Limitations of Affine Integer Relaxations for
Solving Constraint Satisfaction Problems

Moritz Lichter &
RWTH Aachen University, Germany

Benedikt Pago =
University of Cambridge, UK

—— Abstract

We show that various recent algorithms for finite-domain constraint satisfaction problems (CSP),
which are based on solving their affine integer relaxations, do not solve all tractable and not even all
Maltsev CSPs. This rules them out as candidates for a universal polynomial-time CSP algorithm.
The algorithms are Z-affine k-consistency, BLP+AIP, BA®, and CLAP. We thereby answer a question
by Brakensiek, Guruswami, Wrochna, and Zivny [10] whether a constant level of BAFsolves all
tractable CSPs in the negative: Indeed, not even a sublinear level k suffices. We also refute a
conjecture by Dalmau and Oprsal [20] (LICS 2024) that every CSP is either solved by Z-affine
k-consistency or admits a Datalog reduction from 3-colorability. For the cohomological k-consistency
algorithm, that is also based on affine relaxations, we show that it correctly solves our counterexample
but fails on an NP-complete template.
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1 Introduction

Constraint satisfaction problems (CSPs) provide a general framework that encompasses a
huge variety of different problems, from solving systems of linear equations over Boolean
satisfiability to variants of the graph isomorphism problem. We view CSPs as homomorphism
problems. A CSP is defined by a relational structure A called the template of the CSP. An
instance is a structure B of matching vocabulary and the question is whether there is a
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homomorphism from B to A. We only consider finite-domain CSPs, i.e., the template A
is always finite. It had long been conjectured by Feder and Vardi [23] that every finite-
domain CSP is NP-complete or in P. In 2017, the conjecture was confirmed independently by
Bulatov [11] and Zhuk [33]. The complexity of a CSP is determined by the polymorphisms
(“higher-dimensional symmetries”) of its template. If the template has no a so-called weak
near-unanimity polymorphism, then the corresponding CSP is NP-complete. For the other
case, Bulatov and Zhuk presented sophisticated polynomial-time algorithms. A less involved
algorithm had been known earlier for templates with a Maltsev polymorphism [12]. None of
these algorithms is universal in the sense that on input (B, A) they decide whether B maps
homomorphically into A in time polynomial in both |B| and |A[. Instead, these are families
of algorithms, one for each template. The question whether there is a universal, and ideally
“simple”, algorithm for all tractable CSPs, or even just for all Maltsev CSPs, is still open.

One natural approach towards universal algorithms is via affine relaxations of systems
of linear equations over {0, 1}: Given a template A, an instance B, and possibly a width
parameter k, the existence of a homomorphism B — A is encoded into a system of linear
equations. If the domain of the variables is relaxed from {0, 1} to Z, the system can be solved
in polynomial time [27, 29], and the transformation of the CSP into the equation system is
also computationally easy. Thus, if this integer relaxation was exact for all tractable CSPs,
or at least an interesting subclass thereof, such as all Maltsev CSPs, then computing and
solving it would constitute a universal polynomial-time algorithm for that class. Several
algorithms based on this idea have been developed in recent years, motivated specifically by
the study of Promise CSPs [10, 9, 17, 20]. This is a relatively new variant of CSPs which
generalize for example the approximate graph coloring problem and are still not very well
understood. The algorithms can be applied just the same to classical CSPs, and not even for
these, much is known about their power. In the present paper, we prove strong limitations
for all these algorithms and show that even for Maltsev CSPs, none of them is universal: We
construct a template A whose CSP is not solved by these algorithms by providing instances B
that admit no homomorphism to A but which are accepted by the algorithms. This also
refutes a conjecture by Dalmau and Oprsal [20], that we expand upon below. Our result is
in stark contrast to the situation for valued CSPs, an optimization version of CSP. For these,
a surprisingly simple linear-algebraic algorithm solves all tractable cases optimally [31].

Let us briefly introduce the algorithms that are addressed by our construction. All of
them make use of (slightly) different systems of equations, which can all be reduced to
the width-k affine relaxzation. Given a template structure A, an instance B, and a width
k € N, the variables of the equation system are indexed with partial homomorphisms from
induced size-k substructures of B to A. A solution to the width-k affine relaxation is thus
an assignment of numerical values to partial homomorphisms. The equations enforce a
consistency condition, i.e., express that partial homomorphisms with overlapping domains
receive values that fit together. This is related to, but stronger than, the k-consistency
method: The k-consistency algorithm is a well-studied simple combinatorial procedure that
checks for inconsistencies between local solutions and propagates these iteratively. This
solves the bounded width CSPs (see e.g. [23, 4, 2]) but is not powerful enough to deal with all
tractable CSPs [1]. The consistency conditions of the width-k affine relaxation are stronger
in the sense that they enforce a global notion of consistency rather than a local one. The
algorithms that fail to solve our counterexample are the following:

The Z-affine k-consistency algorithm [20] (Section 5.1) runs the k-consistency pro-
cedure. All non-k-consistent partial homomorphisms are removed from the width-k affine
relaxation. The algorithm accepts the instance B if and only if this modified version of the
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width-k affine relaxation has an integral solution. Dalmau and Oprsal [20] conjectured that
for all finite structures A, CSP(A) is either Datalog”-reducible to CSP(Z) and thus solved
by Z-affine k-consistency for a fixed k, or 3-colorability is Datalog”-reducible to CSP(A) (see
Conjecture 17). Assuming P # NP, the conjecture implies that every tractable finite-domain
CSP is solved by Z-affine k-consistency.

