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—— Abstract

Given a k-CNF formula and an integer s > 2, we study algorithms that obtain s solutions to the
formula that are as dispersed as possible. For s = 2, this problem of computing the diameter of
a k-CNF formula was initiated by Creszenzi and Rossi, who showed strong hardness results even
for k = 2. The current best upper bound [Angelsmark and Thapper ’04] goes to 4™ as k — co. As
our first result, we show that this quadratic blow up is not necessary by utilizing the Fast-Fourier
transform (FFT) to give a O*(2") time exact algorithm for computing the diameter of any k-CNF
formula.

For s > 2, the problem was raised in the SAT community (Nadel ’11) and several heuristics
have been proposed for it, but no algorithms with theoretical guarantees are known. We give exact
algorithms using FFT and clique-finding that run in O*(2¢=9") and O* (s?|Qg|1*/31) respectively,
where |Qr| is the size of the solutions space of the formula F and w is the matrix multiplication
exponent.

However, current SAT algorithms for finding one solution run in time O™ (2°*™) for e, ~ 1—0(1/k),
which is much faster than all above run times. As our main result, we analyze two popular SAT
algorithms - PPZ (Paturi, Pudldk, Zane '97) and Schéning’s (°02) algorithms, and show that in
time poly(s)O*(2°+™), they can be used to approximate diameter as well as the dispersion (s > 2)
problem. While we need to modify Schéning’s original algorithm for technical reasons, we show that
the PPZ algorithm, without any modification, samples solutions in a geometric sense. We believe
this geometric sampling property of PPZ may be of independent interest.

Finally, we focus on diverse solutions to NP-complete optimization problems, and give bi-
approximations running in time poly(s)O*(2°") with € < 1 for several problems such as MAXIMUM
INDEPENDENT SET, MINIMUM VERTEX COVER, MINIMUM HITTING SET, FEEDBACK VERTEX SET,
MurricuT ON TREES and INTERVAL VERTEX DELETION. For all of these problems, all existing
exact methods for finding optimal diverse solutions have a runtime with at least an exponential
dependence on the number of solutions s. Our methods show that by relaxing to bi-approximations,
this dependence on s can be made polynomial.
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1 Introduction

In this work, we start by asking a simple question: what is the complexity of computing the
diameter of a k-SAT solution space? That is, given a satisfiable k-CNF formula, we want to
output two satisfying assignments with maximum Hamming distance between them. More
generally, what if we want multiple satisfying assignments that are maximally far apart? One
can also think of this as finding a binary code with optimal rate/distance tradeoff, where each
codeword must satisfy the given k-CNF formula. We give exact and approximate exponential
time algorithms for these problems and show that existing well-known algorithms for finding
one solution can be leveraged to output multiple, reasonably far apart, solutions.

Crescenzi and Rossi [18] formulated the diameter computation problem for general
Constraint Satisfaction Problems (CSPs), under the name MAXIMUM HAMMING DISTANCE.
They studied the approximability of the problem and gave a complete classification based on
Schaefer’s criteria for the satisfiability of CSPs [46]. In particular, they also showed that the
diameter problem is NP-hard even for 2-SAT.! On the constructive side, Angelsmark and
Thapper [4] gave an algorithm that outputs a diameter pair in polynomial space and (2a)"
time, whenever there exists an (aj)™ time algorithm for finding one satisfying assignment.
Under standard complexity assumptions (SETH), ar — 2 as k — 00, so the above approach
is unlikely to run in time better than? O*(4™).

This already raises the interesting question of the optimal running time needed for finding
a diameter pair (i.e., its exponential complexity [13]). In the case of graphs, it is known that
quadratic blow-up in time is unavoidable, assuming the Orthogonal Vectors Hypothesis [52, 3].
Should we also expect a quadratic blow-up in time for diameter of k-SAT? We first show
that this is not the case: using a Fourier analytical approach, we show how to compute a
diameter pair deterministically in O*(2") time (Theorem 6).

Dispersion. The problem of computing s > 2 diverse satisfying assignments to a k-CNF
formula was explicitly raised by Nadel [40]. Generating diverse solutions has many applica-
tions [10, 1, 8], and several other works have focused on finding multiple solutions to either
SAT or constraint programming [2, 43, 29, 44, 38, 23, 6]. However, all of the above works
are heuristic in nature, and we could not find any algorithm for dispersed solutions to k-SAT
with provable guarantees. Our work provides the first exact and approximate algorithms for
computing diverse solutions to a k-CNF formula.

! They in fact show that it is PolyAPX-hard. Moreover, while not explicitly stated, their reduction
immediately gives an optimal inapproximability of O(n'~¢) for the diameter of a 2-CNF formula.
2 We use the O* notation to hide polynomial factors in n.
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There are many different ways to define the dispersion for a set of points (see Table 1
in [36]). We consider two most popular measures of dispersion: minimum pairwise distance
and sum of pairwise distances (the latter is equivalent to average pairwise distance). We
will use di to denote the Hamming distance. By the dispersion problem, we mean given
a k-CNF formula F and an integer s > 2, return a set S of s satisfying assignments to F
that maximize MINPD(S) := min,, ,,es du (21, 22) or SUMPD(S) := %Zzl,zzes dp (21, 22).
If the k-CNF formula does not have s distinct satisfying assignments, we allow the algorithm
to return a multiset. Unless stated otherwise, our results will be for the minimum version of

dispersion.

