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—— Abstract
We show that Submonoid Membership is decidable in n-dimensional lamplighter groups (Z/pZ) 1 Z"
for any prime p and integer n. More generally, we show decidability of Submonoid Membership in
semidirect products of the form ) x Z™, where ) is any finitely presented module over the Laurent
polynomial ring F), [let7 .. .,X,f] Combined with a result of Shafrir (2024), this gives the first
example of a group G and a finite index subgroup G < @G, such that Submonoid Membership is
decidable in G but undecidable in G.

To obtain our decidability result, we reduce Submonoid Membership in Y x Z"™ to solving
S-unit equations over [, [Xli, e 7X,ﬂf]—modules. We show that the solution set of such equations is
effectively p-automatic, extending a result of Adamczewski and Bell (2012). As an intermediate result,
we also obtain that the solution set of the Knapsack Problem in Y x Z" is effectively p-automatic.

2012 ACM Subject Classification Computing methodologies — Symbolic and algebraic manipulation

Keywords and phrases Submonoid Membership, lamplighter groups, S-unit equations, p-automatic
sets, Knapsack in groups

Digital Object Identifier 10.4230/LIPIcs.ICALP.2025.154
Category Track B: Automata, Logic, Semantics, and Theory of Programming
Related Version Full Version: https://arxiv.org/abs/2409.07077

Funding This work was funded by the European Union (ERC, AdG grant 101097307). Views and
opinions expressed are however those of the author(s) only and do not necessarily reflect those of the
European Union or the European Research Council. Neither the European Union nor the granting
authority can be held responsible for them.

Acknowledgements The author would like to thank Doron Shafrir for pointing out the open problem
on Submonoid Membership in finite extension of groups, as well as for discussion of his work [37].

The author would like to thank the anonymous reviewers for their helpful comments.

1 Introduction

Algorithmic problems in infinite groups

Algorithmic problems concerning groups are a classical topic in algebra and theoretical
computer science. Dating back to the work of Max Dehn from the 1910s, this area has
traditionally served as a bridge between geometry, algebra and logic, and has now found
numerous applications in automata theory, program analysis and complexity theory [7, 9, 14,
22]. One of the central decision problems on groups is the Submonoid Membership problem:
given a finite number of elements g1, g2, ..., gx in a group G and an element g € G, does g
belong to the submonoid generated by g1, ¢, ...,gx? In the seminal work of Markov from
the 1950s [30], it was shown that Submonoid Membership is undecidable for a matrix group
of dimension six. The undecidability result was later strengthened to the group SL(4,Z) of
4 x 4 integer matrices of determinant one [31]. Subsequently, a number of positive decidability
results were obtained, such as for commutative matrix groups [2], low-dimensional matrix
groups [12, 33], and certain graph groups [26]. See [15, 25] for recent surveys.
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A generalization of Submonoid Membership is the Rational Subset Membership problem:
given a rational subset S of a group G and an element g € G, does g belong to S? Here, a
subset S of a group G is called a rational subset if there is a finite alphabet 3, a monoid
homomorphism ¢: ¥* — G, and a regular language L C ¥*, such that o(L) = S. In
particular, if L = ¥* then we recover the definition of Submonoid Membership. In fact,
many decidability results for Submonoid Membership are also proven for the more general
Rational Subset Membership, such as in free groups [8], abelian groups [20], and certain
wreath products [28]. Nevertheless, Bodart [10] and Shafrir! recently provided examples of
groups with undecidable Rational Subset Membership but decidable Submonoid Membership.

A longstanding open problem in computational group theory is whether decidability
of Submonoid Membership is preserved under finite extension of groups. Grunschlag [20]
showed that for any group G and a finite index subgroup G<@ , Rational Subset Membership
is decidable in G if and only if it is decidable in G. The same statement is also true for the
Subgroup Membership problem [20] (given g1, ga,. .., gk, g, does g belong to the subgroup
generated by g1, g2,...,gr7). Whether the same holds for Submonoid Membership remained
open. One of the goals of this paper is to construct a counterexample to this open problem:
we construct a group G and a finite index subgroup G<@ , such that Submonoid Membership
is decidable in G but undecidable in G.

n-dimensional lamplighter groups

In this paper, we study Submonoid Membership in n-dimensional lamplighter groups as
well as their generalizations. The lamplighter groups are well-studied objects in the context
of geometric group theory [19, 38]. Given an integer p > 2 and n € N, the n-dimensional
lamplighter group, denoted (Z/pZ) 1 Z"™, can be most easily defined as the (multiplicative)
2 X 2 upper-triangular matrix group

XPXgE X f
0 1

where (Z/pZ)[X1, X7 %, ..., X, X! is the Laurent polynomial ring over n variables, with
coefficients in the finite ring Z/pZ = {0,1,...,p — 1}. When p is prime, Z/pZ is actually
the finite field F,. Intuitively, an element in (Z/pZ) ! Z™ can be understood as the following
configuration: at each position in the lattice Z™ there is a lamp, each lamp has a state
among Z/pZ = {0,1,...,p — 1}, and there is a pointer at some position in Z"™. In particular,
X{ X f

for the element ( 0 1
at position (z1,...,2,) € Z™ has state s if the monomial X5 --- X?» appearing in f has
coefficient s. In particular, all but finitely many lamps have state 0. Multiplication in the
group (Z/pZ) 1 Z™, like matrix multiplication, corresponds to first moving the pointer by a
vector (aq,...,ay), then additively changing the states of the lamps around the new location.
Owing to this geometric interpretation, the study of lamplighter groups has close connec-
tions to automata theory, tiling problems, random walks, and graph theory [3, 4, 23, 27, 29].
Lamplighter groups are also important examples of metabelian groups, which are some of the
most tractable generalization of abelian groups. Recall that a group G is called metabelian if
it admits a normal subgroup A such that both A and G/A are abelian. An important amount
of research in computational group theory concentrates on metabelian groups, since decision

a1,0a2,...,0n GZ, fe (Z/pZ)[leXl17---7XTLJX7:1]}7 (1)

> , the pointer is at position (a1, ...,a,) € Z", the lamp

1 An example appeared in the Bachelor’s thesis of Potthast [34], based on an unpublished draft of Shafrir.
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problems in abelian groups are already well-understood. For example, Cadilhac, Chistikov
and Zetzsche [11] showed decidability of Rational Subset Membership in the Baumslag-Solitar
groups BS(1,p); Lohrey, Steinberg and Zetzsche [27] showed decidability of Rational Subset
Membership in 1-dimensional lamplighter groups. On the other hand, the 2-dimensional
lamplighter groups occupy an interesting position as they have undecidable Rational Subset
Membership [27] but decidable Submonoid Membership [34]. The decision algorithm in [34]
cannot be generalized to dimensions larger than 2 as it relies on a reduction to Rational
Subset Membership in dimension 1. It is thus left as an open problem whether Submonoid
Membership is decidable in lamplighter groups of dimension n > 3.

Contributions of this paper

In this paper, we show that Submonoid Membership is decidable in lamplighter groups
(Z/pZ)VZ™ of every dimension n € N and prime p. In fact, we prove a much more general
result (Theorem 3.1): Submonoid Membership is decidable for semidirect products Y x Z™,
where ) is a finitely presented module over the Laurent polynomial ring F,[X ft, oL XA

An important consequence of the more general Theorem 3.1 is the resolution of a
longstanding open problem (Corollary 3.2). Combined with a recent result of Shafrir [37], we
show that there exist a group G and a finite index subgroup G< G, such that Submonoid
Membership decidable in G but undecidable in G.

