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—— Abstract

Conditioning is a key feature in probabilistic programming to enable modeling the influence of
data (also known as observations) to the probability distribution described by such programs.
Determining the posterior distribution is also known as Bayesian inference. This paper equips a
quantum while-language with conditioning, defines its denotational and operational semantics over
infinite-dimensional Hilbert spaces, and shows their equivalence. We provide sufficient conditions for
the existence of weakest (liberal) precondition-transformers and derive inductive characterizations of
these transformers. It is shown how w(l)p-transformers can be used to assess the effect of Bayesian
inference on (possibly diverging) quantum programs.
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1 Introduction

Quantum verification is a important part of the rapidly evolving field of quantum computing
and information. The importance comes from several factors. Firstly, quantum computers
operate in a completely different way than classical computers do. Principles of quantum
mechanics are important to algorithm designers but in general unintuitive to most people.
This leads to a higher risk of introducing logical errors. Secondly, quantum algorithms are
often used in safely critical areas such as cryptography and optimization where those mistakes
can lead to serious issues. Classical testing and debugging methods do not directly apply to
quantum computing. Testing on quantum computers is challenging due to high execution
costs, probabilistic outcomes, and noise from environmental interactions. While simulators
help, they have limitations such as scalability. Debugging is also difficult, as measuring
quantum variables alters their state, preventing traditional inspection methods.

Testing only verifies specific inputs without guaranteeing overall correctness, whereas
formal verification ensures correctness for all inputs. Weakest preconditions define input
states that ensure a given postcondition holds after execution. Inspired by the importance of
conditioning and Bayesian inference in probabilistic programs, we extend the calculus from
[7, 27] to incorporate “observations”. Combining weakest preconditions for total correctness
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and weakest liberal preconditions for partial correctness, we determine whether a predicate
holds assuming all observations hold, i.e, compute a conditional probability.

This new statement could be used to aid in debugging to locate logical mistakes. Assume
having a theoretical algorithm and a wrong implementation. To figure out which parts
are wrong, fixing variable values by observations can help identify errors by comparing
implementation samples with the expected distribution. Similarly, given a complex (possibly
wrong) algorithm, adding observations can help understanding parts of the algorithm by
comparing it to its intuitive understanding. For instance, in a random walk algorithm with
a random starting point, analyzing success probability from a “good” starting point can
help to understand the algorithm. Unlike traditional assertions, observations can be useful
even when they don’t always hold. Another possible application is error correction, where
outputs are often analysed assuming no more than ¢ qubit errors occurred per step to ensure
successful error correction.

Related Work

The general idea of weakest preconditions was first developed by Dijkstra for classical
programs [10, 9], then for probabilistic programs [16, 20] and later for quantum programs [7].
D’Hondt and Panangaden [7] defined predicates as positive operators as we do and focused
on total correctness and finite-dimensional Hilbert spaces. [27] extended this approach to
partial correctness and gave an explicit representation of the predicate transformer for the
quantum while-language. An alternative to define predicates is to use projections [29]. There
have been several extensions like adding classical variables [6, 13] or non-determinism [12].

A runtime assertion scheme using projective predicates for testing and debugging has been
introduced in [18]. In contrast, our approach enables debugging, but in addition provides
formal guarantees on the correctness based on the satisfaction of assertions and allows
infinite-dimensional Hilbert spaces. A survey about studies and approaches of debugging
of quantum programs is given in [8]. Another idea to locate bugs is to use incorrectness
logic with projective predicates [26]. The idea of conditional weakest preconditions has been
introduced in [22, 23] for probabilistic programs.

The concept of choosing specific measurement outcomes is also known as postselection.
[1] shows that the class of problems solvable by quantum programs with postselection in
polynomial time, called Postselected Bounded-Error Quantum Polynomial-Time (PostBQP),
is the same as the ones in the complexity class Probabilistic Polynomial-Time (PP). This
equivalence is shown by solving a representative PP-complete problem, MAJ-SAT, using a
quantum program with postselection. We confirm the correctness of this program in Section 5
by using conditional weakest preconditions.

Main Contributions

Conditional weakest-precondition transformers: We define a weakest precondition calculus
for reasoning about programs with an “observe” statement. The conditional weakest
precondition, defined in terms of weakest (liberal) preconditions transformers, reveals the
probability of a postcondition given all observations succeed.

The definition of the transformers is semantic, i.e., formulated in a generic way based on
the denotational semantics and not tied to a specific syntax of programs (but we also
give explicit rules for our syntax by recursion over the structure of a program).
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Semantics: We develop both denotational and operational semantics of a simple quantum
while-language with “observe” statements and show their equivalence.

Our definition of weakest (liberal) preconditions is a conservative extension of [27],
supporting “observe” statements. Further differences include: Our definition is semantic
and we support infinite-dimensional quantum systems (e.g., to support quantum integers)?.

Structure

We first recall important definitions in Section 2. The main contributions are in Section 3 and
Section 4: Section 3 introduces the “observe” statement and its semantics whereas Section 4
defines weakest (liberal) preconditions and finally conditional weakest (liberal) preconditions.
Two examples in Section 5 illustrate our approach, followed by conclusions in Section 6.

2 Preliminaries

2.1 Hilbert Spaces

Let (- | -} denote the inner product over a vector space V. The norm (or length) of a vector u,
denoted ||u||, is defined as y/(u | w). The vector u is called a unit vector if |Ju|| = 1. Vectors
u, v are orthogonal (ulwv) if (u | v) = 0. The sequence {u;};en of vectors u; € V is a Cauchy
sequence, if for any € > 0, there exists a positive integer N such that ||u, — u,| < € for all
n,m > N. If for any € > 0, there exists a positive integer N such that ||u, — u|| < € for all
n > N, then w is the limit of {u; };en, denoted u = lim;_, oo u;.

A family {u;}ier of vectors in V is summable with the sum v =, _; u; if for every e > 0
there exists a finite J C I such that ||v — >, x u;|| < € for every finite K C I and J C K.

A Hilbert space H is a complete inner product space, i.e, every Cauchy sequence of vectors
in H has a limit [27]. An orthonormal basis of a Hilbert space H is a (possibly infinite)
family {u;};cr of unit vectors if they are pairwise orthogonal (i.e., u; Lu; for i # j,1,5 € I)
and every v € H can be written as v = ), (u; | v) - u; (in the sense above). The cardinality
of I, denoted |I], is the dimension of H. Hilbert spaces and its elements can be combined
using the tensor product ® [24, Def. TV.1.2].

