An Upper Bound on the Weisfeiler-Leman
Dimension

Thomas Schneider =

Department of Mathematics, Technische Universitdt Darmstadt, Germany

Pascal Schweitzer &
Department of Mathematics, Technische Universitat Darmstadt, Germany

—— Abstract

The Weisfeiler-Leman (WL) algorithms form a family of incomplete approaches to the graph
isomorphism problem. They recently found various applications in algorithmic group theory and
machine learning. In fact, the algorithms form a parameterized family: for each k € N there is
a corresponding k-dimensional algorithm WLk. The algorithms become increasingly powerful with
increasing dimension, but at the same time the running time increases. The WL-dimension of a
graph G is the smallest £ € N for which WLk correctly decides isomorphism between G and every
other graph. In some sense, the WL-dimension measures how difficult it is to test isomorphism
of one graph to others using a fairly general class of combinatorial algorithms. Nowadays, it is a
standard measure in descriptive complexity theory for the structural complexity of a graph.

We prove that the WL-dimension of a graph on n vertices is at most 3/20-n+o(n) = 0.15-n4o(n).

Reducing the question to coherent configurations, the proof develops various techniques to
analyze their structure. This includes sufficient conditions under which a fiber can be restored
uniquely up to isomorphism if it is removed, a recursive proof exploiting a degree reduction and
treewidth bounds, as well as an exhaustive analysis of interspaces involving small fibers.

As a base case, we also analyze the dimension of coherent configurations with small fiber size
and thereby graphs with small color class size.
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1 Introduction

In recent years, the Weisfeiler-Leman (WL) dimension has evolved to become a standard
measure for the structural complexity of a graph. Initially coined in the context of isomorphism
questions [4,24,37], a plethora of equivalent reformulations in seemingly unrelated areas
has surfaced (e.g. [2,3,7,9,10,19]). The concept in particular has applications in machine
learning on graphs (see [32] for a survey).

In its initial formulation, the WL-dimension of a graph G is characterized as the minimum &
required so that the k-dimensional WL-algorithm distinguishes G from every non-isomorphic
graph. By a central result of Cai, Fiirer, and Immerman [7, Theorem 5.2], the dimension
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plus one is also the least number of variables required to identify G in a particular logic
(fixed-point logic with counting) and also the number of pebbles required in a particular
combinatorial pebble game (the bijective pebble game).

In some sense, the WL-dimension measures how difficult it is to test isomorphism of one
graph to others using a fairly general class of combinatorial algorithms. Crucially, isomorphism
between graphs of bounded WL-dimension can be decided in polynomial time. More precisely,
if the WL-dimension is at most k, then the problem can be solved in time O(n**!logn).
While group theoretic techniques can circumvent the structural complexity given by high
WL-dimension, the currently fastest theoretical algorithm, which runs in quasi-polynomial
time [6], nevertheless uses a O(log(n))-dimensional WL-algorithm as a subroutine.

Many graph classes are known to have bounded WL-dimension (e.g., all classes with
an excluded minor [17] and bounded clique width graphs [18]), giving a polynomial time
isomorphism algorithm for these classes.

Initial hopes to find a general bound on the WL-dimension of graphs, however, were
dispelled by the seminal construction of Cai, Fiirer, and Immerman [7] which constructs
graphs of order n and WL-dimension Q(n).

In this paper we investigate explicit bounds for the WL-dimension. A calculation of the
precise constant in [7] yields a lower bound of 0.00465 - n as demonstrated in [34,35]. In a
publication independent from ours, Kiefer and Neuen [25] observe a lower bound of gg —o(n).
This constitutes the current best lower bound in the literature and is slightly below the
one we state in this paper using essentially the same observations. In [34,35], an explicit
upper bound of 0.5n + 1.5 follows from upper bounds that apply in a more general context
(more specifically from bounds on the “non-counting version” of the WL-algorithm). We
previously supervised a Bachelor’s thesis by Simon Lutz at TU Kaiserslautern that shows
an upper bound of [%] 4 2. The best currently known upper bound on the WL-dimension
of [%]+ o(n) is proven by Kiefer and Neuen [25] in their mentioned independent work.

Contributions

The main result of this paper establishes an upper bound for the WL-dimension of 0.15-n+o(n)
for all n-vertex graphs G. As part of the proof, we also derive an upper bound of 0.05-n+o0(n)
on the WL-dimension of colored graphs whose color classes all have size at most 7. Possibly
more important than the precise value of our bounds are the techniques we develop in the
proof, allowing for the analysis of the descriptive complexity of graphs. In brief, they include
criteria under which color classes are removable without any effect on the WL-dimension, an
analysis of the possible structures joining an arbitrarily color class with a color class of size
at most 7, and a general framework to bound the WL-dimension with recursive reductions
using potential functions. These techniques are described in more detail below.

As a complementary result, we also observe in this paper that for all orders n there are
graphs G with a WL-dimension of at least 0.0105027 - n — o(n).

As usual, these upper and lower bounds for the WL-dimension can both be recast in
logical terms, bounding the number of variables required for graph identification in fixed
point-logic with counting.

Techniques

On a macroscopic scale the idea for the upper bound proof is as follows. To facilitate recursion,
we first generalize the problem to vertex- and edge-colored graphs. More specifically, it is
sufficient for us to consider vertex- and edge-colored complete graphs that satisfy strong
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regularity conditions. In particular, it suffices to consider so-called coherent configurations,
which naturally generalize various highly regular graph families, such as strongly regular
graphs and distance-regular graphs. They can also be understood as the stable colorings
under the 2-dimensional WL-algorithm. By increasing the dimension by at most 2 once, we
can at any point in time, even during recursion, assume that all our objects are coherent
configurations. In the language of coherent configurations, the notions of vertex color
classes translate into so-called fibers of the coherent configuration, and we will use terms
interchangeably.