Our main strategy to decide Submonoid Membership in ) x Z" is to reduce it to solving
S-unit equations over modules: these are equations of the form x1cy + zoco + - - -+ Ty = o,
where the variables x; take value in a multiplicative subgroup of a commutative ring. We
show that the solutions of such S-unit equations over an F,[X:, ..., XF]-module forms an

effectively p-automatic set (Theorem 3.3), generalizing a result of Adamczewski and Bell [1].

As an intermediate result, we also obtain effective p-automaticity for the solution set of
the Knapsack Problem in Y x Z": given g1, ¢o,...,9k, 9 € Y x Z", find (z1,...,21) € ZF
such that g7g3?--- g;* = g. We give an example (Example 4.8) where the solution set is
p-automatic but not semilinear. This shows that the situation in semidirect products is much
more complicated than in the wreath product of two abelian groups, as seen in the work of
Ganardi, Konig, Lohrey, and Zetzsche [18].

Note that our decidability results heavily rely on working over the finite ring Z/pZ instead
of the infinite ring Z. Indeed, Submonoid Membership is known to be undecidable [28]
in Z1Z" for n > 1, and solving S-unit equations over Z[Xft]—modules is also known to
be undecidable [16]. Nevertheless, it is not clear whether the decidability for (Z/pZ) ! Z™
can be generalized to non-prime numbers p, for example when p = pyps for two primes
p1 # p2. This is closely related to deciding emptiness of the intersection of a p;-automatic
set and a ps-automatic set, which to the best of our knowledge remains an open problem
(however, see [21, 24] for recent progress). Progress towards a solution for non-prime p will
also be the first step towards a classification of metabelian groups with decidable Submonoid
Membership, namely by tackling those with torsion commutators.

2 Preliminaries

Laurent polynomial ring and modules

Let p be a prime number, denote by I, the finite field of size p. Denote by F, [Xli, ce, X
the Laurent polynomial ring over I, with n variables: this is the set of polynomials over

the variables X7, Xl_l, ooy X, X1 with coefficients in F,,, such that XiXZ._1 =1 for all 1.

n

When n is fixed, we denote by X the tuple of variables (X1, ..., X,), and F,[XT, ..., XF]
is written in short as F,[X*].
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For a vector a = (a1, ...,a,) € Z", denote by X® the monomial X{*X5?--- X% . When
A is a subgroup of Z", we denote by F,[X*] C F,[X*] the subring of polynomials of the
form Y cp ca X

Since we work in polynomial rings over a finite field IFp, it is worth pointing out a
useful equation, folklorishly dubbed “the freshman’s dream”. For any f € F,[X*], we have
(f+1)? = fP + 1, and more generally (f + 1)pk = fpk + 1 for all k € N.

When R is a commutative ring (such as F,[X*]), an R-module is defined as an abelian
group (M, +) along with an operation - : Rx M — M satisfying f-(m+m') = f-m+f-m/,
(f+g9g) - m=f-m+g-m, fg-m=f-(g-m)and 1-m =m. For example, for any d € N,
F,[X*]¢ is an F,[X*]-module by f - (h1,...,hq) = (fh1,-.., fha). We often use a bold
symbol h to denote a vector (hy,...,hq) € F,[X*]%.

Given elements hq, ..., h; in an R-module M, we say that they generate the R-module
k k

ZRhL = {ZTL,’L,L T1y...,Tk ER} C M.

i=1 i=1

Given submodules M, M’ of F,[X*]¢ such that M O M’, we define the quotient M /M’ :=
{m | m € M} where i; = My if and only if m; — my € M’. This quotient is also an
F,[X*]-module. We say that an F,[X*]-module Y is finitely presented if it can be written
as a quotient F,[X*]?/M for a finitely generated submodule M of F,[X*]? for some d € N.
We call a finite presentation of J the generators of such M. FEvery finitely generated
F,[X*]-module admits a finite presentation.

Civen a finitely presented F,[XT,..., X]-module ), we can define the following group
using semidirect product:

YRZ"={(y,a) |y, acl; (2)
multiplication and inversion in this group are defined by
(y,a)-(y'7a’)=(y+)?a-y’,a+a'), (y,a)_lz(—)?_a-y,—a). (3)

The neutral element of Y x Z™ is (0,0), where 0 denotes the zero vector in Z". Intuitively,
Ya

the element (y,a) can be seen as a 2 x 2 matrix < y>’ where group multiplication is

0 1
represented by matrix multiplication. We have the formula (f,a)(y,0)(f,a)~! = (X% -y, 0).
Note that Y x Z™ naturally contains the subgroup Y = {(y,0) | y € Y}, and there is a
projection map mw: Y x Z" — Z", (y,a) — a, such that ker(w) = Y.

In particular, if we take Y = F,[X*] considered as a F,[X*]-module, then we recover
the definition (1) of the n-dimensional lamplighter group (Z/pZ) Z™.

Effective computation in modules

In order to effectively compute in groups of the form ) x Z™, we need to be able to effectively
compute in the F,[X *]-module ). The following are some classic problems with effective
algorithms that we will make use of. We state the following result over F,[X *], although
they hold over polynomial rings over any field.

» Lemma 2.1 ([5, Lemma 2.1, 2.2]). Let Y be an F,[X*]-module with a given finite present-
ation. The following problems are effectively solvable:
(i) (Submodule Membership) Given elements yi,...,yx,y € Y, decide whether y is in the
submodule generated by y1,...,yx.
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(ii) (Submodule Presentation) Given elements y1,...,yx € Y, compute a finite presentation
for the submodule generated by y1, ..., Y-

(iii) (Computing intersection and sum) Given the generators of a submodule A C'Y and the
generators of a submodule B C Y, compute the generators for the submodule AN B and
for the submodule A+ B ={a+b|ac Abe B}.

(iv) (Computing quotient) Given the generators of a submodule Y C Y, compute a finite
presentation of the quotient Y /Y.

Let A be a subgroup of Z", then any F,[X*]-module can be considered as a (possibly
infinitely generated) F,[X*]-module. For example, the F,[X:f, X]-module F,[X5, X3 can
be considered as an Fj,[X f]—module, but it is not finitely generated (it is generated by the
infinite set {..., X5 2% X5, 1, Xo, X3,...}). However, finitely generated F,[X*]-submodules
of an F,[X*]-module are still effectively computable:

» Lemma 2.2 ([5, Theorem 2.14] or [6, Theorem 2.6]). Let A be a subgroup of Z™, and Y be
a finitely presented I, [X*]-module. Given a finite subset S of Y, one can effectively compute
the finite presentation of the Fy[X*]-module > o Fp[X*] - s.

p-automatic sets

We recall the standard notion of p-automatic subsets of Z, and more generally, p-automatic
subsets of Z<.

Let X be a finite alphabet. An automaton over X is a tuple A = (Q, X, 0, qr, F'), where Q
is a finite set of states, : @ X X — @ is the transition function, ¢; is the initial state, and
F C Q is the set of final states. For a state ¢ in @ and for a finite word w = wyws - - - wy,
over the alphabet X, we define d(gq,w) recursively by §(q, w) = §(6(q, wiwz - -+ Wp—1), Wy).
The word w is accepted by A if §(qr,w) € F.

Let p > 2 be an integer, define the alphabet ¥, :== {+,—,0,1,2,...,p—1}. Let n > 0
be a non-negative integer and let w,w,_1---wiwgy € (Ep)’"‘|r1 be the base-p expansion of
n. That is, n = >.._, w;p’ with the smallest possible 7. We denote by w(n) the word
+wows - - w,. For example, if p = 2, then w(4) = 4001. Similarly, for a negative integer —n,
let w(—n) denote the word —wgwy - - w,. A subset S of Z is called p-automatic if there is an
automaton over X, that accepts exactly the set w(S) = {w(s) | s € S}. For example, the set
S = {2* | k € N} is 2-automatic, because w(S) = {+1,+01, 4001, +0001, - - - } is accepted by
an automaton over Yo = {4+, —,0,1}.

