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Abstract
The information-encoding molecules RNA and DNA bind via base pairing to form an exponentially
large set of secondary structures. Practitioners need algorithms to predict the most favoured
structures, called minimum free energy (MFE) structures, or to compute a partition function
that allows assigning a probability to any structure. MFE prediction is NP-hard in the presence
pseudoknots – base pairings that violate a restricted planarity condition. However, for single-stranded
unpseudoknotted structures, there are polynomial time dynamic programming algorithms. For
multiple strands, the problem is significantly more complicated: Codon, Hajiaghayi and Thachuk
[DNA27, 2021] proved it NP-hard for N bases and O(N) strands. Dirks, Bois, Schaeffer, Winfree
and Pierce [SIAM Review, 2007] gave a polynomial time partition function algorithm for multiple
(O(1)) strands, now widely-used, however their technique did not generalise to MFE which they left
open.

We give an O(N4) time algorithm for unpseudoknotted multiple (O(1)) strand MFE prediction,
answering the open problem from Dirks et al. The challenge lies in considering the rotational
symmetry of secondary structures, a global feature not immediately amenable to local subproblem
decomposition used in dynamic programming. Our proof has two main technical contributions:
First, a characterisation of symmetric secondary structures implying only quadratically many need
to be considered when computing the rotational symmetry penalty. Second, that bound is leveraged
by a backtracking algorithm to efficiently find the MFE in an exponential space of contenders.
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Table 1 Run-time bounds for algorithms that compute MFE and partition function for un-
pseudoknotted2 nucleic acid systems, and a hardness result. N is the total number of bases of all
strand(s) in the system, i.e. the sum of all strand lengths. Results are shown for input being a
single strand, or multiple strands bounded by a constant or unbounded/growing with N . Results
are proven in the nearest neighbour energy model studied here, except the APX-hardness result
which is proven in the maximum matching model [9], and still open for nearest neighbour model.

Input type MFE Partition function

Single strand O(N3) [47, 46, 25, 24, 39]5 O(N3) [23]5

Multiple strands, bounded,
i.e. c = O(1) strands

O(N4(c − 1)!) [Theorem 1] O(N3(c − 1)!) [10]5

Multiple strands, unbounded,
i.e. O(N) strands

APX-hard [9] Open problem

1 Introduction

The primary structure of a DNA strand is simply a word over the alphabet {A, C, G, T},
or {A, C, G, U} for RNA. Bases may bond in pairs, A binds to T and C binds to G, and
a set of such pairings for a strand is called a secondary structure as shown in Figure 1(a);
typically each strand has exponentially many possible secondary structures. Mainly, what
practitioners care about are probabilities of a given secondary structure or class of secondary
structures. For that, each secondary structure S has an associated, typically negative, real
valued free energy ∆G(S), where more negative is deemed more favourable. Thus the most
favourable is the secondary structure, or structures, with minimum free energy (MFE). More
generally, the Boltzman distribution is a probability distribution on secondary structures at
equilibrium: the probability of S is p(S) = 1

Z e−∆G(S)/kBT , where Z is a normalisation factor
called the partition function:

Z =
∑
S∈Ω

e−∆G(S)/kBT (1)

that is, an exponentially weighted sum of the free energies over the set Ω of all secondary
structures, where kB is Boltzmann’s constant and T is temperature in Kelvin.1

1.1 Related work
Decades ago, the deep relationship between secondary structures and dynamic programming
algorithms was established [47, 46, 25, 24, 39, 23]. If a secondary structure can be drawn
as a polymer graph without edge crossings it is called unpseudoknotted (Figure 1(c)). The
earliest polynomial time algorithms were for single-stranded unpseudoknotted secondary
structures, where the absence of crossings allows for planar decompositions of secondary
structures suited to dynamic programming techniques.2 For a single RNA/DNA strand, both

1 Although we use a few terms from physics/chemistry, the objects we analyse in this paper are sets of
tuples (i.e. secondary structures) with straightforward mathematical definitions amenable to dynamic
programming and mathematical analysis. In particular, we ignore 3D geometry–the literature has
already established that simple secondary structure models nicely thread the line between having a
mathematical/computational model, and being predictive for experimental conditions [10, 17, 30].

2 We do not study pseudoknotted structures here, indeed most literature ignores pseudoknots for both
modelling and algorithmic considerations: Energy models for pseudoknots are difficult to formulate for
geometric reasons [10]. Pseudoknotted MFE prediction is NP-hard even for a single strand [1, 20, 21].
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MFE and partition function are computable in O(N3) time5 (Table 1), using the standard
nearest neighbour energy model3 that will be formally defined in Section 2.

Work in DNA computing [42, 26, 35, 38, 14, 6, 32, 44], and nucleic acid nanotechnology
more generally [16, 41], involves building molecular systems and structures with, to date,
hundreds, and soon, thousands, of interacting strands, so there is a need for better algorithms
for these multi-stranded “inverse design problems” [8, 13]. And, of course, biologists need to
understand molecular structure in order to understand and predict molecular interactions.
However, when there are multiple interacting strands, the situation becomes significantly
more complicated than the single-stranded case for two reasons: First, for a secondary
structure to be unpseudoknotted, it implies there should be at least one permutation of the
strands without crossings on the polymer graph [10] (Figure 1). Second, if strand types are
repeated then so-called rotational symmetries (Figure 2) arise that need to be accounted for
in the model to match the underlying statistical mechanics4, otherwise structures may be
over- or undercounted, leading to incorrect probabilities in the Boltzmann distribution, in
other words: incorrect predicted free energy of a secondary structure.

For multiple strands, albeit a constant number c = O(1), Dirks, Bois, Schaeffer, Winfree
and Pierce [10] gave a polynomial time partition function algorithm that runs in time
O(N3(c − 1)!).5 Interestingly, Boehmer, Berkemer, Will, and Ponty [3] recently reduced
the c-strand parameterized running time for computing partition function and symmetry-
naive MFE (i.e. ignoring rotational symmetry) from factorial, O(N3(c − 1)!), to exponential,
O(N33c). In future work, it could be possible to similarly improve the (c − 1)! factor in our
MFE algorithm via this result.

In the case where the number of strands is non-constant, in particular c = O(N), Codon,
Hajiaghayi and Thachuk [9] showed MFE is NP-hard, and even APX-hard.6 For the second,
rotational symmetry, problem, in order to compute partition function, Dirks et al. [10]
found an algebraic link between the overcounting and the rotational symmetry correction
problems, which allowed both to be solved simultaneously, aided by the exponential nature
of the partition function. Surprisingly, that trick does not work for MFE: Since MFE
prediction is minimization-based, there is no secondary structure overcounting problem in
MFE prediction. In other words, unlike the case of summation-based partition function,
algorithmic examination of repeated secondary structures will not change the outcome of
energy minimization. Hence, the absence of the overcounting problem makes MFE prediction
harder to solve, and was left open by Dirks et al. [10]. For the special case of c = 2 strands,
Hofacker, Reidys, and Stadler [17] gave an O(N6) algorithm.

