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—— Abstract

We provide an algorithm giving a %(< 3.415)-approximation for Coflow Scheduling and a 4.36-
approximation for Coflow Scheduling with release dates. This improves upon the best known 4- and
respectively 5-approximations and addresses an open question posed by Agarwal, Rajakrishnan,
Narayan, Agarwal, Shmoys, and Vahdat [1], Fukunaga [9], and others. We additionally show that in
an asymptotic setting, the algorithm achieves a (2 + ¢)-approximation, which is essentially optimal
under P # NP. The improvements are achieved using a novel edge allocation scheme using iterated
LP rounding together with a framework which enables establishing strong bounds for combinations

of several edge allocation algorithms.
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1 Introduction

Coflow Scheduling models the problem of data exchange between various nodes in a shared
network. It has been proven indispensable in improving the performance of common data
exchange and distributed computing frameworks such as MapReduce [7], Spark [27], and
Hadoop [25]. These routines form an integral part for large scale computations commonly
found in applications such as bioinformatics, deep learning, and large language models
[11, 21, 12]. The problem has enjoyed attention both from the theory community as well as
the application side, with many works spanning the bridge between theory and practice.

Formally, a coflow instance is given by some bipartite set of vertices V' := U; UU; and a
set of coflows E1, ..., E,, where each coflow E; is a subset of bipartite edges on V', possibly
containing duplicates. Additionally, each coflow E; has some associated weight w; € RT.
This models for example a set of input and output ports in a shared network, where each
edge inside a coflow represents some data transmission requirement. During each discrete
step in time, we are allowed to schedule a set of edges on the graph for which no vertex has
more than one adjacent edge, so a matching. This represents the requirement that ports
only send to and receive from one other port during each discrete step in time. A coflow
finishes at time-step ¢ if all of its edges have been scheduled on or before time ¢, with at least
one edge being scheduled during ¢{. We call C7 the finishing time of coflow E; and wish to
minimize the weighted sum of completion times ., w;C7.
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3.415-Approximation for Coflow Scheduling via Iterated Rounding

Coflow Scheduling was first introduced by Chowdhury et al. [6], though the closely related
problem of scheduling on network switches has been studied earlier under different names by
various authors [5, 13]. Coflow Scheduling can be seen as an extension with a combinatorial
structure of a problem called Concurrent Open Shop Scheduling (COSS) with preemption.
In COSS, there is a set of machines and jobs, where every job has some demand on each
machine which can be fulfilled concurrently, and jobs finish when they are completed on
every machine. For COSS, several 2-approximation algorithms are known [10, 19, 20] and
the problem is known to be NP-hard to approximate within 2 — ¢, for any € > 0 [23]. This
hardness result extends to Coflow Scheduling. On the side of approximation algorithms
for Coflow Scheduling, there is still a gap to the lower bound. For the case of no release
dates, multiple authors have given 4-approximation algorithms [1, 2, 9], which extend to
5-approximations in the case of release dates. Fukunaga [9] shows that in the case of release
dates the integrality gap of the linear program used in the algorithm is at most 4, though
his proof is non-constructive. Several authors have claimed (2 + €)-approximations, but
all were later shown to be incorrect, see [15, 2] for discussion. For the setting in which
the simultaneously schedulable flows have to be independent sets of a matroid instead of
matchings, Im et al. [14] provided an algorithm with a (2 4 €)-approximation guarantee.
Khuller et al. [17] showed a framework which provides guarantees in an online setting using
offline approximation algorithms, leading to a 12-approximation for online Coflow Scheduling.
Extensions to general graphs [16] and so called path-based Coflow Scheduling [8] have been
studied.

Whether the 4- and respectively 5-approximation can be improved has been a major open
question raised by most previous works [1, 9], especially in light of the 2 — € lower bound.
We address this question and show that both bounds can be beaten, with a tight result in an
asymptotic setting.

1.1 OQur Contribution

We present the first polynomial time algorithm which achieves a better than 4-approximation
for Coflow Scheduling without release dates and the first algorithm which achieves a better
than 5-approximation with release dates. More specifically, we show the following theorems.

» Theorem 1. There is a polynomial time algorithm achieving a %(< 3.415)-approximation

for Coflow Scheduling without release dates.

» Theorem 2. There is a polynomial time algorithm achieving a 4.36-approximation for
Coflow Scheduling with release dates.

Using a more technical construction, the guarantee of Theorem 1 can be slightly improved,
details can be found in the full version. We additionally prove that in a certain asymptotic
setting, roughly when most coflows have large finishing times in any optimum solution, we
can achieve a (2 + €)-approximation, which is optimal. This result holds even in the case
with release dates.

» Theorem 3. For any e > 0, there exists an € > 0 such that there is a (2 + €)-approximation
algorithm for all coflow instances T fulfilling

> w; < & OPT(D)
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Note that using a framework by Khuller et al. [17], any improvement in the approximation
ratio for Coflow Scheduling without release dates directly gives an improvement for the
best known approximation for the online setting of Coflow Scheduling. The following table
provides an overview over the state of the art of approximation algorithms for various variants
of Coflow Scheduling and our respective improvements.

Table 1 Best known previous approximations and our results. The sources marked [*] are [2, 1, 9].

Case Best Known This Work
No Release Dates 4 ¥ 3.415
Release Dates 5 [ 4.36
Release Dates (integrality gap) 4 9] 3.893
Asymptotic + No Release Dates 4 [ 2+4+¢€
Asymptotic + Release Dates 5 [ 24¢
Online 12 [17] 11.415

The main technical contributions are a novel allocation and rounding scheme for the
individual edges of each coflow, inspired by techniques used in proving the Beck-Fiala
Theorem from discrepancy theory and a framework for establishing the approximation ratio
for combinations of several such edge scheduling algorithms.