The BLP+AIP algorithm by Brakensick, Guruswami, Wrochna, and Zivny [10]
(Section 5.2) first solves the width-k affine relaxation over the non-negative rationals, where k
is the arity of the template. Next, the integral width-k affine relaxation is checked for a
solution, but every variable is set to 0 that is set to 0 by every rational solution. The
BAF-algorithm proposed by Ciardo and Zivny [16] (Section 5.2) generalizes BLP4AIP:
The width £ is not fixed to be the arity of the template but is a parameter of the algorithm,
like in Z-affine k-consistency. In [16], it is shown that there is an NP-complete (promise) CSP
on which the algorithm fails, but no tractable counterexample had been known until now.

The CLAP algorithm, due to Ciardo and Zivny [17] (Section 5.3), tests in the first step,
for each partial homomorphism f, whether f can receive weight exactly 1 in a non-negative
rational solution of the width-£ affine relaxation, where k is the arity of the template. If not, it
is discarded. This is repeated until the process stabilizes. Then the width-k affine relaxation
is solved over the integers, where all discarded partial homomorphisms are forced to 0.

» Theorem 1. There is a Maltsev template with 7 elements that is neither solved by
1. Z-affine k-consistency, for every k € o(n), where n is the instance size,

2. BLP+AIP,

3. BAk, for every k € o(n), nor

4. the CLAP algorithm.

Hence, none of the algorithms solves all tractable CSPs.

In particular, this answers a question of Brakensiek, Guruswami, Wrochna, and Zivny [10]
whether a constant level of the BA* hierarchy solves all tractable CSPs in the negative:
Indeed, not even a sublinear level suffices. It also refutes the aforementioned Conjecture 17
regarding the power of the Z-affine k-consistency relaxation [20], under the assumption that
P # NP. But we actually show a stronger statement: Namely, 3-colorability is not Datalog"-
reducible to the CSP that we use in the proof of the above theorem (Lemma 19). This is
shown via a known inexpressibility result for rank logic [26] and disproves the conjecture
unconditionally.

To prove Theorem 1, we construct and analyze instances. Our template is a combination
of systems of linear equations over the Abelian groups Zs and Zs, but the template itself is
not a group. Since the affine algorithms reduce CSPs to a problem over the infinite Abelian
group (Z,+), we investigate for which finite groups this is possible: we study what we call
group coset-CSPs (to distinguish them from equation systems over groups). The template of
a coset-CSP consists of a finite group I', and its relations are cosets of powers of subgroups
of T. They always have a Maltsev polymorphism [6]. Coset-CSPs have been studied as
“group-CSPs” by Berkholz and Grohe [6, 8] or as “subgroup-CSPs” by Feder and Vardi [23].

» Theorem 2. For each of the algorithms Z-affine k-consistency, BLP+AIP, BA*, and

CLAP, the following is true:

1. Every coset-CSP over a finite Abelian group is solved (for Z-affine k-consistency, k must
be at least the arity of the template structure).

2. There exists a non-Abelian coset-CSP that is not solved, namely over Sig, the symmetric
group on 18 elements (for any constant or even sublinearly growing k).
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3. There are non-Abelian coset-CSPs that are solved, namely over any 2-nilpotent group of
odd order. For example, there are non-Abelian 2-nilpotent semidirect products Zy»> X Zy,
of order p® for each odd prime p.
While Assertion 1 is easily derived from the literature [19, 3], it turns out somewhat
surprisingly that Abelian groups are not the border of tractability for the affine algorithms:
They also work over certain 2-nilpotent groups; these are in a sense the non-Abelian groups
that are closest possible to being Abelian. Assertion 2 is shown with a construction that
is “semantically equivalent” to the one that we use for Theorem 1, but whose template is a
coset-CSP. However, the analysis of the instances is technically much more involved. The
construction in Theorem 1 is simpler and yields a smaller template. We show that our first
counterexample can be expressed as instances of the graph isomorphism problem with bounded
color class size, that is, the isomorphism problem of vertex-colored graphs, in which each color
is only used for a constant number of vertices. This problem is expressible as a coset-CSP over
the symmetric group [8]. This also shows that the affine CSP algorithms cannot be adapted
to solve the graph isomorphism problem. They fail already on the bounded color class version,
which is known to be in P [24]. There exists another highly interesting affine CSP algorithm
that we have not addressed so far. This is the cohomological k-consistency algorithm due to
O Conghaile [19] (see Section 5.4). As it turns out, this algorithm is actually able to solve our
counterexample correctly. Hence, for all we know, it may be possible that there is a k € N
such that cohomological k-consistency is a universal polynomial-time algorithm for Maltsev
or even all tractable CSPs. However, we can show without complexity-theoretic assumptions
that it fails on NP-complete CSPs. Recent work by Chan and Ng [14] independently shows a
similar result, but with a different technique: They prove that random instances of certain
NP-complete templates are not solved by cohomological k-consistency, even for k € o(n), but
they do not know a tractable counterexample, either.

» Theorem 3. The CSP on which the algorithms in Theorem 1 fail is solved by cohomological
k-consistency, for every k > 4. There exists an NP-complete CSP such that for every constant
k € N, cohomological k-consistency fails to solve it.

