simple path. Suppose not. If S @& T is acyclic, let D be a maximal path in S @ T’; otherwise
let D be a simple cycle contained in .S & T'. Note that S@& D € P and T & D € P and both
points do not lie on the edge between S and T. However, (S+T1)/2= (T & D+ S® D)/2
contradicts that S and T" are connected by an edge.

Let y be an optimal vertex solution of the linear program

mincTy
ajy =ajx vie{l,... k}
yeP

Due to Lemma 8, the linear program is feasible. The solution y must lie on a face F' of P
with dimension at most k. Consider an arbitrary vertex S of F. Furthermore, let T1,...,Th,
h < k, be the vertices of F' such that there is an edge between each T; and S. Thus, we can
write y = S + Zz’e[h] Ai(T; — S) where A\q,..., A\, > 0. By our previous argument, T; ® S is
a simple cycle or path for each i € {1,...,h}. In particular, |(T; @ S) N d(v)| < 2 for each
v € AU B. This implies that the last property holds for y. <

Allowing a small rounding error, there always exists a convex representation where the
scalars are integer multiples of a power of two.

» Lemma 5. Let { € N>g and y = Zie[k] \iS; where A\; € [0,1], Zie[k] A = 1, and
S; € {0,1}F. In polynomial time, we can compute y' = Zie[k] A.S; where Zie[k] A, =1 and

N € 5 - Lo, vie{l,... .k} (4)

)\; =\, Vi € {17,]€},)\1 S {0,1} (5)

lye —vel < k- 3, Vee E (6)
Ty <cly. (7)

Proof. Using a standard flow argument, we construct a digraph Dy = (V, Af) that represents
a circulation network. For each arc in a € Ay, we adjust a capacity interval such that every
feasible circulation corresponds to a solution that is “close” to x and preserves the cost. Let
Vi = {s,t} U{v; : i € [k]} where nodes v; correspond to each S;. The set of arcs Ay contains
arcs (t,s), (s,v;), and (v;,t) for ¢ € [k]. A function f : Ay — R is called a circulation if
(6™ (v)) = f(6°"(v)) for each vertex v € V}. Set the capacity interval of arc (¢, s) to [2¢,2¢]
and the one of arcs (s,v;) and (v;,t) to [[N\:2¢], [Ni2¢]] for i € [k]. Moreover, define a
linear cost function cost(s,v;) = > cp ce(Si)e, the contribution of S; to the total cost. Set
cost(t,s) = cost(v;,t) = 0. The scalars \; induce a natural circulation f: on arcs (s,v;)
and (v;,t), we send a flow of \;2¢ and on arc (¢, s), we send a flow of 2.
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For integral capacities the set of feasible circulations forms an integral polytope, see
g. [16, Corollary 13.10b]. Thus, there exists a minimum cost integral circulation. Let f be
the this integral circulation. We define X, = f(s,v;)/2¢ for each i € {1,...,k}, then

ZX—Zf 1 - f(t,s) = 21€-24:1.

1€ k]

Consequently, A, creates a valid convex combination for ¢’ where each )/ is a multiple of 1/2°.
For each e € F

e = yil = | D Ni(Si)e = D XilSi)e| = D 1A = Aif - (Si)e < Z%:k'%-

i€ [k] i€ k] i€ k] 1€ (k]

Since the integer circulation minimizes the total cost, we have

'y = Z Ce Z A(Si)e %Z f(e) - cost(e) < Z f(e) - cost(e) = c'z. (16)

e€E  ic[k] ecE eel

Moreover, constructing Dy and solving minimum cost flow can be done in polynomial
time [16]. <

The TREEMERGE algorithm described in Section 2 uses the following lemma to construct
new random edge sets while preserving the degree of the former sets.