Early NP-hardness results [1, 20] used a simple energy model (no loops, only consecutive base pairs
forming “stacks” contribute to free energy). Already seeing hardness results with simple energy
models make it unlikely that MFE prediction problem for more realistic energy models [9] is tractable.
Nevertheless, dynamic programming algorithms exist for restricted classes of pseudoknots, for both
MFE [28, 37, 7, 18, 27] and partition function [11, 12].

3 The standard model we use is variably called the nearest neighbour model, the Turner model, or loop
energy model. Versions of the model have been implemented in software suites such as NUPACK [10,
12, 15], ViennaRNA [19] and mfold [45], for both RNA and DNA [29, 30].

4 This fact from statistical mechanics is discussed in some papers [10, 17], although we’ve not found its
full derivation in the modern nucleic-acid algorithmic literature. We leave a first-principles derivation
for future work.

5 We note that in the original literature [23, 10] that established these results, the polynomial is to
the power 4 due to interior loop contributions (i.e. O(N4) for single-stranded and O(N4(c − 1)!)) for
multistranded). The subsequent improvement in the exponent from 4 to 3 is achieved using techniques
in Dirks and Pierce (2003) [11] to handle the energy contributions of interior loops more efficiently in
dynamic programming.

6 This hardness result holds whether or not rotational symmetries are accounted for in the energy model.
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Figure 1 A DNA (or RNA) secondary structure S with c = 4 strands and two of its (c − 1)! = 6
polymer graphs. (a) One of the many possible secondary structures for four DNA strands W, X, Y, Z.
Short black lines represent DNA bases (a few are shown . . . C, G, C, A . . .), and long lines represent
base pairs (drawing not to scale). Loops are colour-coded as follows: stack (purple), multiloop
(yellow), hairpin (red), bulge (light blue), internal (dark blue), external (grey). Black arrow: the small
gap between two strands is called a nick. (b) Polymer graph for the strand ordering π′ = W ZXY ,
denoted Poly(S, π′), showing base-pair crossings. (c) By reordering to π = ZW XY we get another
polymer graph Poly(S, π) for S, without crossings, hence S is unpseudoknotted. (d) The secondary
structure S written mathematically as a set of base pairs of indices, i.e. in the format of Definition 2.
(e) Since S is unpseudoknotted, it can also be written in dot-parens-plus notation [43].

1.2 Statement of main result
We give an efficient solution to the O(1)-strand MFE problem, the first that runs in polynomial
time. Our main result is stated as the following theorem, whose proof is in Section 5:

▶ Theorem 1. There is an O(N4(c − 1)!) time and O(N4) space algorithm for the Minimum
Free Energy unpseudoknotted secondary structure prediction problem, including rotational
symmetry, for a set of c = O(1) DNA or RNA strands of total length N bases.

In Section 5 we give a time-space trade-off for our result, by showing a variation of the
algorithm runs in O((N4 log N)(c − 1)!) time but O(N3) space.

We use the standard [10] definition of free energy (Equation (2)) of multistranded
unpseudoknotted secondary structures, which includes rotational symmetry, see Section 2
for formal definitions. We first give an extensive overview of the proof and paper structure,
followed by future work.

1.3 Proof overview and paper structure

1.3.1 The main challenge: handling rotational symmetry
Typically, although not always, each DNA base pair that forms represents a decrease in
free energy (more favourable). In a multi-stranded system, when several strands bind
together the entropy of the overall system is decreased since there are now less system states
due to their being less free molecules. Thus the energy model for multistranded systems
includes an entropic association penalty for every extra strand, beyond the first, bound
into a multistranded molecular complex [10] (typically positive, less favourable). However,
statistical mechanics tells us to be careful about symmetry: with multiple identical strands
in a complex it is possible that the complex is rotationally symmetric, intuitively there
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are several complexes, identical up to rotation of their polymer graphs (Figure 2).7 These
so-called indistinguishable complexes, in turn imply that another (positive) penalty should
be applied to account for the difference in entropy between a similar, but distinguishable,
complex without rotational symmetry [4, 2, 34, 15].4 Section 2 gives definitions to formalise
these concepts, including: DNA, unpseudoknotted secondary structure, polymer graph, free
energy including rotational symmetry (Equation (2)) and MFE (Equation (3)). In particular,
Section 2.3 gives a group-theoretic definition of rotational symmetry, to help formalise some
of the prior work.

1.3.2 General approach to find the true MFE
One obvious idea might be to find a dynamic programming algorithm that directly handles
rotational symmetry. However, this approach suffers from rotational symmetry being a global
property of an entire system state (secondary structure), whereas dynamic programming
relies on piecing together subproblems that are individually unaware of the global context –
or more precisely may be used in multiple global contexts whether symmetric or not.

Instead, our strategy is to first compute what we call the symmetry-naive MFE (snMFE)
that (incorrectly) assumes all strands are distinct and thus does not compute correct free
energies for rotational symmetries. We use the snMFE algorithm of Dirks et al. [10], that
assumes all strands are distinct, but augmented to return extra dynamic programming
matrices (Algorithm 1 in Appendix B of the full version [33]). We prove that we can use
these extra matrices to help reduce the time complexity of the backtracking algorithm, hence
compute the required symmetry correction to the snMFE value efficiently, as follows.

1.3.3 Polynomial upper bound: intuition for Section 3
Our goal is to show that, after running our augmentation of the known algorithm for snMFE,
we have implicit access to a collection of secondary structures that are “not too far” from
the true MFE – where by “not too far” we mean we have a polynomial upper bound on the
number of structures to be considered by a fast backtracking algorithm that finds the true
MFE structure.

First, to see how we find this polynomial bound, imagine the augmented snMFE algorithm
finds that the secondary structure with snMFE is rotationally asymmetric, hence we are
done, we know that the snMFE value is in fact the true MFE. Otherwise, we have a
rotationally symmetric secondary structure: ideally we would like to compute its rotational
symmetry degree R (takes linear time in the size of the secondary structure), and then return
snMFE+kBT log R as the true MFE, but this approach is doomed to fail since there could also
be structures with lower true MFE, i.e. in the real interval [snMFE, snMFE+kBT log R) ⊂ R.

Leveraging the two properties of being (a) unpseudoknotted and (b) rotationally sym-
metric, in Section 3 we define a class of cuts of a structure’s polymer graph (Figures 1 and 3)
that we call pizza cuts, or, more formally, admissible symmetric backbone cuts (Definition 15).
These cuts are radially symmetric, hence the name pizza cut – how one slices a pizza from
disk-edge to centre. In Lemmas 14 and 24, we show that there are at most a polynomial
number of pizza cuts that symmetric structures may have. We use the pizza metaphor to
denote secondary structure, and pizza slice for substructure.