Our Techniques. Our proof of Theorem 1 combines results due to Berkholz and Grohe [8]
with a new homomorphism or-construction that encodes the disjunction of two CSPs. For a
system of linear equations to have an integral solution, it suffices to have a rational p-solution
and a rational g-solution (for p and ¢ coprime), in which all non-zero values are of the form p?,
with z € Z, or g%, respectively. Thus, it suffices to design the instances in such a way that these
two co-prime rational solutions exist. For the algorithms that involve a width-parameter k, the
additional challenge is to make the construction robust so that it works against any choice of k&
(in our case it works even if k grows with the instance size). The Tseitin contradictions [32]
over expander graphs (see Section 4) achieve this robustness. It is known that these cannot be
solved by “local” algorithms, e.g., the k-consistency method, for any constant & [1]. Berkholz
and Grohe showed that the width-% relaxation for unsatisfiable Tseitin contradictions over Z,,
for a prime p, still has a p-solution. We combine two unsatisfiable Tseitin systems over Z,
and Zs in the aforementioned homomorphism or-construction (Section 3). This yields an
unsatisfiable CSP instance whose width-k relaxation has a 2- and a 3-solution and thereby
also an integral solution. The reason why this approach fails for the cohomological algorithm
(Theorem 3) is that it solves the width-k relaxation when a partial homomorphism is fixed.
This fixing of local solutions reduces the homomorphism or-construction to just solving
equations over Zs and Zs, respectively, which the affine relaxation can do. To prove the
second part of Theorem 3, we modify the homomorphism or-construction so that cohomology
no longer solves it, but this also makes the template NP-complete.
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2 Preliminaries

We write [k] for {1,...,k}. For k € N and a set N, let (2}) be the set of all subsets of N
of size at most k. A relational vocabulary 7 is a set of relation symbols {Ry,..., Ry} with
associated arities ar(R;). A relational T-structure is a tuple A = (A, R®,... R}) of a
universe A and interpretations of the relation symbols such that RA C A**(Fi) for all i € [k].
We use letters A, B, and C for finite relational structures. Their universes are denoted
A, B, and C, respectively. If A is a structure and X C A, then A[X] denotes the induced
substructure with universe X. For two 7-structures A and B, we write Hom(A, B) for the
set of homomorphisms A — B. A graph G = (V, E) is a binary {E}-structure, where we
denote its vertez set by V(G) and its edge set by E(G). Group operations are written as
multiplication, for Abelian groups we use additive notation.

CSPs and Polymorphisms. For a finite 7-structure A, denote by CSP(A) the CSP with
template A, i.e., the class of finite 7-structures B such that there is a homomorphism
B — A. We call a structure B a CSP(A)-instance if B has the same vocabulary as A.
The complexity of CSP(A), and also the applicability of certain algorithms, is deter-
mined by the polymorphisms of the 7-structure A. An f-ary polymorphism is a map
p: A* = A such that for every R € o of arity » = ar(R) and all ay,...,a, € R, the tuple
(p(aii,at, ... ae),--.,p(a1r, @y, ..., ae)) is also in RA (where a;; denotes the j-th entry
of the tuple a;). The polymorphisms of a structure are closed under composition. A ternary
operation p is Maltsev if it satisfies the identity p(z, x,y) = p(y, x,z) = y for all inputs. For
a group I' the map f(x,y,2) = zy~ 'z is a typical example of a Maltsev operation. The
templates with Maltsev polymorphisms form a subclass of all tractable CSPs [12]. For more
background on the algebraic approach to CSPs, see for example [5].

Logics, Interpretations, and Reductions. A logic L defines CSP(A) if there exists an
L-formula F such that each instance B satisfies F' if and only if B € CSP(A). Inflationary
fized-point logic (IFP) is the extension of first-order logic by an operator defining inflationary
fixed-points. IFP defines connected components of graphs, which is not possible in pure
first-order logic. More details are not needed and we refer to [22, Chapter 8.1]. A logical
interpretation is a (partial) map from o-structures to 7-structures defined by logical formulas
in the following way. For a o-structure, a formula using vocabulary o with k free variables
defines the set of all k-tuples of the structure satisfying the formula. An interpretation consists
of a formula defining the new universe, and for each relation symbol R € 7 of a formula
defining the relation R in the new structure. Formal details are not needed in this paper, and
for more details we refer to [22, Section 11.2] or the full version [28]. Such interpretations
can be used as reductions between decision problems. Of particular interest in the context
of CSPs are Datalog-interpretations, which can be expressed as IFP-interpretations (again
see [22, Theorem 9.1.4]). Dalmau and Oprsal [20] consider a variant of these reductions
called Datalog”-reductions. We omit a definition and only note that Datalog"-reductions
can be expressed as IFP-interpretations, too.

The k-Consistency Algorithm. A well-known heuristic for CSPs is the k-consistency
algorithm. For a template A and an instance B, the k-consistency algorithm computes a
map rj[B] assigning to each X € ( <Bk) a set of partial homomorphisms B[X] — A: it is the
unique greatest fixed-point that satisfies the following properties for all Y C X € ( <Bk).

166:5
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Forth-Condition: Every f € x2[B](Y) extends to some g € ri[B](X), that is, gly = f
Down-Closure: For every g € ki [B](X), we have g|y € k[B](Y).
If k2 [B](X) = 0 for some X € (), then the algorithm rejects B, otherwise it accepts.

CSP-Relaxation via Affine Systems of Linear Equations. We introduce a system of linear
equations due to Berkholz and Grohe [8], which will be used to (approximately) solve CSPs.
We transfer hardness results for this system to other systems used in the different algorithms.
Let A be a template structure and B be an instance. The width-k affine relaxation L]é’SAP(B)
aims to encode (approximately) whether B is in CSP(A).

Lege(B): variables o x 5 for all X € (5) and all f € Hom(B[X], A)

> axgp=ax\pe forall X € (5),b€ X, g € Hom(B[X \ {b}],A)
f€EHom(B[X],A),
flx\{pr=9

Tpp =1

Here () is the unique homomorphism B[] = A. If k is at least the arity of A, then
B € CSP(A) if and only if LCSP(B) has a nonnegative integral solution (and actually a
{0, 1}-solution) [8]. We will be mainly interested in integral solutions of LCSP (B), so without
the non-negativity restriction. To show the existence of these solutions, we will also consider
special rational solutions:

» Definition 4. For p € Z, a p-solution of a system of linear equations L with variables
Var(L) is a solution ®: Var(L) — Q of L such that, for all z € Var(L), ®(x) = 0 or ®(z) = p’
for some i € Z.