Our algorithm follows a two phase approach. This has been done either implicitly or explicitly
in most approaches found in the literature. In the first phase, for each coflow and its associated
flows, deadlines are determined through an LP based approach combined with a randomized
rounding procedure. These deadlines are equipped with a special structure which we exploit
in the algorithm. They specifically provide a 2-approximation cost guarantee with respect to
some optimum solution. In the second phase, the goal is to find a valid allocation for the
coflows, or more precisely for the individual edges of each coflow, to time-slots. In previous
works, this was achieved by a simple greedy allocation procedure, which in the case without
release dates achieves a deadline violation of at most a factor 2 for each coflow, yielding a
4-approximation. We use a combination of two algorithms, both the greedy allocation rule
and a novel iterated rounding scheme. The greedy allocation performs well for small deadlines,
but converges to a 2-approximation for larger deadlines, while the rounding procedure can
schedule large deadlines arbitrarily well, but has worse results for small ones. Note that these
factors only capture the completion time delay and do not take into account the additional
loss of factor 2 from the deadline construction. By running both algorithms and picking the
better result, we are able to improve upon the factor 4.

To show the improved approximation ratio, we establish a general framework which can be
used to bound the coflow scheduling approximation ratio for any collection of edge allocation
algorithms.

1.2 Organization

The next chapter introduces important notation and discusses results from LP and graph
theory which form an integral part of several subroutines. Section 3 provides a complete
overview of the entire algorithm and the most important theorems for Coflow Scheduling
without release dates. Full proofs and additional details can be found in the following
Section 4. The extension to release dates is described in Section 5. Section 6 proves the
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2 4 € guarantee in the asymptotic case. The full version of this paper contains additional
details and discusses some further related theory, such as results regarding the structure and
complexity of the used LP, extending the algorithm to high edge multiplicities, the improved
LP integrality gap, and shows how to achieve a slight improvement over the approximation
guarantee from Theorem 7.

2 Preliminaries

For n € N we define [n] := {1,...,n}. Graphs G = (V, E) are defined by a set of vertices V'
and edges E C V x V. We slightly abuse notation and allow F to contain multiple copies of
the same edge. We use A(G) to denote the maximum degree of a graph. For some set of
edges FE, A(F) refers to the maximum degree of the canonical graph induced by this edge
set.

A coflow instance is given by a collection of bipartite edge multi-sets F, ..., F, on some
set of vertices, together with weights wq,...,w, € R;. We usually only refer to the edge
sets and let the vertices of the underlying graph be implicitly described by them. We define
E := Uje[n 5. In the case of release dates, for every coflow j € [n] there is a release date
r; € N. A release date r; means that edges from coflow E; can be scheduled the earliest
in time slot 7; + 1. We use the term flow to refer to a collection of identical edges within
one coflow, so essentially an edge with its multiplicity. In the main body of this work we
assume that edge multiplicities are encoded in this explicit way, meaning that multiplicities
are represented by multiple copies. We discuss the case where the multiplicities are instead
encoded as an integer in the full version of this paper. A valid schedule is a mapping of all
edges to time slots, such that in every time slot the assigned edges form a matching. In
the case of release dates, no edge from any coflow is allowed to be scheduled in a time slot
smaller than or equal to the respective release date. The finishing time of a coflow is the
latest time slot to which one of its edges is assigned. We call C the finishing time of coflow
E; and wish to minimize the weighted sum of completion times Zje[n] w;CF.

As we use an iterated LP rounding scheme, we give a brief overview of the most important
relevant theory here. For more details see for example [3, 24]. Let A € R™*™ be a matrix
and b € R™, ¢ € R™ be vectors. We consider the polytope P = {z € [0,1] | Az < b} and the
associated LP mingcp ¢’ 2. From standard LP theory we know that there always exists an
LP optimum solution at a vertex of P which can be found in strongly polynomial time, as
long as all values in A are polynomially bounded [26]. One key fact we use is that additionally
if m < n, one can find such a vertex solution in which at least n — m entries are in {0,1}.
This theorem can be extended to work when every entry z; is constrained to some interval
[O,Hi], for n; € N.

The Coflow Scheduling problem is closely related to several well studied graph and
coloring problems. As we use some of these results directly and implicitly in our work, we
briefly review them here. Given some set of edges E on a bipartite graph G = (V, E), the
question whether they can be partitioned into some number of matchings k is equivalent
to asking whether there is a proper k-edge-coloring of E. Clearly at least A(G), i.e. the
maximum degree of the graph, colors are needed. Ko6nig’s Theorem, and to an extent also
Vizing’s Theorem, give a strong result for bipartite graphs:

» Theorem 4 ([18]). Any bipartite graph G can be properly edge-colored with A(G) colors.

As a set of matchings is equivalent to a set of scheduled flows in the coflow setting, the
question whether a set of edges can be scheduled during some collection of time points is
equivalently answered by this. Any set of flows for which the induced graph has maximum



L. Rohwedder and L. Schnaars

degree d can be scheduled within d time slots. This result is essential to our analysis, as
it shows that degree bounds for some set of selected flows are sufficient to ensure their
schedulability.

Note that the proof of Theorem 4 can be done in a constructive way, leading to a polynomial
time algorithm producing such an allocation. This algorithm can be extended to work even
for edges with possibly superpolynomial multiplicities, for details see [22].

3 Algorithmic Framework

This section provides a complete overview of the algorithmic framework used to establish
the improved approximation ratios. We focus on the case without release dates here, the
necessary modifications for release dates are described in Section 5.

3.1 Coflow Deadlines

Given some coflow instance, we aim to determine a deadline for each of its coflows. These
deadlines might not necessarily be strict in the sense that constructed schedules have to
adhere to them, but they are rather used to both guide edge allocation procedures and to
then bound their resulting costs. Most existing coflow approximation algorithms use a similar
strategy.

We take a structural approach, where we first define structure which we want our deadlines
to obey and then describe how such deadlines can be found. We capture the structural

constraints in the following LP. It has been implicitly used in analysis by [14, 9] and others.