Exact algorithms. We show that we can extend our Fourier analytical approach for diameter
to dispersion, obtaining an exact algorithm in time O*(2(*=1") (Theorem 9). Furthermore,
for s > 6 we also get a faster algorithm based on clique finding (Theorem 10), that runs in
time O*(s2|Qp|“[*/31), where QF is the set of satisfying assignments of the formula F and
w < 2.38 is the matrix multiplication exponent [53].

Faster approximations. Even with our improvements, the above exact algorithms still run
in O*(2%™) time for ¢ < 1. What if we allow approximations? Two questions arise:
Can one obtain a bound of the form f(s)O*(2™)? If so, must f have exponential
dependence on s, or can f be made polynomial in s?
The current fastest k-SAT algorithms for finding one solution run in time O*(2%+™) for
er =1—0(1/k). Can one get a bound of the form f(s)O*(2°+™)? Thus, the best runtime
for finding s dispersed solutions that one could hope for is poly(s)O*(2°+™), as this is
roughly the time taken to find any set of s solutions. Can we achieve this?

Main result, informal. There exist randomized algorithms with a run time of
poly(s)O*(2°*™) that, given a k-CNF formula F on n variables and a parameter s,
return a set S of s many satisfying assignments that approximately maximize MINPD(S)
and sSUMPD(S). Moreover, for several optimization problems, there exist algorithms with
a similar runtime that are bi-approximations, i.e., return approximately-optimal solutions

that are also approximately-maximally-diverse.

In addition to these results being a step towards bridging the gap between the theory
and practice of finding diverse solutions, what is surprising is that the way we arrive at them
reveals novel interesting aspects of two extremely well-studied algorithms for finding one
solution to a given formula: PPZ and Schoéning’s algorithm.

PPZ and Schoéning’s algorithms. The complexity of the k-SAT problem has a long and
rich history [34, 35, 13, 21]. In a foundational work, Paturi, Pudldk, and Zane [42] presented
a remarkably simple and elegant randomized algorithm for k-SAT. Their algorithm runs in
time O* (2(1*1/’“)") and outputs a satisfying solution with probability 1 —o(1) if one exists. A
few years after that, Schéning [51] developed another surprisingly simple random walk-based
algorithm running in time O* (2(1’1/(’C In 2))"),3 which runs faster than the PPZ algorithm
for all k. With time, these approaches have been reanalyzed and sometimes improved in a
variety of technically subtle and involved ways [33, 11, 41, 31, 30, 39, 49, 28, 47, 48], including
the PPSZ algorithm by Paturi, Pudldk, Saks and Zane [41], which is the current fastest
algorithm for k-SAT.

3 The run-time of Schéning’s algorithm is normally presented as O* ((2(1 — 1/k))"), which we have
rewritten for ease of comparison with PPZ.

14:3

ICALP 2025



14:4

Algorithms for the Diverse-k-SAT Problem

In our work, we ask whether PPZ and Schoning’s can exploit the global geometry of the
solution space and go beyond finding just one satisfying assignment. Namely, can they be
used to approzimate the diameter and the dispersion for k-SAT? We remark that the main
result above is not a black-box result that uses any SAT solver - we only know how to use
PPZ and Schéning’s algorithms for this purpose. To familiarize the reader with these two
algorithms, we provide their pseudocodes next.

Algorithm 1 PPZ. Algorithm 2 ScHONING.
Input: A k-CNF formula F over n Input: A k-CNF formula F over n
variables variables
1 repeat nPW . 2(=1/F)n times 1 repeat n°W . 2(1-713)" times
2 Sample 7 ~ S, y ~ {0,1}" 2 Sample y ~ {0,1}"
u.a.r. 3 repeat 3n times
for i € [n] do 4 if y satisfies F then
4 if F contains the unit 5 ‘ return y
clause (2r(;)) then 6 else
5 L Un(i) ¢ 1 7 Let C be the first clause
6 if F contains the unit in F not satisfied by y,

clause (Zr(;)) then pick one of the k
7 Ur(s) < 0 variables in C at

random and flip the

8 else value that y assigns to
L Un(i) < Yn(i) L that variable
10 F ¢ Flo,=ung) - ,
. . 8 return “not satisfiable”
11 if u satisfies F then
12 L return u = (u1, ug, ..., Up)

13 return “not satisfiable”

Farthest Point Oracles. Gonzalez [24] proposed the farthest-insertion algorithm, and
showed that it gives a 1/2 approximation to the minimum version of the dispersion problem:
given a metric space of n points, find a set S of s points in it that maximize MINPD(.S). This
was later extended to the sum version by [12]. The algorithm builds the set S iteratively; in
the ith iteration it adds the point x; that maximizes the minimum (resp. sum of) distance
to all the points in the solution so far. Moreover, the factor 1/2 is tight assuming the
Exponential Time Hypothesis (ETH), so in a sense, farthest insertion is the best possible
(polynomial) algorithm for dispersion [22].