» Lemma 5 ([8]). If p and q are coprime integers and a system L of linear equations over Q
has a p-solution and a q-solution, then L has an integral solution, which is only non-zero for
variables on which the p-solution or the g-solution is non-zero.

Group Coset-CSPs. Let I be a finite group. In a I'-coset-CSP [6, 23] variables range over T’
and the constraints are of the following form. For an r-tuple of variables = (z1,...,z,),
an r-ary I'-coset-constraint is the constraint z € AJ, where A < I'" is a subgroup of I'"
and § € I'", that is, Ad is a right coset of I'". With the term coset-CSP we refer to a
I’-coset-CSP in this sense. For every finite group I' and every arity r, there is a structure
'l such that every r-ary T-coset-CSP is a Tl")-instance and CSP(T!"!) contains all solvable
r-ary I'-coset-CSPs. CSP(T'["]) is always tractable [23]. In fact, being a coset-CSP in this
sense is equivalent to having the Maltsev polymorphism f(z,y, z) = zy~'2.
» Lemma 6. For every finite template A = (A, R, ..., RA) and every binary operation
-t Ax A— A such that T = (A,-) is a group,
the map f : T3 — T defined by f(x,y,2) = vy~ 1z is a polymorphism of A if and only if
each relation R® is a coset of a subgroup of I for some r € N.
Thus, coset-CSPs are a natural class to study. In particular, being Maltsev, they are tractable
even if T is non-Abelian. By contrast, solving systems of equations is NP-complete if (and
only if) I' is non-Abelian [25]. Systems of equations over an Abelian group I' can however
always be viewed as a I'-coset-CSP. Hence, when we consider equation systems over Abelian
groups in Section 4, we can treat them uniformly as coset-CSPs.
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Figure 1 The different homomorphism or-constructions: The picture assumes that the two
vocabularies 71 and 72 are binary and contain a single relation each (blue and red). It shows the
instance OR[B17 Bz]. and the tractable and intractable template construction. The new S-relation
is drawn in black, where the edges are all oriented from left to right. Pairs added to the relation
of 71 or 2 are drawn in blue or red, respectively.

3 Homomorphism OR-Construction

For i € [2], let A; and B; be nonempty 7;-structures and 7 and 75 be disjoint. The A;
are templates and the B; the corresponding instances, and we assume that their universes
are disjoint. We aim to define 7-structures A and B such that B € CSP(A) if and only if

B, € CSP(A,;) for some i € [2]. Let S be a fresh binary relation symbol and 7 := 7 U U{S}.

The arities are inherited from 71 and 7. The instance B = OR[B;, B3] with universe
B := By U By has relations SB := By x By and RB := RBi for alli € [2] and R € 7;. We
provide two variants of A with different properties.

The Tractable Case. The first variant of the template will preserve tractability of the
CSP(A;) and hence is called the tractable homomorphism or-construction. The template
A = OR~T[A4, Ay] is defined as follows. Let ¢; and c2 be two fresh vertices.

A= A1 U A2 @] {Cl,CQ}
RA := RA U {¢;}(B) forallie [2],Re T
SA = (A1 X {CQ}) U ({Cl} X AQ)

The construction is depicted in Figure 1. Intuitively, a homomorphism B; — A, induces a
homomorphism B — A by mapping all vertices of Bs_; to c3_;. The relation S ensures that
every homomorphism of B — A is of this form, which proves the following lemma;:

» Lemma 7. OR[B1,B;] € CSP(OR 7[A1, As]) if and only if B; € CSP(A;) for some
ie2].

The next lemmas summarize the properties of the construction, which are required later:
the tractable homomorpism or-construction preserves k-consistency of the B; and inherits
solutions of the width-k affine relations from the B;.

» Lemma 8. Let A = OR7[A;,Ay], B = OR[B1,By), k € N, i € [2], X € (),

and f € Hom(B[X],A). If f(X N Bs_;) = {c3—i} and f|xnp, € /@‘,:"'[Bi](X N B;), then
f € rR[B](X).

166:7
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» Lemma 9. Let A = OR7[A1,Az], B = OR[B1,Bs], i € [2], and ® be a solution
to L’é’SAP" (Bi). Then there exists a solution ¥ to L’é’s‘?;(B) defined, for all X € (fk) and
all f € HOHI(B[X],A), by \I/(.%‘X’f) = (I)(xXﬁB”leﬁBi) if f(X n B3,i) = {03,1‘} and
U(zx, ) =0 otherwise. In particular, ¥ is a p-solution or integral, if ® is a p-solution or
integral, respectively.

» Lemma 10. If A; and Ay have a Maltsev polymorphism, then OR [A1, As] has one.
Also if the A; are not Maltsev, tractability is preserved.
» Lemma 11. If CSP(A;) and CSP(Az) are tractable, then CSP(OR 1[A1, As)) is tractable.

For the proof of this lemma, we provide a polynomial-time algorithm for CSP(OR1[A1, As])
n [28]. Roughly speaking, the algorithm proceeds as follows: If the instance B has more
than one connected component, they can be treated individually. So we can assume that B is
connected. The algorithm divides the universe B into two sets By and By such that elements
in B; are contained in tuples of a 7;-relation. If one is contained in both a 7- and a 7»-relation,
then B is a no-instance. Because B is connected, B; and By are connected by the relation S
(not necessarily by a biclique). By the construction of the tractable or-construction, for any
potential homomorphism there is an ¢ € [2] such that B; is mapped to ¢; and Bs_; to Az_;.
This can be tested by the algorithms for CSP(A1) and CSP(As). Note that this algorithm
essentially only computes connected components and calls the decision algorithms of the
CSP(A;). Hence, it can be expressed in logics that are at least expressive as IFP.