Let C; < Cy < ... < (C, be deadlines for the coflows and for easier notation define Cy := 0.

> wee =1 Veec E (I)
s€[n]
Z Tse < Co—Cs_yg Vs € [n],Yv eV (II) (LP T)
evee
Tse = 0 Vj € [n|,Ve € Ej,¥s > j (II1)
Tse 2

s

Instead of enforcing the necessary constraints for Coflow Scheduling for each individual
time slot, LP I groups the slots into blocks in between the coflow deadlines. The variable
x5, describes the assignment of edge e to block s. Constraint (I) ensures that every edge
from every coflow is fully scheduled. The block between Cs_; and C§ has size Cs — Cs_1, so
constraint (II) ensures that in every such block for every vertex the amount of adjacent edges
does not exceed the block size. Constraint (I11) forces edges to be zero for blocks after the
respective deadline. The step from individual time slot degree bounds to block degree bounds
is justified by Kénig’s Theorem (Theorem 4), as it guarantees that any bipartite graph with
some maximum degree A can be decomposed into A matchings. This is equivalent to saying
that any set of bipartite edges E for which the induced graph has maximum degree A can
be scheduled in A time slots.

Assuming the deadlines C; < Cy < ... < C, are set as the coflow finishing times from
some optimal schedule for the underlying coflow instance, the edge assignment directly
induces a feasible point inside LP I. For each edge e which is scheduled in some time slot ¢
in the optimal schedule, set x5 . := 1, for s such that ¢ € (Cs_1,Cs]. Set all other variables
to 0. As by definition of a valid solution, each edge is scheduled before its coflow’s deadline,
constraint (I) is fulfilled and constraint (I17) cannot be violated. As the edges in each time
slot form a matching, constraint (I7) is also fulfilled.
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Conversely, an integral solution to the LP corresponds to a valid solution for Coflow
Scheduling. However, in order to be able to solve the LP in polynomial time, we cannot enforce
integrality. Hence the constraints only enforce that the variable assignment corresponds to
a fractional matching. There are instances and deadlines for which LP I is feasible, but
no feasible integral point and therefore also no feasible integral schedule exists. In fact,
determining whether an integral points exists is an NPP-hard problem, for details we refer to
the full version.

Finding some set of deadlines for which LP I is feasible is easy, as one can simply choose

large enough values to guarantee feasibility. However, for the purpose of constructing good
approximation algorithms for Coflow Scheduling, we require that the deadlines fulfill some
cost guarantees with respect to an optimal coflow schedule.
There is an LP based approach which returns deadlines for which LP I is feasible and certain
strong guarantees hold. This technique has been used by [14, 9] and others. They use a
randomized rounding scheme on another LP formulation to determine integral deadlines
C1,...,Cl. We slightly modify their algorithm and leave out the final step in which they
round up the deadlines and obtain C1, ..., ). These deadlines are thus potentially fractional.
By slightly modifying their proof, the following bound can be shown.

» Lemma 5 ([14]). There is a polynomial time randomized algorithm determining deadlines
Ci,...,Cy for which LP I is feasible and for which the following cost bound holds:

> wEC)] < 2-0PT — > w
j€n

] J€ln]

More details about the procedure used by [14] to determine such deadlines can be found
in the full version. They only implicitly work with LP I, so we provide additional details on
the connection. Note that the procedure can be de-randomized to obtain a fully deterministic
algorithm.

The multiplicative factor of 2 in Lemma 5 is optimal assuming P # NP. This follows
from the factor (2 — €)-approximation hardness of Concurrent Open Shop Scheduling, as
Coflow Scheduling can be seen as a generalization of this problem [23].

3.2 Integral Edge Assignments with Guarantees

Let C4,...,C, be deadlines for which LP I is feasible and Lemma 5 holds. Using the result
of the lemma, we immediately obtain that if we are able to find an allocation such that
all edges from each coflow are scheduled by their respective deadlines, we have achieved a
2-approximation for Coflow Scheduling. In the same way, if for some a > 1 we are able to
schedule each coflow j by time « - C}, we obtain a 2 - a approximation algorithm.

We analyze two edge allocation algorithms which provide different guarantees for the
finishing times of the coflows. The first algorithm Greedy is a simple greedy allocation
scheme. This procedure was used by previous authors to derive 4-approximation algorithms
for Coflow Scheduling. Let Greedy(C;) denote the finishing time of coflow E; in the schedule
produced by Greedy.

» Lemma 6. For given deadlines C1,...,Cy, for which LP I is feasible there is an algorithm
Greedy returning a valid coflow schedule such that the following holds.

Greedy(Cj) < 205 -1
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The second algorithm CBF7 is a novel allocation scheme using a form of iterated rounding
inspired by the Beck-Fiala Theorem from discrepancy theory [4]. The algorithm is para-
meterized by 7 € N> and allocates the coflow deadlines to blocks, where each block’s size
is some integer multiple of 7. An edge assignment is then determined which only slightly
violates the size of each block. This leads to the following completion time guarantees.

» Theorem 7. For given deadlines C4,...,C, for which LP I is feasible, weights w1, ...,wy,,
and a parameter T € Nxo, there is an algorithm CBF" returning a valid coflow schedule such
that the following holds.

2 2
Z wj-CBFT(Cj) < Z wj (Tj__ Cj+72-+2.5—7_)
JEln]

J€[n]

Note that the approximation guarantees of both algorithms are quite different. Greedy
achieves rather strong approximation for small deadlines, while for large deadlines, through
an appropriate choice of 7, CBF” gives good guarantees. In fact, under certain assumptions
on the provided deadlines, CBF" can achieve approximations arbitrarily close to the optimum
of 1, see Section 6.