In our setting, a farthest point oracle takes as input a k-CNF formula F (with a set
QF of satisfying assignments) and a set (or multiset) S C {0,1}", and outputs a satisfying
assignment z* € Qp that is “far away” from the assignments in S. Namely, for z € {0,1}",5 C
{0,137, we let MIN-dy (S, ) = minyes dy(z,y) and sSUM-dg (S,2) = >_ g du(2,y). Then
for some ¢ € [0,1), the assignment z* would either satisfy

MIN-dg (2%, 8) > (1 —§) max MIN-dg (2, S), or sUM-dg(2",S) > (1 —9) max suM-dg (2, S),
z'€Qp z'eQp

for the MINPD(S) and the sSUMPD(S) version, respectively.
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In Section 2, we describe our main technical lemmas on PPZ and Schoning algorithms.
This is followed by the algorithms for diameter and dispersion implied by these lemmas
(Section 3). As mentioned in the informal result statement, our techniques extend to finding
diverse solutions to optimization problems as well. These results are formally described in
Section 4.

2 Main Technical Lemmata

Recall that we are aiming for a runtime of poly(s)O*(2°™). The question therefore is: can we
implement farthest point insertion in O*(2°+™) time? We now state the two main technical
lemmas that form the core of our analysis.

» Lemma 1 (PPZ performs geometric sampling). For any zo € {0,1}™, with probability at
least % -2~k eqch iteration of the PPZ algorithm outputs a satisfying assignment
z*, such that dy(z0,2*) > (1 — +) - max.rcqp du(20,2'). The iteration of PPZ does not
depend on zg.

» Lemma 2 (Modified Schéning’s Algorithm is a farthest point oracle). There exists
an algorithm, running in time O* (2(171/(]““2))") that takes a k-CNF formula F and
zo € {0,1}" as input and outputs a satisfying assignment z* such that dgy(zo,2*) >

(1 - ?]ik__z)lg) -max, cap SUM-dy (S, 2'). Here, zq is used explicitly inside the iteration.

We sketch the proofs in Section 5. Three remarks are in order.

» Remark 3. Lemma 1 requires several insights into the behavior of PPZ. PPZ is not a
traditional local search algorithm and it falls in the random restriction paradigm [48]. The
analysis of PPZ [42] is local in nature: the authors bound the probability of arriving at a
solution z that is j-isolated, meaning that exactly n — j neighbors of z are also satisfying
solution. This probability is then added over all satisfying assignments, resulting in the
PPZ run time bound of O*(2(1=1/%)") On the other hand, in Lemma 1 we are interested in
bounding the probability that PPZ returns a solution that is far away from a given point zj.
The fact that PPZ, without any modifications based on zg, returns such far-away solutions
automatically was surprising to us. We leave it as an open question whether the PPZ-based,
more involved, state-of-the-art algorithm of Paturi, Pudldk, Saks and Zane (PPSZ) [41], can
also be shown to exhibit similar behavior.

» Remark 4. Unlike PPZ, we could not prove that Schoning’s original algorithm works
directly as an approximate farthest point oracle. Our modification of Schéning’s algorithm
controls both the region of starting assignments = and the length of the Schoning walk from
x. Instead of Schoning’s analysis that bounds the probability of finding any solution starting
at a random point, we bound the probability that we find a solution far from zy and close to
x. As a plus, in addition to giving us a farthest point oracle, this also allows us to obtain a

tradeoff between runtime and approximation factors. More details can be found in Section 5.

» Remark 5. We investigate other promising candidate approaches for k-CNF dispersion
that do not use PPZ or Schéning’s algorithms. First, we show that the approach to solve
dispersion problem via uniform sampling algorithms [50] does not necessarily give a good
approximation compared to our approach, even for the diameter. Furthermore, we consider
yet another promising approach via the MIN-ONES problem. This problem asks for the
minimum Hamming weight solution to a SAT formula [20]. While we note that the an
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algorithm for the MIN-ONES problem can be used to give a 1/2 approximation of the
diameter, we also observe that this approach is unlikely to be extended to finding more than
two diverse solutions, as the reduction to diameter does not generalize. We refer the reader
to the full version of this paper for more details [7].

Lemma 1 and Lemma 2 give us algorithms for computing a set S with maximum dispersion
for both the MINPD(S) and the sUMPD(S) versions. These are stated formally in Section 3.
Moreover, we get a variety of applications: diverse solutions to several optimization problems
and CSPs, and reanalyzing SAT algorithms when the formula has many diverse assignments.
These are presented in Section 4.