We use Dirac notation |¢) to denote vectors of a vector space where (¢| is the dual vector

of |¢) [11], i.e., (9] = [¢)".

» Example 1. A typical Hilbert space over the set X is

P(X)={> anln)|a, €Cforallne X and Y |a,|* < oo}
neXx neXx

where the inner product is defined as (3, cxan|n),> ,cx @ |n) = >, cx @nal,. By
x + yi = x — yi we denote the complex conjugate of z + yi € C. An orthonormal basis, also
called computational basis, is {|n) | n € X}. For (countably) infinite sets X, the basis is
(countably) infinite and thus /2(X) is a (countably) infinite Hilbert space. 1?(Z) can be used
for quantum integers and is also denoted by Ha.. For qubits, we use [2({0,1}) and denote it

as Hs.

L Notice that [27] also defines a language with quantum integers. However, they do not explicitly specify
the various notions of convergence of operators (e.g., operator topologies, convergence of infinite sums,
existence of suprema), making it difficult to verify whether their rules are sound in the infinite-dimensional
case.
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2.2 Operators

In the following, all vector spaces will be over C. For vector spaces V, W, a function
f:V = Wis called linear if f(ax +y) = af(x) + f(y) for z,y € V and a € C. If V, W are
normed vector spaces then f is called bounded linear if f is linear and || f(z)|] < ¢- ||z for
some constant ¢ > 0 for all x € V. If H is a Hilbert space, we call bounded linear functions
on H — H operators. Let B(H) denote the space of all operators on H and A|¢) the result
of applying operator A to |¢) € H. For this work, we additionally generalize the notion of
linearity to functions that are defined on subsets of the vector space: For (normed) vector
spaces S C V, T C W with span(S) =V and span(T) = W, we call f : S — T (bounded)
linear iff there exists a (bounded) linear function f : V — W such that f(s) = f(s) for s € S.
span(S) includes all finite linear combinations of S.

Let A and B be operators on H1 and Hs with |¢) € Hq, [¢) € Ha. By [24, Def. 1V.1.3], the
tensor product A ® B is the unique operator that satisfies (A® B)(|¢) ® [1)) = A|¢) @ B |y)
For matrices, the tensor product is also called the Kronecker product.

For every operator A on H, there exists an operator AT on H with (|¢),A|¢)) =
(At |8), [4)) for all |p), [¢) € H. An operator A on H is called positive if (1| A |¢p) > 0 for
all states 1) € H [21]. The identity operator I3 on H is defined by Iy |¢) = |¢). The zero
operator on ‘H, denoted by 04, maps every vector to the zero vector. We omit H if it is clear
from the context. An unitary operator U is an operator such that its inverse is its adjoint
Ul =Ut, ie, UTU =T and UUT =1 [17]. An (ortho)projector is an operator P : H — H
such that P2 = P = P'. For every closed subspace S, there exists a projector Pg with image
S [5, Prop. I1.3.2 (b)].

An operator A is a trace class operator if there exists an orthonormal basis {|¢;) }ier
such that {(¢;] - |A| - |¢:)}icr is summable where |A| is the unique positive operator B
with BfB = ATA. Then the trace of A is defined as tr(A) = >, (¥ - A - |1;) where
{|%:) }ier is an orthonormal basis. For a trace class operator A, it can be shown that ¢r(A)
is independent of the chosen base [27]. The trace is cyclic, i.e., tr(AB) = tr(BA) [25], linear,
ie., tr(A+ B) = tr(A) + tr(B), scalar, i.e., tr(cA) = c¢-tr(A) for a constant ¢ [4] and
multiplicative, i.e., tr(A ® B) = tr(A)tr(B) holds [25] for trace class operators A, B. We use
T(H) to denote the space of trace class operators on H. Positive trace class operators with
tr(p) <1 are called partial density operators. The set of partial density operators is denoted
D~ (H) with span(D~(H)) = T(H). Density operators are partial density operators with
tr(p) = 1. They are denoted as D(H). The support of a partial density operator p is the
smallest closed subspace S such that PspPs = p.

Let us consider some properties of functions that map operators to operators. f: 717 — Tb
with 77 C T(H1),To C T(Hs2) is trace-reducing if tr(f(p)) < tr(p) for all positive p € T3.
f: By C B(H1) — Bs C B(Ha2) is positive if f(a) is positive for positive a € B; and
subunital if f(I,) C Iy, and Iy, € By, where C is defined just below.

2.2.1 The Loewner Partial Order

To order operators, the Loewner partial order is used. For any operators A, B, it is defined by
AC B iff B— A is a positive operator. This is equivalent to tr(Ap) < tr(Bp) for all partial
density operators p € D~ (H) [27]. The Loewner order is compatible w.r.t. addition (also
known as monotonic), i.e., A C B implies A+C C B+ C for any C, and w.r.t. multiplication
of non-negative scalars, i.e., A C B implies cA C ¢B for ¢ > 0 [3].

Using this order, we can define predicates [7]. A quantum predicate on a Hilbert space H
is defined as an operator P on ‘H with 0 C P C Iy. The set of quantum predicates on H is
denoted by P(H) and span(P(H)) = B(H).
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The Loewner partial order is an w-complete partial order (w-cpo) on the set of partial
density operators [28]. Thus each increasing sequence of partial density operators has a least
upper bound. This also holds for the set of predicates [7].

An important property that we need is continuity of the trace operator. First of all, we
note that the trace-operator is order-continuous on partial density operators with respect
to C, ie., V,entr(pi) = tr(\;cy pi) for any increasing sequence of partial density operators
{pi}ien. Without going further into details, this holds because for an increasing sequence of
real numbers, the least upper bound and the limit coincide, the same also holds for partial
density operators [25] and because the trace is linear and bounded, it is also trace-norm
continuous. Continuity w.r.t. predicates means \/,.tr(Pip) = tr((\V;cn Pi)p) for every
p € D™ (H) and increasing sequence of predicates { P; };cny. Without going into further detail,
we can show that a function f : B(H) — C defined by f(A) = tr(Ap) for a fixed p € D~ (H)
is weak*-continuous and convergence of positive bounded operators in the weak*-topology
coincides with the supremum [25]. Similar, the same property holds for decreasing sequences
of predicates {P;};cn and the greatest lower bound A,y P;.