Our coflow algorithm aims to achieve guarantees for both small and large deadlines
by combining both algorithms in some way. The procedure is straightfoward. It obtains
the deadlines C4, .., C), through the procedure explained in Section 3.1 and then runs both
Greedy and CBF® independently, returning the schedule with lower cost. Analyzing the cost
of the returned solution requires some care, as we need a uniform bound over any possible
input instance.

3.3 Combining Algorithmic Guarantees

By the definition of the coflow algorithm, for each possible instance Z, its cost Capg(Z) is
given as the minimum of the costs C¢(Z) and Ccpr(Z) of the Greedy and respectively CBF®
algorithm.

We show a general proof framework for such algorithms which provide deadline guarantees,
which gives sharp bounds for taking minimums over several algorithms’ costs. The derivation
is not difficult, but the framework offers a surprisingly simple and strong method to establish
bounds for large classes of algorithms. It only requires bounds for the delay guarantees of
the algorithms, which are usually relatively simple to establish.

For this purpose, let Ci,...,C,, be deadlines for which LP I is feasible and let
ALGy, ..., ALGy be algorithms producing valid coflow schedules from such deadlines, with
ALG,;(C;) being the finishing time of coflow E; in the schedule produced by ALG;. For
j € [k], let f; be a function capturing a bound on the maximum weighted deadline delay
of ALG;. This means that f; is such that >, w; - ALG;(C5) < 3 ¢ wj - f5(Cj). Such
functions might stem from bounds on individual deadlines like in the case of Greedy, but
can also come from bounds which are already given as a weighted sum over all deadlines like
for CBF".

> Lemma 8. Let Ai,..., A >0 with 35, g Ai =1 and a € RY. If for all x > 1
Z /\Zfz(l‘) < 04(1' + 1),
1€ (k]

then for all coflow instances I:

OALG(I) = min{C’ALGl (I), ey OALG;C (Z)} S 2a . OPT(I)
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Proof. Let Ar,..., Ay > 0 be fixed constants with } ..y A; = 1. Define g(z) := A fi(2) +
Xofo(z) + -+ + A fi(z). We define a randomized algorithm RALG which for all j € [k]
runs algorithm ALG; with probability A;. With these definitions, for the cost C'arg of the
combined algorithm ALG we obtain:

Carc = min{Carg,,.-.,CarLa,} < Z/\j'CALGj = E[CraLc]
JElk]

For the expected cost of RALG we have

ElCratc] = E| Y wRALG(C))| = Y wERALG(C))
s€ln] s€ln]

< YW MACH) + M fR(C) = D wig(Ch).
Jel

n] J€ln]

So by establishing suitable bounds for g(x), we can show approximation bounds for ALG.
Assume that there exists some o € Ry such that g(x) < a(z + 1). Then we can further
bound

S wiglCy) £ Y wia(CH) < ar > Wil + as Y w
JE[n]

Jj€ln] Jj€ln] JE[n]

By using the deadlines (1, ..., C), provided by Lemma 5 for which Eje[n] w;C; <2.-0PT —
>_je[n) ws holds, this yields the desired bound:

CALG < 2a - OPT <

3.4 Main Theorem

Using the previous lemmata and theorems, we prove Theorem 1. The proof follows by
application of the framework from Lemma 8 to selected edge allocation algorithms.

» Theorem 1. There is a polynomial time algorithm achieving a 222 (< 3.415)-approzimation

a1
for Coflow Scheduling without release dates.

Proof. For completeness, we restate the algorithm which has implicitly been described earlier.
Given some coflow instance Z, we first determine deadlines using the procedure described
in Section 3.1. We then apply the two edge allocation algorithms Greedy and CBF® to the
deadlines to obtain two feasible coflow schedules and return the schedule with lower total
cost.

Calling this algorithm ALG, its cost Carc(Z) is thus given as min{Cqreedy(Z), Ccoprs (Z)}.
We aim to use Lemma 8 to bound the approximation ratio of ALG. For this purpose, let
fe be a function capturing an upper bound on the deadline delay of Greedy in the sense
required by Lemma 8 and respectively fopr for CBF®. From Lemma 6 and Theorem 7 we

obtain that
4 31
falx) = 22 —1 and fepr(z) = 3% + 5

holds. Let A; := 23/41 and A := 18/41. This yields:
Mfa(@) +Xafepr(z) = @ R+3 - He+(F - 7-1) = R+l

So the requirements of Lemma 8 are fulfilled with o = 7% which implies that ALG is a

110
2. % = % < 3.415-approximation algorithm for Coflow Scheduling without release dates. <«
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4 Integral Edge Assignments with Guarantees

In this section we introduce and analyze algorithms which allocate edges of coflows to
time-slots. They work on coflow deadlines fulfilling certain structural properties and their
goal is to provide feasible schedules together with guarantees on the average delay each
coflow experiences. Similar strategies are also used in most of the previous 4-approximations
for Coflow Scheduling. We introduce the algorithms Greedy and CBF” and show their
guarantees in Lemma 6 and Theorem 7.

4.1 Greedy Scheduling

We start by introducing and analyzing a greedy allocation algorithm Greedy, which is one of
the edge allocation procedures used in previous works to achieve a 4-approximation. Let
C; < Cy <--- < (C, be deadlines for which LP I is feasible. Greedy schedules all coflows
consecutively, starting with E7 up to E,. Each edge is simply scheduled in a work-conserving
way, meaning that it is scheduled in the earliest possible time-slot in which both its vertices
are free. By doing this for all edges, a schedule is obtained. For j € [n], let Greedy(C};) be
the finishing time of coflow E; in the schedule obtained from this procedure.

» Lemma 6. For given deadlines C4,...,C,, for which LP I is feasible there is an algorithm
Greedy returning a valid coflow schedule such that the following holds.

