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—— Abstract

A real-valued sequence f = {f(n)}nen is said to be second-order holonomic if it satisfies a linear
recurrence f(n+2) = P(n)f(n+ 1) + Q(n)f(n) for all sufficiently large n, where P,Q € R(z) are
rational functions. We study the ultimate sign of such a sequence, i.e., the repeated pattern that
the signs of f(n) follow for sufficiently large n. For each P, @ we determine all ultimate signs that
f can have, and show how they partition the space of initial values of f. This completes the prior
work by Neumann, Ouaknine and Worrell, who have settled some restricted cases. As a corollary, it
follows that when P, @ have rational coefficients, f either has an ultimate sign of length 1, 2, 3, 4,
6, 8 or 12, or never falls into a repeated sign pattern. We also give a partial algorithm that finds the
ultimate sign of f (or tells that there is none) in almost all cases.
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1 Introduction

Let N = {0,1,2,...} be the set of all natural numbers. A sequence f = {f(n)}nen € RY
of real numbers is called a holonomic sequence (of order r € N) if there are real-coefficient
rational functions P, ..., P._1 € R(z) such that f satisfies the linear recurrence

flntr)=Pan)f(n+r—1)+---+ Py(n)f(n) (1)

for all sufficiently large n € N. Holonomic sequences arise in various areas of mathematics
[4]. For example, solutions of linear differential equations with polynomial coefficients are
generating functions of holonomic sequences [25], and for a “proper hypergeometric term”
F(n, k), which consists of binomials (}) and so on, the sum f(n) = Y, F(n, k) is holonomic
if it converges for all n € N [21].

An important computational problem about holonomic sequences is the Ultimate Sign
Problem [16]: Given (rational-coefficient) rational functions Py,...,P._1; € Q(z) without
poles in N and (rational-valued) initial values f(0), ..., f(r — 1) € Q, find an ultimate sign,
defined as follows, of the unique sequence f having these initial values and satisfying (1) for
all n € N, and an index N € N at which this ultimate sign is reached. Although we assume
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that f satisfies the recurrence (1) not only for n > I for some I € N but also for all n, it is
not different in computability from the problem of finding the ultimate sign and the index N
from the coefficients Py, ..., P._1, initial values f(I), ..., f(I+r—1) and I.

» Definition 1. A sequence f € RY is said to have an ultimate sign (sg,...,5,_1) €
{+,—,0}* at N € N ifsgn f(n) = $p mod ~ for all n > N, where sgn: R — {+,—,0} is the
function that maps each real number to its sign.

For instance, the sequence {(—1)"(n — 2)}nen = —2,1,0,—1,2,-3,... has the ultimate
sign (+, —) at 3. Note that if f has the ultimate sign s at IV, then it also has any repetition
of s as an ultimate sign, and it does so at any index > IN; but we could of course ask for the
shortest ultimate sign s and the least index N without changing the computability of the
problem.

The Ultimate Sign Problem is a generalization of several important problems about signs
of holonomic sequences. One of the most famous problems is the Skolem Problem, which
asks whether f(n) = 0 for some n. (We note that this reduces to the Ultimate Sign Problem
by a similar discussion in [19, § 4].) Its decidability has been studied for almost 90 years [7].
Positivity Problem asking whether f(n) > 0 for all n and Ultimate Positivity Problem asking
whether f has the ultimate sign (4) are also famous and applied to automated inequality
proving [6]; see also subsequent works [9, 22, 23] and a SageMath implementation [18].

When the coefficients Py, ..., P,_1 are constant, f is called a C-finite sequence (or a
linear recurrence sequence). Skolem Problem for C-finite sequences with order r < 4 [26, 27|
and (Ultimate) Positivity Problem for C-finite sequences with order r < 5 [20] are known to
be decidable, whereas the decidability for higher order C-finite sequences is open.

For holonomic sequences, when r = 1 (i.e., when f is a hypergeometric sequence), the
Ultimate Sign Problem is easy since for given Py € Q(z), an index N € N such that Py(n)
has a constant sign for n > N can be effectively computed. When r = 2, i.e., when f satisfies
the recurrence of form

fin+2)=Pn)f(n+1)+Q(n)f(n), (2)

the decidability of Skolem and (Ultimate) Positivity Problem for some subclasses is known
in the context of the Membership Problem [17] and the Threshold Problem [10], respectively.
[16, Theorem 7] shows that the Ultimate Sign Problem for another subclass is computable.
However, the computability for general second-order holonomic sequences is not known.
To make a progress on this open problem, we study the ultimate signs of all second-order
holonomic sequences.

Our first main contribution is to classify all pairs (P, Q) € R(z)? by the ultimate signs
f can have, and show how the ultimate signs partition the space of initial values of f
(Theorem 4). This result resolves all remaining cases in [16, Theorem 1], which handles
the restricted case where P, Q are polynomials, P is non-constant and deg @ < deg P. In
addition, this result implies that when P, () have rational coefficients, the shortest ultimate
sign of f, if it has one, is either of length 1, 2, 3, 4, 6, 8 or 12 (Corollary 6).

Our second contribution is to give a partial algorithm that solves the Ultimate Sign
Problem for second-order holonomic sequences and halts on almost all input (Theorem 10).
This is an extension of [16, Theorem 3] that handles the restricted case mentioned above. This
result can be also stated as a reduction theorem: for second-order holonomic sequences, the
Ultimate Sign Problem Turing-reduces to the Minimality Problem, which asks the minimality
of a given f, i.e., whether f(n)/g(n) — 0 for all linearly independent solution g of the same
recurrence. In this sense this result extends [11], which shows that the Positivity Problem
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Turing-reduces to the Minimality Problem. Note that, unfortunately, the decidability of
Minimality Problem is unknown whereas many researchers numerically calculate minimal
holonomic sequences and apply them to numerical analysis of some special functions (for
example [5, 3]).

As a byproduct of our arguments, we found and amended some gaps in the proof of [16],
slightly modifying its Theorem 7. We discuss this in Section 2.3.

Related work

A lot of previous works describe their results in terms of continued fractions, which have a
strong connection to second-order holonomic sequences. We illustrate the connection between
those works and one of our main theorems in Sections 2.1.1 and 2.1.2.

Not only the ultimate sign, but also other periodicities of signs of holonomic (or C-finite)
sequences are investigated. Closely related to the Skolem Problem, the periodicity of the
zeros of C-finite (and for some holonomic) sequences is well-known as the Skolem-Mahler-Lech
theorem [2]. Almagor et al. [1] give some sufficient conditions for C-finite sequences to have
an “almost periodic sign”, a loose property of sign periodicity.

Kooman [13] studies the asymptotic behaviour of complex solutions of the recurrence (2),
where P and @) are not necessarily rational functions. His results helped us see the big
picture of our main theorems.

2 Results

The Ultimate Sign Problem asks about the ultimate signs of f that satisfies (2) for all n.

Such f is identified by the coefficient pair (P, @) and the initial value (f(0), f(1)).

» Definition 2. Let P, Q € R(x) be rational functions without poles in N. A sequence
f € RY 4s (P, Q)-holonomic if it satisfies (2). The pair (f(0), f(1)) € R? is called the initial
value of f.

The Ultimate Sign Problem for (0, Q)- or (P, 0)-holonomic sequences is easy, so we assume
P # 0 and @ # 0. By shifting the index by finitely many terms, we may assume that P, @
have no zeros in N. This shifting changes the ultimate sign and the initial value of f in such
a simple way that it does not affect the computability of the Ultimate Sign Problem. We
adopt this assumption in all the following theorems.