The proof strategy is to reduce the number of vertices, with a focus on reducing those
contained in large fibers. We repeatedly use individualizations: an individualization artificially
assigns a single vertex a different color. The effect on the coherent configuration, when the
2-dimensional WL-algorithm is applied, is that other fibers are split into smaller ones, which
simplifies the coherent configuration. A vertex individualization decreases the dimension by at
most 1, meaning we can bound the dimension of the configuration without individualization
in terms of the dimension of the configuration we obtain after individualization. We use this
strategy to argue that, at a sublinear cost regarding the dimension, we can ensure that the
maximum color class size is sublinear in the number of vertices.

With small fibers in mind, we investigate situations in which a color class can be removed
without decreasing the WL-dimension. We call configurations critical if no fiber can be

removed this way. Fibers of size at most 3, which we call tiny, can always be removed.

For fibers that are not tiny, we develop a technique to determine from the combinatorial
structure that a fiber is restorable and thus can be removed. Formally, the technique is based
on extendability of automorphisms of induced subconfigurations.

Our base case of the recursion is the situation in which all fibers have size at most 7.

We call such fibers small. We analyze the structure of the configurations that small fibers
can induce, as well as the possible connections between small fibers. These connections are
called interspaces. The quotient graph captures the structural information given by fibers

and interspaces. The vertices of the quotient graph are the vertex color classes (i.e. fibers).

Two of these vertices are connected by an edge if the corresponding color classes are not
homogeneously connected, that is, if the interspace is not trivial. Intuitively this means that
there is some form of structural dependence between the color classes. For example, the
connected components of the quotient graph can be treated separately when determining the
WL-dimension, since they are structurally independent.

Several reductions lead us to a quotient graph of maximum degree at most 3. This means
that every color class is non-trivially connected to at most 3 other color classes. At this

point we can use bounds on the treewidth for cubic graphs to bound the WL-dimension.

Overall we show that a coherent configuration with fiber size at most 7 has WL-dimension
at most 0.05 - n + o(n).

For the general recursion we also need to understand the possible interspaces between
small and large fibers. We define a specific potential function that measures the progress
we make towards the base case. It gives us the possibility of trading individualizations
for a reduction of the potential. We then define a sequence of local reductions that, for
various subconfigurations and types of interspace, provide a positive trade-off. We can
thus inductively assume that these subconfigurations and interspaces are not present in our
configuration.

To finally reach the base case, we employ a global argument concerning the structure of
configurations that avoid the subconfigurations. In more detail, we introduce the concept of
a t-reduced configuration and show that configurations to which none of the local reductions
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are applicable are t-reduced. For reduced structures, the global argument allows us to
separate the graph into pieces whose underlying structure either has small treewidth or which
consist only of small fibers. Overall this recursive approach proves the main theorem.

The lower bound simply follows straightforwardly by combining three known results on
expansion, treewidth, and the CFI-construction in the evident fashion. An intermediate step
in that argument is that random cubic graphs asymptotically almost surely have treewidth
at least 0.04201 - n.

Structure

We revisit the most important definitions and concepts in Section 2 and give details on the
lower bound in the fairly compact Section 4. The proof of the upper bound, in contrast,
turned out to be significantly more involved. A detailed outline of the overall proof, the
involved ideas, and the new techniques is given in Section 3. However, it omits some repetitive
case distinctions, various tedious calculations, and technical aspects. These can be found in
the full version of the paper [36].

Related Work

A concrete classification of graphs with WL-dimension 1 is known [1,27]. Fuhlbriick, K&bler,
and Verbitsky analyze the structure of graphs with WL-dimension 2 [14] and bounded color
class size. Some of our structural lemmas can be seen as direct generalizations of results in
their paper. A recent generalization of their complexity results regarding the WL-dimension
can be found in [30]. We should remark that in the two papers, just like in ours, the
CFl-graphs appear innately.

A survey on descriptive complexity in particular with bounds related to the WL-dimension
can be found in [35]. The term WL-dimension was coined by Grohe in his monograph [17].
The main result of this monograph implies that for non-trivial minor-closed graphs classes
the WL-dimension is bounded. As remarked above, this is also true for graphs of bounded
rank-width [18]. Recently, for several graph classes explicit bounds on the dimension have
been proven, including planar graphs [26], distance hereditary graphs [16], interval graphs [12],
permutation graphs [21], and circulant graphs [38].

Future Work

While our overall approach may very well be used to improve the upper bound even further,
it seems that our argument involving interspaces will then produce an ever increasing number
of cases. Therefore, to further improve the bounds with our approach, these arguments might
need to be automated or structurally simplified.

Having developed various new techniques and a global view to deal with coherent
configurations, another pressing questions for us is as follows. The Deep-Weisfeiler-Leman
framework is an extension of the WL-algorithm to match choiceless polynomial time [20]. For
this extension it is an open problem whether it provides a polynomial-time solution to graph
isomorphism. This question in turn has consequences for the quest for a logic capturing
polynomial time [31], a central problem in finite model theory. We therefore wonder whether
some of our new techniques can be used to provide better insight into Deep-Weisfeiler-Leman.
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2 Preliminaries

Given a finite set Q and a binary relation A, we call the pair (2, A) a (directed) graph G.
We denote the set of all vertices of G by Q(G) and the set of all arcs of G by A(G).
Two vertices v,w € Q are adjacent if vw € A or wv € A. Given the graph G and a
coloring x: A(G) — C, we call (G, x) a colored graph.

