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—— Abstract

The membership problem for an algebraic structure asks whether a given element is contained in some
substructure, which is usually given by generators. In this work we study the membership problem,
as well as the conjugacy problem, for finite inverse semigroups. The closely related membership
problem for finite semigroups has been shown to be PSPACE-complete in the transformation model
by Kozen (1977) and NL-complete in the Cayley table model by Jones, Lien, and Laaser (1976).
More recently, both the membership and the conjugacy problem for finite inverse semigroups were
shown to be PSPACE-complete in the partial bijection model by Jack (2023).

Here we present a more detailed analysis of the complexity of the membership and conjugacy
problems parametrized by varieties of finite inverse semigroups. We establish dichotomy theorems
for the partial bijection model and for the Cayley table model. In the partial bijection model these
problems are in NC (resp. NP for conjugacy) for strict inverse semigroups and PSPACE-complete
otherwise. In the Cayley table model we obtain general L-algorithms as well as NPOLYLOGTIME
upper bounds for Clifford semigroups and L-completeness otherwise.

Furthermore, by applying our findings, we show the following: the intersection non-emptiness
problem for inverse automata is PSPACE-complete even for automata with only two states; the
subpower membership problem is in NC for every strict inverse semigroup and PSPACE-complete
otherwise; the minimum generating set and the equation satisfiability problems are in NP for varieties
of finite strict inverse semigroups and PSPACE-complete otherwise.
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1 Introduction

In this work, we study the membership problem for inverse semigroups and some related
problems such as the conjugacy problem. The membership problem for semigroups in the
transformation model has first been studied by Kozen [40] in 1977. It receives as input a list
(u1,...,ux) of functions u;: Q — Q for some finite set 2 and a target function ¢: Q — Q; the
question is whether ¢ can be written as composition of the u; or, with other words, whether
t is contained in the subsemigroup generated by {ui,...,uxr}. It is closely related to the
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DFA intersection non-emptiness problem, which receives as input a list of deterministic finite
automata (DFAs) and asks whether there is a word accepted by all of the automata. Indeed,
Kozen [40] showed that both problems are PSPACE-complete.

Inverse semigroups have first been studied by Wagner [64] and Preston [54] to describe
partial symmetries. They constitute the arguably most natural class of algebraic structures
containing groups and being contained in the semigroups. An inverse semigroup is a
semigroup equipped with an additional unary operation x — T such that xZTx = x and
ZxZ = 7 for all x and T is unique with that property. This clearly generalizes the inverse
operation in groups. Similar to groups being an algebraic abstraction of symmetries and
semigroups being an algebraic abstraction of computation, inverse semigroups abstract
symmetric computation. This notion of computation, where every computational step is
invertible, was introduced by Lewis and Papadimitriou [43] in order to better describe the
complexity of the accessibility problem in undirected graphs UGAP, which only much later
was shown to be in L (deterministic logspace) by Reingold [55].

In the setting of inverse semigroups, it is natural to consider the partial bijection model
for the membership problem, where the u; and t are partial functions which are injective
on their domain. The membership problem for inverse semigroups in the partial bijection
model is also PSPACE-complete — and, thus, as difficult as for arbitrary semigroups — as
Jack [33] recently observed. This observation is based on a result by Birget, Margolis, Meakin,
and Weil [11] showing that the intersection non-emptiness problem for inverse automata
is PSPACE-complete. Roughly speaking, an inverse automaton is a DFA with a partially
defined transition function where every letter induces a partial bijection on the set of states
and the action of each letter can be “inverted” by a sequence of letters. Thus, inverse
automata can be seen as a generalization of permutation automata, for which the intersection
non-emptiness problem is NP-complete [12]. Interestingly, the corresponding membership
problem for permutation groups is even in NC as shown by Babai, Luks, and Seress [5] after
a series of partial results [4,25,45,47,49,59].

A different variant of the membership problem has been introduced by Jones, Lien, and
Laaser [34] in 1976: for the membership problem in the Cayley table model the ambient
semigroup is given as its full multiplication table (a.k.a. Cayley table), i.e., instead of the
finite set €2 as above, the input includes a multiplication table of a semigroup and the elements
are given as indices to rows/columns of that multiplication table. Clearly, this is a much less
compressed form than the membership problem in the transformation or partial bijection
model and, indeed, the membership problem in the Cayley table model is NL-complete [34].

Like in the transformation model, the case of groups appears to be easier than the general
case. Indeed, for certain groups the problem can be solved in FOLL as shown by Barrington,
Kadau, and Lange [9] and extended to further groups by Collins, Grochow, Levet, and the last
author [17]. Moreover, in 1991, Barrington and McKenzie [7] observed that the membership
problem for groups in the Cayley table model (which they denote by “GEN(groups)” and
we by MEMBcT(G)) can be solved in L with an oracle for UGAP and speculated about it
potentially being LV¢*P-complete. They posed the following question.

Does GEN(groups) belong to L? We doubt that this is the case: we believe rather that
GEN(groups) is complete for the NC!-closure of UGAP, though we do not yet see how
to apply the techniques in Cook and McKenzie (1987) to prove that GEN(groups) is
even L-hard.
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This conjecture has been refuted by the first author of the present article [22,23] by
showing that MEMBaT (G) can be solved in NPOLYLOGTIME (at least if we read completeness
with respect to AC’-reductions; when using NC'-reductions, the results in [22,23] give only a
strong indication that the conjecture does not hold). Yet, in this work, we establish that the
conjecture actually holds if we replace groups with inverse semigroups.

To find out in which cases the membership and conjugacy problem are easy and in
which cases they are difficult, we study these problems restricted to certain varieties of
finite inverse semigroups. A wariety of finite (inverse) semigroups, frequently called a
pseudovariety, is a class of (inverse) semigroups that is closed under finite direct products,
(inverse) subsemigroups, and quotients. Important varieties of finite (inverse) semigroups
are groups, semilattices, or aperiodic (inverse) semigroups. Varieties of finite semigroups
are closely linked to varieties of formal languages (i.e., classes of languages enjoying natural
closure properties) by Eilenberg’s Correspondence Theorem [21].