» Corollary 12. Let L be a logic that is at least expressive as inflationary fized-point logic.
If CSP(A1) and CSP(Ay) are L-definable, then CSP(OR 7[A4, As]) is L-definable.

The tractable homomorphism or-construction has a drawback: forbidding a single partial
homomorphism mapping vertices of B; to ¢; resolves the or-construction for the width-%
affine relaxation: every such solution to the width-% affine relaxation of OR1[B1, Bs| induces
a solution for B,;.

» Lemma 13. Let k > 2, i € [2], and ® be a solution to Lés’];H(B). If there is a set X € (fk)

such that for f: X — {c¢;} it holds that ®(xx ) = 0, then ®|p, is a solution to LcAglgk(B;)

In some situations this will cause problems later. To remedy this problem, we make the
construction more flexible at the cost of giving up tractability.

The Intractable Case. The second variant, which is called the intractable homomorphism
or-construction, A = ORnpc[A1, Ag] has the same universe as before, but interprets relations
differently:

RA = RA U ((Al U {e; ) \A?r(R)) forallie [2],Re T
SA = (A1 X (A2 U {CQ})) U ((Al @] {Cl} X AQ)

The construction is shown in Figure 1. The definition of S still enforces that a homomorphism
B — A has to induce a homomorphism B; — A; for one i. Only for one i, the extra vertex ¢;
can be in the image of a homomorphism. Thus, this variant provides again a homomorphism-
or construction, but now two partial homomorphisms B; — A; and B, — A, can be
combined:
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» Lemma 14. Let A = ORypc[A1, As], B=OR[B,Bs], X; C B; for each i € [2], and
consider homomorphisms f; € Hom(B;[X;], A;) for both i € [2]. The map f: X1 UXy — A
induced by f1 and fo satisfies f € Hom(B[X; U X5], A).

Also the intractable construction inherits solutions of the width-k affine relaxation and
preserves k-consistency similar to Lemmas 8 and 9, but now for the combined partial
homomorphisms. Instead of requiring that f(X N Bs_;) = {c3—;}, we only require that
flxnBs_; € Hom(Bs_;[X], A[A3_; U{c3_;}]). Already for easy templates the CSP of the
intractable homomorphism-or construction is NP-complete. The reason is that for general
instances the S-relation does not have to be a biclique and hence a yes-instance does not
have to induce a homomorphism for one B; at all. Even for choosing A; and A, to be
the structure with a single element and one nonempty ternary relation, the intractable
OR-construction yields an NP-complete CSP (e.g. shown by a reduction from 3-SAT). Many
other CSPs can be reduced to this case, for example group-coset-CSPs.

4 Tseitin Formulas over Abelian Groups and Expanders

Our construction is based on graphs with high connectivity, so-called expanders. We do not
give the standard definition of this notion because we only need one property of expanders,
namely this: We say that a family of 2-connected 3-regular graphs (G, )nen is a family of
expander graphs if there is a constant ¢ > 0 (the ezpansion constant) such that for all G,
and X C E(G,,), there is a set X D X of size | X| < ¢/X| such that F(G)\ X is empty or
the edge set of a 2-connected subgraph of G. The existence of such families is shown in
[7, Corollary A.4]. Let G be a 2-connected 3-regular graph. Fix an orientation H of G,
i.e., a directed graph with one direction of each edge of G. Let V := V(G),E = E(G)
in this section. For a set W C V, denote by d_(W) C E the set of all uv € E such that
(u,v) € E(H)N (V\ W) x W. Analogously, §; (W) C E is the set of all edges leaving W,
and (W) := 6L (W) UJ_(W). Fix a finite Abelian group I'. Let A\: V' — I'. Define the
I-coset-CSP CH:T"A or C* for short, with variable set {y. | ¢ € E} and linear equations

Z Ye — Z Ye = A(v) for all v € V.

e€dy (v) e€d_(v)

In the case I' = Zy, we obtain the classic Tseitin contradictions [32]. The CSP C* is solvable
if and only if 3,y A(v) = 0 [8]. For all sets W C V, the CSP C* implies the constraint
C(W) defined via

ST owe— Y we= Y Av).

e€d (W) e€s_(W) veW

» Definition 15 (Robustly Consistent Assignments [8]). For A\: V — T and a set X C E,
a partial assignment f: X — T for C* is (-consistent, if for every W € (Xe) such that
d(W) C X, the assignment f satisfies the constraint C(W). Note that f is a partial solution
if it is 1-consistent. We call f robustly consistent if it is n/3-consistent.

We review facts about robustly consistent assignments for C*. The detailed statements
and proofs can be found in the full version and in [8]. The key idea is that the expansion
property of G ensures that C* is always locally satisfiable, on subinstances of size up to
k = o(|E|). This is because the inconsistency can be “shifted around” the graph to any
equation outside of the local scope. Thus, for every set X of at most k variables, there is at
least one robustly consistent assignment with domain X. Robustly consistent assignments
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are also not discarded by the k-consistency procedure. In particular, k-consistency always
accepts C* even if it has no solution.

» Lemma 16 (consequence of [8, Lemma 4.6]). If k € o(|E|) and T is a p-group (i.e., |T'| is
(3]

a power of p), and A\:' V. — T', then there is a p-solution of Lé’sl; (C*) such that non-robustly

consistent partial assignments are set to 0, and each robustly consistent partial solution is

mapped to 1/p* for some £ € N.