For positive integers r, s,t, we denote the disjoint union of r copies of a graph G by rG,
write K for the complete graph of order s, and refer to the bipartite complete graph between
two vertex sets of size s and t by K, ;. We refer to the cycle of order n by C,,, and use C,
for the directed version. We denote the Paley tournament on 7 vertices by PTr(7) and the
incidence graph of the Fano plane by L(FP). The graph Sp4 ¢ is the incidence graph of Ky
and C—';[K o] is a C3 in which each vertex is replaced by two isomorphic copies of itself.

An isomorphism between graphs G and H is a bijection ¢: V(G) — V(H) which
preserves adjacency and non-adjacency, that is, for all v,w € Q(G) we have vw € A(G)
if and only if p(v)p(w) € A(H). Given two colored graphs (G,xg) and (H,xm), an
isomorphism ¢ between G and H is called color-preserving if for all v,w € Q(G) we
have xg(vw) = xu(p(v)e(w)). If there exists a color-preserving isomorphism between G
and H, then we call the graphs isomorphic and write G = H.

Weisfeiler-Leman algorithm

Given a positive integer k, the k-dimensional Weisfeiler-Leman algorithm WLk is part of
a family of incomplete deciders for the isomorphism problem, which, given two uncolored
graphs G and H, asks whether G = H holds.

In a nutshell, the algorithm colors the k-tuples of vertices of the graphs as follows. Initially
it colors each k-tuple depending on the isomorphism type of the graph induced by the tuple.
Here the order of the vertices is taken into account. The algorithm then repeatedly refines
the coloring by considering the possible tuples and colors one obtains by replacing one of the
vertices in the tuple by an arbitrary other vertex. During this process, it bundles pieces of
information together when possible.

In more detail, given the colored graph (G, x), the algorithm WLk determines for every tu-
ple (v1,...,v) € Q(G)* an initial coloring XM (vy, ..., vx) = (I (viv1), I (v1v2), ..., I (vkvi))
where

0, x(vw)) if v = w,
Y(vw) = ¢ (1, x(vw)) if v # w and vw € A(G),

(2,0) if v # w and vw ¢ A(G).
Next, it iteratively computes x5 (v1,. .., vx) defined by

O™ (v, o), {0 (w, vz, o), X (01 k-1, w)) [ w € QUG

for all (vq,...v;) € Q(G)*. This process stops if 7(x¥) is stable under WLk, that is 7(x*) =
m(x¥% ). For the ¢ at which the process stops, we define x"0F 1= x V%

If the initially given graph is uncolored, we start the algorithm on the monochromatic
version of it. The algorithm WLk distinguishes graphs (G, xq) and (H,xg) if {}"=*(v) |

v € QG # k@) | v € Q(H)*}. The algorithm WLk identifies (G, x¢) if it distin-
guishes the graph (G, xg) from all non-isomorphic graphs. The Weisfeiler-Leman dimen-
sion WLdim ((G, xg)) of a graph (G, x¢) is the minimal & € N such that WLk identifies G.
Note that for a colored graph (G, x¢), the WL-dimension only depends on 7(x¢) and not

on y¢ itself.
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Coherent configurations

Let  be a finite set of vertices and A a set of binary relations partitioning 2. Then the

pair X = (92, .A) is called coherent configuration if all of the following properties are met:

1. All relations of A contain either only self-loops (v,v) or only edges between different
vertices (v, u) with v # u.

2. For each relation A € A, the set A contains the transposed relation A* = {(v,u) | (u,v) €
A}.

3. For all triples A, B,T € A, and vertices v,w with (v,w) € T the number of vertices u
with (v,u) € A and (u,w) € B depends only on A, B, and T', but not on the choice of v
and w.

The last property is the mentioned regularity condition, which we call coherence. A graph

induced by a basis relation of A is called a constituent of X. A basis relation of loops is called

a fiber, and if a coherent configuration X has only one fiber, we call X homogeneous. Given two

fibers R and B, the partition of R x B according the relations of X is called interspace X[R, B].

An interspace is called homogeneous if |X[R, B]| = 1. The overarching connectivity between

fibers of X is captured by the quotient graph Q(X) of X which uses the set of fibers as vertex

set and contains an edge between two fibers if they form a non-homogeneous interspace,

that is, an interspace containing more than one relation. By qdeg(F') we denote degree of a

fiber F' in Q(X), that is, the number of non-homogeneous interspaces incident with F'. A set

of fibers is dominating if it forms a dominating set in the quotient graph.

The 2-dimensional Weisfeiler-Leman algorithm (WL2) computes the coarsest coherent
configuration refining a given configuration. By interpreting edges, non-edges, and self-loops
as separate relations, and applying WL2, every graph can be transformed into a coherent
configuration. So coherent configurations are stable under WL2, and in fact “stability under
WL2” and “coherence” essentially refer to the same concept. We refer to the full version of
the paper [36] for further details.

3 Upper Bound

In this section, we outline all steps necessary to prove the mentioned upper bound. While
we introduce various new ideas, concepts, and and techniques, we omit repetitive case
distinctions, various tedious calculations, and some technical aspects in this section.