Greedy(C;) < 2C;-1

Proof. Consider some fixed j € [n] and let e = (u,v) € E; be an edge on which coflow j
finishes. As LP I is feasible for the deadlines, for both v and v at most C; — 1 flow which
contains one of these vertices from earlier coflows can exist. This implies that at most
|C; — 1] edges in (U;<;E;) \ {e} can be adjacent to each of u and v. So these edges can
block at most 2(|C; — 1|) < 2C; — 2 time slots, which implies that Greedy schedules e the
latest in slot 2C; — 1. <

Greedy provides a strict deadline guarantee for each coflow, meaning that in the schedule
produced every coflow finishes the latest at the provided bound. This also implies that
the same guarantee holds when taking weighted sums over the finishing times. Note that
20 -1=(2- C%)Cj’ so for small C; this gives a tangible improvement over the factor 2.

4.2 Iterated Rounding using Beck-Fiala

This section gives a proof of Theorem 7. We start by providing a full description of the
algorithm, then we give a preliminary analysis and subsequently strengthen the guarantee
through further refinements.

Procedure ldea

Given some deadlines C7y < Cy < ... < (), for which LP I is feasible, the core idea is to round
these deadlines to the next integer multiple of some parameter 7 € N> and to then form
blocks between consecutive rounded deadlines. With these blocks and associated deadlines,
we show that it is possible to allocate all edges to blocks while only violating the block size
by a small additive constant. Given such an allocation, using the guarantee provided by
Kénig’s Theorem (Theorem 4) there exists a feasible schedule containing all assigned edges
within the maximum vertex load of each block. Through the rounding and the increase in
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blocks’ sizes the finishing times of the coflows are delayed with respect to their deadlines.
We are however able to show strong bounds on this delay.

We call this algorithm CBF” due to its close association with the proof of the Beck-Fiala
Theorem [4].

Edge-to-Block Allocation LP

We use a rounding technique inspired by the proof of the Beck-Fiala Theorem. Let 7 € N>
be a fixed constant. For j € [n] let C’j be the deadline C; rounded up to the next integer
multiple of 7. The blocks’ sizes are defined by the distance between two non-equal consecutive
deadlines. So for C’j #+ C'j_l, block j has size C’j - C'j_l. We define the following LP, which
models the allocation of coflow edges to blocks. One can assume without loss of generality
that all rounded deadlines are distinct and that there are n of them, as coflows whose rounded
deadlines are equal can be joined in this step.

Z Teb = 1 Vee F (I)
be(n]
dwey < C—Chr YweV,VbE[n] (I1) (LP CBF)
ewwee
Tep = 0 Vj € [n],Ve € E;,¥b > j
Te,b Z

The structure of LP CBF is identical to LP I, though the special form of the rounded
deadlines induces some additional properties. By definition C_'j > Cj for all j € [n]. Addition-
ally, with Cy = 0, for each b € [n] we have Cy, — Cy_1 = ky, - 7, for some k;, € N. We identify
each edge and vertex in the coflow instance with the respective variable in the LP and use
both terms interchangeably.

We claim that feasiblity of LP I for C1,...,C, directly implies feasibility of LP CBF for
C1,...,C,. For LP I, increasing the value of any deadline without violating the total order
can only increase the feasible region, as the equal zero constraints get less restrictive and
any possible excess assignment can be shifted between the two adjacent blocks whose size
changes. Therefore, as all deadlines can only increase, LP CBF also has to be feasible.

LP Rounding

We describe a procedure which finds an integral edge-to-block assignment violating the block
size constraint (IT) by a constant amount. To achieve this, we start with an initial solution
to the LP and then successively refine and resolve the LP, until we have obtained an integral
solution fulfilling certain strong properties.

From now on we assume that we started with deadlines C1,...,C, for which LP I is
feasible, so we know that for C,...,C, LP CBF is feasible. After obtaining an initial
solution to LP CBF, we take two steps. We first fix all integral edges and remove their
respective variables from the LP and modify the right hand side of (I7) accordingly and
then we delete all constraints from (I7) with at most k& — 1 fractional variables remaining,
for some fixed number k£ € N. This corresponds to dropping the degree constraint on the
respective vertex if at most k — 1 adjacent edges are still fractional. Let &, be the set of all
fractional edges contained in block b and let V} be the vertices in block b with at least k
fractional adjacent edges. Let S, ; be the set of already fixed edges adjacent to v in block b.
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This gives rise to the following resulting LP:

Ywey = 1 vee | & (I)

be[n] be(n]
Z Tep < ky-T— Sl Vb € [n],v €V (II)
ec&yvee
ZTep, > 0 Vb € [n],e € &

If we can show that this LP always contains strictly more variables than it contains
constraints in (I) and (II), by considering a basic feasible solution, we obtain at least
one more integral variable, so repeating the fixing variables and removing constraints step
leads to at least one more fixed variable. Therefore in a polynomial number of steps the
procedure must terminate and we obtain an integral solution. The step in which we drop
constraints means that this integral solution is most likely not feasible for the original LP,
but we later show that the amount of violation cannot be very large, which yields the desired
approximation behaviour.

Constraints and Variables

We want to show that the number of constraints is strictly smaller than the number of
variables. The total number of variables in the LP is equal to 3y, [€]. The number of
constraints in (1) U (11) is equal to [Uye(,) &bl + Xopefy [Vl We show two bounds which
enable us to establish the desired inequality.

> Lemma 9. Forallbe[n]: [V| < 2(&)|

Proof. As by definition each vertex in V, has at least k fractional adjacent edges, we obtain
the following.

