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—— Abstract

In this work we revisit the arithmetic and bit complexity of Hermitian eigenproblems. Recently,
[BGVKS, FOCS 2020] proved that a (non-Hermitian) matrix A can be diagonalized with a ran-
domized algorithm in O(n* log®(2)) arithmetic operations, where w < 2.371 is the square matrix
multiplication exponent, and [Shah, SODA 2025] significantly improved the bit complexity for the
Hermitian case. Our main goal is to obtain similar deterministic complexity bounds for various Her-

mitian eigenproblems. In the Real RAM model, we show that a Hermitian matrix can be diagonalized
deterministically in O(n* log(n) +n2polylog(%)) arithmetic operations, improving the classic determ-
inistic 5(n3) algorithms, and derandomizing the aforementioned state-of-the-art. The main technical
step is a complete, detailed analysis of a well-known divide-and-conquer tridiagonal eigensolver of
Gu and Eisenstat [GE95], when accelerated with the Fast Multipole Method, asserting that it can
accurately diagonalize a symmetric tridiagonal matrix in nearly—O(n2) operations. In finite precision,
we show that an algorithm by Schonhage [Sch72] to reduce a Hermitian matrix to tridiagonal form
is stable in the floating point model, using O(log(%2)) bits of precision. This leads to a deterministic
algorithm to compute all the eigenvalues of a Hermitian matrix in O (n“’]—' (log(%)) +n? polylog(%))
bit operations, where F(b) € 5(b) is the bit complexity of a single floating point operation on b
bits. This improves the best known 5(n3) deterministic and O (n“ log?(2)F (log(%))) randomized
complexities. We conclude with some other useful subroutines such as computing spectral gaps,
condition numbers, and spectral projectors, and with some open problems.
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1 Introduction

Eigenproblems arise naturally in many applications. Given a matrix A, the goal is to compute
(a subset of) the eigenvalues A and/or the eigenvectors v, which satisfy

Av = )v.

The properties of the given matrix, as well as the quantities that need to be computed
can vary depending on the application, giving rise to different variants of the eigenproblem.
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These include () eigenvalue problems, such as the approximation of eigenvalues, singular
values, spectral gaps, and condition numbers, (ii) eigenspace problems, which refer to
the approximation of eigenvectors, spectral projectors, and invariant subspaces, and (4i%)
diagonalization problems, which involve the (approximate) computation of all the eigenvalues
and eigenvectors of a matrix (or pencil), i.e., a full spectral factorization and/or the Singular
Value Decomposition (SVD).

In this work we focus on algorithms for Hermitian eigenproblems, i.e., the special case
where the input matrix is Hermitian. Our motivation to dedicate the analysis to this special
class is twofold. First, they arise in many fundamental applications in Machine Learning,
Spectral Graph Theory, and Scientific Computing. For example, the SVD, which is ubiquitous
for many applications such as low rank approximations [69, 39, 35, 22], directly reduces to a
Hermitian eigenproblem. Second, the spectral theorem states that a Hermitian matrix A
can always be written in a factored form A = QAQ", where Q is unitary and A is diagonal
with real entries. This alleviates several difficulties of the non-Hermitian case, which can
lead to efficient dedicated algorithms.

Algorithms for eigenproblems have been studied for decades, some of the earliest being
attributed to Jacobi [53, 43]. We refer to standard textbooks for an overview of the rich
literature [31, 44, 70, 12, 73]. Some landmark works include the power method [60], the
Lanczos algorithm [57], and the paramount QR algorithm [37, 38, 56], which has been
recognized as one of the “top ten algorithms of the twentieth century” [33], signifying the
importance of the eigenproblem in science and engineering. Given a Hermitian tridiagonal
matrix T with size n x n, the algorithm can compute a set of approximate eigenvalues
in O(n?log(%)) arithmetic operations, based on the seminal analyses of Wilkinson [84]
and Dekker and Traub [25]. A set of approximate eigenvectors can be also returned in
O(n?log()) operations. In conjunction with the classic unitary similarity transformation
algorithm of Householder [52], the shifted-QR algorithm has heavylifted the computational
burden of solving eigenvalue problems for decades, both in theory and in practice. A detailed
bit complexity analysis was provided recently in [8, 7, 9].

Despite the daunting literature, several details regarding the computational complexity
of many algorithms remain unclear. It is well-known, for example, that the cubic arithmetic
complexity to compute the eigenvalues of a dense matrix is not optimal: a classic work by
Pan and Chen [68] showed that the eigenvalues can be approximated in O(n®) arithmetic
operations, albeit without detailing how to also compute eigenvectors, or to fully diagonalize
a matrix. Here w > 2 is the matriz multiplication exponent, i.e. the smallest number such
that two n X n matrices can be multiplied in O(n“*") arithmetic operations, for any 1 > 0.
The current best known upper bound is w < 2.371339 [1], and we will write n* instead
of n“*" hereafter for simplicity. Recently, Banks, Garza-Vargas, Kulkarni, and Srivastava
[6] described a numerically stable randomized algorithm to compute a provably accurate
diagonalization, in 6(71“) operations, improving the previous best-known bounds, specifically,
O(n®) (Hermitian) and O(n'%) (non-Hermitian) [3]. [78] further improved the analysis for
the Hermitian case, and several works have studied extensions and related applications
[28, 29, 74, 80]. To date, we are not aware of any deterministic algorithm that achieves the
same arithmetic (or bit) complexity with provable approximation guarantees, even for the
Hermitian case. In this work, we proceed step-by-step and analyze several variants of the
aforementioned eigenvalue, eigenspace, and diagonalization problems, in different models of
computation, and report complexity upper bounds with provable approximation guarantees.
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1.1 Models of computation and complexity

From the Abel-Ruffini theorem it is known that the eigenvalues and/or the eigenvectors of
matrices with size larger than n = 5 can not be computed exactly. Even in exact arithmetic,
they can only be approximated. Before analyzing algorithms, we first need to clarify what
are the quantities of interest, to define how accuracy is measured, and what is the underlying
model of computation. The main two models that we use to analyze algorithms are the Real
RAM and the Floating Point model, described below.