Beaudry, McKenzie, and Thérien [10] classified the varieties of finite aperiodic monoids
in terms of the complexity of their membership problem. They found the following five
classes: AC®, P-complete, NP-complete, NP-hard, and PSPACE-complete. Note that it might
seem like a negligible difference whether semigroups or monoids are considered; however, the
landscape of varieties of finite semigroup is much richer than the varieties of finite monoids.
The aim of this work is to provide a similar classification for inverse semigroups.

Our Contribution. We consider the membership and conjugacy problems for inverse semig-
roups parametrized by a variety V. For both problems we are given inverse semigroups
U < S where U is given by generators and U € V. Given an element ¢ € S, the membership
problem asks whether ¢ € U. Given elements s,t € S, the conjugacy problem asks whether
usu =t and s = utu for some u € U U {1}. Both problems are examined with respect to
two models of input — the Cayley table model and the partial bijection model. We write
MEMBcT(V), cONJeT(V), MEMBpg(V), and cONJpg(V), accordingly. Regarding further
details on the definition we refer to Section 2.4.

Our main result regarding the Cayley table model is the following dichotomy. Herein Cl
denotes the variety of finite Clifford semigroups, which is the smallest variety containing all
finite groups and semilattices. The class NPOLYLOGTIME comprises all problems solvable
by non-deterministic random access Turing machines in time logo(l) n; see Section 2.5.

» Theorem A (Cayley Table Model). Let 'V be a variety of finite inverse semigroups.
If V C Cl, then MEMBcT(V) and coNJeT (V) are in NPOLYLOGTIME and in L.
If V £ Cl, then MEMBcT (V) and coNicT(V) are L-complete.

In particular, both problems are in NPOLYLOGTIME C gAC® if and only if V C CI
as the class NPOLYLOGTIME contains no problem that is hard for L (with respect to AC?
reductions). Furthermore, Theorem A establishes Barrington and McKenzie’s conjecture [7]
on LYS*"_completeness’ of the membership problem — however, for the larger class of inverse
semigroups or, more specifically, any variety of finite inverse semigroups not contained in CI.

The condition in Theorem A can be equivalently formulated using the following fact. A
variety of finite inverse semigroups is contained in Cl if and only if it does not contain the
combinatorial Brandt semigroup Bs. The latter consists of elements {s, 3, s3, 3s,0} where
52 =32 = 0 and all of the other products are as one would expect. Hence, by Theorem A,

the problems MEMBcr(V) and CONJor (V) are L-complete if and only if By € V.

! Recall that L"*” = L by Reingold’s seminal result [55].
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We now turn to the partial bijection model. This input model is similar to the trans-
formation model for semigroups considered above — however, the generators and the target
elements are partial maps that need to be injective on their domain. Our main result for the
partial bijection model is the following dichotomy.

» Theorem B (Partial Bijection Model). Let V be a variety of finite inverse semigroups.
If V C SIS, then MEMBpg(V) is in NC and coNIpg (V) is in NP.
If V ¢ SIS, then MEMBpg(V) and cONJpg(V) are PSPACE-complete.

Herein SIS denotes the variety of strict inverse semigroups, which is the smallest variety
containing all groups and the combinatorial Brandt semigroup Bs; it contains Cl, in particular,
all semilattices (denoted as Sl), and the variety generated by By (denoted as BS). As such,
Bs no longer serves as a key obstruction to an easy membership problem (as was the case in
the Cayley table model). This rdle is now played by the combinatorial Brandt monoid Ba.
Indeed, a variety of finite inverse semigroups V is contained in SIS if and only if B3 ¢ V.

The case V C SIS in Theorem B can be further refined as follows using [10] and our
further results (Theorem A, Lemma 6, Proposition 11 or [4], and Corollary 22).

If V C Sl, then MEMBpg (V) and coNJpg(V) are in AC? by [10].

If V = BS, then MEMBpg (V) and coNJpg (V) are L-complete.

If V ¢ BS, then MEMBpg (V) is in NC and coNJpg (V) is in NP; both are hard for L.

Note that here AC® and NC refer to uniform circuit classes and, as such, the three levels
of complexity AC® € NC C PSPACE are separated unconditionally [26,58]. Therefore, in
particular, each of the problems MEMBpg (V) and cONJpg(V) is in ACY if and only if V. C SI,
and the problem MEMBpg (V) is in NC if and only if V C SIS.

For V C SIS we reduce the problems MEMBpg (V) and cONJpg(V) to the corresponding
problems for the variety of finite groups, matching their complexity. We build on the
celebrated result of Babai, Luks, and Seress [5] which states that the membership problem
for permutation groups is in NC, as well as the observation that, due to groups admitting
polylogarithmic SLPs, the corresponding conjugacy problem is in NP.

As outlined above, membership problems are deeply intertwined with intersection non-
emptiness problems for the corresponding classes of automata. In 2016, Bulatov, Kozik,
Mayr, and Steindl [13] proved that the intersection non-emptiness problem for DFAs remains
PSPACE-complete even if the input automata are restricted to at most three states exactly
one of which is accepting. This corresponds to semigroups in the transformation model. Here
we obtain a similar result for inverse automata, which corresponds to inverse semigroups in
the partial bijection model, using the same reduction as for the hardness part of Theorem B.

» Corollary C. The intersection non-emptiness problem for inverse automata is PSPACE-
complete. This holds even if the automata have only two states, one of which is accepting.

The reason that two states suffice to show PSPACE-hardness is grounded in the fact that
inverse automata have partially defined transition functions, whereas the above-mentioned
result concerns automata with total transition functions.

In the same work [13] Bulatov, Kozik, Mayr, and Steindl also considered the subpower
membership problem and showed that it is PSPACE-complete for arbitrary semigroups. This
problem is natural in the context of universal algebra [14,39,41,48] and has been studied for
semigroups also in [61,62]. As a consequence of Theorem B and Corollary C, we obtain the
following dichotomy for the subpower membership problem for inverse semigroups.
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» Corollary D. The subpower membership problem for an inverse semigroup S is in NC if
and only if S € SIS. Otherwise, it is PSPACE-complete.