Let d € N. The definition of p-automatic subsets of Z can be naturally generalized to p-

automatic subsets of Z¢. For (z1,...,zq4) € Z¢, consider the tuple of words (w(z1),...,w(zq))
over the alphabet ¥,. We naturally identify a d-tuple of words (w(z1),...,w(zq)) over the
alphabet X, as a single word w(z1, . . ., zq4) over the alphabet %: if the words w(z1), ..., w(zq)

have different lengths, we add a minimal number of zeros at the end so they all have equal
lengths. Naturally, a subset S of Z% is called p-automatic if there is an automaton over X¢ that
accepts exactly the set w(S) = {w(s) | s € S}. For example, the set S = {(a,2a) | a < —1}
C Z? is 2-automatic, because

w(S) = {(—,—)(a1,0)(az,a1)(as,az2) - - (ax,ax—1)(1,ax)(0,1) | k € Nyaq,...,a; € {0,1}}

is accepted by an automaton over X3. We say a subset S C Z? is effectively p-automatic if
its accepting automaton is explicitly given. p-automatic sets enjoy various closure properties.
In this paper, we will use the following:
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» Lemma 2.3 ([39]). Let p > 2 be an integer.

(1) If S and T are effectively p-automatic subsets of Z%, then SNT and SUT are also
effectively p-automatic.

(2) If S C 79 is effectively p-automatic, and ¢: Z¢ — Z™ is a linear transformation, then
©(S) CZ" is also effectively p-automatic.

(3) If S C 7% is effectively p-automatic, and ¢: ZN — Z% is a linear transformation, then
¢71(S) == {v € ZN | ¢(v) € S} is also effectively p-automatic.

(4) It is decidable whether a given effectively p-automatic set S is empty.

3 Main results and consequences

The main result of this paper is the following.

» Theorem 3.1. Let p be a prime number, X = (X1,...,X,) be a tuple of variables and
Y be a finitely presented F, [X*]-module. Then, Submonoid Membership is decidable in the
group Y X Z".

In particular, taking J = F,[X¥], we immediately obtain decidability of Submonoid
Membership in the n-dimensional lamplighter groups (Z/pZ) 1 Z" for prime p.

We say a group is virtually abelian if it has a finite index subgroup that is abelian. A
recent result of Shafrir [37, Theorem 8.1] shows that membership problem in a fized rational
subset S of a group L can be reduced to the membership problem in a fixed submonoid
M of the group L x H, where H is an explicitly constructed finitely generated virtually
abelian group. Combined with Theorem 3.1, this allows us to construct an example where
decidability of Submonoid Membership is not preserved under finite extension of groups:

» Corollary 3.2. There exist a group ~G and a finite index subgroup G < G, such that
Submonoid Membership is decidable in G but undecidable in G.

Proof. By [27, Theorem 10], there is a rational subset S of the two-dimensional lamplighter
group L = (Z/27) 1 7Z?, whose membership problem (given g € L, whether g € S?) is
undecidable. By Shafrir’s result [37, Theorem 8.1], the membership problem in S reduces to
the membership problem in a finitely generated submonoid of the group G := L x H, where
H is finitely generated virtually abelian. Therefore, Submonoid Membership is undecidable
inG=LxH.

Since H is finitely generated virtually abelian, it has a finite index subgroup Z¢ < H
for some d. Let G == L x Z%, so the index [G: G] = [H: Z%] is finite. We now show that
Submonoid Membership is decidable in G.

Note that G = LxZ® = ((/27) 1 Z?) x Z can be written as a semidirect product Y xZ2,
where V) == Fo[ X5, X5] is considered as an Fo[ X, X5, X ... 7X;ﬁrz]—module where the ele-
ments Xs, ..., Xaro act trivially. That is, ¥ = Fo[XT, ..., X7,/ S Fo[XT, ..., X7po) -
(X; —1). So by Theorem 3.1, Submonoid Membership is decidable in G. |

Our proof of Theorem 3.1 is divided into two parts. First, in Section 4, we reduce
Submonoid Membership to solving S-unit equations over modules. Then, in Section 5, we
prove the following result for S-unit equations over modules.

» Theorem 3.3. Let p be a prime number, X = (X1,...,X,,) be a tuple of variables, M be

a finitely presented Fp[)?i]-module, and let co,c1,...,¢m € M. Then, the set of solutions
(21,..,2m) € (Z™)™ for the equation
Xz1‘01+"‘+)?z"L'Cm=CO (4)

is an effectively p-automatic subset of (Z™)™ = 7™,
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During the reduction in Section 4, we go through an intermediate step involving the
Knapsack Problem in groups. In particular, we obtain the following intermediate result that
is of independent interest:

» Theorem 3.4. Let p be a prime number, Y be a finitely presented Fp[)?i]-module and
G=YXZ". Lethy,...,hn,g be elements of G, then the solution set (ny,...,ny,) € Z™ of

B )

s an effectively p-automatic subset of Z™.

4 From Submonoid Membership to S-unit equation

In this section we reduce the problem of Submonoid Membership in Y x Z" to solving S-unit
equations over F,[X *]-modules. The reduction is done in three steps. In Step 1, we reduce
Submonoid Membership in Y x Z" to deciding membership in a product of conjugate groups
(Proposition 4.1). In Step 2, we reduce membership in a product of conjugate groups to
solving the Knapsack Problem in another semidirect product )’ x Z" (Proposition 4.4). In
Step 3, we show that the solution set of the Knapsack Problem is effectively p-automatic
(Theorem 3.4), assuming a theorem on S-unit equations (Theorem 3.3).

Recall that the rank of an abelian group A is defined as smallest cardinality of a generating

set for A. If A <Z", then A is a lattice in Z™, the rank of A is the dimension of this lattice.

Step 1: from Submonoid Membership to Group Product Membership

Given ¢ € G and a subgroup H < G, define the conjugate subgroup ?H := {qhq~' | h € H}.

For ¢1,qo,...,qx € G, denote the set

B R WH = {hyhy - hy | hy € CH, ... hy € “HY}. (6)

Note that H is always a group, but the product “H - 2H -...-%H is in general not a group.

Our first step is the following reduction from Submonoid Membership to the membership
problem in sets of the form (6), originally due to Shafrir. We give a proof here for the
sake of completeness. Recall that the projection m: G =Y x Z™ — Z" is surjective and its
kernel is ). A group A is called torsion if for all a € A, there exists t > 1 such that a! is
the neutral element. In particular, an I, [X*]-module ) considered as an abelian group is
torsion, because py = 0 for all y € V.

» Proposition 4.1 ([34, Theorem 4.3.3]). Let G be a finitely generated group and w: G — 7"
be a surjective homomorphism with ker(m) being a torsion group. Submonoid Membership in
G can be reduced to the following membership problem:
Input: elements g,q1,...,q; € G and finitely many generators of a subgroup H < G.
Question: whether g€ “"H - ®H ... .. %*H?

Proof. For a subset T' C G, denote by (T') the submonoid generated by T": this is the set of
elements of the form g1¢g-...gs where s >0 and g; € T for 1 <i < s.