2.3 Quantum-specific Preliminaries

Due to a postulate of quantum mechanics, the state space of an isolated quantum system can
be described as a Hilbert space where states correspond to unit vectors (up to a phase shift)
in its state space [27]. A quantum state is called pure if it can be described by a vector in
the Hilbert space; otherwise mized, i.e., it is a probabilistic distribution over pure states. We
use partial density operators to describe mixed states, in particular to capture the current
state of a program. If a quantum system is in a pure state |1;) with probability p; (with
>;pi < 1), then this is represented by the partial density operator p = >, p; [1i) (3.

To obtain the current value of e.g. a quantum variable, we cannot simply look at it. In
quantum mechanics, each measurement can impact the current state of a qubit.

A measurement is a (possible infinite) family of operators {M,, }mer where m is the
measurement outcome and Y, - M} M,, = I, If the quantum system is in state p € D~ (H)
before the measurement {M,,}, then the probability for result m is p(m) = tr(M,,pM.},)
and the post-measurement state is p,, = M%ﬂi\;[’tl. An important kind of measurement is
the projective measurement. It is a set of projections {P,,} over H with > P, =1. An
important property of projective measurements is that if a state p is measured by a projective
measurement {P, I — P} and supp(p) C P holds, then p is not changed.

2.4 Markov Chains

A Markov chain (MC) is a tuple M = (X, P, s;4) where

Y. is a nonempty (possibly uncountable) set of states,

P: Y x¥ —[0,1] with > .5 P(s,s) = 1 is the transition probability function. Let

s 2 ' denote P(s, ) =np.

Sinit € 2 18 the initial state.
Note that in comparison to [2, 23], ¥ can be uncountable. However, in our setting the
reachable set of states will be countable as every state s can only have a countable number of
successor states s’ with P(s,s’) > 0. Therefore, even if ¥ is uncountable, the set of reachable
states is countable and all results from [2, 23] still apply.

1 As in [25], we mean convergence of sums with respect to SOT (strong operator topology) which is the
topology where lim;_, o a; = a holds iff for all ¢: lim; 0 a;p = a¢ [5, Prop. IX.1.3(c)].
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A path of a MC M is an infinite sequence s¢s1 8z ... € X% with sg = S5t and P(s;, $;41) >
0 for all . We use Paths(M) to denote the set of paths in M and Pathss,(M) for
the finite path prefixes. If it is clear from the context, we omit M. The probability
distribution Pr™ on Paths(M) is defined using cylinder sets as in [2]. In a slight abuse of
notation, we write Pr(#) for PrM(Cyl(#)) for # € Pathsg, (M) where Cyl(#) denotes
the cylinder set of 7. We write so —7 s, where p = ZSOanepathsﬁn(M) P(sg...8,) is the
probability to reach s, from sg. Given a target set of reachable states T' C X, let {'T" be the
(measurable) set of infinite paths that reach the target set T. The probability of reaching T'
is PrM(0T) = D€ Paths (M)A (S\T)*T Pr™M(#). Analogously, let =0T be the set of paths
that never reach T; Pr™(=0T) = 1 — Pr™M(OT).

3  Quantum Programs with Observations

We assume Var to be a finite set of quantum variables with two types: Boolean and integer.
As in [27], the corresponding Hilbert spaces are

Hy = {a]0) + B]1) | @, B € C},
Hoo:{zanlm |ap €Cforalln€Zand Y _|ay|” <°°}'

nez neEZ

Each variable ¢ € Var has a type type(q) € {Bool, Int}. Its state space Hq is Ho if
type(q) = Bool and H., otherwise. The state space of a quantum register ¢ = ¢, ..., ¢, is
defined by the tensor product Hg = @), H,, of state spaces of ¢; through g,.

3.1 Syntax
A quantum while-program has the following syntax:
S :=skip | ¢:=0]g:= Ug | observe (g,0) | Si;S> | measure M|q] : S | while M[g] =1 do S

where

q is a quantum variable,

q is a quantum register,

U from statement g := Uq is a unitary operator on Hgz and g is the same on both sides,

O in observe (g, O) is a projection on Hg

the measurement M = {M,,};mes in measure M[q] : S is on Hg and S = {S,, }mer is a

family of quantum programs where each S;, corresponds to an outcome m € I,

the measurement in while M[g] = 1 do S on H; has the form M = {My, M }.

Our programs extend [27] with the new statement observe (g, O). We only allow projective
predicates O for observations. It is conceivable that it can also be based on more general
predicates O € P(H) but it is not clear what the intuitive operational meaning of such O
would be, so we choose to pursue the simpler case.

We use if M[q] = 1 then S; else Sy as syntactic sugar for a measurement statement
with M = {My, M;} and S = {Sp, S;}.

By = we denote syntactic equality of quantum programs. We use var(S) to denote the
set of variables occurring in program S. The Hilbert space of var(S) is denoted by H . If
the set of variables is clear from the context, we just write H.

For ¢ = qi, ..., qn and operator A on Hg, we define its cylinder extension by A @ Iy a1\ (g}
on Hay and abbreviate it by A if it is clear from the context. Let [¢) (¢[, denote the value
of quantum variable ¢ in the state |¢) (¢)|. We sometimes refer to it meaning its cylinder
extension on H 4y [27]. This notation is equivalent to ¢(|¢) (¢|) in [25].
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type(q) = Int Ao’ = ZHEZ |0) (n], o |n) (0],
(q:=0,0) = (},0")
type(q) = Bool Ao’ = |0) (0], o |0) (0], + 10) (1], o |1) (O],
(q:=0,0) = (l,0) (@:=Ug,0) = (L,UcU")
tr(0Oc0™) > 0 tr(0Oc0’) < 1
(observe (g,0),0) r(0507) s tr(ogféw (observe (g,0),0) 1-tr(Q0) (4)
M:{Mm}me]/\meI/\tr(MmUMjn) >0 (S1,0) N (4)

.G tr(Mpo M) M, oM}, ; D
(measure M]Iq] : S,0) = (Sm, m) (S1;82,0) = {4)

(skip, o) = (1, 0)

+
(1, 0) 2 (84, 0") tr(Moo M) >0

(81;82,0) 5 (S1;8s,0") (while M[g] =1 do S,0)

T
Moo M i
tr( g 0) Moo M] )

tr(MooM}))

{,

tr(MyoM{) >0

tr(MyoM])
—

MioM] )
tr(MyoM])

(while M[g] =1 do S,0) (S;while M[q] =1 do S,

(4) = (sink) (1, 0) > (sink) (sink) 5 (sink)

Figure 1 Transition probability function of MC R,[S] for all o € D(H) where |; S2 = So.