Finally, we apply our results to the problems of determining the minimal size of a
generating set (MGS) and deciding satisfiability of an equation (EQN) and obtain a similar
dichotomy as above. The minimum generating set problem receives as input an inverse
semigroup S and an integer k and asks whether S can be generated by at most k elements.
For EQN the input is an inverse semigroup S and a single equation, and the question is
whether there is a satisfying assignment of the variables to elements of S.

» Corollary E. Let V be a variety of finite inverse semigroups.
If V C SIS, then MGSpg (V) and EQNpg (V) are in NP.
If V ¢ SIS, then MGspg (V) and EQNpg(V) are PSPACE-complete.

Due to space constraints most proofs are omitted from this extended abstract. They can
be found in the full version of this paper [24] including extended preliminaries and related
work. For important results, we provide short proof sketches.

2 Preliminaries and Notation

2.1 Inverse Semigroups

An inverse semigroup is a semigroup S where every x € S possesses a unique inverse T € S,
i.e., xTx = x and ZxT = T hold and T is the unique element with this property. In an
inverse semigroup S all idempotents commute; in particular, its set of idempotents E(S)
is a subsemigroup and a semilattice. We denote the natural order on the elements of an
inverse semigroup by <, i.e., z < y if and only if x = xZy or, equivalently, x = yZTx. For an
inverse semigroup S and X C S, we denote by (X) the inverse subsemigroup of S generated
by 3, i.e., the smallest inverse subsemigroup of S containing 3. The elements of ¥ are called
generators for (X). As all elements of (¥) can be written as words over XU, we assume from
now on that generating sets are closed under formation of inverses, i.e., ¥ = . Be aware that,
unlike in finite groups, arbitrary subsemigroups of an inverse semigroup need not be inverse
semigroups again. For further background on (inverse) semigroups see [1,16,42,53,57].

Symmetric Inverse Semigroups. The symmetric inverse semigroup Z(§2) is the inverse
semigroup of all partial bijections on a set €2, i.e., partial maps s: 2 — Q that induce a
bijection from their domain dom(s) to their range ran(s). We write Z,, = Z({1,...,n}).

For s € Z(2) and x € Q, we write ® for the image of x under s, where 2® = L means
that z° is undefined. We extend this notation to sets A C Q, i.e., A* = {z° |z € A}.

The inverse subsemigroups of Z(2) are sometimes called partial bijection semigroups. An
important result by Preston [54] and Wagner [64] states that every inverse semigroup S can
be embedded into the symmetric inverse semigroup Z(S) in a natural way.

The Brandt Semigroup. The (combinatorial) Brandt semigroup B()) on some set ) is
the inverse subsemigroup {s € Z(Q2) | [dom(s)| < 1} of Z(2). The (combinatorial) Brandt
monoid on Q is the inverse submonoid B(Q) = B(2) U {1} of Z(Q). We write B,, and B} in
case = {1,...,n}. The Brandt semigroup (or monoid) can be thought of as the complete
directed graph on vertices Q together with an additional zero element (and an identity)
where the multiplication of edges (u,v) and (w, 2) is (u, z) if v = w and 0 otherwise.

156:5
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2.2 Green’s Relations and Conjugacy

The following relative variants of Green’s relations will be very useful. As usual, given an
inverse semigroup S, we denote by S! the smallest inverse monoid containing S. However,
in a relative context, i.e., for an inverse subsemigroup U < S, we denote by U! the inverse
submonoid U U {1} < S!. This abuse of notation is employed in the following definition.

» Definition 1. Let U < S. Given elements s,t € S, we write s <g, t < Uls CU't,
§<ry t = sUY CtU', and s gy t = UlsU' CUYtUr. Furthermore, we write
s Ly t provided that s <z, t and s >, t; the Green’s relations Ry and Jy are defined
similarly. Finally, we let Hy = Ly N Ry and Dy = Ly V Ry.

We recover the usual definition of Green’s relations [28] as <x = <y, and X = Xg, where
Xe{L,R,J}or Xe{H,L,R,D,TJ}, respectively. Similarly, we will use a relative variant
of conjugacy in inverse semigroups defined as follows. Beware that there are other notions of
conjugacy frequently considered in the context of semigroup theory; see also [2,33].

» Definition 2. Let U < S be inverse semigroups. We call s,t € S conjugate relative to U,
written s ~y t, if there exists some u € U such that usu =t and s = utu.

Conjugacy and J-equivalence are closely related for idempotents of inverse semigroups.

» Lemma 3. Let U < S be inverse semigroups, and let e,e’ € E(S). Then e >, € holds if
and only if € = ueu for some u € UL. If S is finite, then e Jy € if and only if e ~y €.

2.3 (Pseudo-)Varieties

A class C of finite inverse semigroups is called a variety of finite inverse semigroups (a.k.a.
pseudovariety) if it is closed under formation of finite direct products and of divisors (quotients
of inverse subsemigroups). By Reiterman’s theorem [56], a variety consists of all finite inverse
semigroups that satisfy some set of (pseudo-)identities. Moreover, these classes are closely
related to certain classes of formal languages via Eilenberg’s Correspondence Theorem [21].

We will use boldface roman letters to denote varieties of finite inverse semigroups and
sometimes also give a set of defining inverse semigroup identities for them. An overview of
the varieties of finite inverse semigroups most relevant to our work is given in Figure 1.

IS Variety Identities Description
// \\\ T =1y trivial
/// A IS inverse semigroups
SIS/ /,’/ G T = Yy groups
SN BM Cl TT = Tx Clifford semigroups
Cl1 N/ SIS YTy yry = YITY yry strict inverse semigroups
RN BS 5 .
G \\ / S1 ¢ =z semilattices
" Sl BS (Jzy)? = gy generated by Bo
N S BM  not finitely based [37]  generated by B3
T A gt =g aperiodic

Figure 1 Varieties of finite inverse semigroups, their relationships, and defining identities.

The chain T C S1 C BS € BM forms the bottom of the lattice of the varieties of finite
combinatorial (i.e., aperiodic) inverse semigroups. Herein, BS = [(yzy)? = yzy] and BM
denote the varieties of finite inverse semigroups generated by the (combinatorial) Brandt
semigroup By and monoid B3, respectively.
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» Lemma 4 (Kleiman [36, Lemma 4]). For every finite set Q, B(Q)) € BS and B*(Q) € BM.
The bottom of the lattice of varieties of finite inverse semigroups is structured as follows.