3 Results on Diameter and Dispersion

Throughout the paper, we let F denote a k-CNF formula on n variables (unless otherwise
specified). Given such an F, we let Qp C {0, 1}™ denote the set of satisfying assignments of F.
We start by formally defining the diameter problem. For a given formula F, let DiaMm(F) be
defined as max,, ,,cap {dm(21,22)}, where Qp is non-empty. Note that when F has a unique
satisfying assignment, then DIAM(F') is simply 0. On the other hand, if F is not satisfiable, we
define DIAM(F) =1. For a set S C {0,1}", define MINPD(S) := min,, ,,es du(z1,22) and
suMPD(S) := %Z%zﬁs dpr(#1,22). We then define OPT-SUM(F, s) as the maximum value
of sSUMPD(S) over all multisets S with s satisfying assignments (including multiplicities),
and

OprT-MIN(F, 5) = maxgcqy,|s|=s MINPD(S), i.e., the maximum such distance over all sets
of s satisfying assignments. Further, we define OPT-suM(F, s) as the maximum value of
sUMPD(S) over all sets S with s distinct satisfying assignments.

3.1 Computing diameter exactly and approximately

Computing diameter exactly. We first study the exponential complexity of computing
DiaM(F). Specifically, we prove the following theorem.

» Theorem 6 (Exact Diameter). Let F be a k-CNF formula on n variables. There exists
a deterministic algorithm that uses O*(2™) time and O*(2") space, and outputs a pair of
satisfying assignments z1, z2 € Qg with dg(z1, 22) = DIAM(F).

Prior to our work, the best exact algorithm known was by Angelsmark and Thapper [5].
Their algorithm runs in time O((2ax)") and space poly(n), where O(a}) is the running time
for solving the k-SAT problem. Our result significantly improves the running time of their
algorithm (but uses substantially more space than their algorithm).

Our technique is also different from other techniques in the literature. Namely, this
algorithm does not depend on any SAT algorithm. Our main observation is that DiaMm(F)
can be reduced to computing the convolution of the Boolean function represented by F with
itself. We then use that such a convolution can be computed within the above stated time
and space bounds using the Fast Fourier Transform.

Our technique for exact diameter is fairly general and does not depend on the fact that the
solution space corresponds to a k-CNF formula. For any Boolean function f : {0,1}" — {0,1}
such that for a given = € {0,1}", there is a polynomial time oracle to compute f(x), our
algorithm can be used to exactly compute the diameter of f with the above performance
guarantees.
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Approximating the diameter. Next, we give algorithms for approximating DiaM(F)%. As
a warm-up, here is a simple way to approximate DIAM(F). We can start by using the best
known algorithm to find a single satisfying assignment for F. Suppose that assignment is
a. We can then (in polynomial time) change F to F/ by negating some of the variables
such that 1™ becomes the satisfying assignment of F/ . One can then use the best known
algorithm for the MIN-ONES problem to find a satisfying assignment for F7,, which finds
a satisfying assignment with minimum 1s in it, say 8. It is easy to see that the Hamming
distance between «, 8 gives a 0.5-approximation to the diameter of F. By using the best
known algorithms for k-SAT by Paturi, Pudlék, Saks, and Zane [41] and for MIN-ONES by

Fomin, Gaspers, Lokshtanov and Saurabh [20], it is easy to see that we can obtain («, 3) in
1

time O*((2 — %)”) = O (2(1_<21nz>.k)")_5
Here, we obtain better running time for DIAM(F) for £ > 3 with a small loss in the
approximation factor. From here on, we assume that & > 3 unless stated otherwise.

» Theorem 7 (PPZ approximating DIAM(F)). Let F be a k-CNF formula on n variables.
There exists a randomized algorithm running in time O* (2(1_1/’“)”) that takes F as input and
if F is satisfiable, outputs 2}, 23 € Qp with dp(z7,23) > 1 - (1 — ) DIAM(F) with probability
1—o0(1).

The running time of the algorithm here is exactly the same as the running time of the
algorithm achieved in [42], which solves the k-SAT problem. Our result demonstrates that
the diameter can be approximated in the same time used to compute a single satisfying
assignment. In fact, the way we achieve this running time is by repeatedly invoking the PPZ
algorithm. At the heart of the analysis of the PPZ algorithm lies the Satisfiability Coding
Lemma from [42]. Informally speaking, the Satisfiability Coding Lemma says that if the
solutions of a k-CNF instance are well-separated then they have a small description. In our
proof, we generalise this lemma. We discuss our proof idea in detail in Section 5.

Next, we show how to approximate the diameter within the running time guarantees of
Schoning’s algorithm for k-SAT. Specifically, we prove the following theorem.

» Theorem 8 (Schéning approximating DIAM(F).). Let F be a k-CNF formula on n variables.

There exists a randomized algorithm running in time O* (2(1_ﬁ)") that takes F as input
4

and if F is satisfiable, outputs 27,25 € Qp with dy(2},23) > 4 (1 - (1511_2)13) - DIAM(F) with
probability 1 — o(1).

In fact, Theorem 8 is one instance of a smooth tradeoff between the approximation factor
and the running time. Notice that the running time obtained here is better than the running
time obtained using Theorem 7, which in turn is faster than the naive algorithm that uses
MIiIN-ONES. We incur some loss in the approximation factors to obtain these speedups. As
stated, the result gives non-trivial approximation factors when k > 7. We refer the reader to
the full version of this paper [7] for more details.

3.2 Computing dispersion exactly and approximately

We extend all the algorithms from Section 3.1 and obtain bounds for the dispersion problem.