Wl -k < |{(v,e) | Yv e W,Ve €dp(v)NE}

FEach edge contains exactly two vertices, so we additionally have the following inequality:
H(v,e) | Yo e W,,Ve € dp(v)N&E} < 2-]&]

Combining the two inequalities gives the result. <

> Lemma 10. Forallbe [n]:  |Upep &l < 5 Xiepm 10l

Proof. For arbitrary sets, the bound is only true without the factor % on the right hand side.
Equality is reached exactly when all elements are unique. In our case, whenever there is a
fractional edge, due to constraint (I), at least one other variable associated to this edge in
another block has to be fractional as well. Hence, these contribute at least twice to the right
hand side and only once to the left hand side, which gives the inequality. <

Combining the two lemmata, we obtain:
|Cons| = |U &l + E Vel < L E |5b|-|-2 E &y = 1—&-2 |Vars|
- 2 k 2k
be(n] be[n] be[n] be(n]

So for all k > 4 a strict inequality follows. For k = 4 we have the inequality |Cons| < |Vars|.
We can however still achieve a strict inequality for this case by slightly modifying the LP. In
its current form, the LP is given without an objective function. We can thus remove one
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constraint from (/7) and shift it to the objective function instead. This reduces the number of
constraints by one without changing the number of variables. If b,v € V} are the parameters
corresponding to the chosen inequality, the added objective function is min}_ &y wee Leb-
From the minimization objective it follows that feasible optimal points of the modified LP
are feasible for the original LP, as the removed constraint cannot be violated.

Delay Bound

Looking at the integral assignment, we can show that the violation of constraints of LP CBF
is small. Note that the following statement only requires integrality of the deadlines and not
the special structure of the rounded deadlines.

» Lemma 11. Given integral deadlines C1,...,C, for which LP CBF is feasible and a
parameter T € N>o, in polynomial time we can find an integral point such that:

a) All constraints (II) in LP CBF are exceeded by at most 2.

b) All other constraints in LP CBF are fulfilled.

Proof. At all times during the procedure, the intermediate LP solutions fulfill the constraints
not in (II), so b) follows. Remember that we never change variables once they are integral
and that we only remove constraints from (I7) if the number of fractional variables in the
sum is at most k — 1. This shows that each constraint in (/) can only be violated by an
additive term of k — 1. In fact, as the fractional variables have a strictly positive sum, the
sum over the remaining integral variables at the time of removal can be at most 7 — 1, which
implies that the violation is at most k& — 2. For the choice k = 4, a) follows. |

Using this result, we can show an upper bound on the maximum delay for each deadline
when applying CBF”. In total, we obtain the following lemma, which at this point is slightly
weaker than required for Theorem 7, as there is an additive constant of 7 4+ 2 instead of
T/2425— % Nevertheless, the theorem in this form would already be sufficient to gain
a significant improvement over the factor 4-approximation. Like in the case of Greedy,
CBF"(C}) is the finishing time of coflow E; in the schedule created by CBF".

» Lemma 12. For given deadlines C1,...,C,, for which LP I is feasible and a parameter

T € N>, there is an algorithm CBF" returning a valid coflow schedule such that the following
holds for all j € [n].

T4+ 2
T

CBFT(Cj) < Ci+1+2
Proof. The algorithm is given by setting the deadlines to the next integer multiple of 7 and
then doing the iterated rounding procedure. Given the edge to block assignments, a valid
schedule can be obtained using Kénigs Theorem (Theorem 4).
Consider some fixed C; and let k € N and a € [0,7) such that Cj; = k- 7+ a. Assume for
now that a > 0, then C_'j = (k+ 1)7. By definition, the deadline C_'j forms the j-th block.
From Lemma 11 it follows that each block’s size increases by at most 2, so the latest possible
time at which coflow j finishes is (k 4+ 1)7 + 2j. As each block has size at least 7, we have
J<(k+1),s0 (k+1)7+2j < (k+1)(7+2). Bounding this yields:

T+2

2
(k+1)(r+2) < (T+2)k+%-a+r+2 = — Ci+7+2

For a = 0, the argument simplifies. One has éj = k- 7 and hence a finishing time upper
bound of k(7 + 2). In this case a stronger bound of ZE2C; follows. <
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Reducing the Additive Constant

The additive constant 7 in Lemma 12 assumes the worst case for each deadline, meaning
that every deadline gets shifted from the very start to the very end of a block. We show that
2
This requires that we show the bound across the weighted sum over all deadlines, unlike thTe
previous proofs which established hard upper bounds for each individual deadline.

For A € N, we consider a variant CBF} of CBF” where an additional first block of fixed
size A is inserted. This is equivalent to rounding the deadlines to the next larger term in the
sequence {A + i - 7};en. Note that by simple modification of the arguments, the feasibility
statements for LP CBF still apply. Lemma 11 is thus also applicable.

This change to the deadline rounding step can change the finishing time of deadlines in
our procedure. On the one hand, the delay of some deadlines might increase, as the last time
slot of their respective blocks gets increased. On the other hand, the delay of some deadlines
might decrease, as they now get included in an earlier block. We show the following.

an averaging argument can be used to reduce the average amount of shift to 7/2 + % —

» Theorem 7. For given deadlines C4,...,C, for which LP I is feasible, weights w1, ...,wy,,
and a parameter T € N>o, there is an algorithm CBF" returning a valid coflow schedule such
that the following holds.

2 2
3w CBET(C)) < ij(7+ Cj+72-+2.57)
j€ln]

Jj€[n] g

Proof. The algorithm tries all A € {0,2,...,7 — 1,7 + 1} and returns the solution with
lowest total cost. We can upper bound this cost by instead considering a uniformly random
A€ {0,2,...,7— 1,7+ 1} and calculating the expected cost. Consider some fixed C; and
let k e N,be{0,1,...,7—1},a € [0,1) such that C; = k-7 + b+ a. We assume for now
that both a # 0 and b # 0. We write C_'j()\) to denote the smallest term in the sequence
{\+ i T}ien which is greater than or equal to Cj. The term C;(\) essentially captures
the last time slot of the block to which C; will be assigned. In the base case A = 0, this
is equivalent to the rounding arguments used in Lemma 12. For A > 0, compared to the
base case, the index of the block to which Cj is assigned might increase or stay the same,
depending on the values of A and b. If A < b, C; gets assigned to the same block, but an
additional block is inserted at the start, while for A > b, C'; moves one block earlier, so the
index stays the same. Considering the different cases one by one, we obtain:

In case A = 0, we have C;(\) = (k + 1)7 and by the same arguments as used in the proof of
Lemma 12 we obtain

2 2
CBFY(C)) < (h+1)(r+2) = 20, 174217

T

(a+0b).