First, to facilitate recursion, instead of proving our upper bound only for graphs, we
generalize the claim to coherent configurations: The coherence condition of coherent configu-
ration generalizes strongly regular graphs to complete directed graphs with multiple binary
relations other than self-loops, edges, and non-edges. In fact, while coherent configurations
are usually uncolored combinatorial objects, they can be interpreted as colored graphs:
an associated graph of a coherent configuration X is the colored graph (Gx, xx) where G is
the complete graph on Q(X) and the color classes under xx correspond to basis relations
of X. We use this interpretation to define the WL-dimension of a coherent configuration by
defining WLdim (X) := WLdim ((Gx, xx)). This leads us to the main theorem of the paper:

» Theorem 1. If X is a coherent configuration on n vertices, then WLdim (%) < % ‘n+o(n).

Strategy-wise, the proof of the theorem aims to iteratively reduce the number of vertices
or simplify the coherent configuration as follows. For a coherent configuration X, we want
to bound WLdim (¥) in terms of WLdim (X’) where X’ has fewer vertices than X or is a
structurally simpler. Here, for example, X’ could be obtained from X by an individualization
followed by the application of WL2. This means that WLdim (X) < WLdim (X') + 1.
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Working towards the goal of simplifying X are several types of reductions. In the first, we
exploit knowledge on the WL-algorithm to show that certain color classes can be removed
without changing the dimension at all. In the second, called local reductions, we individualize
vertices. As described in the example, this means we artificially assign a new color to a
vertex and then reestablish coherence. While each individualization increments our upper
bound, we ensure that sufficient progress is made during the reduction progress. We do so
by carefully choosing the vertices we individualize. (Formally a potential function argument
is used.) Eventually, no further local reduction can be applied.

At the point when no local reductions can be applied, we split the resulting coherent
configuration using a global reduction. This way, the configuration is split into multiple
independent components. These components are the base cases of our reduction process,
and we deal with each component separately. More formally, the overall dimension can be
bound in terms of the maximum of the dimensions of the subconfigurations induced by the
components.

In all of the reductions, we heavily rely on structural analysis of fibers, interspaces, and
their overall connectivity. A criteria often influencing the selection of the reduction is the
size of the fiber: in particular, fibers F' are differentiated into tiny fibers (|F| < 4), small
fibers (4 < |F'| < 7), and large fibers (7 < |F).

3.1 Criticality and restorability

For the first set of reductions, we employ the concept of a critical configuration:

» Definition 2. We call a coherent configuration critical if its dimension is at least 2 and
the remowval of any union of fibers causes the WL-dimension to decrease.

It turns out that a critical coherent configuration cannot decompose into homogeneously
connected components, contain tiny fibers (fibers with at most 3 vertices), or contain cKj 4
interspaces:

» Proposition 3. Let X be a coherent configuration. If X is critical, then

1. the quotient graph Q(X) is connected,

2. no interspace of X contains a constituent isomorphic to cK; 4 for c,d € N,

3. no fiber of X is tiny,

4. no interspace of X contains a constituent isomorphic to tCs, for positive integers t,x
with x odd, and

5. for all induced paths (R, B,Y) in Q(X) the size of the fiber B is not prime.

A new technique we develop to deal with fibers that are not tiny is the restorability of fibers:

intuitively, when a restorable fiber is removed, there is up to isomorphism a unique way of

reinserting the fiber. More formally, we call a union of fibers R restorable if the following

holds: All automorphisms of B := N(R) (so, the union of the neighbors of the fibers in R)

that extend to automorphisms of X — R also extend to automorphisms of X[BUR]|. We

essentially argue that the WL-algorithm, when used as an isomorphism test, is able to deal

with X — R and X[B U R] separately. Therefore, the WL-dimension of ¥ is the maximum

dimension of both subconfigurations X — R and X[B U R]. With regard to criticality of X,

we conclude that X — (R U B) must be empty:

» Proposition 4. Let X be coherent configuration. If X is critical, then every restorable
union of fibers is dominating.

129:7
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Table 1 Classification of all homogeneous coherent configurations with 4 < n < 7.

n | T(X)

_>
4 | (Ka), (C4,2K3), (2K2,2K2,2K>5), (C4,2K>2)

— —
5 (K5)7 (C5,C5)7 (05705)a
— —
6 | (Ke), (2K3, K33), (2C3, K3,3), (3K2, K2,2,2), (3K2, C3[K2]),
(Co,3K3,2K5), (Co,2C5, 3K3), (3Ks, 3Kz, 2C5, 3K2)
— = —
7 (K7)7 (C?,C7,07), (PTT(7))7 (C?,C7,C7)

Table 2 Classification of all interspaces X[R, B] between fibers R and B with 4 < |R| < |B| <7
in critical coherent configurations.

|R| | |B| | T(X[R,B])

(Cs,Cy), (2K2,2,2K2.2)

(Spas; Spas), (2K23,2Ks 3)

(Ci2,C12,3K2,2), (2K3,3,2K33), (3K2,2,3K2,2,3K2,2), (3K2,2, R x B—3K232)
(L(FP), R x B — L(FP))

4 4
4 6
6 6
7 7

3.2 Interspaces and interspace patterns

We now analyze the structure of interspaces between two fibers at least one of which is small.
In a series of publications (see [22] and [23] for example) Miyamoto and Hanaki generated all
homogeneous coherent configurations up to order 34. We can observe that the constituents of
a homogeneous coherent configuration of order at most 7 uniquely determine the isomorphism
type of the configuration. While this does not necessarily hold for homogeneous coherent
configurations of larger orders, the observation carries over to coherent subconfigurations
induced by small fibers. Table 1 summarizes the classification.