4" All approximation algorithms we present here use poly(n) space.
S
5 Note that, O*((2— £)") = 0*(2(1 — &))" ~ O* (2" - e~ 3 ) = 2"~ @ma)|
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Exact algorithms for dispersion. We start with the problem of exactly computing
OpT1-sUM(F, s), OpT-MIN(F, s) and OpT-suM(F, s). The obvious algorithm for computing
all these quantities would be to do a brute force search over all 21, 29, ..., 25 € {0,1}", which
would require O*(2°™) time. We observe that we can extend the Fourier analytical approach
we used in Theorem 6 to do this in O*(2(*=Y") time and O*(2") space. We also provide an
alternate algorithm for dispersion based on clique-finding that runs in time O(s? - |QF|‘“(5/ zﬂ)
and uses space O(|QF|2[S/ 31), where w < 2.38 denotes the matrix multiplication exponent [53].
As such, it is faster than the Fourier analysis-based algorithm for any s > 6, and can be
much faster when the size of the solution set is less than 2". We formally state these results
below.

» Theorem 9 (Exact Dispersion using FFT). Let f : {0,1}" — {0, 1} be a function computable

by a black box and let s be a given parameter. Then, there exist deterministic algorithms

A1, As, Az that make 2" oracle calls to f and in addition to that, use O*(26=D") time and

O*(2™) space provide the following guarantees.

1. The output of Ay is a multiset {z1, 22, ...,2s} C f~1(1) such that SUMPD(z1, za, . .., 25) =
OPT-sUM(f, 5).

2. The output of Az is a set {z1,22,...,2s} C f71(1) such that MINPD(z1,22,...,25) =
OPT-MIN(f, s).

3. If |[f7*(1)| > s, the output of As is a set {z1,22,...,2s} C f~1(1) such that
SUMPD(z1, 22, ...,%s) = OPT-SUMx(f, s).

» Theorem 10 (Exact Dispersion using Clique Finding). There exist deterministic algorithms

Ay, Ao, Az that given as input a non-empty set X C {0,1}" of size M and parameter s, runs

in O(poly(n, s) - M15/31) time, uses O(M?"5/31) space, and have the following behaviour.

1. The output of Ay is 21, 22, ...,2s € X such that SUMPD(z1, 2, ..., 25) = OPT-SUM(X, s).

2. The output of As is 21, 29,...,2s € X such that MINPD(z1,za,...,2s) = OPT-MIN(X, s).

3. And, as long as |S| > s, the output of Az is a set {z1,2a,...,25} € X such that
SUMPD(z1, 22, ..., 2s) = OPT-SUMx(X, s).

Approximating dispersion. We now turn to approximation algorithms for dispersion. Our
goal is to come up with approximation algorithms for all the versions of the dispersion
problem as in the case of approximation algorithms for computing the diameter.

We saw that MIN-ONES can be used to give a 0.5 approximation to DiaM(F'). However,
it is not clear how we can use it to approximate the dispersion. We elaborate in Section 5.

Approximating Opt-sum(F, s). We show that PPZ as well as Schoning’s algorithms can
be modified to compute OPT-sUM(F, s). Formally,

» Theorem 11 (PPZ approximating OPT-sUM(F,s)). Let F be a k-CNF formula on n
variables. There exists a randomized algorithm running in time O* (54 . 2(1_1/k)") that takes
F and an integer s > 1 as input and if F is satisfiable, with probability at least 1 — o(1),
outputs a multiset S C Qg of size s such that

4 2
> . —
SuMPD(S) > (1 - 3) <1 P

» Remark 12. When k < 6, this algorithm achieves a better approximation ratios for smaller
values of s than stated above. Note that as k and s become large, the approximation factor
tends to 1. For more details, we refer the reader to the full version of this paper [7, Section 3].

) - OpT-sUM(F, s) .
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We note that we can design algorithms for OPT-SUML(F, s), with exactly the same
approximation factors as for OPT-SUM(F, s) for certain parameter regimes of s (As earlier,
we refer the reader to the full version of this paper for more details).

Approximating Opt-min(F, s). Next, we show that our techniques can be used to approx-
imate OPT-MIN as well. Formally,

» Theorem 13 (PPZ approximating OPT-MIN(F, 5)). Let F be a k-CNF formula on n variables.
There ezists a randomized algorithm running in time O* (53 . 2(1_1/k)") that takes F and an
integer s > 1 as input and if F is satisfiable and |Qp| > s, with probability at least 1 — o(1),

outputs a set S of size s such that MINPD(S) > 3 (1 - m) - Opr-MIN(F, 5).5

Note that, in the above statement, the approximation factor is non-trivial (> 0) only for
k > 5. We note that we can also obtain Schéning-type running time bounds for dispersion
for k > 2. We achieve this by extending Theorem 8.