Exact real arithmetic (Real RAM): For the Real RAM model we follow the definition of
[36]. The machine has a memory (RAM) and registers that store real numbers in infinite
precision. Moving real numbers between the memory and the registers takes constant time.
A processor can execute arithmetic operations {4, —, X, /,1/*, >} on the real numbers
stored in the registers exactly, without any errors, in constant time. Other functions such
as log(z), exp(x), and trigonometric functions, are not explicitly available, but they can
be efficiently approximated up to some additive error, e.g. with a truncated polynomial
expansion, using a polylogarithmic number of basic arithmetic operations. Bit-wise
operations on real numbers are forbidden, since this can give the machine unreasonable
computing power [48, 76, 36].

Floating point: In this model, a real number « € R is rounded to a floating point number
fi(a) = s x 2¢7 x m, where s = +1, ¢ is the exponent, ¢ is the bias, and m is the
significand (or “mantissa”). Floating point operations also introduce rounding errors, i.e.,
for two floating point numbers o and 3, each operation ® € {4, —, x, /} satisfies:

flaep)=10+0)(aep), and also fi(v/a) = (1+ 0)V/a, (1)

where || < u, and u is the machine precision. Assuming a total of b bits for each number,
every floating point operation costs F(b) bit operations, where typically F(b) € O(b?),
or even O(b), with more advanced algorithms [77, 40, 49]. More details are provided in
Appendix D of the full version [79].

In Section 3.4 we will also use as a subroutine an algorithm from [13, 15], which was
originally analyzed in Boolean RAM model. We describe in detail how to use it in the
corresponding section.

Arithmetic and boolean complexity

Given a model of computation, the arithmetic complezity of an algorithm is quantified in
terms of the arithmetic operations executed. The boolean (or bit) complexity, accounts for
the total number of boolean operations (i.e. boolean gates with maximum fan-in two).

1.2 Notation

Matrices and vectors are denoted with bold capital and small letters, respectively. |A||
is the spectral norm of A, ||A|r its Frobenius norm, x(A) = ||A||||AT] is the condition
number, and A(A) its spectrum. For the complexity analysis we denote the geometric series
Sp(m) =32, (2*72)L. As already mentioned, for simplicity, the complexity of multiplying
two n X n matrices will be denoted as O(n*), instead of O(n“*7), for arbitrarily small 5 > 0.
We also use the standard notation w(a, b, ¢) for the complexity of multiplying two rectangular
matrices with sizes n® x n® and n® x n¢ in time O(n®(**¢)) and therefore w := w(1,1,1). For
example, for a = ¢ = 1 and b = 2, the best known bound for w(1,2,1) = 3.250035 [1], which
is slightly better than naively performing n square multiplications in O(n-n®) < O(n3-371339),
F(b) denotes the bit complexity of a single floating point operation on b bits.
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1.3 Methods and Contributions
1.3.1 Real RAM

We start with the analysis in exact arithmetic, which is the simplest model to analyze
numerical algorithms. The goal is to obtain end-to-end upper bounds for the arithmetic com-
plexity of approximately diagonalizing symmetric tridiagonal matrices and, ultimately, dense
Hermitian matrices, as well as to approximate the SVD. To measure the accuracy, we follow
the notion of backward-stability (or backward-approzimation) for Hermitian diagonalization
from [63]. Formally, the following problems are considered.

» Problem 1.1. Backward-approximate diagonalization problems in exact arithmetic.

(i) Symmetric arrowhead/tridiagonal diagonalization: Given a symmetric arrow-
head or tridiagonal matriz A with size n X n, ||A|| <1, and accuracy € € (0,1), compute
a diagonal matriz A and a matriz I~J, such that U = U + Ey, where U is orthogonal
and ||Eul| <€, and HA - UKUTH <e.

(ii) Hermitian diagonalization: Given a Hermitian matriz A with size n X n, ||A] < 1,
and accuracy € € (0,1), compute a diagonal matric A and a matriz U such that
U = U + Ey, where U is unitary and HEUH <e¢, and HA - UAU*H <e.

(iii) SVD: Given a matrizr A € C™*", m =nk k> 1, |A| <1, and accuracy € € (0,1)
compute a diagonal matriz 2 an m x n matriz U = U + Ey, and an n X n matriz
V =V + Ev, such that U*U = V*V =1, |IEuvy| <€ and ’A USVH| <.

To obtain rigorous complexity guarantees for these problems, with respect to all the
involved parameters, we start from Problem 1.1-(i), namely, diagonalization of symmetric
tridiagonal matrices. To that end, we revisit the so-called fast tridiagonal eigensolvers,
which aim to reduce the complexity from cubic to 9] (n?) operations. Many such algorithms
have been studied in the literature [34, 32, 14, 13, 41, 83, 66, 81, 10], most of which are
based on the divide-and-conquer (DC) strategy of Cuppen [24]. The algorithms in all of the
aforementioned works have been rigorously analyzed, however, explicit complexity bounds in
terms of strictly solving Problem 1.1-(i) are not detailed. We resolve this by providing an
end-to-end complexity analysis of the algorithm of Gu and Eisenstat [46]. In their original
work, the authors outlined how to accelerate several parts of the algorithm with the Fast
Multipole Method (FMM) [71], which could eventually lead to a final complexity of O(n?2).
However, the actual analysis of this approach and the FMM details were not provided. [61]
further extended the analysis in floating point, but it also relies on a numerically stable
FMM implementation, which is not detailed. In this work, we use the elegant FMM analysis
of [45, 58, 21], which is particularly suited for the problems considered. It is summarized in
the following Proposition 1.1.