The above lemma can also be refined so that the resulting p-solution assigns the value 1 to
zx, ¢ for a single robustly consistent partial homomorphism f: X — I' of our choice.

5 Limitations of the Affine Algorithms

All of the affine algorithms are sound: they accept all yes-instances. This section shows
that many of them are not complete on tractable CSPs: they do not reject all no-instances,
and thus do not solve the CSP. We consider the tractable homomorphism or-construction
OR [Z[;],Zgg]] of the ternary Zs-coset-CSP and the ternary Zs-coset-CSP.

5.1 7Z-Affine k-Consistency Relaxation

The Z-affine k-consistency relazation [20] solves the following system of affine linear equations
over the integers. Let A be a template, B be an instance, and £ be a map assigning to every
set X € (fk) a set of partial homomorphisms B[X] — A. Define the system Lé’_?ﬁ(B, K):

LZ:?ICF(B,/&): variables zx ; for all X € (<Bk) and f € k(X)

zxf €L for all X € (2) and f € r(X)

Y axy=1 for all X € (5)
fer(X)

Z ZX,f = Zv.g foralY ¢ X € (gBk) and g € x(Y)

fer(X),fly=g

For a fixed positive integer k, a template structure A, and an instance B, the Z-affine
k-consistency relaxation runs the k-consistency algorithm to compute Ii‘]? [B], the function

that maps each set X € ( <B k) to the set of k-consistent partial homomorphisms B[X] — A.

The instance B is accepted by the algorithm if Lgi‘:}r(B, mkA [B]) has an integral solution and

rejects B otherwise. Dalmau and Oprsal [20] conjectured the following on the power of the
Z-affine k-consistency relaxation:

» Conjecture 17 ([20]). For every finite structure A, either CSP(K3) is Datalog” -reducible
to CSP(A) or CSP(A) is Datalog” -reducible to CSP(Z), where K3 denotes the triangle.

Being Datalog“-reducible to CSP(Z) implies that CSP(A) is solved by Z-affine k-consistency
for some constant k [20], which we show is not the case for our counterexample.

» Theorem 18. For ecvery k > 1, the Z-affine k-consistency relaxation does not solve
ORT[Z[QS],Z:?]]. This is even true if k is not a constant, but an at most sublinear function
in the instance size.

Proof. Let (Gy)nen be a family of 3-regular 2-connected expander graphs and fix G == G,
for a large enough n € N, such that |V(G)| is sufficiently larger than k. Let H be an
orientation of G. Let p; := 2 and p := 3. For i € [2], let I'; :==Z,,, and \; : V(G) = T;
be 0 everywhere except at one vertex v* € V(G), where we set A;(v*) := 1. For each
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i € [2], we consider the 3-ary T';-coset-CSP B, := CH#:liAi. Let B := OR[By,B5] and
A = ORT[Z[QB],ZEB]] be the corresponding tractable homomorphism or-template. From
Y vevie Mi(v) # 0 it follows B; ¢ CSP(IY) for both i € [2] and thus B ¢ CSP(A) by
Lemma 7. For a set X C B, a partial homomorphism f: B[X] — A is robustly consistent
if f|p, is a robustly consistent partial homomorphism B;[X N B;] — A; for some i € [2]
and f(X N Bs_;) = {c3—;}, where c3_; is the fresh vertex of the or-construction. Robustly
consistent partial solutions of the Tseitin systems are not discarded by k-consistency, and
by Lemma 8 this is also true for the robustly consistent partial homomorphisms of the
or-instance. Then Llé’SAPi (B;) has a p;-solution for both i € [2] by Lemma 16, which is only
non-zero for variables indexed by robustly consistent partial homomorphisms. By Lemma 9,
L]&AP(B) has a p;-solution in which only robustly consistent partial homomorphisms are
non-zero, too. By Lemma 5, there is an integral solution to L]ég:(B), which is only non-zero
for robustly consistent partial solutions of B. Such solutions to LIé’SAP (B) imply solutions to

L;:I:W(B, H? [B]). Hence, the Z-affine k-consistency relaxation wrongly accepts B. |

» Lemma 19. CSP(K3) is not Datalog”-reducible to CSP(ORT[Z[;],Z?]]).

Theorem 18 and Lemma 19 disprove Conjecture 17. To show the lemma, we show that
CSP(Z}") is not Datalog”-reducible to CSP(OR[ZE), ZIP))) for a prime p ¢ {2,3}. This
suffices because CSP(ZZ[,T]) is Datalog”-reducible to CSP(K3) [20]. We use results from finite
model theory: {2,3}-rank logic [21] extends IFP by a rank operator for definable matrices
over Zo and Zs. The logic defines CSP(Z[;]) and CSP(Z?]) and so also CSP(OR [Z[23], Z?}])
by Corollary 12. If CSP(Z}7) is Datalog“-reducible to CSP(OR1[ZE), Z)]), then {2, 3}-rank
logic solves CSP(ZZ[,T]) because IFP expresses Datalog”-reductions. But Z,-equation systems
are only solvable in {2, 3}-rank logic if p € {2, 3} [26].

5.2 BLP+AIP and BA*

We introduce another well-studied system of equations for CSPs [3, 10] parameterized by the
size of partial solutions [15]. Let k be a positive integer, A a template T-structure and B a
CSP(A)-instance. We define the system Lj3*(B) with variable set V¥4 (B).

Lz (B): variables Ax s for all X € () and f: X — A, and
variables jip 5, forall R € 7,b € RB, and a € R*

> Axg=1 for all X € (B),
fr X—A <
Y Axs = v forall Y € X € (8),9:Y — 4,
f: X—A, -
fly=g

Z LRba = AX () bar forall Rera € Ak b e RB i € [ar(R)]*,
aERA a;=a’
where a; and b; are the k-tuples (ag,, ..., a3,) and (b, ..., by, ), respectively, X (b;) is
the set of entries of b;, and b; — @’ is the function X (b;) — A mapping b; to a@’.