Approximating Opt-min(F, s) for heavy-weight solutions. We now consider a heavy-weight
variant of OPT-MIN(F, s). Formally, for a k-CNF formula F, we let Qp > denote the set of
satisfying assignments to F' with Hamming weight at least W. We then define

OpT-MIN(F,s5,> W)= max MINPD(S), OpT-MIN(F,s,< W)= max MINPD(S).
SCQr >w SCQF <w
|S|=s |S|=s
and let MINW(.S) denote the minimum Hamming weight of assignments in S. We show that
the approach developed for approximating OPT-MIN via Schoning’s algorithm can also be
used to return dispersed satisfying assignments of heavy weight.

» Theorem 14 (Schéning for weighted dispersion). Let F be a k-CNF formula on n variables,

W e n] and s € N. Let § = 21}21:)12) There exist algorithms that take F,s, W as input and

output with probability 1 — o(1) in time O* (33 . 2”(1_ﬁ)) :

1. S* CQp>a-sw of size s such that MINPD(S*) > 1 (1 — §) OPT-MIN(F, s,> W) if F is
satisfiable and |Qp >w| > s.

2. S5* C Qp <(14syw of size s such that MINPD(S*) > 1 (1 — 6) OPT-MIN(F, s, < W) if F is
satisfiable and |Qwr <w| > s,

» Remark 15. We note that when W = 0, this just reduces to an algorithm for approximating
OpT-MIN(F, s). The approximation factors in Theorem 14 are non-trivial only for k > 7.
However, just like the case of Theorem 8, Theorem 14 can be generalized, obtaining running
time bounds for any k and for a larger range of approximation factors. Further, we can prove
that an analogous result exists for the sum of distances dispersion measure.

We refer the reader to [7, Section 4] for the complete theorem statements and proofs of our
Schoning type results.

4 Generalizations and applications

1. Isometric Reductions. Dispersion has also been studied when the space is induced by
solutions to some NP-complete optimization problem [10, 9]. To address this optimization
aspect, we first generalize our techniques to give dispersed solutions of high (or low) Hamming

5 The function H'(-) denotes the inverse of the binary entropy function H(z) = —zlog(z) — (1 —
z)log(1 — x) restricted to the domain [0,1/2]. The domain of H~* is [0, 1] and its range is [0, 1/2].
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weight”. Namely, given W € [n], all of our solutions will have Hamming weight at least (or at
most) approximately W, and their dispersion will be close to that of an optimally dispersed
set wherein all solutions have weight at least (or at most) W. We then formalize a set of
reductions, that preserve the size of the solution set and the distances between solutions. We
call such reductions isometric. As a result, we can approximate dispersion for problems such
as MAXIMUM INDEPENDENT SET, MINIMUM VERTEX COVER and MINIMUM HITTING SET.

2. Using the monotone local search framework for diverse solutions. Our second
application allows us to compute diverse solutions to optimization problems that perhaps
do not allow isometric reductions to SAT. In this case, we show how to use the monotone
local search framework by Fomin, Gaspers, Lokshtanov and Saurabh [20]. This allows us to
extend our results to a variety of problems, including FEEDBACK VERTEX SET, MULTICUT
ON TREES, and MINIMUM d-HITTING SET (see Table 1 for a sample of the results that can
be obtained using this technique®).

For all of these problems, any existing exact methods for finding a set of optimal,
maximally diverse solutions has a runtime with at least an exponential dependence on the
number of solutions s [10, 9]. Our methods show that by relaxing to bi-approximations, this
dependence on s can be made polynomial.

Table 1 The second column contains the time taken to obtain one exact solution using methods
in [20]. The third column contains the time taken to obtain 3/2-approx. optimal, 1/4-approx.
maximally diverse solutions (except for Maximum Independent Set, where we obtain (1/2,1/4)-bi-
approx.)

Optimization Problem One optimal solution | Multiple approximately optimal,
[20] approximately dispersed solutions

VERTEX COVER 1.5™ s - 1.5486™

MAXIMUM INDEPENDENT SET 1.5" 53 1.5486™

FEEDBACK VERTEX SET 1.7217" s3 - 1.6420™

SUBSET FEEDBACK VERTEX SET 1.7500™ 52 - 1.6598™

FEEDBACK VERTEX SET IN TOURNAMENTS | 1.3820" s2-1.5162"

GRrOUP FEEDBACK VERTEX SET 1.7500™ 52 - 1.6598™

VERTEX (r, £)-PARTIZATION (r,{ < 2) 1.6984™ 53 1.6289™

INTERVAL VERTEX DELETION 1.8750™ 5317789

PROPER INTERVAL VERTEX DELETION 1.8334™ s3 - 1.7284"

Brock GRAPH VERTEX DELETION 1.7500™ 53 - 1.6598"™

CLUSTER VERTEX DELETION 1.4765™ s3.1.5415™

THREAD GRAPH VERTEX DELETION 1.8750™ 53 1.7789™

MurricuT ON TREES 1.3565™ 2 1.51"

3-HITTING SET 1.5182" s3.1.5544™

4-HITTING SET 1.6750™ s3.1.6167"

WEIGHTED FEEDBACK VERTEX SET 1.7237" 53 -1.6432"

WEIGHTED 3-HITTING SET 1.5388" s2-1.5612"

7 In a recent work, Gurumukhani, Paturi, Pudldk, Saks, and Talebanfard [26] consider the problem
of enumerating satisfying assignments with Hamming weight at least W for a given k-CNF formula
(assuming that satisfying assignments of smaller weight do not exist). They show that this problem has
interesting connections to circuit lower bounds.