» Proposition 1.1 (FMM). There exists an algorithm, which we refer to as (e,n)-approximate
FMM (or (e,n)-FMM, for short), which takes as input
a kernel function k(z) € {log(|z]), L, IQ}
2n +m real numbers. {z1,..yem}U{cr, . csent U{yr, ... un}, and a constant C, such
that m < n and for all i € [m],j € [n] it holds that

|lz3], |ejls lys] < C and lzi —y;] > Qpoly(5))-

It returns m values f(x1), ..., f(zm) such that ‘f(az,) — f(xs)

<'¢, for all i € [m], where

f(z) = Z;’:l cik(xi —y;), in a total of O (n logf(%)) arithmetic operations, where £ > 1 is

a small constant that is independent of €, n.
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Proof. The result follows from the analysis of [45, 58, 21]. A detailed description and a
short proof is provided for completeness in the full version [79], specifically in Appendix B,
Proposition B.1. |

By taking advantage of the FMM, the analysis from Section 2 leads to the following Theorem
1.2, whose proof can be found in Section 2.2.1.

» Theorem 1.2. Given an unreduced symmetric tridiagonal matriz T with size n X n,
IT|I <1, an accuracy € € (0,1/2), and an (e,n)-FMM implementation as in Proposition 1.1,
the recursive algorithm of [46] (Algorithm 1), returns an approzimately orthogonal matriz U
and a diagonal matriz A such that

v 0AD < 070 1= e
or, stated alternatively,
U=U+Ey, U U=L |Eu|<e/n, HT - UKUTH <e
using a total of O <n2 log§+1(%)) arithmetic operations and comparisons, where £ > 1 is a

small constant that depends on the specific FMM implementation and it is independent of

€,MN.

Table 1 Comparison of algorithms for the Problems 1.1 (i)-(iii) in the Real RAM model. Here
& > 11is a small constant which depends on the FMM implementation (see Prop. 1.1). The algorithms
marked with (R) are randomized and succeed with high probability (at least 1 — 1/ poly(n)).

Arithmetic Complexity Comment
Prob. 1.1-(i)
Arrowhead/Trid.
diagonalization
Refs. [24, 65, 46] O(n®) + O(n?) Conjectured O(n?)
Theorem 1.2 @] (n2 log§+1(%)> Req. FMM (Prop. 1.1)
Prob. 1.1-(ii)
Hermitian
diagonalization
Refs. [6, 78] (R) O (n”log*(2)) -
Ref. [11] (R) 9] n‘“'“) Conjectured O(n®)
Refs. [25, 84, 51] 0] Ew‘ log(2)) Shifted-QR
Ref. [63] 19) ns) Req. separated spectrum
Ref. [68] O (n” + npolylog(%)) Only eigenvalues
Corollary 2.4 O (n¥ log(n) + n? long(%)) Req. FMM (Prop. 1.1)
Prob. 1.1-(iii), SVD
Shifted-QR on A*A O (n*®FD 4 p3 log(%)) Partial error analysis
Refs. [6, 78, 55] (R) O En“(l‘k’l) +n* 10g2(%)) Partial error analysis
Theorem 1.3 o (n“’(l’k’l) +n¥ log(n) + n? polylog(%)) Req. FMM (Prop. 1.1)

This result has a direct application to the dense Hermitian diagonalization problem.

The best-known complexities of deterministic algorithms, with end-to-end analysis, are at
least cubic. For example, the aforementioned shifted-QR algorithm requires O(n? log(n/e))
arithmetic operations, even for tridiagonal matrices. The cubic barrier originates from the
accumulation of the elementary rotation matrices to form the final eigenvector matrix. The
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so-called spectral divide-and-conquer methods (see e.g. [31, 63]) have also at least cubic
complexities in the deterministic case. The two main difficulties in their analysis are the
basis computation of spectral projectors, for which the best-known deterministic complexity
bounds are (n?), e.g. via Strong Rank-Revealing QR (RRQR) factorization [47], and the
choice of suitable splitting points, which relies on the existence of spectral gaps.
Randomness can help to overcome certain difficulties in the analysis. [26] analyzed a
numerically stable Randomized URV decomposition, which can be used to replace RRQR for
basis computations in spectral DC algorithms. A highly parallelizable Hermitian diagonaliza-

tion algorithm with end-to-end analysis was proposed in [11]. While the reported sequential
w+1)

arithmetic complexity is O(n , the authors conjectured that it can be further reduced
to O(n®). The first end-to-end O(n®) complexity upper bound was achieved in [6]. One of
the main techniques was to use random perturbations to ensure that the pseudospectrum is
well-separated, which helps to find splitting points in spectral DC. [78] further improved the
analysis for Hermitian matrices.

Theorem 1.2 can be directly used to obtain a simple and deterministic solution for
the Hermitian diagonalization problem. Specifically, Corollary 2.4 states that the problem
can be solved in O(n* log(n) + n? polylog(n/e)) arithmetic operations, which is both faster
and fully deterministic. This is achieved by combining Theorem 1.2 with the (rather
overlooked) algorithm of Schéonhage [75], who proved that a Hermitian matrix can be reduced
to tridiagonal form with unitary similarity transformations in O(n“ log(n)c(w)) arithmetic
operations, where c¢(w) = O(1) if w is treated as a fixed constant larger than 2, while
c¢(w) = O(log(n)) if it turns out that w = 2.

As a consequence, Theorem 1.3 reports similar deterministic complexity results for the
SVD. The SVD is a fundamental computational kernel in many applications, such as Principal
Component Analysis [54], and it is also widely used as a subroutine for many other advanced
algorithms, e.g. [69, 39, 35, 18, 20, 23, 19, 22|, to name a few. A straightforward algorithm
to compute it is to first form the Gramian matrix A*A, and then diagonalize it. Other
classic SVD algorithms, such as the widely adopted Golub-Kahan bidiagonalization and
its variants [42], or polar decomposition-based methods [63, 62], avoid the computation of
A*A for numerical stability reasons, but they also rely on a diagonalization algorithm as
a subroutine. [55] elaborated on a matrix multiplication time SVD algorithm, by using [6]
to diagonalize AT A, albeit without fully completing the backward stability analysis. The
following Theorem 1.3 states our main result. The proof can be found in the full version [79],
in Appendix C.4.