2.1 Ultimate signs

Our first main theorem lists the ultimate signs that (P, Q))-holonomic sequences f can have,
and shows how the ultimate signs partition the space of initial values of f for each of the
following types (Definition 3) of (P, Q). For R € R(z)\ {0}, let deg R denote d € Z satisfying
|R(z)| = ©(z?) and call the ultimate sign of {R(n)},en that of R.

» Definition 3. We classify (P,Q) € (R(x) \ {0})? into the following types. Let d :=

deg% and (s) (s € {+,—}) be the ultimate sign of %.

If s =+ and d > 2, then we say that (P, Q) is of 0o-O loxodromic type.
If s =+ and d < 2, then we say that (P, Q) is of 0o-§) loxodromic type.

If s=— and d <0, then let ag, a1, as be real numbers satisfying
Q(z) a1 a2 -3
P(z)P(x —1) @0+ x + x? +0E™) ®)
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If (o0, 0, 02) > (—%,0,—5%) in lezicographic order, then we say that (P,Q) is of
hyperbolic type.

Otherwise, ag < —%, so there is a real number 6 € [0, %) such that ag = — gosmgr-

(1) If 0 is a positive rational number and oy = 0, then we say that (P, Q) is of 6-O
elliptic type.

(2) Otherwise, we treat (P, Q) together with the next case.

If s=— and d = 1,2, or it is the case of (2) above, then we say that (P, Q) is of Q-

elliptic type.

If s = — and d > 3, then we say that (P, Q) is of %—O elliptic type.

This classification consists of the distinctions between lozodromic type (00-O loxodromic
type and oo-2 loxodromic type), hyperbolic type and elliptic type (0-O elliptic type and Q-2
elliptic type), and between O type (00-O loxodromic type and 6-O elliptic type) and Q type
(00-92 loxodromic type and Q-2 elliptic type).

The terminologies of “O” and “€2” come from big O and €2 notations. They represent

whether % is near or apart from a certain value (oo for loxodromic type, —m
for #-O elliptic type and —W with any ¢ € (0, 3] N Q for Q- elliptic type).

The terminologies of loxodromic, hyperbolic and elliptic come from the classification of
linear fractional transformations. If P and ) are constant, the linear fractional transformation
2z ﬁ@z maps the ratio f(n)/f(n + 1) between the two neighbouring terms of the (P, Q)-
holonomic sequence to the next ratio f(n +1)/f(n + 2), and is said to be elliptic, parabolic,
hyperbolic and loxodromic when % is in (—o0, *%)v {f% , (f%, 0) and (0, c0), respectively
(with slight variations among authors — some (cf. [14, §4.1.3]) treat hyperbolic as a subclass
of loxodromic, while some (cf. [24, § 4.7]) treat loxodromic as a subclass of hyperbolic).

This classification is a little complicated, but considering the case of constant P, @, it is
reasonable that the boundary between hyperbolic type and elliptic type is about —i and
that 6-O elliptic type and Q-2 elliptic type are distinguished in such a way. If P and @ are
constant, we can explicitly solve the recurrence (2) for f:

/B’n

an

f(n) = a_ﬁ(f(l) - B1(0)) + a—ﬁ(_f(l) +af(0)) ifa#p,
na™ (a—lf(l) — f(())) + anf(o) fo=p,

(4)

where o and 8 are the roots of the quadratic polynomial 22 — Pz — ). When % > —i,

we have a, 8 € R and f has an ultimate sign of length 1 or 2. On the other hand, when
% < —i, the roots a and 8 are conjugate imaginary numbers. Then we can rewrite the
formula (4) into f(n) = Ar™sin(nfr 4+ B), where A, B,r € R are constants independent of n
and 6 € (0,1) is a constant satisfying =% = —;—25=. f has an ultimate sign of length 7 for
7 (> 4) such that 70 € 2Z if 0 € Q, whereas f has no ultimate signs if § ¢ Q. Our first main
result (Theorem 4) is an extension of this fact, although we do not have explicit formulas
like (4) for non-constant P, Q.

Since the set Ipg(s) of initial values (f(0), f(1)) leading f to the ultimate sign s is
closed under linear combinations with positive coefficients, it is a convex linear cone and thus

specified by an (open, closed or half-open) interval p(Ip,q(s)) on the unit circle S, where

p:RZ2\{(0,0)} = S (2,9) = (2,y)/Va? + 32 ()

is the projection. Thus, we will state the theorem by describing how S! is partitioned into
intervals p(Ipg(s)). It is also obvious that flipping the sign of the initial value flips each
element of the ultimate sign, so that Ipg(—s) is just Ipo(s) flipped around the origin.
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We omit the parentheses and write Ip g(+, —), say, for Ipq((+,—)).
Rather than considering all P, @ € R(z), we state the theorem assuming the ultimate

sign of P is (4) because otherwise the ultimate sign of f can be obtained easily from that of
the (—P, Q)-holonomic sequence {(—1)"f(n)}nen with initial value (f(0), —f(1)).

» Theorem 4. Let P, Q € R(z) be rational functions without zeros or poles in N, and
suppose that the ultimate sign of P is (+). For each s € {4+,—,0}*, we write p(Ipg(s))
for the set of fo € S* such that the (P, Q)-holonomic sequence with initial value fo has the
ultimate sign s.

(1) If (P,Q) is of c0-O lozodromic type, S* is partitioned into closed intervals
p(Ipo(+,—)), p(Ipg(—,+)) which have non-empty interiors and non-empty open
intervals p(Ipg(+)), p(Ip,g(—))-

(1) If (P, Q) is of 0o-Q lozodromic type, S* is partitioned into singletons p(Ip.o(+,—)),
p(Ipo(—,+)) and non-empty open intervals p(Ip.qo(+)), p(Ip,o(—)).

(1) If (P,Q) is of hyperbolic type, S* is partitioned into half-open intervals p(Ip.q(+)),
pIpo(—))-
(IV) If (P,Q) is of %—O elliptic type, where r and k are coprime positive integers, let

. j—ik+0.5 o j—ik
s; = | sgnsin —— , t; = |sgnsin v (6)
r i=0,...,2r—1 r i=0,...,2r—1

yeey2r—1 "/ 1=0,...,

foreach j=0, ..., 2r—1.
If % is constant, S' is partitioned into p(Ipo(to)), p(Ip,q(s0))s---»
p(Ipg(tar—1)), P(Ip,o(s2r—1)), arranged in this order (clockwise or anticlockwise),
of which p(Ipg(t;)) are singletons and p(Ipq(s;)) are non-empty open intervals.
Otherwise, S* is partitioned into non-empty half-open intervals p(Ip.g(s0)),- .-,
p(Ipg(s2r—1)), arranged in this order, where for each j = 0, ..., 2r — 1, the
intersection of the closures of p(Ipq(s;)) and p(Ipg(sjt+1)) (where sar = o)
belongs to p(Ip,o(sj+1)) if % is eventually increasing, and to p(Ipg(s;))
if it is eventually decreasing.

(V) If (P, Q) is of Q-Q elliptic type, then no non-zero (P, Q)-holonomic sequence has an
ultimate sign.

In Part (IV), the value 0.5 can be replaced by any value between 0 and 1. If (P, Q) is of
%—O elliptic type, then % necessarily decreases eventually.

In Parts (I), (II), (III) and (IV), the union of the boundaries of the sets I(s) is a
finite union of lines. Following [16], which handles restricted cases of (II) and (IIT) with

deg % < —1, we call these lines the critical lines.