Let g1,92,.--,9m,9 € G, and suppose we want to decide whether g € (g1,92,...,9m)-

Consider the elements 7(g1),...,7(gm),7(g) € Z™ C R", let C C R™ be the Rxp-cone
generated by 7(g1),m(g2), - - -, 7(gm), and let Cy be the maximal R-subspace of C. In particular,
there exists v € R™, such that v -w = 0 for all w € Cy, and v -w > 0 for all w € C\ Cy (if
Co = C then we can take v = 0). Without loss of generality suppose 7(g1),...,m(g¢) € Co
and 7(ge41),- .-, 7(gm) € C\ Co, for some 1 < ¢ < m.
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If g € {(g1,92,---,9m), then we can write g as a word g;,gi, - - gi, over {gi1,...,9m}
In this case, 7(g9) = 7(gs,) + 7(gi,) + -+ + 7(gi.), so we must have v' - 7(g) > 0, and

the elements gsi1, ..., gm can only be used a bounded number of times (in fact, bounded
by B:=v" -7w(g)/min{v" -7(ges1),...,v" - 7(gm)}). Therefore, it suffices to check, for
each possible choice of g;,,...,9;, € {ge+1,--.,9m}, b < B, whether g can be written as

hlgjlhggj2h3 .. 'gjbhb+1 for hl, ey hb+1 S <gl,gg, . ,gg).

Let H = (g1, 92,---,9¢), we claim that the monoid H is actually a group. It is easy
to see that the R>o-cone generated by m(g1),...,m(g¢) is the linear space Cy. Therefore
we can find positive integers ny,...,ng > 0 such that ny7(g1) + -+ + new(ge) = 0. Thus,
(g7 g2 - g)t) = 0, 50 gt gh? - - gyt € ker(m). But ker(r) is torsion, so (g7 g52 - - g;)" is
the neutral element for some ¢ > 1. This yields g; ' = g1 "' g5 -~ g7 (91" 95> - - g;”)t*1 € H.
Similarly, g5 Lo, g[l € H, so the monoid H is actually a group.

By the discussion above, it suffices to check for finitely many instances of g;,,...,gj,,

whether g € Hg;, Hg;, H ---g;, H. But Hg; Hg;, H --- g;, H is equal to
H(g; H fl)( g Ha 1l fl)...( T - I P fl) g O
954195, NG 9524195, 95, 951952 " 95,419, 9jy 95, 1951952 " Gjv -
So g€ Hg;, Hgj,H ---gj H is equivalent to
ggjjyl"'gjzlgjzl c H -91H.919:2H . . . -‘11'1-%'2”'9]'17]'7[7

which is a product of conjugate groups. This finishes the reduction from Submonoid
Membership to membership in products of conjugate groups. |

In particular, for the case of G = )Y x Z", Proposition 4.1 is effective, meaning one can
explicitly compute the elements q1,...,qr € G and the generators of H.

» Example 4.2. Let Y = Fo[X T, X5] considered as an Fo[ X5, XF]-module, so Y x Z2 is the
2-dimensional lamplighter group (Z/2Z)1Z?. Let g1 = (1+ X2, (2,0)),92 = (1, (—2,0)), g3 =
(1+ X1, (0,1)) be the generators of a submonoid, and let g = (X3, (4,2)).

We have 7(g1) = (2,0), 7(g2) = (—2,0), m(g3) = (0,1), so the R>g-cone they generate
is C = {(z,y) € R? | y > 0}. Its maximal subspace is Cp = {(x,0) | z € R}. We have
m(g1),m(g2) € Co and 7(g3) € C \ Co.

Suppose g = gi, gi, -+ - gi. With i1,i9,...,45 € {1,2,3}. Let v = (0,1). Since v - 7(g) =
vT-(4,2)=2,and v" -7w(g1) =v" -7(g2) =0, v -7(g3) = 1, the element g3 must appear
exactly twice in the product ¢;,gi, - - - gi,. Therefore, g must be of the form w;gswagsws,
where w1y, we, w3 are words over {g;,g>}. Let H be the monoid generated by g1, go: this is
actually a group because (g192)% = (0,0). The above discussion shows g € (g1, g2, g3) if and

only if g € HgsHgsH: this is equivalent to gg3_2 € H-9H. %H. J

» Remark 4.3. If G = (Z/27)1Z* and w(H) is of rank one (i.e. 7(H) = Z) as in Example 4.2,
then membership problem in the product *H - ?H - ... - 9% H can be reduced to Rational
Subset Membership in the 1-dimensional lamplighter group (Z/2Z){ Z, which is known to be
decidable [28]. In fact, this is the key idea in Shafrir’s solution [34] for Submonoid Membership
in 2-dimensional lamplighter groups. However, when the dimension n is greater or equal
to three, the rank of 7(H) may be greater or equal to two: in this case, the membership
problem in “H - 2H - ... %H has been open and will be solved in the rest of this paper.
Notably, we do not want to reduce it to Rational Subset Membership in lamplighter groups
of dimension > 2, as it is undecidable [27].
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Step 2: from Group Product Membership to Knapsack Problem

The goal of this step is to reduce membership problem in the product “H - H - ... - %H to
a version of the Knapsack Problem in groups. Namely, we will prove:

» Proposition 4.4. Let G =Y x Z"™ where Y is a finitely presented I, [Xli, ooy XE]-module.
Let g,q1,...,qr € G and let H < G be a finitely generated subgroup. Then, one can effectively
find a group G' =Y’ x Z"', where V' is a finitely presented ]Fp[Xli, e ,Xf,]—module, as well
as elements ¢’ hy, ..., hy € G', such that

ge “H -®2H . ... %*H
if and only if there exist z1,. .., zm € Z satisfying
Wtk i =g ™)

We now proceed to prove Proposition 4.4. Recall that ) can be identified with the
subgroup Y x {0} = ker(w) of G = Y x Z". First, we give the following classic result on
the structure of subgroups H < G. Note that 7(H) < m(G) = Z", let d < n be the rank of
m(H).

» Lemma 4.5 ([6, Theorem 3.3] or [35, Lemma 2]). Let G = Y X Z™ and H < G be a
finitely generated subgroup. Let aq,...,aq € Z" be a Z-basis of m(H), and choose elements
hi,...,hqg € H so that w(h;) = a;,i =1,...,d. Then, the subgroup ¥ N H is a finitely gen-
erated IF, [X”(H)]-module, whose finite presentation can be effectively computed. Furthermore,
H is generated by hq,...,hq and the set Y N H.

» Example 4.2 (continued). As in Example 4.2, let Y = Fy [Xli, XQi] Consider the subgroup
H <Y x Z* generated by g1 = (1 + Xa, (2,0)) and g2 = (1, (—2,0)). Then 7(H) is the
subgroup of Z? generated by a; := (2,0), it has rank d = 1. We can choose h; := g; in
Lemma 4.5.

The subgroup Y N H is an F,[X")] = F,[X?, X *|-module. We have gig» = (1 +
Xo + X2,0). We claim that 1 4+ X» + X7 is the generator of the F,[X?, X; *]-module
YNH: that is, VN H = {F-(1+ Xy + X?) | F € Fy[X? X, ?}. Indeed, recall the
formula (f,a)(y,0)(f,a)”t = (X% -y,0). For each m € Z, we have ¢g7*(g1g2)9; " =
g (14+ X+ X7,0)g; " = (XP™ - (14 X2+ X7),0). So Xi™- (14 X, +X?) € YNH for all
m € Z. Consequently, F'- (1 + X + X?) € YN H for all F € F,[X?, X, ?]. Tt is not difficult
to show that {F - (1+ Xo + X?) | F € F,[X?, X;?]} is indeed all the elements in YN H, but
we will omit the details. Note that Y N H is finitely generated as an F,[X?, X ?]-module
but not finitely generated as an abelian group.