» Lemma 6. Let S1,S: € {0,1}F. There exists a random polynomial time procedure that
constructs two random edge sets T, T € {0,1}¥ with the following properties.
It holds that T +T' = S1 + Se and E(T) =E(T") = (S1 + S2)/2.
For allv € AUB it holds that T'(6(v)), T"(6(v)) € {| (S1(6(v))+S52(6(v)))/2 |, [ (S1(6(v))+
S$2(6(0))/2 1}
For allv e AU B and all e € §(v), there is at most one edge ¢’ € §(v) \ {e} such that T,
depends on T,/. Likewise, there is at most one edge ¢’ € §(v) \ {e} such that T, depends
on T,.

Proof. For the randomized construction of T and T, we distinguish whether an edge is
present in the symmetric difference S; @ Sy or not. For any edge e € E where (S1). = (S2)e,
we set T, = ((S1)e+(S2)e)/2 and T, = ((S1)e+(S2)e) /2. Next, partition the edges in 515,
into simple paths and cycles with E1U---UE), = S1 & S with the following property: each
odd-degree vertex is the endpoint of exactly one path and no path ends in an even-degree
vertex. This easily follows from iteratively removing cycles and maximal paths.

Let i € {1,...,k}. Choose C;UD; = E; such that no two edges in C; or in D; are adjacent.
This is possible by alternatingly assigning edges to C; and D;, as E; is an even length cycle
or a path. We make a uniform binary random decision R; € {0,1}, which is independent of
all Ry, ¢/ # i. This random variable indicates whether C; is assigned to T or T” (D, is then
assigned to the other edge set). More precisely, for each e € E; we set

Ci)e ifR;=0, y D;). if R; =0,
7, = (Gi)e and 77— Pide (17)
(Dy)e iR, =1, ’ (Ci)e iR, =1

In particular, T, + T, = (C;)e + (Di)e = 1 = (S1)e + (S2)e. Since both outcomes R;
and R; = 0 have probability 1/2, it holds that E(T.) = E(T.) = ((C))e + ) 2 =
((S1)e + (S2)e)/2 for all e € S & T. Thus, it follows that E(T) = E(T”) = (51 + S2)/2.
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Let F = {6(v) | v € AU B}. Considering each vertex in a simple path or cycle is incident to
at most two edges, we have |FNE;| <2 forall F € F andi € {1,...,k}. As the random
choice for each path and cycle is independent, it holds that for all ' € F and e € F, there is
at most one edge ¢’ € F with e # €’ such that T, depends on T,/ (and the same for 7”).

It remains to show that T'(F),T'(F') € {| (S1(F)+5S2(F))/2 ], [ (S1(F)+S2(F))(2) }. To
this end, we distinguish whether a vertex v € AU B has even or odd degree. If |§(v)] is even,
then v is always incident to exactly one edge in C; and one in D;, for each i € {1,...,k}.
Hence, T(F) = T'(F) = [6(v)|/2 = (S1(F) + S2(F))/2. If |6(v)| is odd, then there is
exactly one path that ends in v due to the choice of decomposition into cycles and paths.
Consequently, the arguments above apply to all but one edge in §(v) and therefore we have
|T(F) —T'(F)| = 1. This implies the claim. <

The last lemma bounds the change of a linear function between two consecutive levels
of TREEMERGE.

» Lemma 7. Letv e AUB and a € [0,1]¥ with supp(a) C 6(v). Let yj,, € [0,1]F be the
fractional solution of the (j + 1)-th level of TREEMERGE and y; € [0, 1)¥ that of the j-th
level. Let t = 132Ink. Then with probability at least 1 — 1/k°, it holds that

laTyl —aTyl | <279/ (t +yJaTy ~t) . (11)

Proof. Let T;, i € [27], be the random edge set created on the j-th level from the edge
sets Sa;_1,52;, i € [27] of the (j + 1)-th level. Recall that the procedure from Lemma 6
actually creates two alternative edge sets T;,7] of which TREEMERGE selects just one.
However, the solution derived from 7; satisfies Equation (11) if and only if the one from 77
does. Hence, it suffices to show it for one of the two. Further, for the sake of convenience,
we analyze the scaled expression |27 - aly} — 27 - ay} | instead of [a"y; — aTy}, ,|. Due to
Lemma 6, it holds that E(T;) = (S2;—1 + S2;)/2. Thus,