> Example 5. Let P(z) = 22 and Q(v) = —2£2, 50 that par—p = —1+ oty

is decreasing and (P,Q) is 3-O elliptic. Part (IV) of Theorem 4 states that non-zero
(P, @)-holonomic sequences f in this case have ultimate signs

S0 = (+7 Ty T _v+a +)a 51 = (+7 +7 Ty Ty Ty +)7 S = (+7+7+a Ty T _)7
S3 = (_7+a +7+7 ) _)v S4 = (_a _a+7+7+a _)a or §5 = (_7 T T +a +7+)7 (7)

and that the set Ipg(s;) of initial values that result in each ultimate sign s; is the area
between two halves of critical lines and includes the boundary facing Ip g(sj+1) (where we

159:5
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slope —1 F(1) slope %

Ipq(s1)

Ip,q(s5)

Figure 1 The set of initial values (f(0), f(1)) of (i—ﬁ, — ii‘;’)-holonomic sequences f having each
of the ultimate signs in (7).

write sg = s¢9). For this particular example, we can verify this by finding Ip g(s;) explicitly,
as we see by induction n that the solution of (2) is

(=)™ ((3m+1) f(0) —mf(1)) if n = 3m,
f(n) =< (=)™ (mf(0) + (m + 1) f(1)) if n=3m+1, (8)
(=)™ ((3m+3) f(0) —2(m+1)f(1)) ifn=3m+2,

so that Ipg(so), .., Ipg(ss) are as depicted in Figure 1.
Restricting Theorem 4 to rational-coefficient (P, @), we obtain the following:

» Corollary 6. Suppose that P, Q € Q(z) have no zeros or poles in N. Then every (P, Q)-
holonomic sequence has an ultimate sign of length 1, 2, 3, 4, 6, 8 or 12, if it has an ultimate
sign at all.

Proof. We may assume that P has the ultimate sign (+), because, as mentioned immediately
before Theorem 4, a (P, Q)-holonomic sequence f’ for P having (—) can be written as
f ={(=1)"f(n)}nen for a (—P, @Q)-holonomic sequence f, and hence, if f has ultimate sign
of length 7, f’ has an ultimate sign of length 7 if 7 is even, and 27 if 7 is odd.

Of the five cases in Theorem 4, the only one that does not immediately imply our claim
is (IV), namely when (P, Q) is of é—O elliptic type for some coprime positive integers r

and k. If (r,k) = (2,1), we are done. Otherwise, —m = lim % € Q. Since
r xr—r00
cos? %7‘(’ = % (cos %w + 1), we have cos %ﬂ' € Q, and thus cos %ﬂ' € Q since r and k are

coprime. The corollary follows from (a version of) Niven’s theorem, which states that the
only possibilities for such r are 2, 3, 4, 6, since f will then have an ultimate sign of length
2r € {4,6,8,12} by (IV). |

We can derive from Theorem 4 another corollary (Corollary 20 in Section 3.2). Appropriate
subsequences of second-order holonomic sequences are again second-order holonomic sequences.
That corollary describes the types of the coefficients of the recurrence which the subsequences
satisfy.
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2.1.1 Connection to continued fractions

In this section, we discuss the connection between Theorem 4 and continued fractions

with some important previous works. Note that continued fractions take values in R = RU{co}
with 2/00 =0 for z € R and /0 = oo for x € R\ {0}. See [14] about their deep theory and
application . Continued fractions are closely related to second-order holonomic sequences
through the next proposition, which can be verified by induction on n (simultaneously for all
P and Q):

» Proposition 7. Let P,Q € R(x) have no poles in N and A and B be the (P, Q)-holonomic
sequences with initial values (1,0) and (0,1) respectively. Then

K ggk; _ A(n+2) o)

ianor all n € N.

For this reason, A(n) and B(n) are called the nth canonical numerator and denominator,
respectively. We explain that Theorem 4 can be interpreted as a convergence theorem of
subsequences {p(A(n), B(n))}n=i (mod r)» ¢ = 0,...,7 — 1, of p(A(n), B(n)) where p is the
projection (5) and 7 > 1 is a suitable integer below.

All (P, @)-holonomic sequences f satisfy

f(n) = An)f(0) + B(n)f(1) = VA(n)? + B(n)? p(A(n), B(n)) - (f(0), f(1)). (10)

Let 7 be 2, 1, 1, 2r in Theorem 4 (I), (II), (III), (IV) respectively. Then the the set I;(+)
of initial values of f such that {f(n)},=; (mod ) has the ultimate sign (+) is a half plane
on R2. It follows from Equation (10) that {p(A(n), B(n))}n=i (mod -) converges to the
midpoint of the interval p(I;(+)). Similarly, it can be derived that, for any 7 > 1, one
of {p(A(n), B(n))}n=i (mod -) must diverge in the case of Theorem 4 (V). In this sense,
Theorem 4 is a convergence theorem of p(A(n), B(n)).
By the discussion above, the slopes of critical lines can be represented by the limits of
{= Koo B8 Yz moa = {563 }
n=t (mod 7 n=i (mod T)
of subsequences of KJ_ ggkg follows.

,2=0,...,7—1, and thus the convergence

» Theorem 8. Let P, Q € R(x) be rational functions without zeros or poles in N. First,
in Part (1), (II), (III) and (IV) of Theorem 4, the slopes of critical lines are exactly the
accumulation points of the continued fraction { Ki—o P(kg }neN Second, the accumulation
of the continued fraction is:

(1) If (P,Q) is of 00-O lozodromic type, the subsequences {Kj—_g gg:) }na, (mod 27 ¢ =0, 1,
converge in R to distinct values.
(2) If (P, Q) is of c0-2 lozodromic or hyperbolic type, the sequence {Kji—_g %}%N converges

in R.

159:7
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(3) If (P, Q) is of %-O elliptic type, where r and k are coprime positive integers, the sequences

{KZ:O %}nzi (mod )’ 1=0, ..., r—1, converge in R to distinct values.
(4) If (P,Q) is of Q-Q elliptic type, then for no positive integer T and no i € {0,...,7 — 1}
does the sequence {Kj_ % n=i (mod r) COTVETge in R.

Part (1) of this theorem is included in [14, Theorems 3.12 and 3.13]. Part (3) is similar
to [14, Lemma 4.28]. Part (2) can be derived from the following well-known convergence
theorem. Although Parts (1), (2) and (3) follow from Theorem 4, Part (4) does not follow
from it alone since it states divergence instead of convergence. We prove (4) in a full version
of this paper using the convergence theorem below and Corollary 20 (2) (in Section 3.2),
which is derived from Theorem 4.

» Theorem 9 ( [12, Theorem 7.1]). Let P, Q € R(x) be rational functions without zeros or
poles in N. The continued fraction {KZ:O % converges in R if and only if (P, Q) is

of 00-Q loxodromic or hyperbolic type.

}nGN

2.1.2 Connection to monotonic convergence of continued fractions

A(n)
B(n)
to that of p(A(n), B(n)). But this is not enough to prove each part of Theorem 4. Since it

even describes the ultimate signs of holonomic sequences with initial values on the critical
lines, it figures out not only the convergence of subsequences of p(A(n), B(n)), but also from
which direction the subsequences of p(A(n), B(n)) converge to their limits. To obtain this
detailed information, we need monotonic convergence theorems of subsequences of continued

If we identify the ultimate sign of B, we can extend the convergence of subsequences of

fractions rather than simple convergence theorems.

[14, Theorems 3.12 and 3.13] and [11, Lemma 3.4] are monotonic convergence theorems for
(P, Q) of 00-0, - loxodromic type and of hyperbolic type, respectively, and both literature
identify the ultimate sign of B in their case. Hence Theorem 4 (I) and (IT) can be derived
from the former literature, and (III) can be derived from the latter.