» Theorem 1.3 (SVD). Let A € C™*", m = nF, k > 1. Assume that 1/n° < ||A] < 1,
for some constant c. Given accuracy € € (0,1/2) and an (e,n)-FMM (see Prop. 1.1), we
can compute three matrices Ue Ccmxn, se R V € C"" such that 3 is diagonal with
positive diagonal elements and

A=—TUSV Hﬁ*fj - IH <e H\?"\? - IH < e/(k(A)n?) < e,
or, stated alternatively,

HA—UEV* <e, U=U+Ey, |Eu|<e UU=I,

V=V+Ey, |Ev|<e¢n? VV=L

The algorithm requires a total of at most O (nw(l’k’l) +n“log(n) + n? polylog("“(A) )) arith-

€

metic operations, where k(A) = ||A||||AT].
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To summarize this section, in Table 2 we list all the deterministic arithmetic complexities
achieved in the Real RAM model, for all the aforementioned problems, and compare with
some important existing algorithms.

1.3.2 Finite precision

Similar deterministic complexity upper bounds are obtained for several problems in finite
precision. In particular, we study the following problems, for which we seek to bound the
boolean complexity, i.e., the total number of bit operations.

» Problem 1.2. Main problems in finite precision.
(i) Tridiagonal reduction: Given a Hermitian matriz A with floating point elements,
reduce A to tridiagonal form using (approzimate) unitary similarity transformations.
In particular, return a tridiagonal matriz ’i‘, and (optionally) an approzimately unitary
matric Q, such that

Q" -1 e and |[A-QTQ| <cliAl,

(ii) Hermitian eigenvalues: Given a Hermitian matriz A, ||A| < 1, and accuracy

e € (0,1), compute a set of approximate eigenvalues XZ such that

Table 2 Boolean complexity for Problems 1.2, for matrix size n X n and accuracy € € (0, 1).

Boolean Complexity Comment
Prob. 1.2-(i)
Tridiag. Reduction
Refs. [52, 50] O (n*F (log (%))) Standard Householder reduction
Theorem 3.2 O (n“ log(n)F (log(%))) [75] with stable fast QR [26]
Prob. 1.2-(ii)
Herm. Eigenvalues
Ref. [78] O (n® log%%)}'(log(%))) Randomized, Pr[success] > 1 — £
Theorem 3.4 O n“’]—"(log(%)) + n? polylog(%)) Deterministic, Thm. 3.2 + [15]

Regarding deterministic algorithms, with end-to-end-analysis, the standard approach is to
first reduce the Hermitian matrix to tridiagonal form with Householder transformations [52],
which can be done stably in O(n?) arithmetic operations using O(log(n/e)) bits of precision;
see e.g. [50]. Thereafter, there is a plethora of algorithms (e.g. the ones mentioned in the
previous section) for the eigenvalues of the tridiagonal matrix, with varying complexities
and stability properties. However, the total boolean complexity cannot be lower than
Q(n*F(log(2))) due to the Householder reduction step. Other well-known deterministic and
numerically stable algorithms in the literature also require at least n® arithmetic operations
to compute all the eigenvalues [67, 30, 63], and at least polylog(n,1/e) bits of precision
in a floating point machine. The arithmetic complexity of the algorithm of [68] scales as
O(n*) with respect to the matrix size n, but the boolean complexity can increase up to
O(n“*1) in rational arithmetic. [59] described a randomized algorithm to compute only
the largest eigenvalue in nearly O(n*) bit complexity. The fastest algorithm to compute
all the eigenvalues of a Hermitian matrix is [78], which requires O(n* polylog(n/e)) boolean
operations and succeeds with high probability.

Randomized eigenvalue algorithms have also been studied in the sketching/streaming
setting [2, 64, 82]. The (optimal) algorithm of [82] has not been analyzed in finite-precision,
but, due to its simplicity, it should be straightforward to achieve. The algorithm approximates
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all the eigenvalues of a Hermitian matrix A up to additive error €||A||r. However, to reduce
the error to a spectral-norm bound €||A||, the algorithm internally needs to diagonalize a
matrix with size Q(n), and therefore it does not provide any improvement against any other
Hermitian eigenvalue solver. Nevertheless, our main results can be directly applied as the
main eigenvalue subroutine of this algorithm, and to help analyze its bit complexity.

To improve the aforementioned Hermitian eigenvalue algorithms, we first prove in Theorem
3.2 it is proved that Schonhage’s algorithm is numerically stable in the floating point model
of computation. Thereafter, we carefully combine it with the algorithms of [13, 14, 15] which
provably and deterministically approximate all the eigenvalues of a symmetric tridiagonal
matrix in 6(712) boolean operations. The latter algorithm is analyzed in the Boolean RAM
model, therefore, in order to use it we need to convert the floating point elements of the
tridiagonal matrix that is returned by Theorem 3.2 to integers, which can be done efficiently
under reasonable assumptions on the initial number of bits used to represent the floating
point numbers. This is described in detail in the proof of our main Theorem 3.4. Our result
derandomizes and slightly improves the final bit complexity of the algorithm of [78], which
has the currently best known bit complexity for this problem. Table 2 summarizes this
discussion.

As a direct consequence of Theorem 3.4, in Section 4 of the full version [79] we also
provide the analysis for several other useful subroutines related to eigenvalue/eigenvector
computations, including:

(i) Singular values and condition number: In [79, Proposition 4.1] we describe how
to obtain relative error approximations of singular values. In [79, Corollary 4.1] we
show how to compute the condition number.

(ii) Definite pencil eigenvalues: In [79, Corollary 4.2] we demonstrate how to extend
Theorem 3.4 to compute the eigenvalues of Hermitian-definite pencils.

(iii) Spectral gaps: In [79, Corollary 4.4] we show how to compute the spectral gap and
the midpoint between any two eigenvalues of a Hermitian-definite pencil. Our algorithm
is deterministic and it requires significantly less bits of precision than the algorithm of
[80], who described a randomized algorithm for this problem that is slightly faster than
applying [6] as a black-box, but it only computes a single spectral gap.