3.2 Semantics

In this section, we define an operational and denotational semantics for quantum while-
programs with observations and show their equivalence.

3.2.1 Operational Semantics

We start by defining the operational semantics of a program .S as a Markov chain inspired by
[23] instead of non-deterministic relations in comparison to [27]. A quantum configuration is
a tuple (S, p) with density operator p € D(H). Note that we consider normalized density
operators D(H) instead of partial density operators D~ (). Intuitively, S is the program
that is left to evaluate and p is the current state. We use | to denote that there is no program
left to evaluate. The set of all configurations over H is denoted as C(H). The quantum
configuration for violated observations is (4) and for termination is (sink).

» Definition 2. The operational semantics of a program S with initial state p € D(H) is
defined as the Markov chain R,[S] = (X, P, Sinit) where:
S = C(H) U{(4), (sink)},
Sinit = <87 P>7
P is the smallest function satisfying the inference rules in Figure 1 where ¢ 2 ¢ means
P(c,c) = p > 0. For all other pairs of states the transition probability is 0.

The meaning of a transition (S,o) & (S’,¢’) is that after evaluating program S on
state o, with probability p the new state is ¢/ and the program left to execute is S’. For

tr(0OcO") cof
- tr?OUOOT)>

and (observe (q,0),0) (4). The observation O is satisfied by state o with

probability tr(OcOT) and then it terminates successfully. If the observation is violated (with

probability 1 — t7(OcO")), the successor state is (4), the state that captures paths with
violated observations. For details of the other rules we refer to [27].

the observe statement, there are two successors, (observe (g, 0), o)
1—tr(OcOt)
%
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3.2.2 Denotational Semantics

We now provide a denotational semantics for quantum while-programs. To handle observations
and distinguish between non-terminating runs and those that violate observations, we
introduce denotational semantics in a slightly different way than [27]. To do so, we start
with defining some basics:

For tuples (p, p), (0,q) € D~ (H) x R>¢, we define multiplication with a constant a € R>g
and addition entrywise: a(p,p) := (ap, ap) and (p,p) + (0,q) :== (p+ o, p+ q).

The least upper bound (lub) of a set of tuples is defined as the entrywise lub provided it
exists, L.e., \/o—o(PnsDn) == (Veo Prs Vo Pn) Where \/ 2 py, is the lub w.r.t. the Loewner
partial order C and /-, p, is the lub w.r.t. to the classical ordering < on Rx.

As the probability of violating observations depends on the density operator, we introduce

DR = {(p,p) € D~ (H) x Rsg | tr(p) +p < 1} C T(H) x C.

T (H) x C is isomorphic to the set of operators of the form <p p> € T(H®C). Thus the trace

and the norm from T(H®C) apply. Specifically, tr(p, p) := tr(p)+p and ||(p,p)| = ||l +|p|
for (p,p) € T(H) x C.

» Definition 3. The denotational semantics of a quantum program S is defined as a mapping
[S]: DR — DR. For (p,p) € DR, p is used for density-transformer semantics as defined in
[27] and p for the probability of an observation violation.

The denotational semantics for (p,p) € DR is given by

[skip](p,p) = (p. p)-

0= 0l(p.p) = {<|o> (0l 2 10) {01, +10) (1], 1) (Ol .p) . if type(q) = Bool

(Xnez 10) (nl, p[n) 01, . p) , if type(q) = Int.

[q:= Uql(p,p) = (UpUT,p).
[observe (q,0)](p,p) = (0pO", p + tr(p) — tr(OpOY)).
[51; 52 (p. p) = [S2] ([S1] (. p))-
[measure M[q] : S](p,p) = 3, [Sm](MmpM},,0) + (0,p) with M = {My,}mer and
S = {Sm}meL
[while M[g] = 1do S|(p,p) = V,_o[(while M[g] = 1do S)"[(p,p) with M =
{ My, M} where loop unfoldings are defined inductively

(while M[g] =1 do S)" =Q
(while M[g] =1 do S)"™' = if M[g] =1 then S; (while M[g] =1 do S)" else skip

where ) is a syntactic quantum program with [Q(p,p) = (0,p) as in [27].
We write [S],(p,p) and [S];(p,p) to denote the first/second component of [S](p,p). It
follows directly that our definition is a conservative extension of [27]:

» Proposition 4. For an observe-free program S, input state p € D~ (H) and p € R>g, is
[S1(p,p) = ([STog(p), p) where [S]og(p) ts the denotational semantics as defined in [27].

Some intuition behind those tuples: If [S](p,0) = (p/,p’) for a program S with initial
pair (p,0), then the probability of violating an observation while executing S on p € D(H) is
p’. The probability of terminating normally (without violating an observation) is given by
tr(p’) and the probability for non-termination is 1 — tr(p’) — p’. As in the observe-free case,
P’ is the (non-normalized) state after S has been executed (and terminated) on p. It is easy
to see that only the observation statement can change the value of the second entry.
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» Proposition 5. For (p,p), (p,q) € DR and program S:

L [ST,(p,p) = [STp(p: a)

2. p<[S];(p.p)

3. if (p,g +p) € DR then [S];(p,q+p) = [S]:(pa) +p

4. tr([SI(p,p)) < tr(p,p)

5. [S] is well defined, i.e., [S](p,p) € DR and the least upper bound exists.

6. [S] is linear

Proof. All claims can be shown by doing an induction over S, see [14]. <

As [S],(p.p) = [S],(p, q), we use [S],(p) instead. Three consequences of Proposition 5:

» Lemma 6. For (p,p),(0,q) € DR with (p+ o,p + q) € DR and programs S, Sy, Sa:
- tr([S],(p,p)) < tr(p), i.e., [S], is trace-reducing

- [543 8204 (py a + p) = [92]4 ([51]6(p, 0), @) + [S1] 4 (0, p)

3. [S], is bounded linear

The proof can be found in [14].