Regarding interspaces, we next introduce a condensed description, which captures sufficient
information to uniquely determine the isomorphism type of small coherent configurations:
given an interspace X[R, B] between two (not necessarily distinct) fibers R and B, de-
fine T (X[R, B]) to be the collection of isomorphism types of the constituents induced by the
basis relations A in a X[R, B] up to isomorphism (omitting reflexive and transposed basis
relations).

First, we use the classification of subconfigurations induced by a small fiber to analyze
possible interspaces X[R, B] between two small fibers R and B. A (slightly lengthy) case
analysis leads to a classification, For critical coherent configurations, it is summarized in
Table 2. This classification has the following structural consequence:

» Proposition 5. Let X be a critical coherent configuration. If all fibers of X are small, then
either all fibers have the same size or for all R € F(X) we have |R| € {4,6}.

Our next goal is to describe the possible interspaces between a small fiber S and a fiber L
of arbitrary size. Since the large fiber is not bounded in size, there is of course an infinite
number of isomorphism types that appear.

Our solution turns out to be rather technical, but the idea is simple. If we forget the
structure inside the class L, vertices in L will partition into equivalence class depending on
their neighborhood in S (taking colors of arcs into account). We now record the isomorphism
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type of the interspace we obtained by just retaining one representative from each class.
However, we also capture, for one vertex x of L what structure the neighborhoods with
respect to each color induced in S. Due to coherence and the small size of S, this structure is
the same (up to isomorphism) for every vertex of L. Because S has size at most 6, it turns out
that it is essentially sufficient to check the color degrees of x and which neighborhoods induce
monochromatic cliques to capture almost all relevant information. (The reader pressed for
time may want to skip the specific details in the rest of this subsection and take Proposition 7
simply as a statement that there is some type of classification of the interspaces.)

To formalize this idea and classify the possible interspaces between a small fiber S and
a fiber L of arbitrary size, we introduce a new concept: an interspace pattern is a string
of information which suffices to characterize the interspace up to a certain equivalence and
allows us to extract all combinatorial information relevant for our purposes. The formal
definition is slightly technical.

» Definition 6. For distinct fibers L, S, the interspace X[L,S] has the interspace pat-
tern (G',d},d3,...,d} ;...;G* df,d,. .. d}) if 25:1 t; = |X[L,S]| — 1, there are dis-
tinct A',..., A¥ € X[S] such that for each i € {1,...,k} the underlying undirected graph
of (S, A?) is isomorphic to G*, and there are distinct U}, .. .,Utii € X[L, S] such that for
all t € L and j € {1,...,t;} the set LU = {s € S | {s € U}} induces a d}-clique in the
underlying undirected graph of (S, A*).

We should emphasize that the sum of the ¢; is |X[L, S]| — 1 and thus we omit exactly one
basis relation of the interspaces in the pattern. In fact, in general the missing interspace
will not satisfy a clique condition. Also, it is a priori not clear that an interspace always
has a pattern of this form we just defined. For d;- = 3, a refined definition distinguishes two
versions of the interspace patterns, which we mark with { and {. The reader may find more
details on interspace patterns in the full version of the paper [36].

We remark that in our application the small fiber S is restricted to size 4 or 6. (It turns
out that we do not need to invoke interspace patterns for fibers of size 5 and 7 since the second
set of reductions described further below allows us to deal with them in simpler manner.) A
(again slightly lengthy) case distinction iterates through the possible homogeneous coherent
configurations introduced by a small fiber S and the possible connections. We obtain the
following classification:

» Proposition 7. Let X be a critical coherent configuration and L, S fibers adjacent in Q(%X).
If |S| € {4,6}, then X[L, S] has ezactly one of the following interspace patterns:

1. (K4,2) 7. (3K3,2,2) 13. (K, 3")
2. (2K,,2) 8. (Cs,2;3K>,2) 14. (Kg,3%)
3. (C4,2) 9. (3K3,2;3K5,2) ;
4. (Ks,2) 10. (Ko.92,2:3K5,2) 15. (2K3,3 )T
5. (Kg,2,2) 11. (Ks3,2) 16. (K22.2,3")
6. (3K2,2) 12. (Ks3,2,2) 17. (Ka22,3%)

We would like to emphasize that the size of fiber L is arbitrary. In particular, the results
classifies an infinite number of isomorphism types of interspaces into finitely many classes.

» Proposition 8. Let X be a coherent configuration, and let (R,Y, B) be an induced path
in Q(X). If X is critical, then the subconfiguration X[Y] does not contain a constituent
isomorphic to K4 or Kg.

ICALP 2025



129:10 Upper Bound on WLdim

A5 /75
7 N

/N

Ky, 2
Co23K2.2) || (3 || $ERA | |GKa23K)| | (k.3
R B Y R B

(a) U contains a basis relation and its transposed basis relation. (b) I is a union of two basis relations.

Figure 1 Visualisation of the partition of the neighborhood in Proposition 11.

3.3 Exploiting restorability

With the interspace classifications at hand, we examine induced coherent subconfigurations
containing a non-dominating small fiber S with regards to criticality. It turns out that
certain combinations of interspace patterns occurring simultaneously at one fiber cause S to
be restorable. This dictates that certain interspace patterns must appear. It also gives us
lower bounds on the number of neighbors certain small fiber S must have.

Assuming that S is a small fiber of size 4 we have the following restrictions.

» Proposition 9. Let X be a critical coherent configuration with distinct fibers R, S.