» Proposition 5 (Djadchenko [20], Kleiman [35,36]; see also [29]). Let V be a variety of finite
inverse semigroups. Then V is subject to each of the following alternatives.

1. Fither SICV or VCG=GVT.

2. Either BSCV or VCCl=GVSIL

3. Either BM CV or V C SIS =GV BS.

Moreover, the intervals [S1, Cl] (or [BS, SIS]) and [T, G] in the lattice of all varieties of
finite inverse semigroups are isomorphic via V.— VNG and H— HVSI (or H— HVBS).

2.4 Algorithmic Problems

The main focus of this work lies on analyzing the algorithmic complexity of two important
decision problems for inverse semigroups, and several variants thereof. The first of these
problems is the membership problem (MEMB); it is defined as follows.

Input. An inverse semigroup S, a subset ¥ C S, and an element ¢ € S.
Question. Is t € U where U = (X)?

The second main decision problem is the conjugacy problem (CONJ).

Input. An inverse semigroup S, a subset ¥ C S, and elements s,t € S.
Question. Is s ~y t where U = (X)7

As with any decision problem, its algorithmic complexity depends substantially on how
its input is given. We consider two input models, the Cayley table model (CT) and the
partial bijection model (PB). In the former model, the surrounding inverse semigroup is
provided as a complete multiplication table, the so-called Cayley table of S. In the partial
bijection model, the surrounding inverse semigroup is the symmetric inverse semigroup Z,
with n provided as part of the input; the elements are given as partial bijections. We denote
by MEMBcT and MEMBpg, and by CONJcr and CONJpp the membership and conjugacy
problems in the respective input models. The Preston-Wagner representation [54,64] of an
inverse semigroup is efficiently computable, which leads to the following observation.

» Lemma 6. On input of an inverse semigroup S given as a Cayley table, one can compute an
. . 0 0
embedding S — Z(S) in AC’. Hence, MEMBor <A MEMBpp and CONJer <AC CONJpg.

=m

To obtain a detailed analysis of the algorithmic complexity, we impose certain restrictions
on the allowed inputs. On the one hand, we consider the idempotent membership and
idempotent conjugacy problems where we require that s,t € E(S). We denote these variants
by E-MEMBp\ and E-CONJpy where IM € {CT,PB}.

The other kind of restriction we impose is on the structure of the inverse subsemigroup
U = (X) under consideration. More specifically, we consider the above problems with U
confined to some fixed class V of finite inverse semigroups. We call these the (idempotent)
membership and conjugacy problem for V, and denote them by MEMBp\ (V) and coNipv (V)
where IM € {CT, PB}, respectively. Throughout, the class V will be some variety of finite
inverse semigroups such as, e.g., the variety G of finite groups. Be aware that only U is
restricted to the class V, while S and the elements s,t € S can be arbitrary!

156:7
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AC® — L=SL — NL — NC — P — NP — PSPACE

NPOLYLOGTIME ———— qAC°

Figure 2 Complexity classes used in this article. (All circuit classes are assumed to be uniform.)

We also consider a more restricted variant of the problems, which we denote with a f
superscript (e.g. MEMB%B and CONJ%B). For these we require in the Cayley table model
that S € V and in the partial bijection model that there is some S < Z(f2) with S € V such
that ¥ C S and t € S (resp. s,t € S). For the conjugacy problem we also require that s ~g t.

We use these restricted variants to show stronger statements for our hardness results.

2.5 Complexity

For standard complexity classes such as PSPACE or NP see any standard textbook [3,51].
If C and D are complexity classes, CP denotes the class of problems that can be solved
in C with oracles for a finite set of problems from D. The circuit class AC? consists of
the problems decidable by polynomial-size, constant-depth Boolean circuits (where gates
may have arbitrary fan-in). Likewise AC°-computable functions are defined. For a precise
definition, we refer to [63]. We write L to denote logarithmic space; for many-one reductions
computable in logarithmic space we write L-reductions. When talking about L-hard problems,
throughout we refer to AC® many-one reductions.

Let uGAP denote the undirected graph accessibility problem. Its input is an undirected
graph and two vertices s and t and the question is whether s and ¢ lie in the same connected
component. Note that UGAP is L-hard [19]. We crucially rely on the seminal result due to
Reingold [55] showing that UGAP € L and, hence, LV9*F = L.

The class NPOLYLOGTIME consists of the problems decidable by non-deterministic
random access Turing machines in time logo(l) n. A random access Turing machines has a
separate address tape and a query state; whenever the Turing machine goes into the query
state and on the address tape the number i is written in binary, the i-th symbol of the input
is read (the content of the address tape is not deleted after that). Apart from that, random
access Turing machines work like regular Turing machines.

For an overview over the complexity classes we use in this paper and their relationships, see
Figure 2. We note that, by [58] and the space hierarchy theorem [60], we have NC & PSPACE.
Moreover, by [17], NPOLYLOGTIME can be simulated by circuits of quasipolynomial size and
depth two, i.e., NPOLYLOGTIME C qAC’. By [26,30], gAC" does not contain any L-hard
problem as it cannot compute, for instance, PARITY.

2.6 Straight-Line Programs

Let S be an inverse semigroup and ¥ C S. A straight-line program (SLP) over X is a finite
sequence (s1,...,s;) € S* such that for all i either s; € 3, or s; = 58, for some j,¢ < i, or
s; = §; for some j < i. An SLP as above computes an element s € S if s € {s1,...,sx}.
We say that a class C of finite inverse semigroups admits polylogarithmic SLPs if there
exists a polynomial P such that, for all S € C and all generating sets ¥ C S, every element
s € S is computed by some SLP over ¥ of length at most P(log|S|). The analogous
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property for semigroups and monoids was studied by the first author [22,23] under the name
polylogarithmic circuits property. Using a straight-forward guess-and-check approach, we
obtain the following result — for a proof see [22, Corollary 5.2].

» Lemma 7 (Fleischer [22, Corollary 5.2]). Let C be a class of finite (inverse) semigroups
admitting polylogarithmic SLPs. Then the problem MEMBcT(C) is in NPOLYLOGTIME.