Finally, for any element h = (f,2z) € H, we have m(h] *h) =0, so (y,0) := h] *h € YNH.
Consequently, h can actually be written in a “canonical form” hf (y,0), where z € Z and
y € YN H. Such canonical forms will be extensively used below. 2

Define
YVi=YN(¥H), i=1,... k.

Note that for any ¢ € G, we have 7(“H) = w(H) because Z" is abelian. Therefore
m("H) = --- = w("H) = n(H). So by Lemma 4.5, all the );’s are finitely generated
F,[X™ (M) ]-modules. Let ay,...,a, € Z" be a Z-basis of 7(H). For each 1 <14 < k, choose
elements h; 1,...,h;q € “H so that w(h; 1) = a1,...,7(h; q) = aq. Then, H is generated
by hi71, ey hi,d and yi.
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154:10 Submonoid Membership in n-Dimensional Lamplighter Groups and S-Unit Equations

Fix any i. Since ay,...,aq € Z" form a Z-basis for (7 H), for each element h € “H we
can find integers z1, ..., zq such that

w(h) = z1a1 + 2202 + - - - + zgag = z217(hi 1) + zam(hi2) + - - + zam (R g)-

This shows m(h; ;" - h; 5 *h;1""h) = 0, 80 h; ;" - -h; 5"*h; ;"' h € ker(x) N "H = Y.
Zi,2

Consequently, h is equal to b7 hy's* - - hi'y" (s, 0) for some y; € V;.
The form of this product of powers gives us the motivation to reduce membership in
group products to the Knapsack Problem. Denote

Y=Y+ 4
Again we identify Y with the subgroup Y x {0} of Y x Z™. We show the following;:

» Lemma 4.6. We haveg € “H-PH-...-%H, if and only if there exist integers z11, . .., 21,4,

cy Zk1y- e 2kds Such that
(it messt o hi) - (Wi hilit) -9t € D (®)
Proof. For the “only if” part, suppose g € “H - ?H -...- %*H and write g = hihg---hy

with h; € “H for each 1 <7 < k. As shown above, we can write
hi = hi{'hy's" - hi i (yi, 0)
d d d
for some y; € Vi, i = 1,...,k. Denote y = pOMEE LA DIREELIA S DL Vi,

then y. € V;. Recall the formula (f,a)(y,0)(f,a)”! = (X% -y,0), that is (f,a)(y;,0) =
(X . y;,0)(f,a). Therefore,

g=hahae o= (BB  B3) (0,00 (BEPRES B2 ) (s 0)

= (040~ (s 0) (95, 0) (MBS BT ) o (B nitst o i)

Therefore
(PEmyst e nigt) e (R hgts i) 07" = (—vh— = b=, 0) € Vit 4D = I,
For the “if” part, let z1.1,...,21,ds - -+, Zk,1,- - -, Zk,a D€ integers that satisfy Equation (8).

Since jiv =1+ -+ Vg, there exist y; € V1,...,yx € Vi, such that
(REmys e npyt) e (R hgts i) g™ = (g2 + o+ s 0).
o= - sai—e = zisa
Denote y} == —X  &=j=1""7" Luj=1 T2 g=1"7" Ly then y € V;. We have
9= (=g =y — =, 0) (AT BT B ) o (R b
= (=, 0) -+ (=92, 0)(=y1, 0) (R Bty ) o (hiithitst - i)
= (AEnts ) @ 0) o (BB 1) (01, 0).

For each i, we have (y},0) € )V, < H, so (hffl’lhffz’z -~-hffc’ld) (y;,0) € “H. Therefore
geNH H. .. <
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Proposition 4.4 then follows from Lemma 4.6:

Proof of Proposition 4.4. By Lemma 4.6, we have g € “H - ?H - ... - %*H if and only if
Equation (8) has integer solutions. Write h; ; as (fij,a;) for i = 1,....k; j = 1,...,d,
and write g as (fo,ao). Let F denote the F,[X™(*)]-submodule of J generated by fy and
figj,1=1,...,k; j =1,...,d. Notably, F contains };, i = 1,...,k. A finite presentation
of F can be computed (see Lemma 2.2). The group generated by ¢ and all the h; ;’s is
contained in the subgroup F x w(H) of ) x Z™. Hence, Equation (8) is equivalent to the
following equation in (F/Y) x m(H):

(hiffh’iff o hff;f’) 5 (hi’j‘f st - hi?;f) =g 9)

Choose the new variables X/ = X2, ..., X/ == X®. Then the ring F,[X"))] can be
written as the polynomial ring F), [X{i, - ,Xc’li], and )’ = .7-'/37 is now a finitely presented
IE‘p[X{i, . 7X(’ii]—module. We conclude by letting G’ := V' x Z¢ = (F/Y) x =(H), and
observing that Equation (9) is a Knapsack equation of the form (7). <

» Remark 4.7. Note that even if we only considered the lamplighter group G = (Z/pZ) 1 Z"
by supposing J = F,[X], we would inevitably introduce the quotient by y during our
reduction from Submonoid Membership to the Knapsack Problem. Therefore, it is reasonable
to directly consider Submonoid Membership in the more general case of semidirect product
Y x Z™ with finitely presented ), instead of only the special case of lamplighter groups
(Z/pZ) Y Z™. Tn other words, it does not appear that the special case of lamplighter groups

admits a more direct solution.

Step 3: from Knapsack Problem to S-unit equation

The goal of this step is to solve the Knapsack Problem in groups of the form Y x Z". Namely,
assuming a theorem on S-unit equations (Theorem 3.3), we will prove the following result:

» Theorem 3.4. Let p be a prime number, Y be a finitely presented ]Fp[j(i]—module and
G=YXZ" Lethy,..., hy,g be elements of G, then the solution set (ny,...,ny,) € Z™ of

BB B =g o)
is an effectively p-automatic subset of Z™.

Before we proceed to the formal proof, let us show another example to illustrate the ideas.

» Example 4.8. Let p =2, n=2. Let Y = Fo[XT, X5]/(X1 + Xz + 1), that is, the quotient
of Fo[Xi5, X57] by the submodule Fo[Xi5, X5 - (X1 + Xa +1). Let hy = (0,(1,0)),hs =
(1= X5,(0,1)),hs = (0,(1,0)),hs = (0,(0,1)),9 = (1,(0,0)) be elements of Y x Z*. We
will to show that the solution set of the equation

AT 2RSSR = g (10)

is 2-automatic.
By direct computation, we have (f,a)* = (1+X%+---+X="1a). f 2a) for z > 0 and

(f,a)* = ((-X**—XEtha _... _X~9). f za) for z < 0. In either case (and for z = 0),
we have
1— X
a) ' =(——=—-f, za|.
(= (5 1. <)
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154:12 Submonoid Membership in n-Dimensional Lamplighter Groups and S-Unit Equations

Hence,
nipn2 N3 N4
hi*hg? hg®hy

-
-
-

1,0))" (1 — X2,(0,1))"™(0,(1,0))" (0, (0,1))"™

n1,0) <11_);?7; 1= X), (O,n2)> (0, (n3,0)) (0, (0, m4))

X' (1= X3%), (n1 + na,ne +n4))

0, (
0, (

Since g = (1,(0,0)), we have h}*h52h3*h}* = g if and only if
XM (1= XP?) =1, ny+n3 =0, ny+ng =0.

We now show that the solution set (n1,n2,n3,n4) € 74 is 2-automatic. Since ns = —nq and
ng = —ng, it suffices to show that the solution set (ni,n2) € Z? of X" (1 — X3?) = 1 is
2-automatic.