7 Formally, we mean the permutation representing the complex is rotationally symmetric.

ICALP 2025
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Then, when we do a backtracking-based search (below), through the dynamic programming
matrices from the structure(s) with snMFE, to larger free energies: if we find two different
symmetric pizzas, but with the same pizza cuts, we make a new pizza, by swapping a slice
from one with a slice from the other. We prove that the new pizza is (a) guaranteed to be
asymmetric and (b) has free energy sandwiched between the snMFE values of two symmetric
structures (Lemmas 22 and 23). Hence, during the backtracking and in the worst case of
reaching the polynomial upper bound exhausting the set of all admissible symmetric backbone
cuts, it is guaranteed to output the true MFE structure either it was symmetric or not.

1.3.4 Backtracking to find the true MFE
It remains to show how we will do the backtracking search mentioned above. In Section 4 of
the full version of this paper [33], we analyse the backtracking algorithm from Appendix C
of [33], which is a polynomial time algorithm over the exponentially large set of structures
“close” to the true MFE value. It scans all secondary structures within an energy level starting
with the snMFE energy level, and goes on to sequentially scan higher levels in low-to-high
order. The scanning process at any energy level E guarantees that each secondary structure
belonging to E should be scanned exactly once.

The backtracking algorithm runs until one of the following conditions occurs: (1) It scans
an asymmetric secondary structure S, or (2) it exceeds the polynomial upper bound U of
the number of symmetric secondary structures (i.e. the number of distinct pizza cuts) to be
scanned, or (3) the backtracking will start scanning a new energy level E ′ > B, where B is
the current best candidate for MFE (the starting value for B is B = snMFE + kB log v(π)
where v(π) is the highest degree of rotational symmetry, Definition 7). Then, based on the
condition that will occur, the algorithm directly returns the true MFE, and a secondary
structure which has the true MFE will also be constructed. The short proof of Theorem 1 in
Section 5 ties these results together to give the final analysis of our main result. Full technical
details of the backtracking algorithm are in Section 4, and Algorithm 2 in Appendix C in
the full version of this work [33].

1.4 Future work
Our algorithm runs in polynomial time O(N4(c − 1)!) for the case of c = O(1) strands, the
(c − 1)! term coming from the fact that our algorithm, as well as the snMFE algorithm
from Dirks et al. [10], is assumed to be called from an outer loop that explicitly tries all
(c − 1)! cyclic strand permutations. Can we increase the number of strands and still have
a polynomial time algorithm? We know “not by much”, since the problem is NP-complete
when c = O(N) in a simpler energy model that merely maximises the count of base pairs [9].

Our MFE algorithm exploits a polynomial upper bound, U , on the number of so-called
symmetric secondary structures, or distinct pizza cuts. That bound is linear in “most” cases
(Lemma 26), but quadratic in one special subcase (Lemma 24) of 2-fold rotational symmetry
with a central internal loop. Reducing that special case to linear would subtract one from
our algorithm’s running time and space exponent.

The computational complexity of partition function for DNA/RNA strands is less well
understood than MFE. Table 1 shows an open problem for partition function on multiple
strands. Intuitively, it seems that partition function should be at least as hard as MFE,
however that intuition is tempered by the fact that Dirks et al.’s approach found an efficient
algorithm for partition function but not MFE. Nevertheless: are there settings where partition
function, or problems counting numbers of structures, are #P-hard?
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2 Definition of multi-stranded DNA systems and basic lemmas

Intuitively, a single DNA strand s is a sequence of nucleotide bases connected by covalent bonds
which together make up the backbone of s, with the left end of the sequence corresponding
to the 5′ end of s and the right end corresponding to the 3′ end. When drawing s we label
the 3′ end with an arrow which also shows the strand directionality, see Figure 1. Hydrogen
bonds can form between Watson-Crick base pairs, namely C–G and A–T.

Formally, a DNA strand s is a word over the alphabet of DNA bases {A, T, G, C}, indexed
from 1 to |s|, where |s| denotes the length of s. A base pair is a tuple (i, j) such that i < j.
For any c strands, we will assign to each of them a unique distinct identifier in {1, ..., c} [10].
Each base is specified by a strand identifier and a position on that strand, is denotes the
base of index i of strand s.

2.1 Connected unpseudoknotted secondary structures and polymer
graphs

▶ Definition 2 (Secondary structure S). For any set of c DNA strands, a secondary structure
S is a set of base pairs such that each base appears in at most one pair, i.e. if (in, jm) ∈ S

and (kq, lr) ∈ S then in, jm, kq, lr are all distinct.

The graph representation of a secondary structure S is the graph G = (V, E), where V is the
set of bases of each strand s ∈ {1, ..., c}, and E = Ev ∪ Eb, where Ev is the set of covalent
backbone bonds connecting base in with base (i + 1)n for all bases i = 1, 2, ..., |n| − 1 on all
strands n ∈ {1, ..., c}, and Eb = S is the set of base pairs in S. Ev and Eb are disjoint.

The set of circular permutations, Π, of c strands has size (c − 1)! [5] (e.g., for the three
strands {A, B, C}, Π = {ABC, ACB}), e.g., the orderings ABC, BCA, and CAB are the
same on a circle. Next, we define a polymer graph for each π, see also Figure 1.

▶ Definition 3 (Polymer graph). For any secondary structure S, and any ordering π of its c

strands, the polymer graph representation of S, denoted Poly(S, π), is a graph representation
of S, embedded in the unit disk from R2, where the c strands are placed in succession from
their 5′ to 3′ ends around the circumference of the circle in the order given by π, the bases, V ,
are spaced evenly around the circle circumference, each element of Ev is represented by an arc
on the circumference between covalently-bonded bases, and each element of Eb is represented
by a chord between two different bases.

▶ Definition 4 (Unpseudoknotted secondary structure). A secondary structure S is un-
pseudoknotted if there exists at least one circular permutation π ∈ Π such that Poly(S, π) is
planar (none of the chords cross), otherwise S is pseudoknotted. An example is shown in
Figure 1.

▶ Remark 5. In the rest of the paper we use N to denote the total number of bases of a
secondary structure S. A secondary structure S is connected if the graph representation of
S is a connected graph. In this work, we are only interested in connected unpseudoknotted
secondary structures.