3 Membership and Conjugacy in Groups

Groups are a primary example for inverse semigroups. Therefore, let us start exploring some

known result and new observations about the membership and conjugacy problems in groups.

In the Cayley table model, deciding the membership and conjugacy problems for groups is
comparatively easy. The best currently known approach [18] is based on the non-deterministic
computation of a succinct representation of a target element as a product of generators. We
pursue a similar idea here and use SLPs for succinct representation. In the case of groups,
this approach is afforded by the following Reachability Lemma.

» Lemma 8 (Babai, Szemerédi [6, Theorem 3.1]). The variety G of finite groups admits
polylogarithmic SLPs. More precisely, for every group G and generating set % C G, every
element of G is computed by an SLP over ¥ of length O(log? |G]).

Guessing and then verifying a representation given by an SLP yields the following
complexity bounds. For the first part of the following result, see [22].

» Proposition 9. The problems MEMBcT(G) and CONJor(G) are in NPOLYLOGTIME.

In the partial bijection model, the groups under consideration are permutation groups
and it is in this latter setting that the membership and conjugacy problems have been widely
studied. However, the problems MEMBpg(G) and CONJpg(G) are also subtly different from
the corresponding problems for permutation groups simply because the former allow for more
possible inputs (partial bijections instead of bijections). In case of the membership problem
this distinction is mostly artificial (and can be resolved by appropriate AC? reductions).

» Proposition 10 (Babai, Luks, and Seress [5]). The problem MEMBpg(G) is in NC.
We complement the above with the following hardness result.

» Proposition 11. Let 'V be a variety of finite inverse semigroups containing a non-trivial
group. Then MEMBpg(V) as well as its restricted variant MEMB%B (V) are L-hard.

Note that an even stronger statement holds: solving systems of linear equations modulo a
prime p is hard for the logspace counting class Mod,L [15] and, in the setting of Proposition 11,
this implies hardness for Mod,L whenever p divides the order of some group in V. Moreover,
if V contains all abelian groups, then MEMB%B(V) is hard for the complexity class ModL [4].

The complexity of the conjugacy problem for groups is more intricate. On the one hand,
the problem is clearly in NP due to the existence of short SLPs (Lemma 8). This observation
holds for permutation groups as well as groups in the partial bijection model. On the other
hand, the conjugacy problem is Gl-hard for permutation groups, as was observed by Luks [46].
Luks also exhibited several other problems for permutation groups that are polynomial-time
equivalent to conjugacy, among which is the set transporter problem.

Input. A group G < Perm(QQ) given by generators, and sets Ag, Ay C Q.
Question. Does there exist an element g € G such that A = A7
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The conjugacy problem for permutation groups is clearly a special case of the conjugacy
problem for G in the partial bijection model, and so is the set transporter problem. In fact,
the latter is precisely the idempotent conjugacy problem for G (recall that the idempotents
of the symmetric inverse semigroup Z(£2) are in canonical bijection with the subsets of ).

The above discussion can be summarized as follows.

» Proposition 12. Both of the problems cONJpg(G) and E-CONJpg(G) are polynomial-time
equivalent to the conjugacy problem for permutation groups; hence, Gl-hard and in NP.

4 Membership and Conjugacy in Clifford Semigroups

We now turn to Clifford semigroups, which constitute the smallest variety of finite inverse
semigroups Cl to properly contain the variety of finite groups G. As is the case for groups,
every finite Clifford semigroup S admits SLPs of length O(log?|S|) [22, Lemma 4.10].

» Proposition 13. The problems MEMBcT(Cl) and cONJcr(Cl) are in NPOLYLOGTIME.

Even in the partial bijection model, the complexity of the membership and conjugacy
problems for Clifford semigroups is essentially equivalent to those for groups.

» Lemma 14. Let U € Cl be generated by X C Z(£2). On input e € E(Z(QQ)) and X, the
minimal idempotent & € E(U) U {1} such that & > e can be computed in AC°.

» Proposition 15. If H C G is a variety of finite groups, then the problems MEMBpg (H V S1)
and coNypg(H V S1) are AC”-reducible to MEMBpg(H) and coNipg (H), respectively.

Proof. Let U < Z(Q2) with U € H V Sl generated by ¥ C U. In the case of membership,
we are given an additional element ¢t € Z(2). Using Lemma 14, we compute the minimal
idempotent é € E(U) U {1} with é > tt and verify that é € E(U). Next, we compute the
generating set ¥z = {éu | u € X,é < uu} of the H-class Us = {u € U | uu = é} < U (which
is a group). Then ¢ € U if and only if t € U,.

The reduction for the conjugacy problem is similar. |

» Corollary 16. The problems MEMBpg(Cl) and coNJpg(Cl) are in NC and NP, respectively.

Choosing H as the trivial variety in Proposition 15 yields the result by Beaudry, McKenzie,
Thérien [10] that MEMBpg(S]) is in AC’. Furthermore, by Lemma 6, it follows that also
MEMBcr(S1) is in ACY. On the other hand, the following question remains open.

» Question 17. Are the problems MEMBcr(G) and MEMBcr(Cl) in AC??

5 Membership and Conjugacy in Strict Inverse Semigroups

In this section we show that, in the partial bijection model, the membership and conjugacy
problem for SIS are L-reducible to the corresponding problems for G. In the Cayley table
model these problems are L-complete for SIS as we will show in Section 6.

Our reduction is explicit and based on special properties of the representation theory of
the variety SIS. Suppose that U = () < Z(2) with U € SIS. We say that an element u € U
is A-large for some U-invariant subset A C Q if its domain dom(u) or, equivalently, its range
ran(u) intersects every U-orbit 2¥ C A. Consider the graph M(A; ) which, for each A-large
u € 3, possesses an edge labeled u from a vertex associated with the set A N dom(u) C 2
to a vertex associated with the set A Nran(u) C Q. This graph, which we call the Munn
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graph M(A; X)) at A and with respect to X, is the basis of our reduction. As it turns out,
every D-class of the strict inverse semigroup U is generated (as a groupoid) by a connected
component of the Munn graph M(A;¥) at some suitably chosen U-invariant set A C .