2.2 Computing the ultimate sign

The partial algorithm in the following theorem tells us, for given (P, Q) € Q(x)? and fy € Q2,
the index N € N at which the (P, @)-holonomic sequence with initial value fy, whenever it
terminates. Note that once we get N, we can obtain the ultimate sign itself by looking at
the signs of a finite number of terms f(N), f(N + 1), ...according to Theorem 4.

» Theorem 10. There exists a partial algorithm that,
given P,Q € Q(z) without zeros or poles in N, together with a pair fo € Q?,
terminates if and only if the (P, Q)-holonomic sequence f with initial value fo has an
ultimate sign and it is stable in the sense that there is a neighbourhood N' C Q% of fo
such that all (P, Q)-holonomic sequences with initial value in N have the same ultimate
sign, and
whenever it terminates, outputs an index at which f has its ultimate sign.

Note that the type of (P,Q) can be computed from P and @, and hence, although
the partial algorithm does not terminate when fo = (0,0) or when (P, Q) is Q- elliptic
(because of Theorem 4 (V)), we could make it terminate also on these inputs and declare the
non-existence of an ultimate sign in the latter case.

This partial algorithm terminates on “most” inputs since, for (P, Q) of 0o-O, -Q loxodromic,
hyperbolic and 6-O type, the (P, Q)-holonomic sequence f with initial value fy has an unstable
ultimate sign if and only if fy is on the finitely many critical lines delimiting the areas Ip ¢(s)
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in Theorem 4. For a small but substantial class of (P, Q), it is known that all fy € Q\{(0,0)}
lead f to a stable ultimate sign, or in terms of critical lines, the slopes of the critical lines
are irrational, which is the main topic of Section 2.3. However there is no known general
method to determine whether f has a stable ultimate sign, or in other words, whether a given
fo € Q2 is on the critical lines, even though we obtained representations of their slopes in
Theorem 8. Hence it is a wide-open problem whether we can make the algorithm terminate
on all inputs [11, 8, 16].

Theorem 10 is stated for rational-coefficient P, @ and rational-valued fj, so that the
problem is computationally meaningful. By studying the proofs in some detail we could,
however, modify the statement appropriately so that the partial algorithm accepts inputs
involving real numbers presented as infinite sequences of approximations, in a way analogous
to the discussion in [15] about signs of C-finite sequences.

» Example 11. Let us compare the values of the sums

Z k(n—l—;—k) and Z k(n+;—k>

0<k<nil | ke2z 0<k< 2L ke2z+1

using the partial algorithm in Theorem 10. It suffices to identify the ultimate sign of the
difference f(n) := ,LC(:"JU/% (—1)kk(”+;7k) of the two sums and at which index f has it.
By creative telescoping [21, Chapter 6], we find that f is the (P, Q)-holonomic sequence with
initial value (0, —1), where (P, @) is as in Example 5. Now we can input this into our partial
algorithm and it tells that f has the ultimate sign (+,—, —, —,+,+) at 1, i.e., when n > 1,
the former sum is greater than and less than the latter sum if n = 0,4,5 (mod 6) and if
n =1,2,3 (mod 6), respectively.

Unlike the above case, for the same (P, @), the partial algorithm never terminates with
initial values on the critical lines in Figure 1, such as (1, —1), (4,5) and (2,7).

Let us consider another example: compare

3 3
n n
E k(k) and E k(k) :
0<k<n, ke2Z 0<k<n, k€2Z+1

Taking a similar process, we find that the difference g(n) := Zzzo(fl)kk(;;)g is the (R, S)-
holonomic sequence with initial value (0, —1), where

(R(a:),S(@):( 1827 + 36z + 12 3(3z + 2)(3z + 1) (62 +16x+11)>

(z+1)(x+2)(622+4x+1) (x4 1)(z+2)(62% + 4z + 1)

Note that (R,.S) is of %—O elliptic type. Our partial algorithm proves that g has the ultimate
sign (+,—,—,+) at 1, i.e., when n > 1, the former sum is greater than and less than the
latter sum if n = 0,3 (mod 4) and if n = 1,2 (mod 4), respectively.

However, for this (R, S), we do not know how to identify the critical lines. Algorithm
Hyper [21, Chapter 8] declared that there is no explicit formula like (8) (more precisely,
“closed form”). By numerical analysis using our partial algorithm, we find that the slope of the
critical line between Ir s(+, —, —, +) and Ig s(+, +, —, —) is in the interval (—2.452, —2.434),
and the one between Ig s(+,+,—, —) and Ir s(—,+,+, —) is in (4.8094, 4.816).

Theorem 10 can be described in a reduction form:

» Theorem 12. For second-order holonomic sequences, the Ultimate Sign Problem Turing-
reduces to the Minimality Problem.
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2.3 Input set admitting a total algorithm

The main predecessor to our work [16, Theorem 1, 3 and 7] relies on a lemma [16, Lemma
14] whose proof contained an error in the calculation of an inverse image. Their classification
and the partial algorithm [16, Theorem 1 and 3] analogous to our Theorems 4 and 10 are
correct after all, as our theorems imply. In this section, we state Theorem 13, an amendment
of [16, Theorem 7]. Note that our theorem is slightly weaker than the original one due to one
more gap in the proof. We mention this in detail after proving Theorem 13 in Section 3.3.

Theorem 13 gives a sufficient condition on P, @ € Q(x) for all non-zero (P, Q)-holonomic
sequences f € QY \ {0} to have a stable ultimate sign. This gives a nontrivial input set on
which the Ultimate Sign Problem is solvable by the partial algorithm in Theorem 10.

The restriction of P and @ to Z[z] instead of Q(x) is no essential loss of generality:
For P, Q € Q(z), we can let P, Py,Q1,Q2 € Z[x] be such that P = % and Q = %
and apply the theorem on P’ and @', where P'(z) = Pi(x + 1)Q2(z + 1) and Q'(z) =
Q1(x 4+ 1)Q2(z)Pe(x + 1) Py(z), because the ultimate sign of a (P, @)-holonomic sequences f
is stable if that of the (P, @")-holonomic sequence {f(n+1) Z;é Py(k)Q2(k)}nen is stable.

» Theorem 13. Let P(z) = poz? +p1ad=t+- - +py € Z[z] and Q(x) = goz +qra? 1+ -+
qd € Z[z] be polynomials without zeros in N. Suppose that pg > 0 and d > 1 (where gy might
be zero). Then, if P and Q satisfy either of the following condition, any (P, Q)-holonomic
sequences f € QV\ {0} have a stable ultimate sign.
(1) lgol < po
(2) |go|l = po and the two conditions below hold for s :=sgngqy € {1, —1}:
Q(z) — sP(z) # 1 in Z[z],
sqp—p1—s<po ifd=1,
5¢1 —Pp1 < po if d > 2.

3 Proof of the Results

In this section, we prove our results. For the lemmas used in this section, we provide only
some explanation. See a full version of this paper for the whole proof.