In the case A € {2,...,b}, we have Cj(\) = (k+1)7 + A and the index of C;’s block increases
by one. This gives:
T+ +2

CBF (C;) < (k+1)(t+2)+(A+2) = T2Cj+7+2—%(a+b)+(>\+2)

In the case A € {b+1,...,7 — 1}, we have C;(\) = k7 + ) and the block index stays the
same, thus:
2 2
CBF{(C)) < k(r+2)4+A+2 = 20, 17+2- T2 (a4 0)— (r— N
T

T
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In the case A = 7 + 1, as we assumed a, b # 0, we have Cj(\) = (k + 1)7 + 1 and the block
index stays the same, so we have:

CBF{(Cy) < (B+1)(t+2)+1 = Tj__QCj—i—T—l—?—TTH(a—l—b)—i—l

Every right hand side contains the same term C; := 2205 + 7+ 2 — =2 (a +b), which is
independent of ), so we define a random variable D;()\) := CBF}(C;) — C; which captures
the respective remaining terms. Define Ly = {2,...,b} and Lo = {b+1,...,7 — 1}. Then

we have
E[D,] < %E[Huxem] - T%H)-E[Tf/\|)\€[/2} + %-]E[1|)\€{T+1}]
b—1 1 T—1-b 1 1
e R e S
AELy AELy
1 _ b(b+1)_ _1 _ L l
= 7_<2(b 1)+ 5 1 2(7' b)(r—1 b)) + -
2T 2,1,
T 2 T 2 '
So overall, we obtain
E[CBF3(Cy)] < C;+E[Dy]
T+ 2 T+ 2 260 0 2 1
= Ci+17+2——@+b)+|——=-——+=-+0D
T T T 2 7 2
T+ 2 T 2
= —Cj+-+25—=—(1+2)a
T j+2+ T (+T)a

As a € (0,1), the result follows. For a = 0 or b = 0, by checking all the cases one obtains
that in each case, the bound stays the same or improves, so the theorem follows. |

5 Coflow Scheduling with Release Dates

In this section we show how the scheduling framework can be extended to work for the case
with release dates. Theorem 2 gives an extension of the guarantee provided by Theorem 1 to
the case with release dates, though this comes at the cost of a worse approximation ratio.

» Theorem 2. There is a polynomial time algorithm achieving a 4.36-approximation for
Coflow Scheduling with release dates.

The overall proof structure is very similar to the case without release dates, just with
tweaks at every step to account for the additional constraints. We provide the general outline
here and omit some minor details which follow from modifications to the original arguments.

Coflow Deadlines

Like in the case of no release dates, we want to obtain deadlines for the coflows which obey
some structural constraints. LP I does not contain release dates, but with some minor
modifications we obtain a suitable LP. For this purpose, for some € [2n], define a sequence
Dy < Dy < ... < D, containing exactly all deadlines and release dates. For some edge
e € F, let r(e) be the index of the release date associated to e in the chain of points in D
and respectively d(e) the index of the deadline. Then we construct the following LP.
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> wee =1 Ve€ E

s€[k]

D, — Dy, Vs € [k],Yv eV (LP R)

N
8
A
A

Tse = 0 Vj € [n],Ve € E;,Vs & {r(e) +1,...,d(e)}
Tge = 0

The structure of LP R is very similar to LP I, just with added block separators for each
release date and modification of the constraints to prevent edges from being scheduled in
blocks before their respective release dates.

The same procedure by [14] used in Section 3.1 can be employed to obtain deadlines
Cy,...,C, for which LP R is feasible and for which the same cost bound from Lemma 5
holds.

Edge Allocation

Given such a set of deadlines for which LP R is feasible, we again describe two algorithms
Greedy p and CBF} which provide feasible allocations for all edges. Their guarantees are
slightly worse due to the added release date constraints.

Like previously, Greedy(C;) and CBF3(C;) will be used to denote the finishing time of
coflow Ej; in the schedule provided by the respective algorithm.

» Lemma 13. For given deadlines C1,...,C, for which LP R is feasible there is an algorithm
Greedy , returning a valid coflow schedule such that the following holds for all j € [n].

Greedyr(Cj,r;) < r;+2C;—1

Proof. The proof is essentially identical to the one of Lemma 6, just on a shifted interval.
No edge of E; can be scheduled before r;. For the following 2[C;] time slots the same vertex
allocation argument applies, which leads to an upper bound of r; +2C; — 1. |

For the allocation procedure CBFF, the guarantee worsens by an additive 7+ 2.

» Lemma 14. For given deadlines Cy, ..., C,, for which LP R is feasible, weights w1, . ..,wn,
and a parameter T € N>o, there is an algorithm CBF% returning a valid coflow schedule such
that the following holds.

+2 3 2
ij <TT CJ+2T+45T)

J€[n]

Y w;-CBFR(Cy) <
J€[n]

Proof. The overall algorithm is almost identical to the one for the case of no release dates
from Section 4.2. The main change is a different initial rounding.

Note that in order to obtain good guarantees, we need to ensure that the number of
resulting blocks after rounding is not too large and that we have control over the blocks’
sizes. We therefore have to round both release dates and deadlines. Simply rounding both to
the next multiple of 7 would not suffice, as it could lead to infeasible LPs. For example, if for
some k€N, r;=k-7+1and C; = (k+1) -7 — ¢, then rounding them in that way would
lead to r; = C; = (k+ 1) - 7. We instead round the release dates up to the next multiple of
7 and the deadlines to the second next multiple of 7, meaning that we round them to the
next multiple and then add an additional 7.
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In the case without release dates, it is not hard to show that rounding up the deadlines
cannot make the resulting LP infeasible, as the feasible region only increases. In the present
case, a bit more care is needed, as the rounding of the release dates could lead to parts of the
feasible region becoming infeasible. A feasible point for the original LP can be transformed
to one in this LP by interpreting the assignment as a time-continuous one and essentially
shifting the allocation by 7. This means that if an edge was scheduled at some point in time ¢,
we now treat it as if it was scheduled at time ¢ + 7. More details about these transformations
and interpretations can be found in [9].