» Lemma 18. Let U < Z(Q) be as above and let A = (dom(e))V C Q for some e € E(U).
Then the set {f € E(U) | e ~u f} is the vertex set of a connected component of M(A;X).

To decide membership or conjugacy, we identify a suitable set A for the D-class of U
containing the potential member or conjugating element, respectively. (E.g., for deciding
t € U choose A = (dom(é))Y where é € E(U) U {1} is the smallest idempotent with é > tt.)

» Lemma 19. Given ¥ C Z(Q2) and e € E(Z(QY)) the minimal é € E(U) U {1} with e < é
can be computed in L and, as part of the computation, one can decide whether é € U = (X).

We then use the Munn graph M(A; ¥) to reduce the problem to a suitable H-class (i.e.,
a subgroup) of U (as in the case of Clifford semigroups) including the computation of a
generating set. All these computations can be performed in LY*? with those involving
U-orbits and the Munn graph crucially relying on the graph accessibility problem (UGAP).
Alluding to Reingold’s seminal result [55] whereby UGAP € L, we obtain the following.

» Theorem 20. Let H C G be a variety of finite groups. The problems MEMBpg (H V BS)
and coNJpg(H V BS) are L-reducible to MEMBpg(H) and coNJpg(H) for H, respectively.

Using the facts that MEMBpg(G) is in NC (by [5], see Proposition 10) and cONJpg(G)
is in NP (see Proposition 12), this implies the following upper bounds for SIS = G Vv BS.

» Corollary 21. The problem MEMBpg(SIS) is in NC and coONJpg(SIS) is in NP.

The other extreme, i.e., taking H to be the trivial variety T in Theorem 20, yields the
following upper bounds. These are interesting because E-MEMBcT (BS) and E-CONJoT(BS)
are already complete for L as we will later show; see Proposition 26.

» Corollary 22. The problems MEMBpg(BS) and coNJpg(BS) are in L.

6 Inverse Semigroups in the Cayley Table Model

In this section we complete the proof of Theorem A. Recall that the variety CI of finite
Clifford semigroups is the smallest variety containing all groups and semilattices. In Section 4
we have seen that MEMBcT(Cl) and cONJor(Cl) are in NPOLYLOGTIME. Completing the
proof of Theorem A consists of two steps. In Proposition 25 we establish L-algorithms for
these problems, and in Proposition 26 we show that the problems are hard for L given that
V & CI. Before we go into the details of our proof, let us explore an interesting consequence.

» Corollary 23. Let V be a variety of finite inverse semigroups. The following are equivalent.
The class V comprises only Clifford semigroups, i.e., V.C CL
The class V admits polylogarithmic SLPs.
The problem MEMBcT (V) is in NPOLYLOGTIME.
The problem MEMBcT(V) is in qACY.

Note that the equivalence of the first two points of Corollary 23 can also be proved directly.
Indeed, the first author determined in his dissertation [22] the maximal varieties of finite
(not necessarily inverse) monoids admitting polylogarithmic SLPs, viz. the varieties of finite
Clifford monoids and of finite commutative monoids. However, the situation for semigroups
is considerably more intricate. Therefore, we point out the following open problem.
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» Question 24. Which varieties of arbitrary finite semigroups admit polylogarithmic SLPs?

The membership problem for semigroups in the Cayley table model belongs to NL [34].
Here we go even further and show that this can improved to L for inverse semigroups. Recall
that NL is intricately related to directed graph accessibility, while SL = L by Reingold’s
result [55] corresponds to undirected graph accessibility.

» Proposition 25. The problems MEMBcT and CONJot are is in L.

Proof Sketch. The problem CONJct is essentially reachability in an undirected graph. To
decide whether or not s ~ t, consider the graph with vertex set S and edges {z,y}
whenever there is some u € ¥ such that uzu =y and x = uyu. Now, s ~ 5 t if and only if
s and t are in the same connected component. The latter is an instance of UGAP, which by
Reingold’s result [55] can be solved in L. For MEMBc, consider as intermediate step the
problem of deciding whether s Ry t for elements s,¢ € S. Using the same approach as above,
this can be decided in L. Now, to decide MEMBcT, we use the following algorithm, where we
assume without loss of generality that S is a monoid and U is a submonoid.

1: z+ 1

2: while dy € S, v € ¥ with x Ry vy and yuu # y and yuuyt =t do
3 X < yu

4: if x Ry t then

5 return true

6: return false

Note that throughout, we keep the invariants that x € U and 2%t =t (i.e., x 2xr t).
Therefore, if our algorithm outputs true, then, indeed, t € U. Moreover, the condition
yuu # y in line 2 implies that y >, yu. Hence, the algorithm always terminates. Now, if
t € U and = >g,, t, the algorithm will repeatedly find y and v meeting the conditions in
line 2 until it eventually terminates with output true. |

We now turn to hardness results for the (idempotent) membership and conjugacy problems
for inverse semigroups in the Cayley table model. Recall that a variety of finite inverse
semigroups V satisfies V & Cl if and only if BS C V. The proof of the following proposition
is by a direct reduction from uGAP. Given a graph G = (V, E), consider the Brandt semigroup
B(V), which by Lemma 4 is contained in BS. For z,y € V, there is a unique element mapping
x to y, which can be used to encode an edge zy of G. This leads to the following result.

» Proposition 26. Let 'V be a variety of finite inverse semigroups and suppose that BS C V.
Then the problems E—CONJ%T(V) and E—MEMB%T(V) are L-hard under AC°-reductions.

7 Inverse Semigroups in the Partial Bijection Model

In this section we finally complete the proof of our dichotomy Theorem B regarding the
membership and conjugacy problem for inverse semigroups in the partial bijection model.
Recall that either V C SIS or BM C V for each variety V of finite inverse semigroups by
Proposition 5. With the first part of Theorem B covered by Corollary 21, it suffices to show
that the problems MEMBpg (BM) and coNJpg(BM) are PSPACE-complete. Moreover, since
these problems are clearly contained in PSPACE, it remains to prove their hardness.