The equation X7 (1 — X5?) =1 can be rewritten as

X7™M X2 =1 (11)

Therefore, we have reduced the Knapsack equation (10) to the S-unit equation (11) over the
module Fo[XE, X5]/(X1 + X2 + 1). The 2-automaticity of its solution set can already be
deduced from Theorem 3.3 (see below). However, we now prove “by hand” that the solution
set of the S-unit Equation (11) is 2-automatic, in order to give an idea of how 2-automaticity
can arise from such equations.

Since we work in the module Fo[ X7, X5]/(X1 4+ X2+1), we have Xo = —(X;+1) = X, +1
(we are in characteristic 2). Therefore, Equation (11) is equivalent to (X; +1)"2 = X ™ 4+ 1.
We claim that its solution set is (n1,n2) € {(—2%,2%) | k € N}.

Indeed, since X;™ + 1 € Fy[X:], we must have ny > 0 so that (X; + 1) is also
in Fo[X]. Considering the degree of both sides we have n; = —ny. Now, in order for
(X1 4+ 1)" = X7 + 1 to hold, np must be a power of 2. Indeed, ny = 0 is not a solution, so
suppose ng > 1 and write ny = 2¥ 4+ a with 0 < a < 2. By “freshman’s dream”, we have

(X1 +1)™ = (X + D (X + 1) = (X2 + )X + 1) = X2 (X7 + 1) + (X1 + 1)

Every monomial appearing in X 12k (X1+41)% has degree larger than every monomial appearing
(X1 4+ 1) But (X7 +1)" = X7 + 1 has only two monomials. So both X2 (X, 4+ 1)% and
(X1 + 1)® must be monomials, meaning a = 0. Therefore ny = 2%, and n; = —ny = —2F.
In conclusion, the solution set of Equation (10) is (n1, ne, ng,ng) € {(—2F,2% 2k —2F) |
k € N}, which is 2-automatic. Note that this set is not semilinear, so the situation in semidirect
products is more complicated than in the wreath product of two abelian groups [18]. J

Example 4.8 shows that there will be two parts in the proof of Theorem 3.4: a (fairly
elementary) first part reducing Knapsack Equations to S-unit equations, then a (rather
non-trivial) second part showing that S-unit equations have p-automatic solution sets. The
second part is summarized as Theorem 3.3 below, which we will prove in Section 5. In the
rest of this section, we will focus on the first part of the proof, assuming Theorem 3.3 as a
blackbox.

» Theorem 3.3. Let p be a prime number, X = (X1,...,X,) be a tuple of variables, M be
a finitely presented Fp[)?i]—module, and let co,c1,...,¢m € M. Then, the set of solutions
(21,-.-,2m) € (Z™)™ for the equation

X ot A X e = o (1)

is an effectively p-automatic subset of (Z™)™ = 7™,
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Proof of Theorem 3.4 (assuming Theorem 3.3). Write h; = (f;,a;),% = 1,...,m, and
g=(/,b).

Case 1: none of the a; is 0 (in fact this case already suffices to solve the Equation (5)
arising from the previous step). We have

1 - X

- fis niai) .

Computing their product gives

m na;

R pn2 hivm — Xmoeit o tni-i1aion 1 — Xme f

1 ot hyt = ﬁ “nlal_’_..._’_nmam .
=1

Therefore, writing z; = nija; + -+ + nsa; for i = 1,...,m, and zy = 0, we have
hi*hy? - hl'm = g if and only if

mo_ 1— XZzi—Zi-1

E XFr. . fi=, 12

i=1 L= X =t ( )
and z, =b. (13)

Write ) = F,[X*]|?/N for some N C F,[X*]?. Considering fi,..., fm, f, as elements in
F,[X*]4, Equation (12) is equivalent to

m m m

Z(yzi,l —X'zi)H(l _X'aj) fi— H(l _X*ai) -fe H(l —7{%‘) - N.

i=1 Ji i=1 i=1

Letting co = —J]; (1 = X%) - fi + [[[2, (1 = X%) - f, i =T 0040) (1 = X¥) - figr —
[T - X%) . fi,i=1,...,m—1and ¢, = —ILjzm(1 - X%) - f, the equation above
is equivalent to the following equation in M = F,[X*]¢/ ", (1 — X%)N:

X* e+ +X*" ¢y = . (14)
Therefore, we have h'hg?---hl'm = g if and only if z; == njay +---+na;,i = 1,...,m
satisfy Equations (13) and (14). By Theorem 3.3, the set Z of (21,...,2,) € Z™" satisfying
(13) and (14) is p-automatic. Define the map ¢: Z™ — Z™" (nq1,...,ny) — (n1a1,n1a1 +
N2@z,...,N1a1 + -+ Nmamy). Then the solution set of AT hY? -+ hm = gis ¢~(Z). Since

Z is p-automatic and ¢ is linear, ¢ ~!(Z) is also p-automatic (see Lemma 2.3).

Case 2: some of the a;’s are 0. This case can easily be reduced to the previous case. The
full proof is given in the appendix of the full version of this paper. |

Combining the three steps in this section, we have proven Theorem 3.1:

Proof of Theorem 3.1. By Proposition 4.1, Proposition 4.4 and Theorem 3.4, Submonoid
Membership in Y x Z™ reduces to checking whether the solution set of the Knapsack
Equation (5) is empty. Since the solution set is effectively p-automatic, its emptiness is
decidable (Lemma 2.3). <
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5  S-unit equation over modules

The purpose of this section is to prove Theorem 3.3 on S-unit equations over modules.

» Theorem 3.3. Let p be a prime number, X = (X1,...,X,) be a tuple of variables, M be
a finitely presented Fp[)?i]—module, and let co,c1,...,¢m € M. Then, the set of solutions
(21,...,2m) € (Z™)™ for the equation

X oo A X e = o )

is an effectively p-automatic subset of (Z™)™ = 7™,
As a comparison, S-unit equations over fields are an intensively studied area in number
theory. In the positive characteristic case, Adamczewski and Bell gave the following result.

» Theorem 5.1 ([1, Theorem 3.1]). Let K be a field of characteristic p > 0, let ¢1,...,¢m €
K*, and let T = (x1,...,x,) € (K*)". Then the set of solutions (z1,...,zm) € (Z™)™ for
the equation

T + -+ T, =1
is an effectively p-automatic subset of (Z™)™ = 7™,

Our objective is to generalize Theorem 5.1 from fields to modules. Notably, we need to
replace the field K by the polynomial ring F,[X*], and replace the elements c1,. .., ¢y, in
K* by elements in the finitely presented F,[X*]-module M. To give a general idea of our
approach, consider the following example.

» Example 5.2. For simplicity, we present this example using regular polynomial rings
instead of Laurent polynomial rings. Consider the equation

X 4yb=1 (15)

in the Fo[X, Y]-module F5[ X, Y]/Y?(X +Y +1). Here, the variables are a,b € N. (Technically,
in order to match the form of the equation in Theorem 3.3, one needs to consider the equation
XY 4 X9y? = 1 instead of (15). However, to keep this example simple, we only consider
the solutions with ¢ =d = 0.)

Equation (15) in Fo[X,Y]/Y23(X +Y +1) is equivalent to Y2(X +Y +1) | X¢+Yb +1
in Fo[X, Y], which in turn is equivalent to “Y?2 | X¢ +Y? +land X +Y +1| X4+ Y? + 17
In other words, Equation (15) holds in Fo[X,Y]/Y?(X + Y + 1) if and only if it holds in
both Fo[X, Y]/Y? and in Fo[ X, Y]/(X +Y + 1).