N =

3.2.3 Equivalence of Semantics

The following lemma asserts the equivalence of our operational and denotational semantics.
Intuitively, the denotational semantics gives a distribution over final states and its second
component captures the probability to reach (4), the state for violated observations. As the
operational semantics is only defined for ¢r(p) = 1, we only consider this case:

» Lemma 7. For any program S and initial state p € D(H)
[S1(p, 0) = (32, ProetSI(O(L, p) - o, Prvelsl(044)))
Prell(O(sink)) = tr([S],(p, 0)) + [S]4 (»,0)

Proof. The first item can be shown by induction over S. For the second item we use that
every path that eventually reaches (sink) passes through either a (|, p’) or a (4) state. For
more details on both proofs, see [14]. <

4 \Weakest Preconditions

In this section, we consider how we can extend the weakest precondition calculus to capture
observations and thus compute conditional probabilities of quantum programs using deductive
verification. Recall that a predicate P satisfies 0 C P C I. Let tr(Pp) be the probability
that p satisfies P. Note that if P is a projector, then tr(Pp) equals the probability that p
gives answer “yes” in a measurement defined by P. Even if P is not a projection, tr(Pp) is
the average value of measuring p with the measurement described by the observable P. If
not given directly, all proofs can be found in [14].

4.1 Total and Partial Correctness

Defining the semantics in a different way also changes the definition of Hoare logic with total
and partial correctness [27]:

» Definition 8. Let P,Q € P(H), S a program, p € D~ (H) and {P}S{Q} a correctness

formula. Then

1. (total correctness) |=or {P}S{Q} iff tr(Pp) < tr(Q[S],(p,0))

2. (partial correctness) =par {P}S{Q} iff tr(Pp) < tr(Q[S],(p,0))+tr(p)—tr([S],(p,0))—
[S1:(p, 0)

157:9
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Let us explain this definition. Assume tr(p) = 1, otherwise all probabilities mentioned in
the following are non-normalized. Recall that tr(Pp) is the probability that state p satisfies
predicate P and tr(Q[S],(p,0)) is the probability that the state after execution of S starting
with p satisfies predicate (. Total correctness entails that the probability of a state satisfying
precondition P is at most the probability that it satisfies postcondition ) after execution of
S. This only involves terminating runs. In the formula of partial correctness, the summand
[S1; (p,0) captures the probability that an observation is violated during executing program
S on state p. As before, tr(p) — tr([S],(p,0)) captures the probability that S on state p
does not terminate.
Similar to [27], we have some nice but different properties:

» Proposition 9. 1. =, {P}S{Q} implies =pqr {P}S{Q}

2. ot {0}S{Q}. However, |=pqr {P}S{I} does not hold in general.

3. For P1,Ps,Q1,Q2 € P(H) and A1, Aa € Rxg with My P1 + AaPo, MQ1 + A2Q2 € P(H):
Ftot {P1IS{Q1IN Frot {P2}S{Q2} implies Fior {MP1 + A P2 }S{AQ1 + A2Q2}

Proof. 1. Follows from definition and tr([S],(p,0)) + [S]; (p,0) < tr(p) + 0 (Proposition 5)

2. Ewor {0}S{Q} follows from definition, ¢(0) = 0 and tr(Qo) > 0 for all o € D~ (H).
For disproving |=pqr {P}S{I}, consider a program (with only one variable q) S =
observe(|1) (1],¢). Then the statement does not holds with P = I and p = |0) (0]
because [S];(p,0) > 0.

3. Follows from the linearity of the trace and the definition of yu. <

4.2 Weakest (Liberal) Preconditions

Given a postcondition and a program, we are interested in the best (weakest) precondition
w.r.t. total and partial correctness:

» Definition 10. Let program S and predicate P € P(H).

1. The weakest precondition is defined as qup[S](P) = sup{Q | ot {Q}S{P}}. Thus
Eior {qup[S](P)}S{P} and =0t {Q}S{P} implies Q T qup[S](P) for all Q € P(H).

2. The weakest liberal precondition is defined as quip[S](P) = sup{Q | Fpor {@}S{P}}.
Thus Epar {qwlp[S](P)}S{P} and =per {Q}S{P} implies Q T qwlp[S](P) for all
Q< PH).

The following lemmas show that these suprema indeed exist. Both proofs are based on the

Schrodinger-Heisenberg duality [25].

» Lemma 11. For a function [S] : DR — DR with properties as in Proposition 5, the
weakest precondition qup[S] : P(H) — P(H) exists and is bounded linear and subunital. It
satisfies tr(qup[S](P)p) = tr(P[S],(p,0)) for all p € D~ (H), P € P(H) and it is the only
function of this type with this property.

This lemma (and the following one) does not require [S] to be a denotational semantics of
some program S. In contrast to [27], this result thus still holds if the language is extended
as long as the conditions still holds.

» Lemma 12. For a function [S] : DR — DR with properties as in Proposition 5, the
weakest liberal precondition quwlp[S] : P(H) — P(H) exists and is subunital. It satisfies

tr(quip[S](P)p) = tr(P[S],(p,0)) + tr(p) — tr([S],(p,0)) — [S]4 (. 0)

for each p € D™(H), P € P(H) and it is the only function of this type with this property.



C. Gehnen, D. Unruh, and J.-P. Katoen 157:11

This general theorem about the existence of weakest liberal preconditions also applies for
programs without observations (because [S]; (p,0) = 0 and [S],(p,0) = [S]og(p) for each
p € D™ (H) and for each observation-free program S, Proposition 4). Lemma 11 and 12
extend [7] to the infinite-dimensional case and to partial correctness, i.e., the existence of
weakest liberal preconditions.