3.1 Proof of Theorem 4

Let us first focus on identifying the lengths of the ultimate signs that (P, @)-holonomic
sequences can have and get an overview of the proof of Theorem 4. Lemmas 14 and 15
below, by types of (P,Q), characterize (P, Q) admitting (P, Q)-holonomic sequences with
ultimate signs of lengths 1 and 2, respectively. Then only lengths 7 > 3 are left. For each
7 > 3, we will introduce a special recurrence such that we can decide if F' € RN satisfying
the recurrence has a (shortest) ultimate sign of length 7 (Lemma 16). Next, by types of
(P, @), we characterize (P, Q) and 7 admitting that all (P, @)-holonomic sequences f can
be transformed to F' satisfying the special recurrence and having the same ultimate sign
as f (Lemma 18). Finally we show that, for the other (P, Q) and 7 > 3, any non-zero
(P, @Q)-holonomic sequences do not have the shortest ultimate sign of length 7 in the proof
of Theorem 4 (V). Note that some lemmas below are excessive in identifying the length of
ultimate signs, but required to identify the ultimate signs themselves and how they partition
the space of the initial values.

» Lemma 14. Let P,Q € R(x) have no zeros or poles in N and P have the ultimate sign (+).
(1) Ipg(+) #@ <= (P,Q) is of loxodromic type or hyperbolic type.
(2) If (P,Q) is of hyperbolic type, then Ipg(+)UIpg(—) =R\ {(0,0)}.
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Similar results to the above lemma appear in, e.g., [11].
The following lemma is relatively easy and similar propositions appear in context of
continued fractions.

» Lemma 15. Let P,Q € R(x) have no zeros or poles in N and P have the ultimate sign (4).

(1) Ipg(+,—) #@ <= (P,Q) is of loxodromic type.

(2) p(Ip,g(+,—)) is a closed interval.

(3) If (P, Q) is of lozodromic type, then Ipg(+) U Ipg(—)UIpg(+,—)Ulpg(—,+) =
B2\ {(0,0)}.

A part of the proof. Let us show only (1). (= ) If a (P, Q)-holonomic sequence f has the
ultimate sign (+, —), then @ has (4) by comparing the signs of three terms in the recurrence
(2). (<) Let I,, be the set of initial values (# (0,0)) with which the (P, Q)-holonomic
sequence f satisfies f(2n) > 0 and f(2n+1) < 0. Since p(I,,) is a closed interval that shrinks
as n — 00, we have p(Ipq(+,—)) = N,en P(In) # @, where p is the projection (5). <

Now we introduce the special recurrence mentioned in the first paragraph of this section.
For a (not necessarily holonomic) sequence ' € RY, consider a single-term-feedback recurrence

Fn+7)—F(n)=R(n)F(n+1), (11)

where 7 is an integer > 2 and R € RY. This recurrence expresses the difference between
two neighbouring terms in the gap-7 subsequences {F(n)},=; (mod r), ¢ = 0,...,7 — 1, as a
single term in the next subsequence {F(n)},=i+1 (mod ) Mmultiplied by the coefficient R. By
the discussion below the next lemma, F' has an ultimate sign of length 7 if |R(n)| rapidly
decreases (specifically, R(n) = O(n=17¢) for some £ > 0), and does not have one (except for
repetition of an ultimate sign of length < 2) if |R(n)| does not rapidly decrease (specifically,
|R(n)| = Q(n~1)) and R has an ultimate sign (+) or (—).

» Lemma 16. Let F € RY satisfy the single-term-feedback recurrence (11) for a coefficient

R c RY and an integer 7 > 2.

(1) (restricted case of [12, Theorem 6]) Suppose R(n) = O(n=17¢) for some ¢ > 0.
(1a) Each of the gap-1 subsequences {F'(n)}n=i (mod ), i = 0,...,7 — 1, converges.
(1b) If F' # 0, then there is i € {0,...,7 — 1} for which {F(n)}n=i (moa -y does not

converge to 0.

(2) Suppose that |[R(n)| = Q(n~1) and R has an ultimate sign (+) or (). If F has an
ultimate sign of length T, then F' also has an ultimate sign of length < 2.

(3) Suppose that R has an ultimate sign (q), ¢ € {+,—,0}. Leti € {0,...,7 —1}. If
a subsequence {F(n)}n=it1 (mod ) Of F has the ultimate sign (s), s € {+,—,0} and
{F(n)}n=i (mod r) converges to 0, then {F(n)}n=; (mod ) has the ultimate sign (—gs).

Summary of the proof. (1) We give only an intuitive explanation. By the recurrence (11),
we have
Fn+2r-1) Fin+7-1)
: = (I + Mg(n)) : :
Fn+71) F(n)
where I is the identity matrix and Mg(n) is a matrix with | Mg(n)| = O(n~17¢) in some
norms. Then []°7 (I + Mg(n)) seems to converge to a regular matrix by the analogy of

convergence of [[77 (1 + r(n)) with r(n) = O(n~'7¢). The statement follows from this
convergence.
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(3) By the recurrence (11), you can find that {F(n)},=; (mod r) is eventually increasing,
eventually decreasing or constant. Then it has (=), (+) or (0), respectively.

(2) By comparing the signs of three terms of the recurrence (11), each {F(n)},=; (mod )
is eventually monotonic if f has an ultimate sign of length 7. Let its limit o; € R U {£o0}.
Since |R(n)| = Q(n~1), it follows that ag = -+ = a,—1 = 0 or ag,...,a,—1 € {*oc}. A
discussion of increasing or decreasing as in the proof of (3) leads to the conclusion. <

If |R(n)| rapidly decreases (i.e., in the case of (1)), F' has an ultimate sign of length
as follows. If F' = 0, it is obvious. If F' # 0, then by (1a) and (1b), there is 4 such that
{F(n)}n=i (mod r) has ultimate sign (+) or (=) . Then {F(n)}n=i—1 (mod r) also has (+) or
(—) if it converges to a non-zero real number. This is true even if it converges to zero by (3).
Thus, by induction, every gap-7 subsequence of F' has ultimate sign of length 1, meaning that
F has an ultimate sign of length 7. On the other hand, if |R(n)| does not rapidly decrease
(and 7 > 3), F' does not have the shortest ultimate sign of length 7 > 3 by (2).

Part (1) of Lemma 16 is known for a larger class of recurrences [12, Theorem 6]. Our
restriction to the single-term-feedback recurrence allows (2) and (3) to hold.

Now we want to find a sequence T' € RY with ultimate sign (+) and a sequence R € RY
such that for each (P, @)-holonomic sequence f, the transformed sequence F'(n) := T'(n) f(n)
satisfies the recurrence (11). Note that f and F have the same ultimate sign if and only if T
has (+). To find T and R, we use A", B(") € R(x) below.

» Definition 17. For P, Q € R(x) without zeros or poles in N, there uniquely exist A BT ¢
R(x) such that any (P, Q)-holonomic sequences f satisfy the recurrence

fln+7)=BD(n)f(n+1)+ A7 (n)f(n) (12)

for all n € N. Let us call A" and B(") the generalized 7th canonical numerator and
denominator (of (P,Q)) respectively.

These are generalizations of the notions of 7th canonical numerator A and denominator B
in Proposition 7 since (A (0), B (0)) = (A(7), B(7)). We can generalize Equation (9) to
KT % = gi%m. Equation (12) is a generalization of the equation f(7) = B(7)f(1) +
A(7)f(0) that A and B satisfy for any (P, @)-holonomic sequence f.

Let 7 > 2 and T, R € RY. For each n € N, by Equation (12), F(n) = T(n)f(n) satisfy

Equation (11) for all (P, Q)-holonomic sequences f if and only if
T(n+71)A7 (n) =T(n), Rn)T(n+1)= BT (n)T(n+1). (13)

To allow T to have the ultimate sign (+), we want A to have (+). In addition, to
apply Lemma 16 (1) for F'(n) = T'(n) f(n), the absolute value of the coefficient |R(n)| has to
decrease rapidly. The lemma below shows that there exists 7 satisfying these conditions if
and only if (P, Q) is of O type.