2.2 Free energy of a secondary structure
In the nearest neighbour energy model [22, 30, 10], any connected unpseudoknotted secondary
structure S can be decomposed into different loop types [36, 30, 22]: namely hairpin loops,
interior loops, exterior loops, stacks, bulges, and multiloops as shown in Figure 1. As usual,

ICALP 2025
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Figure 2 Three secondary structures with their associated polymer graphs. In each case, there
is a single complex with four identical (indistinguishable) strands of strands of type X, but with
different symmetry degree R. (a) Symmetry degree R = 4 (rotation by 90◦ gives the same secondary
structure). (b) Symmetry degree R = 2 (rotation by 180◦ gives the same secondary structure).
(c) Symmetry degree R = 1 (asymmetric secondary structure).

let kB be Boltzmann’s constant and T is the temperature in Kelvin (also a constant).8 The
free energy of S is defined as the sum of three terms:9

∆G(S) =
∑
l∈S

∆G(l) + (c − 1)∆Gassoc + kBT log R. (2)

the first is itself the sum of the (well-defined, empirically-obtained) free energies ∆G(l) of
S’s constituent loops [10], where the energy of each loop l ∈ S, is defined with respect to
the free energy of the unpaired reference state.
∆Gassoc is the entropic association [10] penalty applied for each of the c−1 strands added
to the first strand to form a complex of c strands.
R is the rotational symmetry of the secondary structure S, illustrated in Figure 2, and
to be formally defined in Section 2.3. In particular, since favourable free energies are
usually negative, the term kBT log R ≥ 0 corresponds to the reduction in the entropic
contribution of S, as any secondary structure with an R-fold rotational symmetry has a
corresponding R-fold reduction in its distinguishable conformational space [10] as shown
in Figure 2.10 Dynamic programming algorithms to date for multi-stranded MFE ignored
this term for reasons we outline in Section 2.3.

For c strands, we let Ω be the set (usually called the ensemble) of all connected un-
pseudoknotted secondary structures. For any circular permutation π ∈ Π of the c strands, let
Ω(π) ⊆ Ω be the subset of Ω such that each connected unpseudoknotted secondary structure
S ∈ Ω(π) is representable as a crossing-free polymer graph with circular permutation π.

▶ Remark 6 (S, or Poly(S, π)). Dirks et al. [10] showed, in their representation theorem
(Theorem 2.1), that the sets Ω(π), for all π ∈ Π, form a partitioning of Ω, which means
that every connected unpseudoknotted secondary structure belongs to exactly one Ω(π) for

8 All results hold if we assume these are typical values from physics, or just 1 in appropriate units.
9 Throughout this paper log n = loge n.
10 This is perhaps counter-intuitive. In a follow-up expanded version of this paper we will give a full stat-

istical mechanics explanation, which uses the symmetry penalty to offset the fact that non-symmetrical
structures are overcounted from algorithmic perspective.
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some π ∈ Π. Hence to avoid the cumbersome phrase c-strand connected unpseudoknotted
secondary structure S with strand ordering π and polymer graph Poly(S, π) we simply write
S, or Poly(S, π).

Predicting the minimum free energy means finding a minimum over the ensemble Ω. The
known strategy is to deal with each partition Ω(π) separately, then finding their minimum:

MFE = min
S∈Ω

∆G(S) = min
π∈Π

{
min

S∈Ω(π)
∆G(S)

}
. (3)

2.3 Definition of multi-stranded rotational symmetry
Here, we formalise rotational symmetry. In the previous section we assigned each one of the
c strands a unique identifier, dealing with them as distinct strands even if two or more have
the same sequence. But in most experimental settings, strands with the same sequences are
indistinguishable in the sense that they behave identically with respect to relevant measurable
quantities [10]. Mathematically, we say that two strands are indistinguishable if they have
the same sequence. Also, two secondary structures are indistinguishable if there exists a
permutation of the implied unique strand ordering (Remark 6), that maps indistinguishable
strands onto each other while preserving all base pairs, otherwise, the two structures are
distinct [10].

For any c strands, not necessarily distinct, they consist of k ≤ c strand types, usu-
ally denoted by uppercase English letters X, Y, . . .11 A multi-stranded DNA system M =
{(t1, n1), (t2, n2), .., (tk, nk)}, is a multiset of k strand types t1, ..., tk with repetition numbers
n1, ..., nk ∈ N such that n1 + ... + nk = c.12 For such a multiset M we can think of each
circular permutation π as a string over strand types such that each strand type ti appears
exactly ni times (e.g., M = {(X, 6), (Z, 3)} one valid π is XZXXZXXZX).

▶ Definition 7 (Symmetry degree of a permutation). For any circular permutation π, we say
n ∈ N is a symmetry degree of π if π = yn for some y, a prefix of π.

For example, {1, 2, 4} are the symmetry degrees of π = XZXZXZXZ which follows from
π = (XZXZXZXZ)1 = (XZXZ)2 = (XZ)4.

For any circular permutation π, its maximum symmetry degree is denoted v(π), and the
corresponding repeating prefix x, such that xv(π) = π, is the fundamental component of π. It
can be seen that x is the smallest prefix that repeats over π. Indeed, v(π) is the number of
cyclic permutations that map each strand to a strand of the same type. Any repeating prefix
of π must be a multiple of its fundamental component, see Lemma 33, Appendix A in the
full version [33].

▶ Remark 8 (Notation: Xn
m). For any circular permutation π, its augmented version gives full

ordering information for each fundamental component. For example, if π = XY XZ XY XZ,
then its fundamental component is XY XZ, and X1

1 Y 1
1 X1

2 Z1
1 X2

1 Y 2
1 X2

2 Z2
1 is its augmented

version, such that Xn
m, means the mth strand of type X in the nth fundamental component

of π.

11 In contrast with some of the literature. we exclude using {A, T, G, C} for strand types; to avoid any
confusion between strand and base types.

12 It is known [31] how to efficiently reduce the circular permutation space by getting rid of circular
permutations that are redundant due to indistinguishable strands, which is important to consider when
computing the partition function but needed for MFE.

ICALP 2025
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We can visualize any ordering π by representing it as a regular v(π)-gon with each of its
v(π) vertices representing a fundamental component. Let ρ = (1 2 3 ... v(π)),13 and consider
the cyclic group14 Gπ generated by ρ. Intuitively, Gπ is the group of all v(π) rotational
motions in plane of the regular v(π)-gon that give the same v(π)-gon. We can represent Gπ

as follows: Gπ = {ρ0, ρ1..., ρv(π)−1}, where ρi represents rotation of the regular v(π)-gon by
the angle of i × 360◦

v(π) , where |Gπ| = v(π).
Now, we are ready to define the rotational symmetry of a secondary structure and a

strand ordering π, intuitively, the number of rotations of its polymer graph that give the
same polymer graph, as shown in Figure 2.

▶ Definition 9 (R-fold rotationally symmetric structure). A connected unpseudoknotted sec-
ondary structure S and strand ordering π (and thus polymer graph Poly(S, π)) is R-fold
rotational symmetric, or simply rotationally symmetric, if for any base pair (i, j) in the
polymer graph Poly(S, π) the rotation of that base pair by multiples of (360◦/R) is also in
Poly(S, π). More formally: (iXl

k
, jY n

m
) ∈ Poly(S, π), iff (i

X
a(l)
k

, j
Y

a(n)
m

) ∈ Poly(S, π) for all
a ∈ H ≤Gπ, where H is the largest subgroup15 satisfying the condition, and if |H| = R.

▶ Remark 10. In Def. 9, we restricted H to be the largest subgroup so as to be aligned with
the entropic reduction penalty due to symmetry that appears in Equation (2), even if from a
geometric perspective any R-fold rotationally symmetric secondary structure should be also
R′-fold rotationally symmetric if R′ divides R.