Given the feasibility of the LP for the rounded release dates and deadlines, the same
iterated rounding approach from Section 4.2 can be used to obtain an integral feasible schedule
which violates the respective degree bound constraints by at most 2. As the procedure
never changes variables as soon as they are integral and as the blocks’s sizes increasing only
increases assigned time slots, the feasibility for the release date constraints is preserved.

For some given deadline Cj, let k € N and a € [0,7) such that C; = k-7 + a. Then C}
gets rounded to (k + 2) - 7. There are at most k 4+ 2 blocks up to and including the block
formed by C}, whose sizes all increase by at most two. This yields the following bound.

T+ 2
T

CBFR(C;) < (k+2)7+(k+2)2 = (k+2)(7+2) < Cij+21+4

Like in the case of no release dates, this bound is slightly weaker than as stated in the
lemma. Using the same averaging strategy as employed before reduces the additive constant
by 7/2 — 3 + 2, leading to the result. <

Framework and Approximation Bound

The algorithm for Coflow Scheduling with release dates again works by obtaining deadlines
and then running several edge allocation algorithms on these and returning the cheapest
solution among them. To bound the cost, a framework very similar to the one described
in Lemma 8 is used, though an additional bound on the distance to the optimum cost is
needed due to the presence of the r; summand in the guarantee provided by Greedyp. As
in any optimal solution the finishing time OPT; of coflow F; has to be after r;, we have

Ty S OPTJ —1.
In the following lemma, like in Lemma 8, let fi,..., fr be some functions capturing the
edge allocation guarantees provided by some collection of algorithms ALGy, ..., ALGg. In

this case the functions additionally depend on a parameter r; € R>q, which like in the case
for Greedy captures the dependency on release dates.

» Lemma 15. Let Ay, ..., \py > 0 with Eie[k] Ai =1 and a,b € R. If for all possible pairs
x>1r, €0,z —1]

Do Nifilwore) < alz41)+b(r, +1),
i€ k]

then for all coflow instances ZL:
CaLc (I) = min{CALGl (I), . aOALGk (Z)} < (20, + b) . OPT(I)

Proof. Let g(z) = > ;cpy Aifi(z,72). Using the exact same argument as in the proof of
Lemma 8 and inserting the upper bound on g, we arrive at

Carc < Z w;g(Cj) < a Z w;Cj + a Z wj +b Z w;(r; +1)
Jj€ln]

j€[n] j€[n] Jj€[n]
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Inserting Zje[n] w;C; < 2.-0PT — Zje[n] w; for the first sum and r; < OPT; — 1 into
the second sum we obtain

Care < (2a+0b)-0OPT <
We can now apply this modified framework to show Theorem 2.

» Theorem 2. There is a polynomial time algorithm achieving a 4.36-approximation for
Coflow Scheduling with release dates.

Proof. We use algorithms Greedy and CBF%. For their edge allocation guarantees we have
3
fg(Cj,Tj) < rj+ 2Cj —1 and fCBF(ijrj) < §CJ + 10.
For Ay = 0.68 and Ay = 0.32 we obtain

Mfa(z,re) + Ao fepr(z,ry) < 1.84(x+1) + 0.68(r; + 1),

which by application of Lemma 15 gives a 4.36-approximation. <

6 Asymptotic 2 + € Approximation

Theorem 1 establishes that there is an algorithm returning a 3.415-approximation for any
given coflow input instance. In this section we show a stronger, asymptotically optimal,
approximation for input instances with a certain structure. This result does not depend
on the approximation framework but rather follows directly from the bounds established
in Section 5. Note that to show (2 — €)-approximation hardness in [23], they construct a
sequence of instances for which the ratio between the sum over all weights and the optimum
grows arbitrarily large, which shows that the asymptotic result in Theorem 3 is essentially
optimal.

» Theorem 3. For any e¢ > 0, there exists an € > 0 such that there is a (2+ €)-approzimation
algorithm for all coflow instances T fulfilling

> w; < & OPT(I).
JElT)

Proof. For a given instance Z, using Lemma 5 we can obtain deadlines C, ..., C,, feasible
for LP I for which the (weakened) bound 3¢, w;C; < 2-OPT holds.

Using the bound derived in Section 5, we know that there exists algorithm CBF7 which can
find a feasible coflow schedule for these deadlines such that for every j € [n] : CBF%(C;) <
TTHCj + 27 4+ 2. Applying the algorithm to the deadlines yields:

2
ZUJJCBFE(CJ) é ij (Tj__ C]+2T+2>
J€Eln]

2
142 C. )
( —l—T) E w;C; + (21+2) E wj
j€[n] j€[n]

4
(2 + - e+ 2)) OPT
T

IN

So for any € by appropriate choice of 7 large enough and respectively € small enough, the
result follows. <
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Note that while the requirements in Theorem 3 are rather technical, it implies several
strong results for natural classes of coflow instances, such as instances where all coflows have
large maximum degree.

» Corollary 16. For any ¢ > 0, there is D € N such that there is a (2 + €)-approzimation
algorithm for Coflow Scheduling without release dates for instances T fulfilling

VE;€T: A(E;) > D.

Proof. In any schedule, the finishing time of a coflow is lower bounded by its maximum
degree. Therefore the optimum cost will be at least D times the sum of the weights. So for
D large enough such that € - D > 1, Theorem 3 yields the result. |
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