E[2 - a'y)] = aT( 3 E[Ti]) - %aT( 3 Si) — 2Ty,
ic[27] i€[2i 1]

Since TREEMERCE independently constructs the T; on the j-th level, any two random edge
sets T; and T;41 are independent. Moreover, it follows from Lemma 6 that for all T; and e €
d(v), there exists at most one edge e’ € §(v) such that (T;). depends on (T;)... Consequently,
there exists a partition of §(v) into P; and P» such that all variables (T;)., e € Py, as well
as (Ti)e, € € P, are independent. Let u=73",.1,;;U; € [0, 1]¥ and w = Y iepn Wi €10, 17
where U;, W; € {0,1}¥ are defined for all e € E as

(). = 1, ifeed(v)and (T;). € Py and (W), = 1, ifee€d(v)and (T;)e € P2
0, otherwise 0, otherwise.

Hence, we have 27 - aTyé =a'(u+w). Next, we show that
P {|aTu —Ela"u]| > 3t + 31/E[aTy] -t} < 5. (18)

For brevity, define u = E[a"u]. We distinguish two cases. If ¢ > 4y, then set § = t/(4p) > 1.
Notice that a'u is the sum of independent variables, each contained in [0, 1]. We have

IP’[aTu<uft/4] =0
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It follows from a standard Chernoff bound that

Pla"u>p+t/4] =P[a"u> (1+ )y
< exp(—36p)

=exp(—111nk)

1
2k10 *

IN

If t <4p, then set 6 =1/2-/t/u € (0,1]. Again by a Chernoff bound, we have

P[la"u—pl > §v/ut] =P [la"u — p| > d4]
< 2exp(—36°p)
=2exp(—11lnk) < 3.

By symmetry, Equation (18) holds for w as well. We conclude that with probability at
least 1 — 1/k'°) we have

127a"y — 2a"yj, | < laTu—E[a"u]| + [a"w — E[a"w]|
< st+ 5y\/ElaTu] -t + 3t + 51 /ElaTw] - t
<t+,/E[27- aTy;-] -t
§2j/2(t+1/aTy§+l~t). <

3 Application to Budgeted Santa Claus Problem

In this section, we present our approximation algorithm the Budgeted Santa Claus Problem
based on the dependent rounding scheme described in Section 2.

3.1 Linear Programming Formulation

Introducing an LP relaxation for the Budgeted Santa Claus Problem, we first reduce the
problem to its decision variant. For a given threshold T" > 0, the goal is to either find a
solution of value T/« or determine that OPT < T', where OPT is the optimal value of the
original optimization problem. This variant is equivalent to an a-approximation algorithm
by a standard binary search framework.

Based on T, intuitively thought of as the optimal value, we partition the resources into
two sets by size. Set B consists of the big resources with B == {j € R : v; > T'/a} and
set S consists of the small resources S = {j € R : v; < T/a}. We use assignment variables
that indicate whether a particular resource is assigned to a particular player. For clarity,
we use different symbols for big and small resources. Let x;;, € [0, 1] denote the portion of
big resource b € B that player i € P receives. Similarly, denote by z;s € [0, 1] the portion of
the small resource s € S that player i receives. Unlike the original problem, we allow these
assignments to be fractional in the relaxation. Since naive constraints on these variables lead
to an unbounded integrality gap, see e.g. [6], we use non-trivial constraints inspired by an
LP formulation of Davies, Rothvoss and Zhang [9]. Here, we make the structural assumption
that in any solution, a player either receives exactly one big resource (and nothing else) or
only small resources. Towards the goal of obtaining a solution of value T'/«, any big resource
is sufficient for any player and receiving more would be wasteful. If there is a solution of
value T, then there is also a pseudo-solution such that each player either gets exactly one
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big resource (and nothing else) or a value of at least T from small resources only. Note that
it might be that the former type of player only has a value of T'/«. Thus, if T < OPT, then
the following relaxation called economical(T') is feasible and has a value at most C.