3 A polynomial upper bound on a class of rotationally symmetric
secondary structures

▶ Remark 11. In this section, we assume a global indexing of all bases from 1 to N , and use
square brackets, [i, i + 1], to denote the covalent bond connecting bases i and i + 1, given
that both belong to the same strand. This notation also helps to differentiate covalent bonds
[i, i + 1] from base pair (j, k) (hydrogen bonds) notation.

▶ Definition 12 (R-symmetric backbone cut generated by a covalent bond). For a connected
unpseudoknotted secondary structure S and strand ordering π, the R-symmetric backbone cut
generated by covalent bond b = [iAn

m
, (i + 1)An

m
] is Cb

R = {[i
A

a(n)
m

, (i + 1)
A

a(n)
m

] : for all a ∈
H≤Gπ such that |H| = R}. We call b a symmetric backbone cut generator. Figure 3 shows
an example.

Only one covalent bond is needed to generate its corresponding R-symmetric backbone
cut. Also, note that this definition excludes any cut through nicks by Remark 11. Lemma 14
in the following subsection shows that the number of unique symmetric backbone cuts is
linear in N .

3.1 Linear upper bound on number of unique symmetric backbone cuts
The following lemma restricts us to deal with only specific and constant number of different
folding rotational symmetries, and hence constant different symmetry corrections in total.
The proof of this lemma is in Appendix A in the full version [33].

13 Here we use algebraic cycle notation. The order of ρ, denoted by o(ρ), is the length of ρ which is v(π).
14 Gπ is isomorphic to Cv(π), cyclic group of order v(π).
15 H ≤ G, notationally means H is a subgroup of G. Every subgroup of cyclic group is also cyclic.
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▶ Lemma 13. If S is R-fold rotationally symmetric secondary structure, with a specific
circular permutation π, then R must be a divisor of v(π).

▶ Lemma 14 (Upper bound on unique symmetric backbone cuts). For any connected un-
pseudoknotted secondary structure S of c = O(1) strands with N total bases, with a specific
strand ordering π, the number of unique symmetric backbone cuts is N−c

v(π) [σ(v(π)) − v(π)] =
O(N), where σ(v(π)) is the sum of divisors of v(π).

Proof. In general, any covalent bond is a potential candidate for a symmetric backbone cut
generator. For secondary structure S with N bases and c strands, there are N − c covalent
bonds in S by excluding all nicks. We need to compute the total number of all possible
symmetric backbone cuts for every possible symmetry degree R. Given a specific R, the
number of R-symmetric backbone cuts is N−c

R , since for any covalent bond x in a cut Cb
R, we

have Cx
R = Cb

R (all bonds in that cut generate the same cut). And, hence for any two covalent
bonds x and y, either Cx

R = Cy
R or they are disjoint.

Because of symmetry (see Lemma 13), R > 1 and R divides v(π) (denoted (R ̸= 1)|v(π)
below). Assume that d1, d2, ..., v(π) are divisors of v(π) such that di ̸= 1, and since divisors
happen in pairs (did

′
i = v(π)), then the total number of symmetric backbone cuts is∑

(R ̸=1)|v(π)

N − c

R
= (N − c)

∑
(R ̸=1)|v(π)

1
R

= (N − c)
[

1
d1

+ 1
d2

+ ... + 1
v(π)

]
= (N − c)

[
d′

1
d1d′

1
+ d′

2
d2d′

2
+ ... + 1

v(π)

]
= (N − c)

[
d′

1 + d′
2 + .... + 1
v(π)

]
= N − c

v(π) [σ(v(π)) − v(π)]

which is O(N) since |π| = c = O(1) (i.e. number of strands c = O(1)). ◀

If S is a connected unpseudoknotted secondary structure with ordering π, you can go
from any base i to j in two different paths around the circumference of Poly(S, π) (clockwise
or anticlockwise). We define the length function l[i, j] to be the length of the shorter path,
including both i and j as follows:

l[i, j] = min{|i − j| + 1, N − |i − j| + 1} (4)

Also, Ji, jK is used to denote that shorter segment of length l[i, j], where the direction
from base i to base j is the same as the system strands’ direction.

3.2 How to slice a pizza (secondary structure)
We want to slice any R-fold rotationally symmetric secondary structure S, like pizza, to
the centre of its Poly(S, π), without intersecting any of its base pairs. First, we formalise
(Definition 15) a special type of backbone cut, called an admissible R-symmetric backbone
cut. Then, we will prove (Lemma 16) its existence for S.

▶ Definition 15 (Admissible R-symmetric backbone cut). For any connected unpseudoknotted
secondary structure S with strand ordering π, the R-symmetric backbone cut Cb

R generated
by b is admissible, if for all covalent bonds x ∈ Cb

R, x is not “enclosed” by any base pair
(i, j) ∈ Poly(S, π), more formally: x ⊈ Ji, jK. An example is shown in Figure 3.
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▶ Lemma 16. For any R-fold rotationally symmetric secondary structure S, there exists at
least one admissible R-symmetric backbone cut of S.

Proof. From Poly(S, π), select a base pair (i, j) that has maximal length l[i, j], at least one
of [i − 1, i] and [j, j + 1] must be a covalent bond, otherwise if both were nicks, S would
be disconnected (a contradiction). We claim that this covalent bond, which we denote
[a, a + 1], is an admissible R-symmetric backbone cut generator, otherwise there exists a
base pair (m, n) ∈ Poly(S, π) such that [a, a + 1] ⊆ Jm, nK, giving a contradiction by either:
(a) Jm, nK must contain Ji, jK which contradicts the maximality of l(i, j), or (b) (m, n) and
(i, j) intersect forming a pseudoknot. All covalent bonds in C[a,a+1]

R have the same situation
because of R-fold symmetry of S, which implies that C[a,a+1]

R is an admissible R-symmetric
backbone cut of S. ◀

▶ Lemma 17. For any connected unpseudoknotted secondary structure S, if there exists at
least one base pair (i, j) such that Ji, jK > N

R , then S can not be R-fold rotationally symmetric.

Note that any R-fold rotationally symmetric secondary structure S can have more than
one admissible R-symmetric cut. Before defining what we mean by a pizza slice (formally,
symmetric slice in Definition 19), the following lemma ensures such a slice is connected.

▶ Lemma 18 (Pizza slicing lemma). For any R ≥ 2 and any R-fold rotationally symmetric
secondary structure S, let G be the graph obtained from Poly(S, π) by removing the covalent
bonds of admissible R-symmetric backbone cut Cb

R generated by any covalent bond b, such
that G = (V (Poly(S, π)), E(Poly(S, π)) \ Cb

R), then G is disconnected and consists exactly of
R connected isomorphic components.