» Theorem 27. The problems E-MEMBA5 g (BM) and E-CONJ5g (BM) are PSPACE-complete.
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We prove PSPACE-hardness by a reduction from the decision problem NCL of non-
determinstic constraint logic (NCL), which was introduced by Hearn and Demaine [31] and
which we briefly describe in the following.

An NCL machine T is an edge-weighted simple undirected graph, every vertex of which
has degree three, and every edge of which has weight one or two. A configuration of the
NCL machine is an orientation of all edges such that the sum of the incoming edge weights
(in-flow) at every vertex is at least two. We will denote the set of all configurations by C(T").
Two configurations are related by a transition if they differ in the orientation of a single edge.

The decision problem NCL, in the configuration-to-configuration variant, is given as follows.

Input. An NCL machine T', and two configurations C;, C; € C(T).
Question. Are C and C} related by a sequence of transitions?

This problem is essentially a compressed version of the accessibility problem for undirected
graphs, where accessibility is decided on the implicitly given graph of configurations and
transitions between these. The problem NCL is complete for PSPACE [31, Theorem 5.

Crucially, the validity of any configuration of an NCL machine I" can be verified locally,
as the minimum in-flow constraint has to be satisfied at each vertex individually. We call an
orientation of all edges incident with a fixed vertex v a local configuration at v provided that
the minimum in-flow constraint at v is satisfied. The set of all local configurations at v will
be denoted by C(I',v) and the corresponding restriction of C' € C(T") by C|, € C(T', v).

Proof Sketch for Theorem 27. We only sketch the reduction from NCL to E-CONJb 5 (BM)
since SI C BM and, in general, E—CONJﬁPB (V) efficiently reduces to E-MEMBﬁPB (Vv Sl).

Given I', we associate to it the inverse semigroup Sr = [[,cv(r) BY(C(T',v)). Every
configuration C' € C(T') has an idempotent e(C) € E(Sr) canonically associated to; the
projection of e(C') onto B*(C(T',v)) is given by the idempotent at C|, € C(I',v). Any two
such idempotents e(C), e(C”) are conjugate in St. In a similar way, we encode the transitions
of T as elements of Sp. More precisely, we consider elements acting (via conjugation) as a
transition would in those two components BY(C(T,v)) where v is incident with the reversed
edge; and with projections to all other components being trivial, i.e., equal to 1 € B*(C(T,v)).

Given Cy, Cy € C(T), let Ur < St be the inverse subsemigroup generated by e(Cy), e(Cy),
and all encoded transitions of I'. Then the idempotents e(Cy) and e(C}) are conjugate in Up
if and only if Cs and C} are related by a sequence of transitions of I'. |

Let us now consider a variation of the above reduction for the intersection non-emptiness
problem for inverse automata. An inverse automaton (IA) is a deterministic finite automa-
tion? (DFA) A = (Q, %, d, qo, F) with a partially defined transition function 6: Q@ x ¥ — Q
such that the following conditions are satisfied.

For each a € X, the partial map d,: Q@ — Q with ¢ — (g, a) is injective on its domain.

For each a € X, there is a word w, € ¥* such that §,0,, is the identity on dom(d,),

where 6,,, = 04,04, - - - 04, is the partial map induced by w, = ajas . ..a,.3

» Remark 28. We will only encounter inverse automata over some alphabet endowed with
an involution a — a where one can take w, = a in the second condition above.

2 For a definition we refer the reader to standard textbooks (e.g., [32]).
3 We view the maps d, as elements of Z (Q) and, as such, compose them as operators acting on the right.
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The intersection non-emptiness problem for a class X of automata (e.g., X = DFA or
X =1A), which we denote by X-INT-EMPTY, is the decision problem defined as follows.

Input. Automata Aj,..., A € X.
Question. Is L = ﬂf;l L(A;) non-empty?

The problems DFA-INT-EMPTY and IA-INT-EMPTY are PSPACE-complete; see [40] and [11],
respectively. We sketch a short proof of these results based on the reduction from NCL.

» Theorem 29 (Corollary C). The problem IA-INT-EMPTY is complete for PSPACE. Moreover,
this holds under the restriction that each automaton provided as part of the input has only
two states, one of which is accepting.

Proof Sketch. Given an NCL machine I', we consider the set Q(I') = [[, C(T',v). Using
a one-hot encoding, we embed C(T',v) into the states of |C(T',v)| many two-state inverse
automata. As such, Q(T') =[], C(I',v) embeds into the states of ) |C(T',v)| many two-state
inverse automata. The initial states of the automata correspond to (Cs|,), € Q(T") and the
accepting states to (Ctly), € Q(T) for some Cs, Cy € C(T'). The common alphabet is then
used to encode the local effects of the transitions of I' as in the proof of Theorem 27.

The intersection of the languages accepted by the automata constructed in this way
contains precisely the sequences of transitions of I' transforming C into Ct. <

Every inverse automaton can be transformed into a complete DFA be introducing one
additional state (and transitions to it). As such, Theorem 29 entails the following result of
Bulatov, Kozik, Mayr, and Steindl [13]: DFA-INT-EMPTY is complete for PSPACE even if each
automaton provided as part of the input has only three states, one of which is accepting.

Next, we derive a corresponding dichotomy result for the subpower membership problem
of an inverse semigroup S. This problem is defined as follows.*

Input. An integer k, a subset ¥ C S*, and an element t € S*.
Question. Is ¢t € U where U = (X)?

This problem can be seen as a special case of MEMBpg, which, by Theorem B implies
that it can be solved in PSPACE and, if S € SIS, even in NC. From Theorem 29, it follows
easily that the subpower membership problem for Bl is PSPACE-hard (e.g. using the same
argument as [33, Theorem 4.10]). We can build upon this observation and show the following.

» Corollary 30 (Corollary D). The subpower membership problem of an inverse semigroup S
is complete for PSPACE if and only if the Brandt monoid B divides S; otherwise, it is in NC.

8 Further Related Problems

Finally, let us explore the consequences of our results to the minimum generating set problem
and the problem of solving equations. The minimum generating set problem has first been
considered by Papadimitriou and Yannahakis [52] and, in the Cayley table model, recently
shown to be in P by Lucchini and Thakkar [44] and even NC by Collins, Grochow, Levet, and
the last author [17]. Yet, the complexity for arbitrary semigroups and also for permutation
groups remains wide open. The minimum generating set problem (MGS) is defined as follows.