The Fo[X, Y]-module Fo[X, Y]/Y? can be considered as a finitely generated Fo[X]-module
Fo[X,Y]/Y? = Fo[X] + Y - Fo[X] = Fy[X]? by 1 — (1,0), Y +— (0,1). Considered as an
equation in Fy[X]2, the equation X + Y? = 1 becomes

(X*,0)=(1,0) if b>2, (X%1)=(1,0) if b=1, (X®+1,0)=(1,0) if b=0.

So the solution set of X +Y? =1in Fo[X,Y]/Y? is Z; = {(a,b) | a =0, b > 2}.

The F3[X, Y]-module F2[X,Y]/(X +Y +1) can be considered as the Fy[X]-module Fa[X]
through the variable substitution Y = X + 1. Under this variable substitution, the equation
X% +Y? =1 becomes X*+ (X + 1)® = 1, so its solution set is Z = {(a,b) | a = b € 2}.
This can be shown similar to Example 4.8, or by directly applying Theorem 5.1 on the
quotient field K = Fo(X).

Thus, the solution set of Equation (15) in Fo[X,Y]/Y?(X +Y +1)is Z21NZy=0. .
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Example 5.2 illustrates the idea that, to solve an equation in a module M, we first
“decompose” it into several equations in coprimary modules My, ..., M; (such as Fo[X,Y]/Y?
and Fo[X,Y]/(X +Y + 1)). This will be formalized in Lemma 5.6. Then, for the equation
in each coprimary module, we “eliminate” variables to simplify the quotients (for example

Fo[X,Y]/Y? 2 Fy[X]? and Fo[X,Y]/(X +Y + 1) & F[X] both eliminate the variable Y).

In general, variable elimination might not be directly possible, and we need to perform a
“change of variables” using Noether Normalization. This will be formalized in Lemma 5.7 and
Lemma 5.8. Finally, we show that each such equation “without quotient” (more precisely, in
torsion-free modules) has a p-automatic solution set, by reducing to the case of fields (for
example, considering equations over Fo[X] as equations over the quotient field Fo(X)). This
will be formalized in Lemma 5.9. Thus, the solution set of the original equation over M is

an intersection of effectively p-automatic sets, and is therefore also effectively p-automatic.

This approach is inspired by Derkson’s proof of the Skolem-Mahler-Lech theorem in modules
over positive characteristic [13, Chapter 9].

The starting point of our proof is the following deep theorem by Adamczewski and Bell,
generalizing Theorem 5.1.

» Theorem 5.3 ([1, Theorem 4.1]). Let K be a field of characteristic p > 0 and let D
be a positive integer. Let V' be a Zariski closed subset of GLp(K) and let Ay, ..., An be
commuting matrices in GLp(K). Then the set {(z1,...,2n) € ZN | AT AP --- AZN € V) is
effectively p-automatic.

For effectiveness reasons, we need to suppose K to be an effectively computable field (field
where all arithmetic operations are effective): this will be the case in all our applications.
We will not give the formal definition of a Zariski closed subset because in our application of
Theorem 5.3, the set V' will be of the form

V ={A€GLp(K)| BAv =0} (16)
for some d € N, B € K9P v € KP*1. This is a linear subset of GLp(K) and hence Zariski
closed. For a tuple of commutative matrices A = (Ay,..., 4,) € (GL4(K))" and a vector
z=1(2z1,...,2n) € Z", denote

= . z z
A" = AT AZ . AP

similar to our notation for monomials. In the case where V' has the form (16), Theorem 5.3
gives the following corollary, which can be considered as a version of Theorem 3.3 where the
module M is replaced by a vector space over a field K.

» Corollary 5.4. Let K be a field of characteristic p > 0 and let A = (Ay,...,A,) €

(GL4(K))™ be a tuple of commuting matrices. Let co,c1,...,cn be elements in the d-
dimensional vector space K. Then, the set of solutions (z1,...,zm) € (Z™)™ for the
equation

A e+ A e = o (17)

is an effectively p-automatic subset of (Z™)™ = 7™,

Proof. For any By, ...,B;41 € GLy(K), we denote by diag(Bi, ..., By+1) the block diag-
onal matrix in GL(,,,4+1yq(K) whose block diagonal entries are By, ..., Bpy1. Let I denote the
identity matrix of dimension d and denote D = (m + 1)d. Consider the following elements in
GLD<K) FOI‘j = 1, oy, let Alj = diag(Aj,I, ‘e 7]),A2j = diag(I,Aj, N .,I), ‘e ,Amj =
diag(I,...,A;,I).
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Furthermore, let v == (¢] ,¢q,...,¢),ca)" € KP* and B = (I,1,...,I,—1) € K4P.
Then, Equation (17) is equivalent to

B ﬁ ﬁ A7 | v=0% (18)

i=1j=1
We then apply Theorem 5.3 to the set
V ={A€GLp(K) | BAv =0}

and the commuting matrices A;j,% = 1,...,m;5 = 1,...,n. This shows that the set of
solutions (2;)1<i<m,1<j<n for Equation (18) is an effectively p-automatic subset of Z"™. <«

To pass from vector spaces to modules, we now introduce the primary decomposition of a
module. First, we recall some standard definitions and tools from commutative algebra [17].

» Definition 5.5. Let R be a commutative Noetherian ring (for example, R = K[X*] for

some field K).

(1) An ideal of R is an R-submodule of R. An ideal I C R is called prime if I # R, and for
every a,b € R, ab € I implies a € I or b € I. Prime ideals are usually denoted by the
Gothic letter p.

(2) Let M be a finitely generated R-module. The annihilator of an element m € M, denoted
by Anng(m), is the set {r € R |r-m =0}.

(3) An R-module M is called torsion-free if for every r € R,m € M, r-m = 0 implies 7 = 0
or m = 0. That is, M is torsion-free if and only if Anng(m) = {0} for all m € M \ {0}.

(4) A prime ideal p C R is called associated to M if there exists a non-zero m € M such
that p = Anng(m).

(5) Let N be a finitely generated R-module. A submodule N’ of N is called primary if N/N’
has only one associated prime ideal. If we denote this prime ideal by p, then N’ C N is
called p-primary.

(6) Let N’ be a submodule of a finitely generated R-module N. The primary decomposition
of N’ is the writing of N’ as a finite intersection ﬂé:l N;, where N; is a p;-primary
submodule of N for some prime ideal p; C R. A primary decomposition always exists [17,
Theorem 3.10]. If R = F,[X*] and N, N’ are finitely generated submodules of R¢ for
some d € N, then a primary decomposition of N’ C N can be effectively computed [36].

(7) A finitely generated R-module M is called coprimary if the submodule {0} is primary,
that is, if M has only one associated prime ideal. If we denote this prime ideal by p,
then M is called p-coprimary. If M is p-coprimary, and m is a non-zero element in M,
then Anng(m) C p.

Let M =F,[X*]?/N, N C F,[X*]? be the finite presentation of M in Theorem 3.3. Let
N = ﬂizl N; be the primary decomposition of N as a submodule of F,[X*]¢, where N; is p;-
primary for a prime ideal p; C F,[X*], i =1,...,l. Then M; := F,[X*]?/N; is p;-coprimary.
The finite presentation of N;, and hence M;, can be effectively computed (Definition 5.5(6)).
Since N C Nj, there is a canonical map p;: M = F,[X*]?/N — M; = F,[X*]?/N;. Since
N = nli:1 N;, the intersection of kernels ﬂé:l ker(p;) is {0}.