8 The table provides the running time guarantees to obtain 3/2-approx. optimal, 1/4-approx. maximally
diverse solutions, by plugging in § = 1/2 into the run-time bounds in our generalized theorem [7,
Theorem 36]
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3. On faster SAT algorithms. Another compelling reason to study diversity of the solution
space of a k-CNF formula is that the existence of far apart solutions might be used to study
the computational complexity of k-SAT and its variants. Indeed, the geometry of the solution
space has been studied extensively, both to obtain faster SAT solvers (parameterised by the
number of solutions, such as in Hirsch [32] and Kane and Watanabe [37]) and in the random
SAT setting, e.g., the diameter by Feige, Flaxman and Vilenchik [19] and the giant connected
component by Chen, Mani, Moitra [17]).

Consider a formula F with |Qg| = 2°" for some § > 0. For such a formula, it is known
that PPZ scales optimally, i.e., it finds one solution in time 2(1=1/F)(1=9)n [14]  Cardinal,
Nummenpalo and Welzl [15] proved a weaker result for Schoning, but nevertheless, both PPZ
and Schoning run faster if the solution space is large. In fact, the same is true for PPSZ [47].

Taking this idea a step further, we investigate the runtime of PPZ and Schéning’s
algorithms when Qg contains many well-dispersed solutions. For example, if 2y contains
a Hamming code that achieves the Gilbert Varshmov bound, we can show an exponential
improvement in the runtime of Schéning’s algorithm. Similarly, using the geometric sampling
property of PPZ in Lemma 1, we obtain an improved runtime in this setting. In this
sense, if having more (solutions) is better [47], then our results formalize the intuition
that more dispersed solutions are even better. To be precise, for every r € [n], we define
N, := max{|S] : S C Qp,MINPD(S) > r}. Note that from the definition of N,, for every
r € [n], there exists a set S, C Qp of size N,, such that the balls of radius | 7] around each
z* € S, are disjoint. We also note that Ng > Ny > --- > N,,.

» Theorem 16. Let F be a k-CNF formula. If F is satisfiable, Schéning’s algorithm succeeds
27 (1-1/k)"

in finding a satisfying assignment within O* ( Niow/n)

) iterations.

» Theorem 17. Let F be a k-CNF formula. If F is satisfiable, the PPZ algorithm succeeds
gn—n/k
Nian/k)

in finding a satisfiable assignment to ¥ within O* ( ) iterations.

4. Relation to coding theory. We mention a connection that might be of independent
interest. The dispersion problem can be restated in the language of coding theory, namely,

we are looking for codewords that also satisfy a given k-CNF formula. If F(x) = 1 for all
x € {0,1}™, then it is known that a uniformly random code achieves the Gilbert-Varshamov

bound [45]. When F is not trivial, the algorithms presented in this work provide such a code.

Moreover, our result says that the code can be found in time proportional to the running
times of PPZ and Schoning (when the size of the code is small). Additionally, in practice,
one also wants codes that have succinct representations, e.g. linear codes [27, 25]. While our
codes do not exhibit this property, it would indeed be interesting to extend our algorithms
in this direction.

5. CSPs. Finally, since Schoning’s algorithm for finding one solution generalizes to CSPs,
we also give algorithms obtaining diverse solutions to CSPs.

5  Technical Overview: Proof sketches for Lemma 1 and Lemma 2

In this section we outlines the main techniques behind Lemma 1 and Lemma 2, that show

that PPZ and Schoning algorithms can be employed as approximate farthest point oracles.

Because of this approximation, slightly more work needs to be done in order to bound the
overall approximation factors for dispersion. For the sum dispersion problem, we also adapt
Cevallos, Eisenbrand, and Zenklusen’s local search algorithm [16] for our setting to get an
improved approximation factor.
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Lemma 1: PPZ samples geometrically

The PPZ algorithm consists of repeating the following procedure O* (21 =1/k)) times: sample
an assignment y € {0,1}" and a permutation 7 € \S,, uniformly and independently at random.
Then call a deterministic subroutine PPZ-Modify(F, y, w) that runs in n®M) time and outputs
another assignment u. The algorithm stops once u € Q.

The analysis is based on bounding the probability that, for a randomly chosen y and
m, PPZ-Modify(F, y, 7) leads to some satisfying assignment z € Qp. For any z € Qp, let
7(F, 2) denote the probability that an iteration outputs z and for any set A C Qp, let
T(F,A) = > .., 7(F,2') denote the probability that an iteration outputs a satisfying
assignment in A.

The lower bound that PPZ gives on 7(F, z) uses the the local geometry of Qp around =z
in the following sense: we say that z is j-isolated if, out of the n neighboring assignments to
z in the Boolean hypercube, at least j of them are not satisfying. The key observation in
the analysis of the PPZ algorithm, called the Satisfiability Coding Lemma [42] states that
for every j-isolated satisfying assignment z, it holds that 7(F,z) > 2-n+i/k  Intuitively,
the more isolated a solution z is, the more choices of y and m would lead to it through
PPZ-Modify(F, y, ).