Input. An inverse semigroup U and an integer k.
Question. Is there some =2 C U with |Z] < k and (E) = U?

4 The inverse semigroup S is treated as a constant and is not part of the input.
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Like for the membership problem, we write MGSpg if U is given as generators for an
inverse subsemigroup of Z,, and denote the restriction to a variety V by Maspg(V). The
crucial connection to the membership problem is as follows.

» Lemma 31. Let 'V be a variety of finite inverse semigroups. Then the restricted membership

problem MEMBh (V) is ACC-many-one-reducible to the problem MGspg(V V S).

Together with the observation that MGspg(V) can be solved in NPM™PPE(V) anq the
hardness result Theorem 27, this gives the proof of the first part of Corollary E.

Next, let us consider the problem of deciding satisfiability of equations. Let X be a set
of variables. An equation ¢ = r in an inverse semigroup S is given as non-empty words
r € (SUXUX)T. An assignment is a map o: X — S, which naturally extends to a
homomorphism from o: (SUXUX)* — S. The problem EQN* of deciding whether a system
of equations has a solution is defined as follows.

Input. An inverse semigroup S, and words £1,71,..., 0k, € (SUX UX)T.
Question. Is there a 0: X — S such that o(¢;) = o(r;) for all 1 < i < k?

We denote this problem in the Cayley table model and partial bijection model by EQN&
and EQNpg, respectively. The problem of deciding whether a single equation has a solution
occurs as a special case when k = 1, denoted by EQNcT and EQNpg. Our key lemma on
equations is that the PSPACE-hardness of E—CONJ%B(BM) can be transferred to EQNpg.

» Lemma 32. The problem EQNpg(V) is hard for PSPACE whenever V ¢ SIS.

As for MGS, we observe that EQNLg (V) is solvable in NP with an oracle for MEMBpg (V).
Thus, by Lemma 32, the problems EQNpgr(V) and EQNpg(V) are in NP if V C SIS and
PSPACE-complete otherwise, which constitutes the second part of Corollary E.

In addition, the problems of deciding whether a single equation or a system of equations
have a solution are known to be NP-hard for many fixed inverse semigroups. Indeed, based

n [27], [8, Theorem 6], and [38] we obtain the following refined statement, where V is a
variety of finite inverse semigroups. Here Gy, denotes the variety of finite solvable groups
and Com = Ab V Sl the variety of finite commutative inverse semigroups.

The problem EQNpg (V) is PSPACE-complete whenever V ¢ SIS.

The problems EQNcr (V) and EQNpg(V) are NP-hard whenever V € Gy V BS.

The problems EQN&T (V) and EQNpg (V) are NP-hard whenever V ¢ Com.

9 Discussion and Open Problems

By investigating the membership problem in inverse semigroups, we filled a gap between the
rather restricted case of groups and the very general case of arbitrary semigroups. We gave a
classification of the complexity of membership and conjugacy in inverse semigroups according
to their combinatorial structure. Here the combinatorial Brandt semigroup and monoid are
the critical obstructions for the membership problem being easy. Furthermore, by applying
these results, we gained new insights on the complexity of closely related problems such as
the intersection non-emptiness problem for inverse automata, the minimum generating set
problem, and the equation satisfiability problem.

Applying Theorem A and Theorem B to the case of aperiodic inverse semigroups shows
that the membership and conjugacy problems are either in AC’, or L-complete, or PSPACE-
complete (with PSPACE-complete only in the partial bijection model). Thus, in comparison to
the classification for varieties of aperiodic monoids [10], we additionally have the L-complete
case, whereas we do not have the P-complete, NP-complete, and NP-hard cases.
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A corresponding classification of the complexity of the membership problem for varieties
of arbitrary semigroups is still a major endeavor. While there is the classification for aperiodic
monoids by Beaudry, McKenzie, and Thérien [10] mentioned above, the case for semigroups
is considerably more involved as there are many more varieties of finite semigroups than of
finite monoids. Moreover, it remains to integrate the case of groups into the consideration.

» Open Problem 33. Give a classification of the varieties of finite semigroups in terms of
their complexity for the membership problem.

Another class of structures, situated between inverse semigroups and arbitrary semigroups,
that we would like to draw attention to is the class of regular *-semigroups introduced by
Nordahl and Scheiblich [50]. These are regular semigroups with distinguished inverses z — z*
such that ** = z, (xy)* = y*2*, and za*z = . The difference to inverse semigroups is that
inverses need not be unique or, equivalently, that idempotents need not commute. As such,
regular #-semigroups admit a far richer combinatorial structure.

» Open Problem 34. Give a classification of the varieties of finite regular x-semigroups in
terms of their complexity for the membership problem.

Our algorithms for the NC (resp. NP) cases of our dichotomy result for the partial bijection
model are very efficient in the sense that they provide reductions computable in L and also
in linear or quadratic time to UGAP as well as to the respective problems for groups. Thus,
the only open questions about the complexity of these problems come from the group case.
Here, for the membership problem we have the results that MEMBpg(G) is in NC [5] (see
Proposition 10) and hard for the logspace counting class ModL [4] (see Proposition 11). This
leads to the following question.

» Question 35. What is the precise complexity of MEMBpg(G)?

We do not feel confident to make any guess about this question and want to use the
present work to foster further research on this topic. On the other hand, we believe that the
answer to the following question concerning the Cayley table model is likely to be negative.

» Question 36. Is MEMBcT(G) in ACY?

Another question is whether the O(log®n) bound due to Babai and Szemerédi [6] on the
length of straight-line programs in groups of order n is asymptotically optimal. In some
special cases, like for Abelian groups, an (asymptotically optimal) O(logn) bound can be
obtained instead. Thus, the question here is whether this can be extended to all groups.

For inverse semigroups, we obtained a complete characterization of varieties admitting
polylogarithmic SLPs in Corollary 23. A similar result for monoids was obtained by the first
author [22]. Therefore, the natural question is to ask for a similar characterization for all
semigroups. For some preliminary results in that direction, see also [22].
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