Proof. Lemma 16 ensures the existence of at least one admissible R-symmetric backbone
cut of S, assume it is generated by b = [iAn

m
, (i + 1)An

m
], then by Definition 12: Cb

R =
{[i

A
a(n)
m

, (i + 1)
A

a(n)
m

] : ∀a ∈ H≤Gπ, |H| = R}. For any two (recall, R ≥ 2) “consecutive” cova-
lent bonds in Cb

R (formally: bk = [i
A

ak(n)
m

, (i + 1)
A

ak(n)
m

] and bk+1 = [i
A

ak+1(n)
m

, (i + 1)
A

ak+1(n)
m

]),
we construct the “pizza slice” Gk to be the subgraph of Poly(S, π) induced by all vertices
(or bases) that belong to Ik = J(i + 1)

A
ak(n)
m

, i
A

ak+1(n)
m

K. Intuitively, Gk is the slice we get
after cutting Poly(S, π) at bk and bk+1. At the end we will have a sequence of subgraphs
G = {G1, G2, ..., GR}. Because of symmetry, all subgraphs in G are isomorphic. We claim
that each subgraph in G is exactly one connected component, and G =

⋃R
k=1 Gk.

For any Gk, first we will show that Gk is disconnected from any other Gl with l ̸= k,
which follows from two observations: From Lemma 17, we know that the length of Ik < N

R

and I1, . . . , IR are disjoint segments by construction (via symmetry R), hence Gk and Gl are
not connected by a covalent bond. To see that there is no base pair (x, y) connecting Gk

and Gl: assume for the sake of contradiction that such a base pair (x, y) exists in Poly(S, π),
then one of the two covalent bonds bk or bk+1 ⊆ Jx, yK (by the definition of bk, bk+1 above),
contradicting the fact that Cb

R is an admissible backbone cut. Also, it follows directly that
G =

⋃R
k=1 Gk from the definition of inducing subgraphs.

We next wish to show that each slice Gk is connected. First, there exists d ≥ 1 such that
G consists of dR connected components, because for each k, Gk ∈ G is isomorphic (so if Gk

has d ≥ 1 components then all Gl ∈ G do also). Next we will show d = 1. Since G is the
graph obtained from the connected graph Poly(S, π) by removing |Cb

R| = R covalent bonds,
so there are only two cases: (a) if each of these R covalent bonds is a cut edge, or bridge [40],
G will consist of R + 1 components, contradicting the fact that number of its components
must be dR for some d ≥ 1, so d = 1, implying that each subgraph in G consists of exactly
one component. (b) The only other case is that G has R components (since we’ve already
shown that the R slices are not connected to each other), giving the lemma statement. ◀
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▶ Definition 19 (Symmetric slice). From the construction in Lemma 18, each of the R

isomorphic subgraphs (components) in G is called a symmetric slice of Poly(S, π), denoted by
▷S. Also, the loop free energy of a symmetric slice is:

∆G(▷S) =
∑

l∈▷S

∆G(l) (5)

For any R-fold symmetric secondary structure S, the following lemma shows the existence
of a unique loop in the center of Poly(S, π) surrounded by the outer base pairs of its symmetric
slices. We call it the central loop of S, and denote it by ⃝S . This central loop plays a crucial
role in validating our slicing and swapping strategy (Lemmas 22 and 23) and determining the
exact upper bound (Lemma 25) of symmetric secondary structures need to be backtracked.

▶ Lemma 20. For any (R ≥ 2)-fold symmetric secondary structure S, there exists a single
loop, that we call the central loop ⃝S, that is not contained in any of the R symmetric slices.
If R > 2 then ⃝S is a multiloop, if R = 2 then ⃝S is either a multiloop, stack, or an internal
loop.

Proof. Using our construction in Lemma 18, let Gk ∈ G be any symmetric slice, and assume
a local indexing from 1 to N

R for the bases in the segment Ik. Let Nk = {(m, n) ∈ Gk :
¬∃(m′, n′) ∈ Gk such that m′ < m < n < n′}. Intuitively, Nk contains all outer base pairs
of Gk, we call Nk the nesting set of Gk as it determines how Gk will geometrically look like
(when staring at it from the centre of the pizza).

Intuitively, we construct a path Pk as the concatenation of a segment of covalent bonds
from Gk, and then a base pair in Nk, then more covalent bonds, then a base pair, and so
on. Formally, let d = |Nk|, then Pk = J1, m1K.(m1, n1).Jn1, m2K.(m2, n2) . . . (mc, nc).Jnc, N

R K.
Note that J1, m1K and Jnc, N

R K may be substrands of length zero. Using this construction, Pk

must be a path, otherwise Gk will be a disconnected graph contradicting Lemma 18.
Now, we will construct this central loop ⃝S as follows: for simplicity of notation, let

Cb
R = {b, b2, ..., bR}, then ⃝S = b.P1.b2.P2....bR.PR. If R > 2, ⃝S must be a multiloop, since

a multiloop is defined by being bordered by > 2 base pairs (hydrogen bonds). If R = 2, ⃝S

will be a multiloop if and only if |Nk| ≥ 2 (this implies there are R|Nk| = 2|Nk| > 2 base
pairs bordering the central loop), otherwise ⃝S will be an internal loop or stack. ⃝S can
not be external loop otherwise this will contradict the connectedness of S, nor can ⃝S be a
bulge nor hairpin loop as either of these will contradict the symmetry of S. ◀

Because of the crucial importance of multiloops for our strategy, we highlight the multiloop
energy model that is used in the standard dynamic programming algorithms. The free energy
of a multiloop has the following linear form [10]:

∆Gmulti = ∆Gmulti
init + b∆Gmulti

bp + n∆Gmulti
nt , (6)

where, ∆Gmulti
init is called the penalty for formation of the multiloop, ∆Gmulti

bp is called the
penalty for each of its b base pairs that border the interior of the multiloop, and ∆Gmulti

nt
is called the penalty for each of the n free bases inside the multiloop. For any R-fold
symmetric secondary structure S, b∆Gmulti

bp and n∆Gmulti
nt are shared equally between the

R symmetric slices of Poly(S, π), hence R divides both b and n. So, we denote ∆Gmulti =
∆Gmulti

init + R(∆Gmulti
▷S ), where ∆Gmulti

▷S is the energy contribution of each symmetric slice of
Poly(S, π) to the multiloop free energy, such that ∆Gmulti

▷S = b
R ∆Gmulti

bp + n
R ∆Gmulti

nt .
▶ Note 21. For any connected unpseudoknotted secondary structure S of c strands, we use
∆G(S) to denote the snMFE of S, in other words ∆G(S) =

∑
l∈S ∆G(l) + (c − 1)∆Gassoc.

It is clear that ∆G(S) ≤ ∆G(S), as the symmetry correction kBT log R ≥ 0.
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Figure 3 Slicing and swapping strategy for constructing new asymmetric structure by combining
two symmetric structures with the same symmetric backbone cut. (a) 4-fold symmetric secondary
structure Si, with admissible 4-symmetric backbone cut Cb

R. Black arrows: indicate the four covalent
bonds forming Cb

R generated by the covalent bond b. (b) 4-fold symmetric secondary structure
Sj , sharing the same cut Cb

R as Si. Black arrows: indicate the four covalent bonds forming Cb
R.