Our renewed analysis of PPZ shows that, for any fixed assignment zo € {0,1}",
PPZ-Modify(F,y, ) is also likely to output satisfying assignments that are far away from
it. We state Lemma 1 formally in 7, Lemma 18] that shows that with probability at least
L .9=ntn/k each iteration of the PPZ algorithm outputs a satisfying assignment z*, such

2n
that

dpr(z0,2") > (1 - i) - max dy(20,2") .

Thus, we get that PPZ is also an approximate farthest point oracle. More interestingly,
the run of PPZ does not depend on zg, and therefore we say that PPZ samples geometrically.
We note that the original analysis does not take into account distances between solutions, i.e.,
the probability of finding a solution only depends on the number of its immediate neighbors
that are non-solutions. This in itself is a local feature that does not capture global properties
like the diameter/dispersion of the solution space. Indeed, our analysis differs from the
original PPZ analysis in precisely the fact that it exploits this global information (which is
needed for diameter/diversity, but not needed if we just want to find one solution).

In order to exploit global geometric properties of the solution space, we view Qg as a
subgraph G of the n-dimensional Hypercube graph. We then divide the vertices in Gg
into n layers, where layer V; consists of all the vertices at distance j from zy (in Gg). We
also define U; = > V. Now, we want to show that assignments in higher layers will be
reached by PPZ-Modify(F,y, ) with good probability. We do this by proving that for large
enough j, either |Uj| is large or the number of cut edges between U; and Qg \ U; is small in
GF.

We then use the original Satisfiability Coding Lemma and the fact that an assignment
is j-isolated if and only if its degree in G is n — j, to show that, for any subset A of the
vertices in G, it holds that

2|E(A)] \ls\

T(F,A) 2 2—TL(1—1/]€)‘A|2_( KTA] +m) ’

where E(A) denotes the edges in Gy between vertices in A and S denotes the edges in Gy
between A and QF \ A. We then use the edge isoperimetric lemma for subgraphs of the
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hypercube which upper bounds the number of edges in the subgraph by a function of the
number of vertices in the subgraph. To complete the proof of Lemma 1, we lower bound the
probability 7(F, A), where A are the assignments in Qg that are far away from zp.

We also show that the above analysis can be extended to prove that for any subset
S C {0,1}", with probability at least 5 - 2—ntn/k each iteration of the PPZ algorithm
outputs a satisfying assignment z*, such that

2
SUM—dH(S, Z*) > <1 — k—l—l) Z}/xéaﬂ); SUM—dH(S, Z/) .

This directly implies the existence of a (1 — )—approximate farthest point oracle that

)
runs in the same time as the PPZ algorithm [7, Section 3]. However, we were not able
to show a similar lower bound with respect to the MIN-dy distance from S. Instead, we
can use Lemma 1 to show that for every satisfying assignment z € Qp, each iteration of
the PPZ algorithm outputs a satisfying assignment within Hamming distance 7 from z
(invoke Lemma 1 on the antipode of z). We can also assume that we have a lower bound on
max, eqp MIN-dg (S, z’) on the order of n/©(1) (just exhaustively search all the balls around
assignments in .S until you hit PPZ running time). Thus, we get an approximate farthest
point oracle running in the same time as the PPZ algorithm for the min-dispersion problem
as well.

Lemma 2: Modified Schoning’s algorithm is a farthest point oracle

Our second approach for designing farthest point oracles uses Schoning’s algorithm [51]. At
its core, Schoning’s algorithm is a local search algorithm that does a random walk from some
starting assignment zg. The main subroutine takes as input zy and, as long as there is a
clause that is unsatisfied, picks one of its k literals at random an flips its value. Schoning
showed that, if there exists a satisfying assignment within Hamming distance ¢ from zg, then
within 3t steps, the above random walk outputs a satisfying assignment with probability
at least 1/(k — 1)t. By picking the starting point 2o uniformly at random from {0,1}" and
letting the random walk go for 3n steps, one can then show that the subroutine suceeds with

probability at least (% . (1 + ﬁ)) .

We modify Schoning’s algorithm by picking the starting point zy and then setting the
length of the random walk more carefully. Suppose we are promised that there exists a
satisfying assignment z* that is distance r (in max-sum or max-min) from some set S of
assignments. We then restrict our starting points to be sampled such that they are also
guaranteed to be approximately at distance r from S. From there, we perform a random
walk of small length such that any satisfying assignment we find is also guaranteed to be far
away from S. The probability that we succeed depends on bounding the set of good starting
points: those that are close to the promised z* (not just far from ), since these are the
ones most likely to find a satisfying assignment within the length of the random walk. This
is the most technically involved step of our analysis. We thus get a farthest point oracle
for diameter and all versions of dispersion. Moreover, the Schéning strategy can also find
heavy-weight assignments. This is done by artificially adding 0™ as part of the set S (thus,
an assignment that is far from S in Hamming distance will also have a large weight).
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