min Z lz Cip - Tip + Z Cis Zis] (19)

ieP LbeB seS
sz~ziS>T~<1—Zazib> Vi e P (20)
seS beB
Zisﬁl—zxib VseS,ieP (21)
beB
Y g <1 Vb e B (22)
ieP
d um <1 VseS (23)
ieP
» ap <1 Vie P (24)
beB
Zis, Tip = 0 VseS,beB,ieP (25)

The constraints (22) and (23) describe that each big or small resource is only assigned
once. Justified by earlier arguments, constraint (24) ensures that each player receives at most
one big resource. Considering constraint (21), we only need to verify that the constraint is
valid for integer solutions. By our assumption, if player ¢ receives one big resource, then it
should not get any small resources, which is exactly what the constraint expresses. Conversely,
if the player does not receive any big resources, the constraint is trivially satisfied. Similarly,
there are two cases for Constraints (20). If player 4 receives one big resource, the constraint is
trivially satisfied. Otherwise, it must receive a value of at least 7' in small resources. During
our rounding procedure in Section 3.4, we essentially lose some value from small resources
and can only guarantee a value of T/« for players without a big resource.

3.2 Technical Goals

Let (z,z) be a feasible solution to economical(T'), where 2 and z represent the vectors of
assignment variables corresponding to big and small resources, respectively. Formally, we have
Xy, 2is € [0,1] for i € P,b € B,s € S. We will define a randomized rounding procedure that
constructs a distribution over the binary variables X;;, € {0,1} and Z;, € {0,1} describing
whether a big resource b € B or small resource s € S is assigned to player ¢ € P. For
notational convenience, define Y; = 1 — Zbe 5 Xip as the indicator variable whether a player ¢
does not get a big resource (and needs small resource). Similarly, let y; =1 -,z xi be
the corresponding value to Y; from the corresponding value from the LP variables.

Our goal is that the total cost of assignments does not exceed the budget C' and the
integral solution (X, Z) is an a-approximation solution with respect to the minimum value a
player receives. In other words, we want to obtain an integral solution (X, Z) that satisfies
the following two properties.

LY iep [Xven v Xib+ X ses Cis - Zis] < C.
2. Every player receives resources of value at least T'/a with high probability.
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We first apply our dependent rounding scheme to round the assignment of big resources to
an integral one. To cover the players that do not receive big resources, i.e., those with Y; =1,
we need to change the assignment of small resources as well. Initially, some small resources
will be assigned fractionally and even more than once. In a second step, we transform the
solution into one where each small resource is assigned only once — incurring a loss in the
value that the players receive.

3.3 Rounding of Big Resources

The following lemma summarizes the properties we derive from the dependent rounding
scheme. Note that while the assignment of small resources can change, it remains fractional
for now.

» Lemma 9. Let (z,2) be a feasible solution to economical(T,C). There is a randomized
algorithm that produces an assignment X, € {0,1}, i € P, b € B, and 2, € [0,1], i € P,
s € § such that with high probability

L Y iep 2oven Cib - Xib + Xiep Dses Ciszis < O,

2. Each big resource is assigned at most once, i.e., Vb€ B: ), p» Xy <1,

3. Each small resource is assigned at most O(logn) times, i.e., Vs € S : Y. 1 zj, < O(logn),
4. Fach player receives either one big resource or a value of at least T' in small resources.

Proof. We first describe the instance to which we will apply the dependent rounding procedure
from Theorem 2. We build a bipartite graph G, , = (P U (B U {d}), E), where P is the
set of players, B is the set of big resources, and d is a dummy node. The role of d can be
summarized as: every player who does not get a big resource selects the edge to d. Let
graph G, . contain an edge (4,b) € E labeled with cost ¢;; between each big resource b and
player ¢ with x;, > 0. Let J denote the set of all these edges. For every player ¢ with y; > 0,
add an edge (i,d) to the dummy node of cost ) g cis - (2is/yi) € R". Let K denote the
set of these edges and set £ = J U K. Intuitively, x;; is a fractional edge selection of edges
in J and y; a fractional edge selection of K (where y; corresponds to edge (i,d) € K). This
fractional edge set satisfies the following.