1. If {S} is non-dominating and |S| = 4, then there are two fibers adajcent to S in Q(X)
inducing interspace patterns (Cy,2) and (2K3,2), respectively.

2. If {R, S} is non-dominating and |R| = |S| = 4, then there is no constituent in the
interspace between R and S that is isomorphic to Cs.

3. If {S} is non-dominating and |S| = 4, then there are at least 3 fibers adjacent to S
We present similar claims for S being a small fiber of size 6. However, since the amount

of possible interspace patterns increases, we first examine the case in which all interspace

incident to S in Q(X) have the same interspace pattern. Intuitively, for certain interspace

patterns, WL2 captures enough combinatorial information to ensure S is restorable. Overall

we obtain the following:

» Proposition 10. Let X be a critical coherent configuration with a size 6 fiber S that is not
dominating. There is no interspace pattern B in the following list such that for all fibers R
adjacent to S in Q(X) the interspace X[R, S] has this interspace pattern :

1. (2K3,31) 3. (3K,,2,2) 5. (3K>,2;3K5,2)
2. (3K2,2) 4 (06,2;3K272) 6 (K3’3,2)

The previous proposition implies that, if fiber S has size 6 and |T (X[S])| = 2, then there
at least two distinct interspace patterns are incident with S. If, however, |T (X[S])| > 2,
then there is essentially a union of basis relations that induces a graph isomorphic to Cg. In
this case, up to four distinct interspace patterns may occur in the interspaces incident to S
in Q(X). We summarize as follows.
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» Proposition 11. Let X be a critical coherent configuration, and let R, S be distinct fibers such
that {R, S} is not dominating, the interspace X[R, S] has the interspace pattern (Ce,2; 3K2,2)
or (3K2,2;3K5,2), and a union U of basis relations of X[S] induce a graph isomorphic to Cg.
There is a partition P of the neighborhood of a small fiber S in Q(X) that is defined by
the interspace patterns of the interspace incident to S.
If R has an arbitrary size, then qdeg(S) > 2 (visualized in Figures 1a and 1b).
If |IR| = 6, then qdeg(S) > 3, the fiber R is unique with respect to S, and three distinct
interspace patterns occur (visualized in Figure 1a).

The proofs of most of these claims follow a similar pattern: we start with an induced
coherent subconfigurations consisting of multiple fibers and interspaces with a small non-
dominating fiber S (and in rare cases multiple non-dominating fibers).

The homogeneous coherent configuration induced by S together with the interspace
patterns with its neighbors determines the structure relevant to us. We introduce partition
structures to capture this information. It turns out that the automorphisms of the partition
structure form a subset of the automorphisms of the fibers neighboring S. We can exploit
this fact to prove restorability in various cases.

3.4 First base case: only small fibers

With the preparations complete, we examine the first base case: let X be a critical coherent
configuration in which all fibers are small. Due to Proposition 5, either all of its fibers have
size 5, all of them have size 7, or X consists of size 4 and size 6 fibers. In the first two cases,
we bound the WL-dimension by a constant due to arguments based on the criticality of X.

» Proposition 12. Let X be a critical coherent configuration.
1. If all fibers of X have size 5, then WLdim (X) < 2.
2. If all fibers of X have size 7, then WLdim (X) < 3.

In the third case, we simplify X by individualizing carefully chosen vertices and restoring
coherence and criticality afterwards.

» Proposition 13. Let X be a critical coherent configuration on n vertices in which fibers all
have size 4 or 6 and let S be a fiber of X. There is a critical coherent configuration X' on n’
vertices obtained by individualizing a vertex in X and restoring coherence and criticality such
that the following holds.

1. If |S] = 4 and qdeg(S) > 4, then WLdim (X) < 1+ WLdim (X’) and n’ <n — 20.

2. If|S| = 6 and qdeg(S) > 3, then WLdim (¥) < 1+ WLdim (X’) and n’ <n — 20.

The proof of this proposition heavily relies on Propositions 9 and 11. After their application
we are left with simplified critical coherent configuration X, whose fibers all have size 4. By
Proposition 9, it is essentially a colored CFI-graph and its 3-regular quotient graph Q(%X)
takes the role of the base graph. For two such coherent configurations we observe, by Fomin
and Hgie’s upper bound for the treewidth of cubic graphs [13], there is a winning strategy

for % + o(n’) cops in the cop-and-robbers game played on their quotient graphs of order n’.

We also observe that individualizing a vertex in a fiber R and restoring coherence causes all
all vertices of R to become singletons. Combining both observations, we create a winning
strategy for spoiler using % + o(n') pebbles in the pebble game played on the simplified
coherent configurations.

» Proposition 14. Let X be a critical coherent configuration on n vertices such that all
fibers S of X have size 4 and qdeg(S) < 3 and all interspace are either homogeneous or
contain a constituent isomorphic to 2K5. Then WLdim (X) < 3% + o(n).
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We now combine all the three propositions. Note that we can use Proposition 13 induc-
tively. Overall, this establishes an upper bound on the WL-dimension of a critical coherent
configuration X with fiber size at most 7.

» Proposition 15. If all fibers of a critical coherent configuration X on n vertices are small,
then WLdim (X) < g5 + o(n).