Now we consider some healthiness properties about weakest (liberal) preconditions:

» Proposition 13. For every program S, the function qup[[S] : P(H) — P(H) satisfies:
Bounded linearity
Subunitality: qup[S)(I) C I
Monotonicity: P C Q implies qup[S](P) C qup[S](Q)
Order-continuity: qup[S](Vieo Psi) = Voo quwp[SI(P;) if Voo Pi exists

» Proposition 14. For every program S, the function qulp[S] : P(H) — P(H) satisfies:
Affinity: The function f : P(H) — P(H) with f(P) = quwlp[S](P) — qwlp[S](0) is linear.
Note that this implies convex-linearity and sublinearity.
Subunitality: qulp[S](I) C I
Monotonicity: P C Q implies quip[S](P) C qulp[S](Q)
Order-continuity: qulp[S](Vieo P:) = Voo qulp[S1(P;) if \/oo Pi exists

For our denotational semantics [S], we can also give an explicit representation of quwp[S]:

» Proposition 15. Let P € P(H):

qup[skip](P) = P

10), (0] P[0) (0l + [1) (O[], P[0) (L[, if type(q) = Bool
wplq :=0](P) = 1 a 1 1

gl =04 {z In) (0], P10} (n, Jif type(q) = Int

qup[g := Uq](P) = UTPU

quplobserve (g, 0)](P) = OtPO

qup[[S1; S2](P) = qup[S1](qup[S2] (P))

qup[measure M|q] : S|(P)p =3, M, (qup[Sm](P)) My,

qup[while M[g] =1 do S'|(P) = \/,°, P, with

Py =0, Po1 = [M§PMo) + [M] (qup[S'](P)) Mi]
and \/,—_, denoting the least upper bound w.r.t. C.

Proof. We prove tr(qup[S](P)p) = tr(P[S],(p,0)), which then, together with Lemma 11
implies that it is indeed the weakest precondition. |

In this and the following proposition we mean convergence of sums with respect to the SOT,
more details can be found in [25].
For weakest liberal preconditions the explicit representation looks quite similar:

» Proposition 16. Let P € P(H). For most cases, quwlp[S](P) is defined analogous to
qup[S](P) (replacing every occurrence of qup by qwlp). The only significant difference is
the while-loop: qulp[while M[g] =1 do S'|(P) = \o”, Pn with

Py =1, Poy1 = [M{PMo] + [M{ (quip[S'](P,)) Mi]
and /\ZO:0 denoting the greatest lower bound w.r.t. C.

Proof. This proof is similar to Proposition 15 except that we show that tr(quip[S](P)p) =
tr(P[S],(p,0)) + tr(p) — tr([S],(p,0)) — [S]4 (p,0) holds which then implies together with
Lemma 12 that it is indeed the weakest liberal precondition. <
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Both explicit representations above are conservative extensions of the weakest (liberal)
precondition calculus in [27].

For the following explanations, assume ¢r(p) = 1, otherwise the probabilities are not
normalized. To understand those definitions, consider ¢r(qup[S](P)p). Due to the duality
from Lemma 11, tr(qup[S](P)p) = tr(P[S],(p,0)), so it is the probability that the result
of running program S (without violating any observations) on the initial state p satisfies
predicate P. Similarly, tr(quip[S](P)p) adds the probability of non-termination too. This
is equivalent to the standard interpretation of weakest (liberal) preconditions in [27].

For programs with observations tr(qulp[S](P)p) does not include runs that violate an
observation. Thus, tr(quwlp[S](I)p) gives the probability that no observation is violated
during the run of S on input state p (while for programs without observations and in [27],
this will always be tr(p) = 1). The probability that a program state p will satisfy the
postcondition P after executing program S while not violating any observation is then a
conditional probability. To handle this case, we introduce conditional weakest preconditions
inspired by [23] in the next section.

4.3 Conditional Weakest Preconditions

In the following, we consider pairs of predicates. Addition and multiplication are interpreted
pointwise, i.e., (P,Q) + (P',Q") = (P+ P,Q + Q') and M - (P,Q) = (MP,MQ) resp.
(P,Q) M = (PM,QM) where M can be a constant or an operator. Multiplication binds
stronger than addition.

We define a natural ordering on pairs of predicates that is used for example to express
healthiness conditions:

» Definition 17. We define < on P(H)? as follows: (P,Q) 1 (P,Q') & PC P AQ' CQ
where C is the Loewner partial order. The least element is (0, I) and the greatest element
(I,0). The least upper bound of an increasing chain {(P;, Q;)}ien for (P;, Qi) € P(H)? is
given pointwise by \/;oo(P;, Qi) = (Vico Pis Nieo Qi)-

» Lemma 18. < is an w-cpo on P(H)2.

Proof. We have to show that \/;-,(P;,Q;) exists for any increasing chain {(P;, Q;)}ien-
If {(P;,Q;)}ien is increasing with respect to <, then {P;};cy is increasing and {Q;}ien
decreasing with respect to C. The existence of \/;-, P; follows directly from C being an
w-cpo on P(H). For A\;°;Qi, we use the same trick as in the proof of Proposition 16:
{I — Qi}ien is an increasing chain of predicates and thus A2, Q; =1 — \/;2 (I — Q;) exists
too. That means both \/;° P; and A\;2,Q; exist and thus also \/;°(P;, Q). <

Combining weakest preconditions and liberal weakest preconditions, we can define conditional
weakest preconditions similar to the probabilistic case [23]:

» Definition 19. The conditional weakest precondition transformer is a mapping gcwp[S] :
P(H)? — P(H)? defined as qewp[S](P, Q) := (qup[S](P), quip[S](Q)).

Similar to the weakest precondition calculus, we can also give an explicit representation
which can be found in [14].

Again, assume tr(p) = 1 in the following, otherwise the probabilities are not normal-
ized. Note that tr(quip[S](I)p) is the probability that no observation is violated and
tr(qup[S](P)p) the probability that P is satisfied after S has been executed on p (see above).
We are interested in the conditional probability of establishing the postcondition given that
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. . . r(quwp[ST(P .
no observation 1(sAV)101ated, namely W. Notice that for qewp[S](P,I) = (A, B),
tr(Ap

this is simply r(Bp) That means we can immediately read of this conditional probability
from gcwp[S]. Formally, we use

tr(Ap) .
t/’\f‘(Ap7 Bp) = tr(Bp)> 1f f’]"(Bp) 7é 0
undefined, otherwise.

We now establish some properties of conditional weakest preconditions:

» Proposition 20. For every program S, the function qcwp[S] : P(H)? — P(H)? satisfies:
Has a linear interpretation: for all p € D~ (H),a,b € R and P,P" € P(H) with
aP +bP' € P(H)

tr(gewp[S](aP +bP', I) - p) = a - tr(qewp[S|(P, 1) - p) + b - tr(gewp[S](P', 1) - p)

Affinity: The function qcwp[S](P, Q) — qcwp[S](0,0) is linear. Note that this implies
convex-linearity and sublinearity.