» Lemma 18. Let P,Q € R(x) have no zeros or poles in N, and P have the ultimate sign
(+). Let T > 2 be an integer and A and B™) be the Tth generalized canonical numerator
and denominator, respectively.
(1) Assume that T, R € RY satisfy (13) and T(n) # 0 for all sufficiently large n. Then
|| = 014D ()| 71/7). Bspecially, |R(n)| = © (|B® )] AT ()| 1+1/7).
(2) The following are equivalent.
(2a) A has the ultimate sign (+) and |BT) (n)|AT) (n) =17 = O(n=17%) for some
e>0.
(2b) (P,Q) is of 0-O elliptic type and 70 € 2Z, or (P, Q) is of 00-O lozodromic type and
T € 2Z.




F. Hagihara and A. Kawamura

A summary of the proof. (1) This is intuitively correct by the left equation of (13).

(2) We can check A (z) = Q(z)B"~Y(x + 1) by a simple calculation, so it suffices
to determine deg B(™) and the ultimate sign of B("). Find a recurrence that the sequence
{B("M} ¢y satisfies. Then you can explicitly obtain b, := leIEO B(™)(z) for any 7 by solving
the recurrence after letting & — co. Moreover, you can explicitly obtain ¢, (x) such that
xhﬁngo ¢ (z) = 0 and B (z) = b, + ¢ (x) + O(z~'er(x)). Now we know deg B(™) and the

ultimate sign of B(") even in the case of b, = 0. |
Now we are ready to show Theorem 4.

Proof of Theorem 4 (I) and (II). By Lemma 14, it remains to prove that p(Ip o (+, —)) has

width if (P, Q) is of co-O loxodromic type and does not if (P, Q) is of co-§2 loxodromic type.

In other words, we should prove the existence of a (P, Q)-holonomic sequence with the stable
ultimate sign (4, —) in the former case and the non-existence in the latter case.

Define T, R € RY as they satisfy T(n), R(n) > 0 and Equation (13) with 7 = 2 for all
sufficiently large n (Note that A®?) = @ and B® = P). Then, for all (P,Q)-holonomic
sequences f and sufficiently large n, the transformed sequences F(n) := T'(n) f(n) satisfy the
single-term-feedback recurrence (11) with 7 = 2, i.e.

F(n+2) — F(n) = R(n)F(n + 1). (14)

Since A (n) = Q(n) > 0 for all sufficiently large n, (1) and (2) of Lemma 18 implies
R(n) = O(n=17¢) for some € > 0 if (P, Q) is of co-O loxodromic type and R(n) = Q(n~1) if
(P, Q) is of 0o-Q loxodromic type.

If (P, Q) is of 00-O loxodromic type and so R(n) = O(n~17¢), we can define a linear map
L that maps a (P, Q)-holonomic sequence f to

L(f) = li T li
(f) <n—0 1(gllod 2), (n)f(n)7 n=1 1(ernlod 2),
n— 00 n—00

T(n)f(n)) € R?

by Lemma 16 (1a). By Lemma 16 (1b), L is injective. Since the domain and range of L are
both two-dimensional, L is bijective. Hence, for example, L=1(1,—1) is a (P, Q)-holonomic
sequence that has the stable ultimate sign (4, —).

If (P,Q) is of co-Q loxodromic type, take a (P,Q)-holonomic sequence f that has
the ultimate sign (4+,—). Let us show that this is unstable. It suffices to show that
T(n)f(n) = O(1) and nl;rréo T(n)g(n) = co where g is a (P, Q)-holonomic sequence having
(4+) (because it follows that, for any 6 € R\ {0}, the perturbations f + dg of f have the
ultimate sign (4)). For all sufficiently large n, since R(n) > 0 and F(n) = T(n)f(n)
satisfies Equation (14), F(2n) (> 0) is monotonically decreasing and F'(2n + 1) (< 0) is
monotonically increasing. So F(n) = O(1). On the other hand, F'(n) := T(n)g(n) (> 0),
a sequence satisfying the same recurrence, eventually increasing. Especially F'(n) = Q(1).
Since R(n) = Q(n~1), we have F'(n+2) — F'(n) = Q(n~1!). Thus nh_)n;o F'(n) = . <

Proof of Theorem 4 (III). Ipq(+), Ip,o(—) are both connected and Ipg(+) = —Ipg(—).
The statement follows from this and Lemma 14 (2). <

Proof of Theorem 4 (V). Suppose, for a contradiction, that a non-zero (P, Q)-holonomic
sequence f has an ultimate sign (sg,...,$r—1)-

Let 7 > 3 first. Let A(™) and B(") be the generalized 7th canonical numerator and
denominator. It follows from Lemma 18 (2) that A(") has the ultimate sign (+) or (0),
or that |B(M(n)|A) (n)~1*Y/7 = Q(n~'). Let us first consider the former case. Let

159:13

ICALP 2025



159:14 The Ultimate Signs of Second-Order Holonomic Sequences

(b) (b € {+,—,0}) be the ultimate sign of B("). By Equation (12) we have s; = bs;,; for
alli=0,...,7 — 1, where s, := sg, and so f has an ultimate sign of length < 2. Next, let
us consider the case where A(™) has (=) and |B(™)(n)||A) (n)|~1*Y/7 = Q(n~1). In this
case we can choose T, R € RY satisfying T'(n) > 0 and the relation (13) for all sufficiently
large n, and we have |R(n)| = Q(n~1). The transformed sequence F(n) := T'(n) f(n) satisfies
the recurrence (11) for all sufficiently large n. It follows from Lemma 16 (2) that F' has an
ultimate sign of length < 2, and so does f.

Now it suffices to consider the case 7 = 1,2. By Lemma 14 (1) and Lemma 15 (1), f
does not have ultimate signs of length 1 or 2. <

It remains to show (IV). Let (P, Q) be of 6-O elliptic type. As already mentioned, for 7
such that 76 € 2Z, all (P, @Q)-holonomic sequences f have ultimate signs of length 7. Now
we need to find which ultimate signs (of length 7) f can have. This will be derived from the
lemma below.

» Lemma 19. Tuke (P,Q) as in Lemma 18 and assume that it is of %—O elliptic type.

(1) The generalized 2rth canonical denominator B®") has the ultimate sign (+) if %
is eventually increasing, (—) if eventually decreasing, and (0) if constant, respectively.

(2) By Lemma 18 (2), we can choose T € RY such that T(n) > 0 and the relation (13) with
7 = 2r hold for all sufficiently large n. Then, for each j = 0,...,7 — 1, there exists
a (P,Q)-holonomic f9) such that for alli € {0,...,7 — 1}, {T(n)f9(n)}=i (mod 21
converges to a real number of sign sgn sin @77

Proof of Theorem 4 (IV). Take T and f© ..., f*™=1 as in Lemma 19 (2). Let f?") .=
f©. (P,Q)-holonomic sequences of the form f = afU) +bfU+1) (a,b > 0) have the ultimate
sign s; since {T'(n)f(n)}n=; (mod 2r) (i =0,...,2r — 1) converge to a real number of sign
sgn sin M“%O'E’w. Then we have {initial values of af¥) +bfU+Y) | a,b > 0} C Ipg(s;). It
remains to prove that f() has the ultimate sign s; if %
sj—1 if eventually decreasing and ¢; if constant, respectively.

For i,j € {0,...,2r — 1} and ¢ € {0, %1}, let w; ;4 := sgnsin Mw. Then what we
want to prove is that f) has the ultimate sign (Wi 5,q)i=0,....2r—1, Where (sgn ¢) is the ultimate
sign of B in Lemma 19 (1). We will show that the subsequence {T'(r)f)(n)},=; (mod 2r)
has the ultimate sign wu; ;4 for each 4.