(i) For each player i, we have ),z 2 + y; = 1 due to the definition of y;.
(ii) For each big resource b, we have . 5 x4 < 1, due to Constraint (22).

Applying the dependent rounding procedure of Theorem 2 with k = |S| = n linear
functions (we defer a precise definition to the end of the proof), we obtain an integral edge
selection Xy, € {0,1}, 1 € P, be Band Y; € {0,1}, i € P. Here, similar to before, Y¥; defines
the edge selection in K, i.e., edge (i,d) is selected if Y; = 1. From (ii) and Theorem 2, it

follows that ), .p X < 1 for all b € B, which means that Property 2 of the lemma holds.

Further,
chib'Xib+ Z Y- (Zcis : ﬁ) < chz’b'xib+ Z (Zcis : @) “Yi
i€P beB i€P:y; >0 s€ES Yi i€P beB i€P:y; >0 s€S Yi
< chib'xib+zzcis * Zis
i€P beB i€P s€S
S Cv

where the first inequality follows from the cost preservation property of Theorem 2 and the
last inequality from the feasibility of (x, z). Notably, if y; = 0, then Y; = 0 as there does not
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exist an edge (i,d). In particular, Y; = 1 implies that y; > 0. We define the assignment of
small resources as

;o JaEs/y HYi=1,
* 0 otherwise.

Due to Constraint (21), we have z;5 < y; and hence z{, € [0,1]. Consequently, Property 1
immediately follows from the previous cost calculation and the definition of z.,. From (i)
and Theorem 2, we obtain ), .,z Xj, +Y; = 1 for each i € P. In words, player i either gets a
big resource or Y; = 1. In the latter case holds that

D werly = vezis/yi 2 T.

sES SES

Here, the inequality follows from the definition of y; and Constraint (20). Therefore,
Property 4 holds.

It remains to show Property 3, i.e, that every small resource is assigned at most O(logn)
times. To this end, we define the linear functions provided to Theorem 2: for each small
resource s € S, there is one linear function a(*) € [0,1]% i.e., specified by the edges incident
to d. Implicitly, the coefficient for all other edges is zero. Thus, the linear function satisfies
the support restriction of Theorem 2. For e = (i,d) € K, we define aés) = 2z;s/y;. Using
Constraint (21), it holds that

el = | Fis _ <1
y’L ae - yl - Zis S 1.
P> P Sy
e=(i,d)eEK e=(i,d)eK e=(i,d)eK
Finally, from the concentration bound of Theorem 2 follows
e ¥ Yed= X Viaus= Y Ved)<olgn. <
icP e=(i,d)EK e=(i,d)eK e=(i,d)EK
3.4 Rounding of Small Resources

In the previous subsection, we described how big resources b € B were integrally assigned to
the players. As some players did not receive any big resources and still need to be covered
by small resources, let Q be the set of those players, i.e., players ¢ € P for which Y; = 1.
The linear program in the following lemma corresponds to the property of the assignment
variables for small resources from the previous section.

» Lemma 10. Let Q C P and consider the LP small(T, 8) defined as

sz~z§SZT VieP
seS
» A <8 VseS
1€Q
zis >0 VicQ,s€S

If small(T, 8) has a fractional solution z', then small(T/f — maxses vs, 1) has an integral
solution Z that can be found in polynomial time with

chis'zis S chis'zz{sv

sESIiEQ s€SieQ
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5(1,0) = 5(2.0) = 1

2

Ll et
2
player 1 < . s(1.1)

s2.1)

$(2,2)

5(1,2)

S(Lk(1) - 1)

non-increasing order of small resources

player 2 5(2,k(2) — 1)

s(1,k(1))

\ S(2,k(2))
n

U k(2) = |

Figure 1 Bipartite graph G where on left side there are k(i) copies of each player 4 for an instance
of two players with edges (ui.¢, s) of weight ¢;s for each s = s(3,£ —1),s(¢,£ — 1) + 1,...,s(i, £).