Monotonicity: (P,P") <(Q, Q") implies qcwp[S](P, P") < qcwp[S](Q, Q")

Continuity: qewp[S](Vieo(Pi Qi) = Voo acwp[S](Pi, Qi) if ;2o (P, Qi) exists

4.4 Conditional Weakest Liberal Preconditions

Similar to the conditional weakest precondition, we can also define the same with weakest
liberal preconditions for partial correctness:

» Definition 21. The conditional weakest liberal precondition qcwip : P(H)? — P(H)? is
defined as qcwlp[S](P, Q) := (qwlp[S](P), qwlp[S](Q)) for each program S and predicates
P,Q € P(H).

» Definition 22. We define < on P(H)? as follows (P,Q) < (P',Q") & PC P'AQLC Q'
where C is the Loewner partial order. The least element is (0,0) and the greatest element
(L I). The least upper bound of an increasing chain {(P;, Q:)}ien for (P;,Q;) € P(H)? is
given pointwise by \/ ;= (P, Qi) = (Vieo Pis Ve Qi)-

Note that in contrast to <, both components are ordered in the same direction. Here it
follows directly that <l is an w-cpo on P(H)?.

Similar as for gcwp, we can now read off the conditional satisfaction of P when we want
tr(quwip[S](P)p)
tr(quip[S](T)p)
equal to dividing the probability to satisfy P after execution (including non-termination) by

non-termination to count as satisfaction: ¢r(gcwlp[S](P,1) - p) = which is
the probability to not violate an observation?.
We can also conclude some properties about conditional weakest liberal preconditions:

» Proposition 23. For every program S, the function qewlp[S] : P(H)?* — P(H)? satisfies:
Affinity: The function gecwlp[S](P, Q) — qcwlp[S](0,0) is linear. Note that this implies
convez-linearity and sublinearity.

Monotonicity: (P,Q) < (P', Q') implies qcwlp[S])(P, Q) < qcwlp[S](P,Q")
Continuity: qewlp[S](Vieo(Pis Qi) = Ve acwlp[SN(P;, Qi) if Vieo(Pi, Qi)

1 So far, we considered conditional weakest preconditions for total and partial correctness, i.e.,
qewp[S1(P, 1) = (qup[S1(P), quip[S](L)) and qewlp[S](P,T) = (quip[S](P), quip[S(I)). In [15, Sect.
8.3] it is argued why other combinations such as (qup[S](P), qup[S](I)) and (qwip[S](P), qup[S](I))
only make sense if a program is almost-surely terminating, i.e., without non-termination. Their
arguments apply without change in our setting, so we do not consider these combinations either.
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4.5 Observation-Free Programs

For observation-free programs, our interpretations coincides with the satisfaction of weakest

(liberal) preconditions from [27]:

» Lemma 24. For an observation-free program S, predicate P € P(H) and state p € D(H):
tr(qew()p[S)(P, I) - p) = tr(qu(D)p[S](P)p)

Proof. For every observation-free program S is qwip[S](I) = I [27] and which means for
p € D(H) (and not for all p € D~ (H)) tr(qcw(l)p[S](P,1) - p) is equal to

tr(quOp[S1(P)p) _ tr(qw®plSI(P)p) _,
tr(quip[S](M)p) ir(p) = tr(qu()p[S1(P)p)- <

4.6 Correspondence to Operational MC Semantics

The aim of this section is to establish a correspondence between qcwp[S](P,I) and the
operational semantics of S. In order to reason about P in terminal states of the Markov
chain, we use rewards. First, we equip the Markov chain used for the operational semantics
with a reward function with regard to a postcondition P:

» Definition 25. For program S and postcondition P, the Markov reward chain 9%5 [S] is the
MC R,[S] extended with a function r : ¥ — R>q such that r({},p')) = tr(Pp’) and r(s) =0
for all other states s € X.

tr(Pp') it (l,p)em

The (liberal) reward of a path 7 of RI'[S] is defined as r(7) = {O |
, else

and Ir(m) = r(m) expect if (sink) & w, then Ir(mw) = 1.
The expected reward of ¢(sink) is the expected value of r(w) for all m € {(sink), i.e.,
P P
ER™ 51 (O (sink)) = P PryIS1(o(L, p)) - tr(Pp'). The liberal version adds rewards of

non-terminating paths, i.c., LER™ 51O (sink)) = ER™ ﬂsﬂ((}(sink))—«—Prmf[[Sﬂ (=0(sink)).
Now we start by showing some auxiliary results, similar to [23, Lemma 5.5, 5.6]:

» Lemma 26. For a program S, state p € D(H), predicate P € P(H) we have
Proelsl(=0(4)) = tr(quiplSI(Dp),  (DER™ (0 (sink)) = tr(qu()p[S](P)p)
Proof. Follows from Lemma 7, Lemma 11 and Lemma 12. |

We are interested in the conditional (liberal) expected reward of reaching (sink) from the
initial state (S, p), conditioned on not visiting (4):

(L)ER™: IS1(O(sink))
Prulsl(=0(4))

This reward is equivalent to our interpretation of gcw(l)p, analogous to [23, Theorem 5.7

C(L)ER™ 51O (sink) | ~0(4)) =

» Theorem 27. For a program S, state p € D(H), predicates P,Q € P(H) we have
C(L)ER™ P (O(sink) | ~0(4)) = tr(gew(Dp[SI(P. D) - p)
Proof. Assuming tr(quip[S](I)p) > 0, then C(L)ERSRHSH(O(sink} | =O(4)) is equal to

(L)ER™ 1O (sink)) _ tr(qu(Dp[SI(P)p) _ -
= = tr(qcw(l)p[S](P,I) -
PEI oGy tr(quiplSimp) PN )
by Lemma 26. If tr(quip[S](I)p) = 0, then C’(L)ER%S[[SH(MSMM | =O(4)) is undefined
which means both sides of the statement are undefined and thus equal. <
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q = Hg
p = Hp;
observe(q ® p, I, — [11)(11]);
r = Hr

Figure 2 Quantum Fast-Dice-Roller. For the identity operator on Hs ® Ho we use 14.

5 Examples

In this section we provide two examples on how conditional quantum weakest preconditions
can be applied.

5.1 The Quantum Fast-Dice-Roller

In probabilistic programs, generating a uniform distribution using fair coins is a challenge.