3.5 Second base case: limited fiber size

In our overall argument, we want to use a bound on the size of the fibers that appear in the
coherent configurations. For this purpose we adapt Zemlyachenko’s degree reduction technique
(see [5]) to coherent configurations. For the cost of a sublinear number of individualizations
we obtain a bound d on the degree of all but the largest relation in each interspace and fiber.
Using an adaptation of the argument, we exploit the fact that the degree can be bounded
with another sublinear number of individualizations to obtain a bound on the fiber size of
the resulting coherent configuration of interest:

» Proposition 16. Let X be a critical coherent configuration, and c¢,d € N. Using 27” +
d%’ individualizations and reestablishing coherence, we obtain a coherent configuration X'
with a WL-dimension bounded by the dimension of certain of its subconfigurations. These
subconfigurations have fiber size at most ¢ and degree at most d.

Now assume that, in addition to an upper bound ¢t € N on the fiber size, the treewidth
of Q(X) is bounded as well. We adapt the strategy of the first base case (by individualizing
all vertices of R instead of only one vertex) and obtain the following statement:

» Proposition 17. If X is a critical coherent configuration and all fibers of X have size at
most t, then WLdim (X) < ¢ - tw(Q(X)), where tw(Q(X)) is the treewidth of the quotient
graph.

3.6 Local reductions

Our overall goal for local reductions is that after their exhaustive application we obtain a
critical coherent configuration structurally similar to the base cases previously discussed.
In particular, this means avoiding certain local subconfigurations & of X, e.g., interspaces
between a large and a small fiber having a certain interspace pattern. We individualize t-many
vertices and reestablish the coherence and criticality. Most times, this causes the large fibers
to split into multiple fibers smaller in size. The result is a critical coherent configuration X’
which does not contain the unwanted local configuration &. While we are one step closer to
our goal, there are two challenges we need to address:
1. Since each individualization increases our bound on the WL-dimension, the configura-
tion X’ must be obtained from X in a controlled manner. We must carefully choose the ver-

tices to be individualized and charge the costs of individualizations to the progress we made

3ng+ns—8ky
20

where parameters ng, k¢, and ngs of X are the number of vertices in large fibers, the

towards our goal. To this end, we define the potential function 7 with 7(X) =

number of large fibers, and the number of vertices in small fibers respectively. The
progress of a local reduction can be quantified by 7(%’) — 7(X), and only local reductions
where 7(X) > ¢t + 7(X’) for ¢t individualizations are eligible.

2. While reestablishing the coherence causes fibers contained in & to split, other fibers
outside of & might also be affected. So the resulting coherent configuration X’ depends
on X —&. To dodge this pitfall, we introduce a “monotoniziation” fof the WL-dimension:
it maximizes the WL-dimension over all critical coherent configuration whose potential is
smaller or equal to a given one.
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While we described the main concepts and ideas for the potential function, the machinery of
local reductions has more details and some intricacies are not presented here. For the full
picture, we refer the reader to the full version [36]. Nevertheless, we summarize that the local
reductions roughly adhere to the following blueprint: if X contains &, then WLdim (%) <

t+ f(7(X) —t') where ¢’ > t. To give a flavor of the reductions let us give an example:

» Proposition 18. Let X be a critical coherent configuration with non-dominating fibers L, S.

If X[L, S] has the interspace pattern (K3 3,2), then WLdim (X) <14 f(7(%X) — 1.1).

In the proof of such local reductions, we often rely on restorability to guarantee lower bounds
on the adjacent fibers or the existence of interspace patterns in additional incident interspaces.
Let us give another example:

» Proposition 19. Let X be a critical coherent configuration, and let R be a fiber of X adjacent

to at least 3 large fibers in Q(X). If R is a large fiber, then WLdim (¥X) < 1+ f(7(%) — 1).

This proposition allows us to bound the treewidth of certain parts of the quotient graph
involving large fibers. In general the use of the reductions allows us to reduce our problem
to coherent configurations that do not contain various unwanted subconfigurations. Their
structure is restricted and this allows us to employ a global argument.

3.7 Global argument

In a configuration X to which no local reduction is applicable, we are guaranteed that certain
combinations of interspace patterns involving small fibers do not occur. For example, due to
Proposition 18, there is no interspace in X that contains the interspace pattern (K3 3, 2).

Using our classification results and restorability, we can ensure additional structural
properties. To summarize them, we need to distinguish between two types of small fibers:
we call a small fiber R relevant, if |R| € {4,6} and there is a constituent in X[R] isomorphic
to a clique. It is irrelevant otherwise. The following definition and proposition allows us to
formally capture the structure additionally guaranteed.

» Definition 20. Fort € N, we call a coherent configuration X t-reduced, if it satisfies all
of the following properties.

1. X is critical.

Every fiber has at most t vertices.

All large fibers L have at most two large neighbors.

A large fiber has at most one relevant small neighbor.

GRwn

If a relevant small fiber S has a large neighbor, then qdeg(S) < 2 and there is a union of

basis relation in X[S] inducing a graph isomorphic to Cs.

6. For every s € S in a relevant small fiber S with three small neighbors, we have that S is
discrete in X;.

7. Each relevant small fiber is non-dominating in the quotient graph Q(X).

» Proposition 21. Let X be a critical coherent configuration with fiber size at most t. Then
there is a local reduction which is applicable to X,
WLdim (X) is bounded by a constant, or
X is t-reduced.

We need one more structural observation about ¢-reduced configurations to deal with the
irrelevant small fibers.
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Figure 2 An example of the quotient graph of a ¢t-reduced critical coherent configuration. The
colors represent the following information: [ large component, © small components, I fibers of the
boundary.