(c) Asymmetric secondary structure Sk that is constructed by replacing the grey shaded “slice” from
Si by its corresponding slice from Sj , using the proof of Lemma 22.

Intuitively, the following lemma lets us take two symmetric pizzas with the same admissible
symmetric cut for which we know their snMFE, and swap a slice from one into the other to
get a new asymmetric pizza whose true MFE lies between their snMFEs. The key intuition
is that we are transforming two symmetric secondary structures into an asymmetric one.

▶ Lemma 22 (Free-energy sandwich theorem for two R-fold rotationally symmetric structures).
For any two distinct (R ≥ 3)-fold rotationally symmetric secondary structures, Si and Sj , of
c strands, such that R ≥ 3 and ∆G(Si) ≤ ∆G(Sj) and Si and Sj have the same R-admissible
backbone cut Cb

R, then there exists at least one asymmetric secondary structure Sk, such that
∆G(Si) ≤ ∆G(Sk) ≤ ∆G(Sj). Furthermore, the statement holds if R = 2 and both the
central loops ⃝Si , ⃝Sj are multiloops.

Proof. If R ≥ 3, from Lemma 20, there exist two unique central multiloops for Si and Sj ,
denoted by ⃝Si and ⃝Sj . Also, if R = 2, by hypothesis, ⃝Si and ⃝Sj are multiloops. We
prove the claim with two cases:

1. ∆G(Si) = ∆G(Sj):

∑
l∈Si

∆G(l) + (c − 1)∆Gassoc =
∑
l∈Sj

∆G(l) + (c − 1)∆Gassoc (7)

∑
l∈Si

∆G(l) =
∑
l∈Sj

∆G(l) (8)

R(∆G(▷Si)) + ∆G(⃝Si) = R(∆G(▷Sj )) + ∆G(⃝Sj ) (9)
R(∆G(▷Si)) + R∆Gmulti

▷Si + ∆Gmulti
init = R(∆G(▷Sj )) + R∆Gmulti

▷Sj + ∆Gmulti
init (10)

R(∆G(▷Si) + ∆Gmulti
▷Si ) = R(∆G(▷Sj ) + ∆Gmulti

▷Sj ) (11)

∆G(▷Si) + ∆Gmulti
▷Si = ∆G(▷Sj ) + ∆Gmulti

▷Sj (12)

We define a new secondary structure Sk using our slicing and swapping strategy, shown
in Figure 3, by removing one slice from Si, and adding its corresponding slice from Sj .
Lemma 18 guarantees that the new secondary structure Sk is connected and unpseudoknot-
ted. Furthermore, Sk is asymmetric since Si ≠ Sj . Sk being asymmetric means that its
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rotational symmetry Rk = 1, kBT log Rk = 0 hence we can write:

∆G(Sk) = (R − 1)
(
∆G(▷Si) + ∆Gmulti

▷Si )
)

+ Gmulti
init + (c − 1)∆Gassoc

+
(

∆G(▷Sj ) + ∆Gmulti
▷Sj

)
∆G(Sk) = R

(
∆G(▷Si) + ∆Gmulti

▷Si

)
+ ∆Gmulti

init + (c − 1)∆Gassoc

with the final step using Equation (12). Hence ∆G(Si) = ∆G(Sk) = ∆G(Sj).
2. ∆G(Si) < ∆G(Sj): Following the same algebraic manipulation as Equation (7) to

Equation (12), but replacing = with <, we get the following:

∆G(▷Si) + ∆Gmulti
▷Si < ∆G(▷Sj ) + ∆Gmulti

▷Sj

As before, we define a new connected asymmetric secondary structure Sk, using the same
slicing and swapping strategy, resulting in: ∆G(Si) < ∆G(Sk) < ∆G(Sj). ◀

Lemma 22 states that, if two symmetric secondary structures, having the same admissible
R-symmetric backbone cut, belong to the same energy level based on the symmetry-naive
MFE algorithm, ignoring symmetry entropic correction, this implies the existence of at least
one asymmetric secondary structure that actually belong to the same energy level because
symmetry correction for asymmetric structures is zero. If the two secondary structures belong
to two different energy levels, then there exist at least one asymmetric secondary structure
that actually belongs to an energy level that strictly lies between the other two energy levels.

Intuition for the case of R = 2 and the central loop is not a multiloop

When R = 2, and the central loop is not a multiloop, the proof of Lemma 22 breaks. From
Lemma 20, when R = 2 the central loop is either a multiloop, internal loop or stack loop.
The multiloop case has been handled already (Lemma 22), and the stack loop case can be
subsumed into the internal loop case, since stacks are considered a special type of internal
loop in the standard energy model [10]. Instead of depending on having the same admissible
2-symmetric backbone cut, we depend on sharing the same central internal loop itself, this
more restricted hypothesis implies having the same admissible 2-symmetric backbone cut
too, allowing us to prove Lemma 23 using a similar strategy to Lemma 22.

▶ Lemma 23 (Free-energy sandwich theorem for two 2-fold rotationally symmetric structures).
For any two distinct 2-fold rotationally symmetric secondary structures, Si and Sj, of c

strands, such that ∆G(Si) ≤ ∆G(Sj) and both have the same central internal loop ⃝Si = ⃝Sj ,
then there exists at least one asymmetric secondary structure Sk, such that ∆G(Si) ≤
∆G(Sk) ≤ ∆G(Sj).

Proof. Since ⃝Si = ⃝Sj , then both have the same admissible 2-symmetric backbone cut as
any covalent bond b that belong to any side of the internal loop can be its generator.

∆G(Si) ≤ ∆G(Sj)∑
l∈Si

∆G(l) + (c − 1)∆Gassoc ≤
∑
l∈Sj

∆G(l) + (c − 1)∆Gassoc

∑
l∈Si

∆G(l) ≤
∑
l∈Sj

∆G(l)

2(∆G(▷Si)) + ∆G(⃝Si) ≤ 2(∆G(▷Sj )) + ∆G(⃝Sj )
∆G(▷Si) ≤ ∆G(▷Sj )
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We define a new secondary structure Sk using our slicing and swapping strategy, shown in
Figure 3, by removing one slice (half in this case) from Si , and adding its corresponding slice
from Sj . Note that Sk will have also the same central internal loop ⃝Sk = ⃝Si . Lemma 18
guarantees that Sk is connected and unpseudoknotted. Since Sk is asymmetric:

∆G(Sk) = ∆G(▷Si) + ∆G(▷Sj ) + ∆G(⃝Sk ) + (c − 1)∆Gassoc

Which implies that ∆G(Si) ≤ ∆G(Sk) ≤ ∆G(Sj). ◀

We now have two sandwich theorems that we can use to construct an asymmetric structure:
Lemmas 22 and 23. In Section 4 we give a backtracking algorithm to search for suitable Si

and Sj , with the goal of applying either one of these two sandwich theorems to Si and Sj .
To get an overall polynomial bound for the backtracking algorithm, we wish to bound, given
Si, how many secondary structures to scan before finding a suitable Sj . Lemma 14 gives an
upper bound on this number when applying Lemma 22. Next, Lemma 24 gives this upper
bound when applying Lemma 23.