Different domains of the variables (see [10]) are of interest: If we restrict the variables to {0, 1},
then Ljg™(B) is solvable if and only if B € CSP(A). The relaxation of L3™ (B) to nonnegative
rationals is the k-basic linear programming (BLP) relaxation LE’,_‘?,(B)l. The affine relaxation

! The literature [10, 16] only calls Lé’I_I;(B) the basic linear programming relaxation. For convenience and
uniformity, we extend the notion in this paper to arbitrary k.
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of leF;A(B) to all integers is the k-affine integer programming (AIP) relaxation Lﬁ’,?(B).

By increasing the parameter k, the BLP and AIP relaxations result in the Sherali-Adams
LP hierarchy [30] and the affine integer programming hierarchy [15] of the {0, 1}-system,
respectively. In contrast to the Z-affine k-consistency relaxation, the BLP+AIP algorithm is
not parameterized by the size of partial solutions k. Ciardo and Zivny [18, 16] proposed this
parameterized version called BA¥, where BA! is just the BLP+AIP algorithm.

BA%(A )-algorithm: input a CSP(A)-instance B |

1. Compute a relative interior point ®: V¥4 (B) — Q in the polytope defined by
LE’,_%(B). The solution ® has in particular the property that for each variable
x € V*A(B) there is a solution ¥ to L p(B) such that ¥(x) # 0 if and only if
®(x) # 0. If such a point does not exist, reject.

2. Refine L,’i’,‘;‘(B) by adding the constraints x = 0 whenever ®(z) = 0 for all
r € VFA(B).

3. If the refined system is feasible (over Z), then accept, otherwise reject.

J

The original presentation of BA* [18] uses a slightly different system of equations but one can
easily verify that our presentation is equisatisfiable. The system in [18] does not have variables
Ax,f but uses variables Ap, ; ; instead, where Ry is the full k-ary relation. We deviate from
the presentation in [18] to keep it consistent with the systems for the other algorithms. We
show that BA* fails on the counterexample provided for Z-affine k-consistency.

» Theorem 20. For every integer k, the algorithm BAF(A) does not solve ORT[Z[;],Z?]].
This is even true if k is not a constant but an at most sublinear function in the instance size.

The theorem is proved using the same construction as for Theorem 18. One shows, for k at
least the arity of A, that a non-negative or integral solution of Lf:’SAP (B) implies a solution for
L]é’l_‘?; (B) or Lf\’lﬁ(B), respectively. The solution to L’g’LAP'i (B;), where B; is the Tseitin-system
over p; = i + 1, is non-zero and non-negative exactly for the robustly consistent partial
homomorphisms. This carries over to the notion of robustly consistent partial homomorphisms
for the or-instance B = OR[By, Bs]. This implies that the interior point computed in Step 1
is non-zero for robustly consistent partial homomorphisms. So they are not set to zero in
Step 2 and there is an integral solution.

5.3 The CLAP Algorithm

The CLAP algorithm [17] combines the BLP and the AIP relaxation. It first iteratively
reduces the solution space using BLP by fixing partial solutions to 1 and discarding those for
which this refined BLP is not solvable. Then BLP+AIP is run on the restricted solution
space, where again a partial solution is fixed:

CLAP(A)-algorithm: input a CSP(A)-instance B

1. Maintain, for each relation symbol R € 7 and each tuple b € RB, a set S; , € R*
of possible images of b under a homomorphism. Initialize Sp.r = RA.
2. Repeat until no set S; p changes anymore: For each R € T, be RB, and a e Sp.r>

solve Lé’,ﬁ;(B) together with the following additional constraints:

HBRrba = L,
gy =0 forall R € 7,0 € R™®,a' & Sy p..

If this system is not feasible, remove a from S p.
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3. If there are R € 7 and b € R® such that Spr = (0, then reject.
4. For each R € 7, b € RB, and a € Sy g, execute BA'(A) (which is BLP+AIP)
on B, where we additionally fix

Hrba = L
Pg prar =0 forall R' € 7.0 € R™.,a' ¢ Sy p,

in Step 1 of BA'(A). If BA'(A) accepts, then accept.
5. If BA'(A) rejects all inputs in the step before, then reject.

J

Note that the algorithm accepts in Step 4 if for one R € 7, one b € RB, and one a € SE,R
BLP+AIP accepts when fixing the partial solution b — a (in contrast to the stronger
requirement that for each R € 7 and b € RB, there is one a € Sp.g for which BLP+AIP
accepts). We show that this weaker requirement can actually by omitted and does not
change whether CLAP solves CSP(A). This is crucial to show that CLAP fails on the same
counterexample.

» Theorem 21. CLAP(A) does not solve CSP(OR.7[Z5, Z)).

We prove this theorem again with the construction from the proof of Theorem 18, where
we pick k£ to be the arity of A. Again we have to argue that the pruning steps never
remove robustly consistent partial homomorphisms. Here we also need the property of the
Tseitin systems that their relaxation admits a p;-solution even if we require a given partial
homomorphism to receive value 1. Theorems 18, 20, and 21 prove Theorem 1. Our
arguments do not exploit that CLAP uses Lé’,ﬁ,(B) and BA'(A) and is not parametrized by

a width k. Hence, a parameterized version of CLAP will fail on the same counterexample.

5.4 The Cohomological k-Consistency Algorithm

The cohomological k-consistency algorithm due to O Conghaile [19] was originally presented
in categorical and cohomological notions but computing cohomology groups is nothing else
than solving a system of linear equations over the integers. Therefore, we can state the
algorithm in a way similar to the other algorithms seen so far.