(iv) Spectral projector: [79, Corollary 4.5] details how to compute spectral projectors
on invariant subspaces of Hermitian-definite pencils, which are important for many
applications.

1.4 OQutline

The paper is organized as follows. In Section 2 we analyze the algorithm of [46] when
implemented with the FMM, and its application to Hermitian diagonalization and the SVD.
In Section 3 it is proved that Schonhage’s algorithm is numerically stable in floating point,
and it is used as a preprocessing step to compute the eigenvalues of Hermitian matrices. We
finally conclude and state some open problems in Section 4.

2 Diagonalization of symmetric tridiagonal and arrowhead matrices in
Real RAM

Our main target is to compute the eigenvalues and the eigenvectors of tridiagonal symmetric
matrices in nearly linear time. To derive the desired result, we provide an analysis the
divide-and-conquer algorithm of Gu and Eisenstat [46], when implemented with the FMM
from Proposition 1.1.
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The algorithm of [46] first “divides” the problem by partitioning the (unreduced) tridiag-
onal matrix T as follows:

T Bry1ek
T=|Brr1e, ary1 Brioe]
Br+2€1 T,

If one has access to the spectral decomposition of T7 and Ts, i.e. Ty = QlDlQI and
Ty = Q,D2Q, , then T can be factorized as

Q ki1 Beal]  Briofy 1
1 Braili Dy Q =QHQ', (2)
Q, Br+ofa D, Q,

where lI is the last row of Q; and f ;— is the first row of Q,, and H has the so-called arrowhead
structure. Thus, given this form, to compute the spectral decomposition of T, it suffices
to diagonalize H. One can then apply recursively the algorithm to compute the spectral
decompositions of Ty and Ty, and, finally, at the “conquering stage,” combine the solutions
with the eigendecomposition of H. For the individual steps to be computed efficiently, we
will need to appropriately use the FMM from Proposition 1.1.

2.1 Symmetric arrowhead diagonalization

The first step is to provide an end-to-end complexity analysis for the arrowhead diagonalization
algorithm of [46], when implemented with the FMM. We start with an n x n arrowhead
matrix of the form

a z'

H= (z D) ’ (3)
where D is a diagonal matrix, z is a vector of size n — 1 and « is a scalar. Without loss of
generality we assume that |[H|| < 1. The main result is stated in Theorem 2.1. The full
proof of Theorem 2.1 relies on several technical lemmas that can be found in the full version
[79, Appendices A and B]. Here we briefly describe the methodology, which was originally
described in [46], but it was not analyzed in detail.

1. Deflation: In the first step, the matrix H is preprocessed to ensure that it satisfies
the following: d;4+1 — d; > 7, and |z;| > 7, where 7 € (0,1) is an appropriately chosen

parameter that will be specified later. If this holds, it implies several useful properties, in
particular, the eigenvalues \; of H are the roots of the secular equation

n 2
FA=A—at+d 7o, (4)
j=2
and they satisfy the following:
A <dy<A<...<dp <Ay, (5)
3
-
i Y i — N1} > ——, foralli=2, ... n.
min {|d; — \i|,|di — N\ 1|}_n+1’ or all 4 ) (6)

We refer to [79, Lemma A.1] for more details. This allows us to efficiently utilize the
FMM in the subsequent steps. The full deflation procedure takes O(nlog(n)) steps, and
it is described in [79, Proposition A.1].
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2. Eigenvalues: The eigenvalues of the deflated matrix can be conveniently approximated
as the roots of Eq. (4). FMM-based root finder is described in [79, Lemma B.1], which
requires a total of at most O(n polylog(n,e~1,771)) arithmetic operations.

3. From [17, 46], it is known that the approximate eigenvalues returned by the root finder are

~ AT
the exact eigenvalues of another arrowhead matrix H = (f z ) There is an analytical
A

expression for the elements of H. [79, Lemma B.2] describes how to approximate those
elements up to error € with the FMM in O(n polylog(n,e~1,771)) arithmetic operations.

4. Next, given that we know the exact eigenvalues and the approximate elements of the
matrix fI, we can focus on computing its eigenvectors. In particular, in [79, Lemma
B.3] it is shown how to use the FMM to approximate the inner products between the
eigenvectors of H and some arbitrary unit vector b. Computing such inner products with
all the columns of the identity, we obtain the final approximate eigenvector matrix of H
and, ultimately, an approximate diagonalization of H.

» Theorem 2.1. Given a symmetric arrowhead matric H € R™™" as in Eq. (3), with
IH| <1, an accuracy parameter € € (0,1), a matriz B with r columns B;,i € [r], where
IB:|| <1, and an (e,n)-FMM implementation (see Prop. 1.1), we can compute a diagonal
matriz _/N&, and a matriz QB, such that

< ¢/n?,

,J

[i-aier<e |(@'B-a)

EH(%)) arithmetic operations and com-

where Q € R™*"™ 4s (exactly) orthogonal, in O (nr log
parisons, where & > 1 is a small constant that depends on the specific FMM implementation
and it is independent of €, n.

Alternatively, if only want to compute a set of approzimate values A1, . .., \n, such that
|XNi(H) — \;| <, the complexity reduces to O (n log(%) logf(%)) arithmetic operations.
Proof. The full proof follows the methodology described above, and it is provided [79,
Theorem B.1] in the full version. |

» Remark 2.2. We note that, if one is only interested in a full diagonalization of the arrowhead
matrix, the use of the FMM for Step 3 is redundant, i.e., we can naively compute the elements
of H exactly without the FMM in O(n?) operations, without affecting the final complexity.
However, it is beneficial if we need to compute only a few matrix-vector products with the
eigenvector matrix.

2.2 Tridiagonal diagonalization

Given the analysis for arrowhead diagonalization, we can now proceed to tridiagonal matrices.
The next lemma bounds the error of the reduction to arrowhead form when the spectral
factorizations of the matrices Ty and Ts in Equation (2) are approximate rather than exact.
This will be used as an inductive step for the final algorithm.