» Proposition 22. Let X be a t-reduced coherent configuration. If S is an irrelevant small
fiber of X, the set of fibers adjacent to S in Q(X) induces a clique in Q(X), and S is not
adjacent to a relevant small fiber in Q(X).

While the notion of t-reduced configuration is defined using local properties, there also
are ramifications for the global structure of X. In fact, the configuration X partitions into
large components, small components, and a boundary. Figure 2 visualizes this structure of
the quotient graph Q(X). It is as follows.

Large components contain at least one large fiber but may also include small fibers. The

large fibers in a large component induce either a path or a cycle in Q(X) since their color

degree is at most 2. Further, all small fibers within this component are irrelevant. Due
to Proposition 22 and being a suitable clique sum, the treewidth of a large component is
at most 3. Since the fiber size of X is at most ¢, the WL-dimension of a large component

can be bounded using Proposition 17.

Small components contain only relevant small fibers that have size 4 or 6. Using Proposi-
tion 15, an upper bound on their WL-dimension can be established.

The boundary are the inner fibers of an induced path that connects small and large
components. All such fibers are relevant small fibers. The ends of the paths are small
fibers in small or large components. Further, the paths have length at most 3.

We now aim to separate X into the small and large components by individualizing
carefully chosen vertices within the paths connecting them. Since the interspaces incident
to the fibers of the boundary are guaranteed to have certain interspace patterns, only few
individualizations are need to take care of a path.
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» Proposition 23. Let X be a t-reduced coherent configuration. Further, let (L,S,L")
(respectively (L,S,S’,L")) be paths where L,L' are large fibers and S,S’ are small ones.
There are |S|/2 — 1 vertices in S after whose individualization followed by restoration of
coherence either vertex sets LU S and L' or the vertex sets L and L' U S (respectively L U S
and S" U L') are homogeneously connected in the resulting coherent configuration.

It remains to show that the overall number of individualizations required in the boundary is
not too large: due to properties following from X being t-reduced, the size of the boundary
is bounded by the number of large fibers. This allows us to charge the individualizations to
the large components. After some calculations, we bound the costs of the individualizations
by %m. We thus bound the WL-dimension of ¢-reduced coherent configuration as follows.

» Proposition 24. If X is a t-reduced, critical coherent configuration, then WLdim (%) <
Zng+ 3515 + 0(ng) < 7(X) + O(t) + o(n).

3.8 Combining the arguments

When individualizing, generally, the WL-dimension of X is bounded from above by the
number of individualizations and the WL-dimension of the resulting coherent configuration.

» Theorem 25. Let X be a coherent configuration, and let vy, ..., vy € Q(X). Further, let X’
be the coherent configuration obtained by individualizing v1,...,ve and restoring coherence.
Then WLdim (%) < £ + max{2, WLdim (X')}.

(Here the 2 in the maximum is caused by the (possibly repeated) use of WL2 after individual-
ization). Applying this insight to X, we iterate through the different cases of Proposition 21
and count the individualizations used in them:
We choose t depending on n such that ¢(n) € o(n) and t(n) € w(1). By Proposition 16
there are o(n)-many individualizations such that in the resulting coherent configuration X’
each fiber has size at most t.
The number of individualizations used in the local reductions to obtain the ¢-reduced,
critical coherent configuration X” is bound by 7(X’) — 7(X").
Finally, Proposition 24 guarantees that there is a bound on the WL-dimension of the t-
reduced, critical coherent configuration X”. We obtain WLdim (X”) < 7(X”) + o(n).
Overall, this yields the following:

WLdim (X) < 2+ 7(X') — 7(X") + WLdim (X") + o(n) < 2+ 7(X') + o(n)

3(nz + ns) — ke 3
< > < — .
< 20 +o(n) < 55" + o(n)

This concludes the proof sketch of the upper bound (Theorem 1).

4 Lower bound

In this section, we assemble several known results to obtain an improved lower bound for the
maximum WL-dimension of graphs in terms of their order.

» Theorem 26. A random cubic graph asymptotically almost surely has a treewidth of at
least 0.042011151 - n — 1.

Proof. By [28] a random cubic graph asymptotically almost surely has vertex expansion (i.e.,
vertex-isoperimetric number) at least o > 0.144208556 (this is As(1/2) in [28]). This implies
that a random cubic graph asymptotically almost surely has treewidth at least ﬁn —-1>
0.042011151 - n — 1 [11, Corollary 7). <
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It is well known that cubic graphs of high treewidth yield graphs with high WL-dimension
via the CFI-construction. Specifically, we have the following relation.

» Theorem 27 (Consequence of [8, Theorem 3]). For a graph G, the CFI-graph CFI(G) with
base graph G satisfies WLdim (CFI(G)) > tw(G).

We remark that there are two versions of the CFI-constructions used in the literature.
One, where for cubic graphs each vertex is replaced by a gadget of order 10 and one, where
for cubic graphs each vertex is replaced by a gadget of order 4. (See [15,29,33] for more
information.) These versions are very similar and the theorem, as well as many other
theorems, hold for either of them. The difference between the constructions is that the former
produces CFI-graphs of order 10|G|, while the latter produces graphs of order 4|G|. In the
terminology of our current paper, the first version produces coherent configurations with
fibers of size 2, so a non-critical configuration. Removal of the tiny fibers yields the other
construction.

The two theorems combine as follows.

» Corollary 28. The mazimum WL-dimension for graphs of order n is at least 0.0105027 -
n—o(n).

In the light of our discussions on configurations with small fiber size we remark that, due
to the nature of the CFI-construction, the statement is also true for graphs of color class
size 4.
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