If j—ik # 0 (mod r), then this subsequence converges to a real number of sign u; ;o (# 0).
Therefore it has the ultimate sign (u; ;o) = (uijq). If j —ik = 0 (mod r), then this
subsequence converges to 0. Define R € RY by the relation (13). R has the ultimate
sign (sgnq) and F(n) = T(n)f)(n) satisfies (11). It follows from Lemma 16 (3) that this

subsequence has the ultimate sign (—sgn qu,+1,j,0) = (sgn q(—l)#) = (Ui j,q)- <

is eventually increasing,

3.2 Proof of Theorems 10 and 12

Theorems 10 and 12 are algorithmic claims stating that the ultimate signs classified in
Theorem 4 can be partially computed in each sense. We could prove them by analyzing the
proof of Theorem 4 quantitatively. But instead of carrying out such analysis for all cases of
Theorem 4 separately, we choose to do so just for the hyperbolic type (Lemma 21 below), and
argue that all other types (having ultimate signs) reduce to it in the sense of the following
Corollary 20.

From the original recurrence (2), we can obtain, for each positive integer 7, a “gap-7
recurrence”

J(n+27) = Pr(n) f(n+7) + Q- (n) f(n), (15)



F. Hagihara and A. Kawamura

where P, and @, are rational functions. Specifically, they can be written as

B@7) B@7)
-2 —ACH _ 2 ()
P; B Qr=A 50 A (16)
using the generalized canonical numerators A, AM . and denominators B, BM),

...for (P,Q) (see Definition 17), assuming that B(") is non-zero (note that if B(") =
0, we have f(n + 1) = A (n)f(n), in which case the ultimate sign of f can be found
easily). Thus, the subsequence {f(7n + N)},en of f, for any number N € N greater than
all zeros of B("), is the (P, (tz + N),Q,(tz + N))-holonomic sequence with initial value
(f(N), f(N +7)). The following corollary to Theorem 4 says that with a right choice of 7,
this (Pr(tx + N), Q. (txz + N)) is of hyperbolic type, unless (P, Q) is of Q- elliptic type.

» Corollary 20. Suppose that P, Q € R(x) have no zeros or poles in N. Let A0 A0

...and B©, B be the generalized canonical numerators and denominators, respectively.

(1) Suppose that (P, Q) is either of loxodromic type or of f—O elliptic type for some coprime
positive integers r and k. Let T = 2 in the former case, and T = 2r in the latter case.
Suppose that B(™) and B®™) are non-zero. Then Py and Q. defined by (16) are non-zero,
and (Pr(tx + N), Q. (tx + N)) is of hyperbolic type for all N € N.

(2) Suppose that (P,Q) is of Q-Q elliptic type. Then B™) is non-zero, Py and Q. defined
by (16) are also non-zero, and (P-(tx + N),Q,(tx + N)) is of Q-Q elliptic type for all
NeNandT > 1.

Proof. (1) P, # 0 by B?7) #£ 0, and Q. # 0 by B(") # 0. Since the type of (P.(1x +
N),Q,(tx 4+ N)) does not depend on N, it suffices to prove this corollary only for N which
is larger than any zeros and poles of P., Q,, B™). Since B("(N) # 0, the dimension
of {(f(N), f(N + 1)) | fisa (P,Q)-holonomic sequence} is 2. Therefore when f runs on
the set of all (P, Q)-holonomic sequences, {f(7n + N)},en runs on the set of all (Pr(rx +
N), Q- (tx + N))-holonomic sequences. By Theorem 4, any {f(7n + N)},en has an ultimate
sign (+), (=), or (0). Hence, again by Theorem 4, (P, (x4 N), Q,(tz + N)) is of hyperbolic
type.

(2) By Theorem 4 (V), no non-zero (P, Q)-holonomic sequence has any ultimate sign.
Therefore B(") # 0 for any 7. Since the type of (P (7z + N), Q. (7z + N)) does not depend
on N, it suffices to prove this corollary for one N. Non-zero (P, Q)-holonomic sequences
do not have ultimate signs, so there exists at least one N € N such that the subsequence
{f(7n+ N)}nen does not have any ultimate signs. Therefore P, Q, # 0, and it follows from
Theorem 4 that (P (12 4+ N),Q-(Txz + N)) is of Q-Q elliptic type. <

» Lemma 21 (A quantitative version of Lemma 14). Let P,Q € R(x) have no zeros or poles
in N.
(1) The following are equivalent.

(1a) (P, Q) is of loxodromic or hyperbolic type.

(1b) There exists ¢ € RN with ultimate sign (+) that satisfies

Q(n)

q(n)(1—q(n+1)) > —W

(17)
for all sufficiently large n € N.

(1b) holds, then it holds with the sequence q defined by q(0) = q(1) =1 and q(n) =

+ ﬁ + 4n11)gn’ n = 2.

(2) {f
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(3) Let (P,Q) be of hyperbolic type and P have the ultimate sign (+). Take any q in (1b).
Take N € N such that P, q, Q have the ultimate sign at N and the condition (17) is
satisfied for any n > N. Let f be a (P, Q)-holonomic sequence. Then if

n+1
f(n) #0 and f(f(n)) > q(n)P(n—1) (18)
holds for some n > N, this condition also holds forn+ 1,n+ 2,.... Especially, f has

an ultimate sign (+) or (=) at n.

The sequence ¢ in Lemma 21 (2) is what appears in the proof of [11, Lemma 3.4].

Proof of Theorem 10. The desired partial algorithm simply diverges when the input (P, Q)
is of Q-9 elliptic type. For the input (P, Q) of hyperbolic type together with fo € Q?, define
q € RY as in Lemma 21 (2) and execute the following procedure:

1. If P has the ultimate sign (—), then write fo = (a,b), and let P := —P and fj := (a, —b).

2. Calculate any N as in Lemma 21 (3).

3. Let f be the (P, @)-holonomic sequence with initial value fo. For n = NN +1,...,
check the condition (18), and if it is satisfied then output n.

Let us show that if this procedure halts, then the output is correct and the (P, Q)-
holonomic sequence f with initial value fy has a stable ultimate sign. Without loss of
generality, we can assume that P has the ultimate sign (+). It follows from Lemma 21 (3)
that f has an ultimate sign at the output n when the procedure halts. Moreover, since
sgn f(n) and the condition (18) for each n are robust under small perturbations of the initial
value of f, the ultimate sign of f is stable.