» Lemma 23. Let ¢ € (0,1/2) be a given accuracy parameter and T =
T Br+1€k
Brii€r  ar+1 Brree] | be a tridiagonal matriz with size n > 3 and | T|| < 1, where
Br+2€1 T,
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T, = U1D1UI and To = UQDQU;— be the exact spectral factorizations of T1 and Ts. Let
Uy,Dq, Uy, Dy be approzimate spectral factorizations of Tq, To. If these factors satisfy

~ ~ ~T ~ ~T
HT{LQ} - U{1,2}D{1,2}U{1,2}H < €1, HU{l,Q}U{LQ} - IH <ei/n,

for some €1 € (0,1/2), where ]5{1,2} are both diagonal, then, assuming an (e,n)-FMM
implementation as in Prop. 1.1, we can compute a diagonal matriz D and an approximately
orthogonal matrix U such that

~ T~ ~ e~ T
HU U—IH§3(61+6)/n, and HT—UDU H§2q+7e,

in a total of O (n2 loggﬂ(%)) arithmetic operations and comparisons, where & > 1 is a small

constant that depends on the specific FMM implementation and it is independent of €,n.
Proof. The proof can be found in the full version, in [79, Appendix C, Lemma C.1]. <

Lemma 2.3 gives rise to the following recursive algorithm. We can finally proceed with
the proof of Theorem 1.2, which gives the complexity of Algorithm 1.

Algorithm 1 Recursive algorithm based on [46] to diagonalize a symmetric tridiagonal matrix.

Algorithm: [U, A] « DIAGONALIZE(T, )

1. if n<2: o
Compute U, A to be the exact diagonalization of T.

3: else:

T, Br+1€k
4: Partition T = ﬂk+1ez At1 /3]9+261r

Br+2€1 T:

5. [U;,Di] + DIAGONALIZE(TY, e).
6: [Uz, D3] + DIAGONALIZE(T,¢).
7: Assemble I~J, A from T, 61, ]517 62, ]32 using Lemma 2.3 with parameter e.
8: return [~I,1~X

2.2.1 Proof of Theorem 1.2

Proof. Let T™ be a matrix at recursion depth p. We can always divide T®) such that the
sizes of TE{?Q} differ by at most 1. If we keep dividing the matrix T® in this manner, then
the recursion tree has depth at most d = [log(n)].

The correctness follows by induction. Consider the base case d where T has size at

most 5 x 5, which means that Tg(g have size 1 x 1 or 2 x 2. We can compute the exact

diagonalization of T:(ch, and therefore they satisfy the requirements of Lemma 2.3 for ¢; = 0.

~(d ~(d
Thus, if we apply Lemma 2.3 with parameter ¢’ to compute the matrices U( ) and D( ), they

will satisfy the following bounds:

~ (d)T ~(d
errs (d) = [0 T -

IH < 3(e1 +€)/n=3€/n,

d) ~(d)T

~(d) ~
errn(d) = HT —o“pE | <7
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We need to bound the error at the root (depth p = 0). As long as the error at depth p — 1 is
smaller than 1/2, the the error at depth p is bounded by
!/ /
errg(p) < 3errg (p+ 1) + 3¢’ /n < derrz(p + 1) + 4€'/n,
errr(p) < 2errp(p+ 1) + 7¢’ < 8errp(p + 1) + 8¢

Solving the recursion we have

[log(n)] ¢ [log(n)]
el’l’ﬁ(O) < Z 4P¢ In = O(nz)g = O(n)¢, errp(0 Z ]P¢ — )

p=1

It thus suffices to run the algorithm with initial error € = ce/n? for some small constant c.
The complexity analysis for € follows. For size n, the complexity is given by

T(n) < 2T(%) + Cn?logt ™ (2).

Solving the recursion yields T'(n) = O ( 2logtt (2 )) =0 (712 loggﬂ(ﬂ)).

The final matrices U = fJ(O) and A = ]5(0) satisfy g o

H < ¢/n? and
HT — INL/N&INJT H < €, which means that:

1
1—¢/n?

IN

i <57 (im0 =

We can then write U = U + Evy, which gives

|- vAuT| < |lr OO | +2 |&] 1o + ] 1o
(1+€) € 1+e (6)2_€<1+( +e)(1—|—e/n))

< i i
_€+1*€/7”L27’L2 1—¢/n? \n? n? —e

Rescaling € by a small constant slightly larger than one gives the alternative statement. <«

2.3 Hermitian diagonalization
Given an algorithm to diagonalize tridiagonal matrices, the following corollary is immediate.

» Corollary 2.4. Let A be a Hermitian matriz of size n with ||Al < 1. Given accuracy
e €(0,1/2), and an (e,n)-FMM implementation of Prop. 1.1, we can compute a matriz Q
and a diagonal matriz A such that

h-aia] <o [@a <o

The algorithm requires a total of O (n“’ log(n) + n? loggﬂ(%)) arithmetic operations and com-
parisons, where & > 1 is a small constant that depends on the specific FMM implementation
and it is independent of €, n.

Proof. The first step is to use the algorithm of Schénhage [75] to reduce the matrix to tridi-
agonal form in O(n*log(n)) arithmetic operations using unitary similarity transformations.
Thereafter we diagonalize the tridiagonal matrix using Theorem 1.2. The full proof, as well as
an alternative statement of the result, can be found in [79, Corollary C.2, Appendix C.3]. <«
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3  Stability of tridiagonal reduction

In this section we analyze the numerical stability and the boolean complexity of Schoén-
hage’s algorithm the floating point model. For this we will use the following stable matrix
multiplication and backward-stable QR factorization algorithms as subroutines from [26, 27].