The fast dice roller efficiently simulates the throw of a fair dice, generating a uniform
distribution about N possible outcomes [19]. We solve this problem for N = 6 with quantum
gates by creating qubits ¢, p,r with Hadamard gates and using the observe statement to
reject the gp = 11 case, leaving 6 possible outcomes (gpr = 000, ...,101), see Figure 2.

The Markov chain representing the operational semantics can be found in [14]. To prove
correctness, we focus on the probability of termination and reaching the desired state without
violating the observation. This probability cannot be directly read from the operational
semantics, even for this simple program. To specify this property formally, we use the reward
MC as defined in Definition 25. The desired probability can be computed using conditional
weakest preconditions, see Theorem 27.

To terminate in a state where the probability of all six outcomes is equal and forms a
distribution, we verify that we reach the uniform superposition

|6) = \/g( 000) + [001) +[010) + [011) + [100) + [101) )

over 6 states. Measuring in the computational basis yields a uniform distribution. After
computing the conditional weakest precondition, we can determine the likelihood of each
input state reaching the fixed uniform superposition and producing a uniform distribution,
assuming the observation is not violated. We use the decoupling of gcwp[S](P,I) and
compute qup[S](P) and qwip[S](I) separately where P = |¢p)X¢| and S stands for our
fast-dice roller program (Figure 2). The probability that an input state p will reach the
desired uniform superposition is #r(gcwp[S](P, 1) - p), that is

Jif p = |000)(000]
=40 ,if p = |x)x| with « € {001,011,101,111}
0.1111 ,if p = |a)z| with « € {010,100, 110}.

tr(qup[[S](P)p)
tr(qulp[S](T)p)

p = 1000%000| will reach the desired superposition with probability 1 assuming no observation
is violated. We can also see that tr(quwp[S](P)|000X000|) # 1 so even with the “best” input,
our conditional weakest precondition calculus gives more information than qup[S](P).
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7 = 0%

y = 0

g = H®"

ay = Usqy

g = H®"
observe(g, |0) (0/™);
z = 0

z = Rz

zy = CH,

observe(y, |1) (1])

Figure 3 Inner loop body Sk of the quantum algorithm solving MAJ-SAT as presented in [1].
y, z are qubits, § is an n-qubit sized register (formally n qubits gi,...,q,). We use g := 0" to

1 —2F
denote that all n qubits of g are set of 0. Ry = ﬁ ok 1 is a rotation matrix depending
+

on the parameter k and CH is a controlled Hadamard.

5.2 MAJ-SAT

To demonstrate our approach, we will verify the correctness of a program that is used to solve
MAJ-SAT. Unlike SAT, which asks whether there exists at least one satisfying assignment of
a Boolean formula, MAJ-SAT asks whether a Boolean formula is satisfied by at least half of
all possible variable assignments. MAJ-SAT is known to be PP-complete and [1] uses it to
prove the equivalence of the complexity classes PostBQP and PP.

Formally, we are faced with the following problem: A formula with n variables can
be represented by a function f : {0,1}" — {0,1} with s = [{f(z) =1}|. The goal is to
determine whether s < 2"~! holds or not. Aaronson [1] presents a PostBQP algorithm
for this problem. A PostBQP algorithm is one that runs in polynomial time, is allowed
to perform measurements to check whether certain conditions are satisfied (analogous to
our observe statement) and is required to produce the correct result with high probability
conditioned on those measurements succeeding. The algorithm from [1] is as follows:

for k=—-n,...,n:
repeat n times:
Sk
if S succeeded more than %n times :
return true
return false

where Sy, is given in Figure 3 and succeeding means that measuring z in the |+),|—) basis
returns |+). The core idea is to show that Sy succeeds with probability < % for all k if

s > 271 and with probability > <1+7\/\é/§)2 > 0.971 for at least one k otherwise. Hence
the overall algorithm solves MAJ-SAT. To keep this example manageable, we focus on the
analysis of S alone.

We use conditional weakest preconditions and determine gcwp[S](P,I""2) (which
depends on the parameters n, s, k). Here the postcondition P corresponds to z being in
state |+), formally P = |+) (+], ® I. Then the probability that S} succeeds is Pryq; :=
tr(qewp[Sk] (P, 1% 2) @ p) for initial state p.
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s=2 s=3 s=4 s=1T s=38
n=2 0.5 0.3838 0.3286

n=3 | 09714 0.9991 0.5 0.4247 0.4123
n= 0.9991 0.9933 0.9714 0.9889 0.5
n=2>5 | 09889 0.9828 0.9991 0.9977 0.9714

Figure 4 Maximum of Pr,.x = tr(qcwp[Sk](P, 1" %?) ® p) for k € [—n,n]. The cases where
s < 2"! are underlined.

We computed the cwp symbolically using a computer algebra system, but the resulting
formulas were quite unreadable. So for the sake of this example, we present numerical results
of computing cwp instead. Since Sy does not contain any loops, the cwp can be computed

by mechanic application of the rules for observation, assignment, and application of unitaries.

Performing these calculations for selected values of n and s and all k = —n, ..., n, we find
that in each case the cwp is of the form (cI, ¢'T) for some ¢, ¢’ € R. This is to be expected
since all variables ¢, z, y are initialized at the beginning of the program, so the cwp should
not depend on the initial state, i.e., all matrices should be multiples of the identity. In that
case, Prox = ¢/c’. In Figure 4, we show maxy, Pr,g for selected s,n. (The claim from [1]
is that the success probability of Sj is > 0.971 for some k if s < 27! and < 1/2 for all k
otherwise, so we only care about the maximum over all k.) We see that maxy Pr,s; is indeed

> 0.971 and < 1/2 in those two cases. This confirms the calculation from [1], using our logic.

(At least for the values of s,n we computed.)

6 Conclusion

We introduced the observe statement in the quantum setting for infinite-dimensional cases,
supported by operational, denotational and weakest precondition semantics. We defined
conditional weakest preconditions, proved their equivalence to the operational semantics and
applied them to an example using Bayesian inference. Future work includes the interpretation
of predicates and exploration of alternatives to observe statements such as rejection sampling
or hoisting in the probabilistic case. Additionally, the challenge of combining non-determinism
with conditioning in probabilistic systems [23] may extend to quantum programs.
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