Unfortunately, the bound in Lemma 24 is larger than Lemma 14, since the energy model
is more complex for internal loops than multiloops [11].
▶ Lemma 24 (Upper bound on number of central internal loops). For any set of c strands
with specific ordering π, for any set T of 2-fold rotationally symmetric secondary structures
(R = 2), such that each has a distinct internal central loop, the cardinality of T , |T | ≤∑

s∈y(∥A∥s∥T∥s + ∥G∥s∥C∥s) ≤ N2/16, where y is a fundamental component of π, such that
π = y2, and ∥B∥s denotes the number of bases in strand s of type B for all B ∈ {A, T, G, C}.
Proof. Let T be any set of of 2-fold rotationally symmetric secondary structures. Since each
S ∈ T has a distinct internal central loop, we focus only on giving an upper bound on the
maximum number of distinct internal central loops. Since R = 2, the two base pairs forming
any central internal loop must be within two strands of the same type X of the same order m

within their fundamental components (for example the strands are X1
m and X2

m), otherwise
we have a disconnected secondary structure due to the existence of nicks.

Only one of the two base pairs of any internal central loop needs to be specified explicitly,
since, by symmetry, the other base pair is automatically determined. So, by considering all
base pairs (including many that are irrelevant), the number of all distinct central internal
loops is ≤

∑
s∈y(∥A∥s∥T∥s + ∥G∥s∥C∥s). Hence, |T | ≤

∑
s∈y(∥A∥s∥T∥s + ∥G∥s∥C∥s). Using

the two following number theoretic facts:
If we have two indistinguishable strands, of the same type, X, of length n, the maximum
intra-base pairs between them happens when the sequence of X is a word over {A, T} or
{G, C} such that ∥A∥X= ⌊ n

2 ⌋ and ∥T∥X= ⌈ n
2 ⌉ or vice versa, and the same for {G, T}.

For any integer n > 0, if n = n1 + n2 + ... + nk, such that ni ≥ 0 for all i ∈ {1, 2, . . . k},
then n2 ≥ n2

1 + n2
2 + ... + n2

k.
We get the following:∑

s∈y

(∥A∥s∥T∥s + ∥G∥s∥C∥s) ≤
⌈

|s1|
2

⌉ ⌊
|s1|
2

⌋
+

⌈
|s2|
2

⌉ ⌊
|s2|
2

⌋
+ . . . +

⌈ |sc/2|
2

⌉ ⌊ |sc/2|
2

⌋

≤
(

|s1|
2

)2
+

(
|s2|
2

)2
+ . . . +

( |sc/2|
2

)2

=
|s1|2 + |s2|2 + . . . + |sc/2|2

4

≤ (N/2)2

4 = N2

16
where si, i ∈ {1, . . . , c}, are strand types. Hence: |T | ≤

∑
s∈y(∥A∥s∥T∥s + ∥G∥s∥C∥s) ≤

N2/16. ◀
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3.3 Polynomial upper bound on number of symmetric secondary
structures (for future backtracking)

▶ Lemma 25. Given an ordering π of c strands, for any set T of distinct symmetric secondary
structures such that
1. for any two (R > 2)-fold symmetric secondary structures Si, Sj ∈ T , where Si and Sj have

different admissible R-symmetric backbone cuts (we mean all possible cuts are different),
and

2. for any two 2-fold symmetric secondary structures Si, Sj ∈ T , where Si and Sj have
different admissible R-symmetric backbone cuts (all possible cuts are different) or different
central internal loops,

then |T | ≤ U , where U = N−c
v(π) [σ(v(π)) − v(π)] + N2

16 = O(N2).

Proof. The proof is a trivial implication of Lemmas 14 and 24. (More formally: Let
U = U1 + U2 where U1 is the upper bound on the number of on unique symmetric backbone
cuts (Lemma 14), and U2 is the upper bound on the number of unique central internal loops
(Lemma 24). Assume for the sake of contradiction that |T | > U . From the pigeon hole
principle, |T | > U implies repeating at least one symmetric backbone cut or a central internal
loop contradicting the hypothesis about structures of T .) ◀

The (bad) quadratic bound in Lemma 24 is not that frequent: In particular, that bound
only appears when R = 2 and the central loop is an internal loop for both symmetric
secondary structures (since R = 2 this implies that the repetition number for every strand
type is even, which in practice, say, for random or typical systems, may not be frequent). In
particular the following lemma gives a linear bound when the repetition number of at least
one strand type is odd.

▶ Lemma 26. For any R-fold rotationally symmetric secondary structure S, with ordering
π, such that R is even, then the repetition number of each strand type must be even. Hence
for any system of c strands (k strand types) such that the repetition number of some strand
type is odd, then U , where U = N−c

v(π) [σ(v(π)) − v(π)] = O(N).

Proof. Suppose S is a R-fold rotationally symmetric such that R is even. R divides v(π)
(see Lemma 13), which implies v(π) is even too. Since π = xv(π) then π = y2 such that
y = xv(π)/2, and this is valid only if the repetition number of each strand type is even. The
linearity of U follows directly if repetition number of at least one strand type is odd. ◀

4 Backtracking to find the true MFE

The full version of this work [33] contains the technical details of the backtracking procedure
used to prove Theorem 1 below, specifically see Section 4, and Algorithm 2 of Appendix C [33].
The complexity of our backtracking algorithm, is summarized in the following lemma.

▶ Lemma 27. The running time of the backtracking algorithm (Algorithm 2 in Appendix C
in the full version of this paper [33]), for a set of c = O(1) DNA or RNA strands of total
length N bases, is O(N4(c − 1)!), and it uses O(N4) space.

5 Time and space analysis of MFE algorithm

▶ Theorem 1. There is an O(N4(c − 1)!) time and O(N4) space algorithm for the Minimum
Free Energy unpseudoknotted secondary structure prediction problem, including rotational
symmetry, for a set of c = O(1) DNA or RNA strands of total length N bases.
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Proof. The snMFE algorithm of Dirks et al. runs in time O(N3(c−1)!) and space O(N2) [10].
In Algorithm 1 in Appendix B of the full version [33], we give their snMFE pseudocode but
augmented with three matrices Mb:int, Mb:mul, and Mm:2, with no asymptotic change to
run time but an increase to O(N3) space. Also, by Lemma 27, the time complexity of our
backtracking algorithm, Algorithm 2, is O(N4(c − 1)!), and the space complexity is O(N4).

Hence after running both algorithms we get an O(N4(c − 1)!) algorithm for the MFE
unpseudoknotted secondary structure prediction problem, including rotational symmetry,
with space complexity O(N4). ◀

By Remark 32 in Section 4 in the full version [33], there is a time-space trade-off yielding
an alternative algorithm that runs in O((N4 log N)(c − 1)!) time and O(N3) space.
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