3.1 Matrix nomenclature

Schoénhage [75] used a block variant of Rutishauser’s algorithm [72] to reduce a matrix to
tridiagonal form, where elementary rotations are replaced with block factorizations; see also
[16, 4, 5] for similar methodologies. We start with a n x n block-pentadiagonal matrix A %51
where k € {0, ..., log(n) — 2} (we assume without loss of generality that n is a power of
two). The matrix A g partitioned in by x by blocks of size ny x nj each, where by, = nik
and ny = 2*. The integer s € 2,...,b; t denotes that all the blocks A; ;2 and A;_5,, for
all = 2,..., s are equal to zero. s = 2 is a special case to denote a full block pentadiagonal
matrix. The integer ¢ € {s+2,...,b;} denotes that the matrix has two additional nonzero
blocks in the third off-diagonals, specifically at positions A;;_3 and A;_3;. These blocks are
often called the “bulge” in the literature. When ¢ = 0, there is no bulge. As a consequence,
the matrix A9 ig full block-pentadiagonal, while the matrix AR:br0) g block-tridiagonal.
An illustration of these definitions is shown in Equation (7). A box is placed around the

bulge on the second matrix.

AR20) A(k,4,6)

Ao AaALs 0.0 0 0 AiiAi2 0 0 O 0 0
As1As2A33A4 0 0 O A21A22 A2z 0 0 0 0
As1As2A33A34A35 0 0 0 Asz Asg A3«4A315 0

0 As2As3A44A45A,6 0 O 0 0 Aiu3 AssAss Ase 0 O

0 0 As3A54A55A56A57 0 ’ Ass AssAss Ase As7 0
0 0 Ag4Ap5A66A6,7A6s A6,4 Ass Ass As7Ags
0 0 0 A75A76A77A7s 0 0 Ars A7re A77A7s
0 0 0 0 AssAsrAss 0 0 0 Ave AvrAus

o O O
o O O

o O O
o O O O
o O O O

(7)

3.2 Rotations

The algorithm defines two types of block rotations R; and R}, which are unitary similarity
transformations, with the following properties.

» Definition 3.1 (Rotations). The algorithm of [75] uses the following two types of rotations:
1. Ri(A(k’i’O)), fori=2,...,bp—1, operates on a block-pentadiagonal matrix without a bulge.

ki,0) kitlit3) paricular, the block A; ;1

It transforms the matriz Al to a matriz A
becomes upper triangular, the block A;11 -1 becomes zero, and a new bulge block arises
at A; i+3. Due to symmetry, A;_1; becomes lower triangular, A;_1 41 s eliminated,
and A;y3; becomes non-zero.

2. Ry (A(k’s’j+1)), for some j =s+1,...,by — 1, operates on a block-pentadiagonal matriz

(ki +1) 14 4

with a bulge at positions A1 j—2, Aj_2 1. It transforms the matriz A
matriz A(k’s’Hg), such that the bulge is moved two positions “down-and-right”, i.e. the
blocks Aj_2 j11 and Ay j—o become zero and the blocks A ;13 and A; ;13 become the
new bulge. In addition, the matrices A ;_o and A 1 j_1 become upper triangular, and,

by symmetry, the matrices A;_o ; and A ;_1 j4+1 become lower triangular.
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In the full version, in [79, Lemmas E.1 and E.2] it is proved that both rotation types can
be stably implemented in floating point using fast QR factorizations.

3.3 Recursive bandwidth halving

The following Algorithm 2 halves the bandwidth of a symmetric matrix using rotations. Its
complexity and stability properties are stated in the full version [79, Lemma E.3]. Applying
this algorithm recursively gives the main Theorem 3.2.

Algorithm 2 Halves the bandwidth of a Hermitian matrix with unitary rotations.

~(k

Algorithm: [, A¢=120]  HALVE(A®29 &, n)
. Set ni = 2%, b, = n/ng.
cfori=2,...,b;:
Compute Qiyi,A<k’i+1’i+3> — Ri(AF50)),
for j =i+ 2,...,br with step 2 :
Compute Q, ;, At Li+3) o R’~(A(k’i+1’j+1)).
Stack together all the matrlceb Q, ; to form Q,.
: Assemble the matrix Q by mult1p1y1ng the matrices Q;.

~(k
: return Q( ),A(kfl’Q’O).

» Theorem 3.2. There exists a floating point implementation of the tridiagonal reduction
algomthm of [75], which takes as input a Hermitian matriz A, and returns a tridiagonal
matric T and (optwnally) an approximately unitary matrix Q If the machine precision u
satisfies u < ecn3+4, where € € (0,1), and ¢, B are constants that are independent of n, which
translates to O(log(n) + log(1/€)) bits of precision, then the following hold:

|QQ - 1| < ona ||A-QTQ|| <clal.

The algorithm executes at most:
O (n%S,,(log(n))) floating point operations to return only T, where Sp(m) = S, (2°72)%.
If A is banded with 1 < d < n bands, the floating point operations reduce to
O(n?S,, (log(d)).
If Q s also returned, the complezity increases to O(n?C,(log(n))), where Cy(n) :=
P27 (S (log(n) = 1) = S, (k).
If w is treated as a constant w = 2.371, the corresponding complezities are O(n*), O(n?d*=?2),
and O(n*log(n)), respectively.

Proof. The proof can be found in the full version [79, Theorem E.3, Appendix E]. <

3.4 Eigenvalues of Hermitian matrices

We now have all the prerequisites to compute the eigenvalues Hermitian matrices in nearly
matrix multiplication time in finite precision. For this we can use the eigenvalue solver of
[13, 15], which has O(n?) boolean complexity, albeit in the Boolean RAM model, instead of
floating point. The algorithm accepts as input symmetric tridiagonal matrices with bounded
integer entries.
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» Theorem 3.3 (Imported from [13, 15]). Let T be a symmetric tridiagonal matriz with
integer elements bounded in magnitude by 2™ for some m. Let e = 27* € (0,1) be a
desired accuracy. Algorithm 4.1 of [18] computes a set of approzimate eigenvalues \; €

R (which are returned as rationals) such that ‘XZ — )\i(T)’ < €. The algorithm requires
O (n2blog?(n) log(nb) (log?(b) + log(n)) log(log(nb))) boolean operations, where b =m + u.