Proof. Since small(T, 3) is feasible, there exists a solution z’. Further, we obtain a (fractional)
solution z” to small(T/8,1) by dividing all variables of 2’ by 3. Using the approach by
Shmoys and Tardos [17], we round z” to an integral solution. For the sake of completeness,
we provide the proof below.

Assume without loss of generality that S = {1,2,...,|S|} is ordered such that vs > vs_1
for all s =2,3,...,|S|. We construct an auxiliary bipartite graph G (see Figure 1 for an
illustration). The elements on the right side of G are elements of S. On the left side,
there are k(i) := > . #i,] many vertices u; 1, ..., u; ;) for each i € Q. In the fractional
solution z”, a player @ can get several small resources. Let k(i) denote their (rounded)
number. Introducing w; 1, ..., u; k) as copies of player ¢ € @ allows us to argue about
matchings (where every vertex is only involved in one assignment). Suppose we add one edge
between every two vertices of the different sides of the bipartite graph. It is straight-forward
that there exists a (fractional) left-perfect matching by distributing the resources assigned
in 2" among the copies of each player. Due to the rounding in k(7), this matching gives a
slightly lower value to each player, but stays within the bounds we are aiming for.

To round to a good integral matching, however, we require a specific definition of the
fractional left-perfect matching. Essentially, we need a monotone assignment where the first
copy u;,1 of player ¢ € @ has the highest value resources (the first in the order above) and
the last player the lowest value resources. Then G only contains the edges that are actually
used in this assignment.

This requires some careful definitions. For each i € Q, we set s(i,0) = 1. This describes
the first resource that can be fractionally assigned to player i. For ¢ = 1,2,... k(i), we
choose s(i,¢) as the element in S that satisfies

Zigt et 21 <Land 2+t 2 g > L
Note that s(i, /) exists, because the sum of all 2'; is at least k(i) > ¢. We only assign
resources s(i,¢ —1),...,s(i,£) to copy u; . Intuitively, the resources 1,2,...,s(i,{ —1) — 1
should be exclusively used for the copies u; 1,...,u; ¢—1. Simply because the sum of fractions
associated with i (according to z”) is not enough to cover the copies and w;, should not
receive any of them in order to maintain the monotonicity goals. Similarly, as the sum of
fractions of resources 1,2,...,s(i,£) belonging to ¢ exceeds ¢, they are enough to cover all
players in u; 1,...,u;¢. Thus, it is not necessary to give any less valuable resources to u; .
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Consequently, for all i € Q and ¢ = 1,2,...,k(4), we introduce an edge (u;¢,s) of
weight ¢;5 for each s = s(i,£—1),s(4,£—1)+1,...,5(%,£). We now formally show that there
is a left-perfect fractional matching of weight at most > s> icq Cis - 2fs- Towards this,
consider some ¢ € Q and £ € {1,2,...,k(i)}. We select edge (u; ¢, s(i,¢ — 1)) to an extend of

Zéll +oeeet Z;is(i,é—l) —(-1)€]lo, Z;fs(i,l—l)]‘

For s = s(i,£ — 1)+ 1,...,s(i,£) — 1, we pick edge (u;,s) to an extend of z;,. Finally, we
choose edge (u; ¢, s(i,¢)) to an extend of

l— (Z;II R Zz/'ts(i,f)fl) € [0, zz{is(i,f)]‘

This fractional selection of edges satisfies the following properties.

1. For each i € Q and ¢ € {1,2,...,k(7)}, the total fractional amount of selected edges that
are incident to u; ¢ is exactly 1.

2. For each i € Q and s € S, the total fractional amount of selected edges that are
between w; 1, ..., u; k(s and s is at most 2 ;.