Conversely, let us assume that the (P, Q)-holonomic sequence f with initial value fp has
a stable ultimate sign. By Lemma 14 (2), f has (+) or (—). Without loss of generality, we
can assume it is (+). Let N be the one obtained in step 2 of the procedure with input P, Q,
fo. It follows from the stability of the ultimate sign of f that there exists a (P, Q))-holonomic
sequence g such that

g(N) >0,

g satisfies the condition (18) for n = N, where f is replaced by g,

A small perturbation f — g of (the initial value of) f has the same ultimate sign (+) as f.
We want to show that F(n) := g(n)/ HZ;le q(k)P(k — 1) = oo(n — o) since then we
have nli_)ngo f(n)/HZ;]lV q(E)P(k — 1) = oo and the condition (18) holds for some n. By
the aséumption of g and Lemma 21 (3), ¢ (and so F') has the ultimate sign (+) at N.
The recurrence of g as a (P, @)-holonomic sequence and the condition (17) yeild that
Fn+2)—Fn+1) > (¢gin+1)"t —=1)(F(n+1) — F(n)) for all n > N. Note F(N +
1) — F(N) > 0. Then we have F(n+2) — F(n+1) = Q ([T} _o(¢(k+1)"* —1)). Since

gk +1)" —1=1-L— L1 O(k™?), it follows that [[}_g(q(k+ 1)~ ~1) = © (#)

nlogn

(Herein we used [];_,(1+ ¢ + M‘O‘ﬁ) = O(n%(logn)?) for arbitrary a,b € R.) Thus
Fn+2)—F(n+1)=Q (#) and so F(n) = Q(loglogn), which proves F'(n) — oco.

nlogn
Finally, when the input (P, Q) is of loxodromic type or %-O elliptic type, define 7 as in
Corollary 20. If the 7th generalized canonical denominator B(™) or the 27th one B?7) is 0, it
is easy to make our partial algorithm behave as in Theorem 10. Assume that B(™), B(7) =£ 0,
and define P;, @), as in Corollary 20. Let Ny € N be larger than any poles of P, and Q.
Since all (P;(rx + N),Q,(rx + N)) for N = Ny,...,Ng + 7 — 1 are of hyperbolic type,
we can execute the aforementioned procedure with inputs (P, (7z + N), Q. (72 + N)) and
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(f(N), f(N + 1)) for each N, which each halts if and only if {f(7n + N)},cn has a stable
ultimate sign of length 1. All of these 7 executions thus halt if and only if f has a stable
ultimate sign of length 7. <

Proof of Theorem 12. Take inputs fo € Q% and (P,Q) € Q(z)? for the Ultimate Sign
Problem for second-order holonomic sequences. Let f be the (P, @)-holonomic sequence with
initial value fo. Without loss of generality, we can assume that P, @) are non-zero, (P, Q) is
not of Q-Q type and fy # (0,0) (otherwise the problem is easy). We can also assume that P,
@ have no zeros in N. As in the proof of Theorem 10, we only have to consider the case of
(P, Q) of hyperbolic type, by taking a suitable subsequence.

Assume that one has an oracle for the Minimality Problem for second-order holonomic
sequences. This oracle tells us whether f has an unstable ultimate sign, since it is equivalent
to the minimality of f for (P, Q) of hyperbolic type.

If f has a stable ultimate sign, execute the partial algorithm in Theorem 10. If f
has an unstable ultimate sign, take ¢ as in Lemma 21 (2), and calculate and output
N of (3) in the same lemma. Let us show that this output is correct. If f(n) = 0
for some n > N, then f(n + 1) # 0 and ;EZI?; = P(n) > ¢q(n 4+ 1)P(n), which is the

condition (18) for n + 1. This implies that f has a stable ultimate sign at n + 1, which

is a contradiction. If f has no zeros > N and satisfies ! (frz:)l) < 0 for some n > N, then

fnt2) P(n) + Q(n)M > P(n) > q(n + 1)P(n), resulting in the same as above. Thus,

f(n+1) Fln+1)
%>0foralln2]\7. <

3.3 Proof of Theorem 13

Let us take (P, Q)-holonomic sequence g € QY whose ultimate sign is unstable, and show
g = 0. Since by assumption deg % < -1, (P,Q) is of 00-Q loxodromic type or
hyperbolic type. This implies, by Theorem 4, the set of all (P, @)-holonomic sequences f
whose ultimate signs are unstable forms a one-dimensional linear subspace in the linear

space of all (P, @)-holonomic sequences. Therefore f(n + 1) and f(n) must satisfy a linear
Q(x)
P(z)P(z—1)

(1, R)-holonomic sequence f(n) = % with an unstable ultimate sign instead of g.

relation as shown below. To keep the statement simple, let R(z) := and consider

» Lemma 22. Let R € R(x) have no zeros or poles in N and satisfy deg R < —1. Then, for all
sufficiently large n € N, there exists h(n) € [1—R(n+1)—3R(n+1)?,1—R(n+1)+3R(n+1)?]
such that any (1, R)-holonomic sequences [ whose ultimate sign is unstable satisfy the relation

fn+1) = =R(n)h(n)f(n). (19)

The relation (19) corresponds to the equation (6) in [16], which is derived from [16,
Lemma 14], whose proof contains a gap. Without using that lemma, we can show Lemma 22
by using Theorem 4 and some lemmas used to prove Theorem 4. See a full version of this
paper for a complete proof.

A summary of the proof of Lemma 22. Let A®, AM  and BO BM . . . be the gener-
alized canonical numerators and denominators of (1, R). Let f be a (1, R)-holonomic sequence
whose ultimate sign is unstable. We can check A (z) = R(z)B"~Y(x + 1) by a simple
calculation. Then, dividing Equation (12) (with its Q replaced by R) by B(™)(n), we obtain

]J;({Zf(;)) =fln+1)+ R(n)%((nn;rl) (n). Hence showing the existence and estimate of

B(—1) 1
h(n) := lim BT n+1)

AT B () (20)
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and lim L0247 — 0 completes this proof.

Too B (n)

Since we investigated B(™) in the proof of Lemma 18, we can establish the existence and
estimate of h(n).

To show lim L0470 — 0 we use (II) and (IIT) of Theorem 4, deg R(n) < —1 and the

T—00 B (n)

recurrence (2) (with its @ replaced by R). <

We are now ready to prove Theorem 13.

Proof of Theorem 13. Without loss of generality, we can assume P(—1) # 0. Let us take
g € QY is a (P,Q)-holonomic sequence whose ultimate sign is unstable, and show g = 0.
By multiplying a positive integer by the initial value of g, we assume g € Z". By applying

Lemma 22 to R(z) = % and f(n) = %, we obtain

Q(n)h(n)

1) =— . 21
oln+1) = =L (21)
(1) %’ < 1 holds for all sufficiently large n since lim h(n) = 1. Then |g(n+1)| <

n—oo

lg(n)| or g(n) = 0, which leads to g(n) = 0 for sufficiently large n. @ has no natural number
zeros, so g = 0.
2) Let us first show g(n)/n — 0. Since h(n) =1 — Q) (2 , the absolute
P(n+1)P(n)
value of the coefficient in (21) is estimated as

Qinn) _ | 1R = P - BGEESEG s,

P(n) P(n)

If d = 1, then this estimate turns out to be 1 + %n_l +O(n=?2), and if d > 2, then
1+ Sqlpigpln_l +0(n?%). Since [Tp_; (1 + ak™ + O(k™2)) = O(n®) for all a € R, it follows
from (21) that
541 —P1—S
0 (ni ) (d
g(n) = sa1-p1
0 (n ro ) (d

)
2)

Y

By the assumption on pg, p1, g1, we have g(n)/n — 0.
Since g(n)/n — 0 and d > 1, it follows that 0 = lim g(n + 2)/n? = lim (P(n)g(n +
n— 00 n—0o0

1)+ Q(n)g(n))/n? = lim (pog(n + 1) + qog(n)). Since pog(n + 1) + qog(n) € Z, we have

pog(n + 1) + gog(n) = 0 for all sufficiently large n. Then g(n + 1) = —sg(n) follows
from this and sqy = pg. Substituting this in (2), we get g = 0, by the assumption of
Q(z) — sP(x) # 1. <

This proof is essentially same as the original one in [16, § 3.3]. However, the assumption
of the theorem is changed from sq; —p1 — s < 3pg (if d = 1) and sq1 — p1 < (d + 2)po (if
d > 2) to our stronger one in order to fill in the gap on top of page 13 in [16] as shown in
the last paragraph of the proof above.
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