» Theorem 3.4. Let A be a (banded) Hermitian matriz, with [|A|| < 1,1 <d <n -1
off-diagonals, and let € € (0,1) be an accuracy parameter. Assume that the elements of A are
floating point numbers on a machine with precision u, t = log(1/u) bits for the significand,
and p = O(log(log(n))) bits for the exponent. There exists an algorithm that returns a set of
n approximate eigenvalues Xl, . ,Xn such that

X—x(a)| <e

using at most O (n?S,,(log(d)) - F(log(Z)) + n? polylog(2)) boolean operations, where F(b)
is the bit complexity of a floating point operation on b bits, and n2S,,(log(d)) = O(n?d“=2)
if w is treated as a constant greater than two.

Proof. First, recall that each element of a floating point matrix A is represented by a
floating point number A; ; = £1 x 2% x m; j, where e; ; € [-2P,2P] is its exponent, p is the
number of exponent bits, and m; ; is the significand, which is an integer with ¢ = log(1/u)
bits. To represent all the elements of A with normalized floating point numbers it is
sufficient to use p = O (log(log(A))), where A = maX{HAHmaX, m} By assumption,

[Allmax < |JA]] < 1. It is common to assume that m € poly(n), which means that
O(log(log(n))) bits for the exponent are sufficient.

To compute the eigenvalues of A we work as follows. We first run the algorithm of
Theorem 3.2 to reduce A to tridiagonal form ’i‘, with parameter ¢ and O (log(%)) bits
of precision, and a total of O(n?S,,(log(d))) floating point operations, which is equal to
O(n?d*~2) if w is treated as a constant. It holds that

~ A
Mi(T) = N(A)| <€Al <e IA] <e,

n22't —

where in the last inequality we used that ||A|| < n|[Amax|| < 22" .

Therefore, it suffices to approximate the eigenvalues of T. For this we first transform
T to a tridiagonal matrix with integer values and use the algorithm of [13] to compute its

eigenvalues. A floating point matrix can be transformed to one with integer entries as follows.

Assuming that we have p bits for the floating point exponent, and ¢ = log(1/u) bits for the
significand, the floating point numbers with O(p + t) bits can be transformed to integers of
O(22P + 1) bits by multiplying all the elements with 22"+t This is achieved by first allocating
a tridiagonal matrix with 3n — 2 integers with O(2% +t) = O(log?(n) + log(n/€)) bits each,
that are initially set to zero. We then visit each floating point element ’i‘” of the original
matrix, which is represented as a number £1 x 2% x m; ;, where e; ; € [—2P,2P] is its
exponent and m; ; is the significand, which is an integer with ¢ bits. We copy the ¢ bits of
m; ; at the positions e; ; +2P,e; ; +2P +1,...,¢e;; + 2P 4+t of the corresponding element of
the new matrix. This takes O(n(2?" 4 t)) = O(n(log?(n) + log(n/¢))) boolean operations in
total to allocate the new matrix and copy the elements.

Now that we have an integer valued symmetric tridiagonal matrix T', with O(2? +t) =
O(log?(n)+log(n/e€)) bits per element, we can compute its eigenvalues up to additive accuracy
¢ with Theorem 3.3. Specifically, we set ¢’ = €-22"** and run the algorithm with the matrix
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T’ as input and u = log(;). Let

1 1 p+1 "
b=u+m=log (6/,) + 2P+t =log <622’+t) + log (22 H) = O(log(2)),

where the last inequality follows from the assumption that p = O(log(log(n))). The returned
eigenvalues \; satisfy

/

A MT)’ <e.

|)\; — )\Z(T/)| S 61/ = W

Therefore, if we set X = 22>‘T;+t, we finally obtain that

XZ- — /\i(A)’ < 2¢. Rescaling € gives
the final bound. The algorithm runs in

B = O(n2b10g2(n) log(nb)(log?(b) + log(n)) log(log(nb))>

—0 (n log () log? () log(n log(2)) [1og? (log (%)) + log(n)] log(log(n 1og<z>>>)

boolean operations. <

4 Conclusion

In this work we provided a deterministic complexity analysis for Hermitian eigenproblems.

In the Real RAM model, we reported nearly-linear complexity upper bounds for the full

diagonalization of arrowhead and tridiagonal matrices, and nearly matrix multiplication-type

complexities for diagonalizing Hermitian matrices and for the SVD. This was achieved
by analyzing the divide-and-conquer algorithm of [46], when implemented with the Fast

Multipole Method. We also showed that the tridiagonal reduction algorithm of [75] is

numerically stable in the floating point model. This paved the way to obtain improved

deterministic boolean complexities for computing the eigenvalues, singular values, spectral
gaps, and spectral projectors, of Hermitian matrices and Hermitian-definite pencils. Some
interesting questions for future research are the following:

1. Stability of arrowhead diagonalization: The FMM-accelerated arrowhead diagonaliz-
ation algorithm was only analyzed in the Real RAM model. Several works [46, 83, 66, 21]
have provided stabilization techniques of related algorithms in floating point, albeit,
without an end-to-end complexity analysis. Such an analysis will be insightful to better
understand the boolean complexity of (Hermitian) diagonalization.

2. Condition number in the SVD complexity: The complexity of the SVD in Theorem
1.3 has a polylogarithmic dependence on the condition number. Frustratingly, we were
not able to remove it at the time of this writing.

3. Non-Hermitian diagonalization: Schénhage also proved that a non-Hermitian matrix
can be reduced to upper Hessenberg form in matrix multiplication time [75]. In this work
we only provided the stability analysis for the Hermitian case. It would be interesting to
investigate whether the Hessenberg reduction algorithm can be used to diagonalize non-
Hermitian matrices in matrix multiplication time deterministically (e.g. in conjunction
with [8, 7, 9]).

4. Deterministic pseudospectral shattering: One of the main techniques of the seminal
work of [6] is called “pseudospectral shattering” The main idea is to add a tiny random
perturbation to the original matrix to ensure that the minimum eigenvalue gap between any
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