Property 2 implies that the total fractional amount that edges incident to s (over all i € Q)

are selected is at most 1. Hence, the total weight is at most the cost of z”. For a bipartite

graph, the set of all fractional matchings is precisely the convex hull of integral matchings,

see e.g. [16, Chapter 18|. Furthermore, z”” must lie on a facet spanned by only left-perfect

matchings. Thus, there must also exist an integral left-perfect matching M of weight at most

" ’
E E :Zi,sCLS < E E :Zi,sCLS'

1€Q s€S 1€Q SES

We can find such a matching using standard algorithms for minimum weight bipartite
matching. We interpret M as an integral assignment Z where each i € Q receives all s € S,
for which there is an edge (u; ¢, s) in M for some £ € {1,2,...,k(¢)}. Finally, we analyze how
much value each i € Q receives in this assignment. Notice that all resources s € S that are
connected to u; ¢ have a value of at least v,(; . Therefore, i receives a total value of at least

Vs(i,1) T 0+ Vs(i k(i)

On the other hand, since 2’y + -+ + 2] ; 1 + 2 sy <L+ 2] 5 < £+ 1 for each £, the
total fractional amount of resources that ¢ receives in z” with value at least Vs(i,0) 18 less
than £ + 1. As a result, the total value that ¢ received in z” is at most

Us(i,0) T+ Vs(i k(i)
This is at least 7'/, because of z” € small(T'/5,1). As a consequence, in Z player i receives

a value of at least 7'/ — vy(;0) > T/ — max,es vs. <

3.5 Approximation Factor

Concluding the previous subsections, this section provides an a-approximation for the
Budgeted Santa Claus Problem, where a = O(logn).

» Theorem 3. There is a randomized polynomial time O(logn)-approximation algorithm for
the Budgeted Santa Claus problem.
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Proof. Let 8 = O(logn) be the value from Property 3 of Lemma 9. We define o = 28
and run our binary search over value 7', which is then used in our definition of big and
small resources. Then we solve the LP relaxation economical(T'). Let (x, z) be the resulting
solution. If the cost of the solution is more than C, we fail (and increase the value of T).
Assume now that (z, z) has a cost of at most C. In Lemma 9, using the dependent rounding
procedure from Theorem 2, we show that the fractional assignments = of big resources to
players can be rounded to an integral assignment X and the assignment of small resources z
can be changed to 2z’ (which is still fractional), such that with high probability each small
resource up to 8 times and the cost is still below C. Lemma 10 proves that z’ can be rounded
to an integral assignment Z such that the cost does not increase and each player 7 that does
not receive a big resource gets small resources of total value at least

4 Conclusion

Based on the finding in this paper there are several interesting questions arising for future
research. For the Budgeted Santa Claus Problem, a naturally arising question is whether the
approximation factor of O(logn) can be improved. Notably, the special case of restricted
assignment (without a budget constraint) admits a constant approximation due to Feige [10].
We are not aware of any hardness results indicating that such a result cannot hold for our
problem. As an intermediate question, one could look at the bi-criteria approximation that
approximates both the minimum player value and the cost by a constant. This would still
generalize the aforementioned algorithm for restricted assignment.

Another intriguing question is whether a dependent rounding scheme exists for rounding
matroid bases that simultaneously guarantees cost preservation and Chernoff-type concen-
tration like SWAPROUNDING [7] does. It seems likely that the techniques from this paper
transfer at least to a limited class of matroids, namely strongly base-orderable matroids,
because these have very strong decomposition properties for the symmetric difference of two
bases. It might, however, require other ideas to generalize to arbitrary matroids.
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A Appendix

A.1 Santa Claus Problem where all resources need to be assigned

In the following, we show that the Budgeted Santa Claus Problem with the requirement that
all items need to be assigned is not harder than the variant we study. For each resource j,
adjust the cost of assigning j to any player 7 to c;j = ¢;; —Minep ¢;;. This reduces the total
budget by the sum of these minimum values across all resources, ¢’ = C — > jer Miliep Cjj.
Then we solve the reduced problem without enforcing that all the resources have to be assigned.
If some resources remain unassigned, we allocate them to the players with zero cost (i.e.,
players ¢ € P with c;j = 0). This ensures that all resources are assigned without exceeding
the original budget, as the reduced budget C’ already accounted for these assignments. This
reduction maintains the approximation ratio of the solution, as values remain the same and
costs are not approximated.
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