» Lemma 5.6. Fori=1,...,l, let Z; denote the set of solutions (z1,...,zm) € (Z™)" of
the following equation in M;:

X pifen) + o+ X0 pilen) = pileo). (19)

Then the solution set of Equation (4) is exactly the intersection ﬂi:l Z;.
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Proof. Since ﬂizl ker(p;) = {0}, an element y € M is zero if and only if p;(y) = 0 for all
i=1,...,1. Equation (4) is equivalent to X# .¢; 4+ X?*m ¢, —co = 0. This holds if and
only if p; (le e+ XEm ey, — co) =0 for alli =1,...,l. Therefore, Equation (4)
holds if and only if Equation (19) holds for all . Hence, the solution set of Equation (4) is
exactly ﬂézl Z;. <

» Example 5.2 (continued). In Example 5.2, we took R to be the ring Fo[X, Y], and M
to be the finitely presented R-module F3[X,Y]/Y?(X + Y + 1). In this case, we have
M = Fo[X,Y]/N with N = Fo[X,Y]-Y?(X + Y + 1), whose primary decomposition is
N = Ny NNy, Ny =F[X,Y] Y2 Ny = Fo[X,Y]- (X +Y +1). The modules M; =
Fo[X,Y]/Ny = F3[X,Y]/Y? and My = Fo[X,Y]/Ny = Fo[X,Y]/(X +Y +1) are respectively
p1 and po-coprimary, where p; is the ideal of R generated by Y, and ps is the ideal of R
generated by X +Y +1. The sets Z;, Z, are respectively solutions of the equation X*+Y? =1
in My and Ms. J

Our next step is to show that each Z; is effectively p-automatic. If so, then their
intersection 02:1 Z,; will also be p-automatic (see Lemma 2.3). Fix i € {1,...,l}. Note
that Equation (19) is now an equation over the p;-coprimary F [7( *]-module M;. This
motivates us to consider the quotient ring F [ *]/p;. We start with the following staple
result in commutative algebra, which can be intuitively understood as performing a “change
of variable” to simplify F,[X*]/p;.

» Lemma 5.7 (Noether Normalization Lemma [32, p.2]). Let K be an infinite field and
A be a ﬁmtely generated K-algebra. Then there exist algebrgz'cally independent elements
Xl, . s € A such that A is a finitely generated K[Xl, ooy Xs]-module.

Ideally we would want to apply the Noether Normalization Lemma to A = F,[X*]/p;.
Even though F, is not an infinite field, we can without loss of generality replace it with
its algebraic closure K (which is infinite). Formally, we replace p; with p; ®r, K and M;
with M; ®p, K. Now p; and M; are respectively an ideal and a module over the ring
K[X*] = F,[X*] @, K. Note that this does not change the solution set Z;.

The classical proof of Noether Normalization Lemma is constructive [32, p.2]. In our
context, this means that given A = K[X®*]/p;, the lemma explicitly gives the expressions for
X1,..., X, € A as elements in K[X*]/p;.

Choose Yi,...,Y, € K[X™*] such that Y; +p; = )A(: for all . Since )?17...,)?5 are
algebraically independent in A = K[X*]/p;, we have p; N K[Y7,...,Y;] = {0}. Any finitely
generated K[X*]-module M is also a K[Y1,...,Y;]-module. However, M might not be
finitely generated as a K[Y7,...,Y;]-module. However, in case M is also finitely generated
as a K[Y1,...,Y;]-module, then a finite presentation can be effectively computed. This is
summarized in the following rather standard result in effective commutative algebra.

» Lemma 5.8 ([5, Section 2]). Let Yi,...,Y, € K[X*]. Suppose we are given the finite
presentation of an K[XT]-module M, as well as a finite number of generators mq, ..., m; of
M as a K[Y1,...,Ys]-module. Then one can effectively compute the finite presentation of M
as a K[Y7,...,Ys]-module.

» Lemma 5.9. The set Z; is effectively p-automatic.

Proof. The main line of our proof follows [13, Lemma 9.7-9.8], with additional remarks given
on effectiveness. As above, we can replace the base field F,, by its algebraic closure K.
Since M; is p;-coprimary, we can compute ¢ € N such that piM; = 0 (such ¢ exists by the
ascending chain condition [17, Chapter 1.4]). We have M; D p;M; D p?M; D --- D ptM; =
0. Because p; - (p)M;/p)T"M;) = 0, each quotient p M;/p/ ' M; is a finitely generated
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K[X*]/p;-module with effectively computable generators, and therefore a finitely generated
K[Y7,...,Y,]-module with effectively computable generators. It follows that the K[X*]-
module M; is also finitely generated as a K[Y7, ..., Y;]-module, with effectively computable
generators. Since the finite presentation of M; as a K[X*]-module is given, we can compute
the finite presentation of M; as a K[Y7, ..., Y;]-module by Lemma 5.8.

Since M; is p;-coprimary, the annihilator of any non-zero element in M; as a K[Y1, ..., Y]-
module is contained in p; NK[Y7,...,Y;] = {0} (see Definition 5.5(7)). Therefore, M; is a
finitely generated torsion-free K[Y7,...,Y;s]-module (see Definition 5.5(3)).

Consider the quotient field K = K(Y7,...,Ys) of K[Y7,...,Ys]. The localization M; =
M; @[y, ,...,y,) K is a finite dimensional K-linear space, so ]\Z = K% for some integer d.
Because M; is torsion-free, the canonical map ¢: M; — M; ®kJy,,...,y,] K is injective. The
linear transformations A;: J\AIJZ — ]\Z,y — X; -y, commute for j = 1,...,n, and they are
respectively inverses of the transformations Aj_lz ]\Z — J\Afi, Y Xj_1 -y. Hence, A; is in
GLy4(K) for j =1,...,n, for a fixed basis of ]\Z =~ K% and these matrices commute.

Since ¢ is injective, Equation (19) holds if and only if

A7 (i) 4+ AT ppilem)) = @lpilco)), (20)
where A = (Ay,...,A,). So Z; is the solution set for Equation (20). Note that K =
K(Y7,...,Ys) is an effective field. We now apply Corollary 5.4, and conclude that the

solution set for Equation (20) is an effectively p-automatic subset of (Z")" = Z"™. <

» Example 5.2 (continued). As above, the K[X,Y]-module M; = K[X,Y]/Y? is isomorphic
to the K[X]-module K[X]? by K[X,Y]/Y? = K[X]?, fo+ Yfi+Y2%fo+ - = (fo, f1), for
fo, f1, fa,... € K[X]

We would like to solve the equation X® +Y? =1 in M;. Let K(X) denote the quotient
field of K[X]: this is the set of univariate rational functions over the field K. Note that
¢ My =2 K[X])? — K(X)? is injective. Consider K(X)? as a 2-dimensional vector space
over K(X), then the map ¢(m) — ¢(X - m),m € M, extends to a linear transformation
X 0

iated to th trix Ax =
associated to the matrix Ay (0 ¥

), and the map p(m) — (Y -m), m € M; extends to
0 1

0 0)° (
because the variable Y is not invertible in K[X,Y]. However in the proof of Lemma 5.9, we

a linear transformation associated to the matrix Ay = ( Here, Ay is not invertible

are considering Laurent polynomial rings, so all the associated matrices would be invertible.)

As a result, the equation X® 4+ Y?® =1 in M, is equivalent to the equation A% - (1, 0)—r +
A%(1,0)T =(1,0)7 in the 2-dimensional vector space K(X)2. Subject to the invertibility
of Ay, we can then use Corollary 5.4 to conclude that the equation admits an effectively
2-automatic solution set. N

Combining Lemma 5.6 and Lemma 5.9, we obtain a proof of Theorem 3.3:

Proof of Theorem 3.3. By Lemma 5.6, the solution set of Equation (4) is the intersection
ﬂﬁzl Z;. Lemma 5.9 shows that each Z; is effectively p-automatic, so their intersection is
also effectively p-automatic (Lemma 2.3). <
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