Cohomological k-consistency algorithm: input a CSP(A)-instance B

1. Maintain, for each X € (<Bk), a set H(X) C Hom(B[X], A). Initialize them to be

H(X) := Hom(B[X], A).

2. Repeat until none of the sets H(X) changes anymore:

a. Run the k-consistency algorithm on ‘H and remove from each H(X) the partial
homomorphisms that fail the forth-condition or down-closure property.

b. For each X € (fk) and f € H(X), check whether LZ’_‘:}F(B,H) has a solution
that satisfies zx y = 1 and zx ¢ = 0 for every f' € H(X)\ {f}. If it does not,
then remove f from H(X) for the next iteration of the loop.

3. If H(X) =0 for some X € (fk), then reject; otherwise accept.

J

Step 2b of the algorithm approximates whether there is a global homomorphism whose
restriction to X is equal to f via solving the L;:;(B,”H,) in which we set xx y = 1 and
xx, s = 0 for all other f’. At least for the template CSP(OR [Z[23], Zé?’]]), the cohomological
k-consistency algorithm is strictly more powerful than the previous ones because it correctly

rejects the instances:
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» Theorem 22. If A1, Ay are templates of Abelian coset-CSPs and k > ar(A;) + 1 for both
i € [2], then the cohomological k-consistency algorithm solves CSP(OR 7[A1, As]).

The proof exploits Lemma 13: When a partial homomorphism of B; is fixed as in Step 2(b)
of the algorithm, then the tractable homomorphism or-construction is resolved: LZ:‘:}F(B, H)

(with the additional constraints) has an integral solution only if Lgf}fi (B;, M) has an integral

solution. But for Abelian coset-CSPs, LZ:‘:}} (B;,H) has an integral solution if and only
if B; € CSP(A;) (see Section 6). This means that there is no integral solution and the
algorithm rejects B. Actually, showing that the cohomological algorithm correctly solves all
instances also follows the algorithm for Lemma 11. While the algorithm correctly solves the
tractable homomorphism or-construction, it fails on the intractable one. This proves without
complexity-theoretic assumptions like P # NP that this polynomial-time algorithm does not

solve all finite-domain CSPs.

» Theorem 23. There is an NP-complete template structure A such that for every constant k,
the cohomological k-consistency algorithm does not solve CSP(A).

The theorem is proved using the same setup as in the counterexample for the other algorithms,
but we use the intractable homomorphism or-construction. This makes the crucial difference
that, by Lemma 14, two partial homomorphisms of both B; — A; and By — A5 can be
combined into a partial homomorphism B — A. If both partial homomorphisms are robustly
consistent, then also their combination is not ruled out by k-consistency. When a partial
solution is fixed in Step 2, there is still a p;-solution for both B;. Hence there is an integral
solution by Lemma 5. Thus, all robustly consistent assignments survive Step 2. As indicated
in Section 3, CSP(A) is NP-complete. Theorems 22 and 23 prove Theorem 3.

6 Affine Algorithms and Coset-CSPs

The counterexample we have used so far is not a coset-CSP itself, but a combination of two
Abelian coset-CSPs in the homomorphism or-construction. We now set out to explore the
power of the affine algorithms on coset-CSPs. It follows from [3] that solving L,’i’,‘;‘(B) fork=1
(often just called AIP) suffices to solve all Abelian coset-CSPs. Since all algorithms considered
are at least as powerful as AIP, this proves Theorem 2 (1). But there are non-Abelian
groups for which AIP still works: These are 2-nilpotent groups I' of odd order, for example
certain non-Abelian semidirect products Z,> % Z, for each odd prime p. For these groups,
the Maltsev operation f(z,y,z) = © —y+ z for a certain Abelian group A is a polymorphism
of the non-Abelian template. It follows again from [3] that AIP solves the I'-coset-CSP. We
thank Michael Kompatscher for this proof idea. This proves Theorem 2 (3).

It remains to show Theorem 2 (2), i.e., that the affine algorithms studied in Section 5
also fail on coset-CSPs. The key idea is to translate our counterexample from Section 5
into a coset-CSP such that hardness for the algorithms is preserved. This is achieved via a
series of reduction steps: We start again with Tseitin systems B, and Bs over Zy and Zg,
respectively.

These systems, like every coset-CSP, can be reduced, by a variant of the well-known
CFT construction [13], to the graph isomorphism problem for graphs of bounded color class
size [8]. These are vertex-colored graphs in which only a constant number of vertices have
the same color. The reduction gives for each i € [2] two colored graphs G]ZB; and éZBP that

are isomorphic if and only if B; € CSP(ZE]). Next, we use an isomorphism or-construction,
similar to the one in [8]. This yields two colored graphs which are isomorphic if and only if
for at least one i € [2] we have GZB;" = GZB;_. Finally, this isomorphism problem is expressed
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as a binary Sg-coset-CSP [8], where d is the size of the color classes, which is 18 in our
case. This Sig-coset CSP has a solution if and only if at least one of the initial two Tseitin
instances has a solution — which by construction is not the case.

The technical difficulty is showing that the hardness of the instances is preserved via
the reduction steps. One can indeed show that the translations from group-coset-CSPs
to bounded color class size graph isomorphism and back as well as the isomorphism or-
construction preserve solutions of the width-k affine relaxation and k-consistency in a similar
way as we did this for the homomorphism or-construction in Section 3. In the end, we are
essentially in the same setting as in the proofs in Section 5. We find a suitable notion of
robustly consistent partial homomorphisms which are not ruled out by k-consistency. We
also get p;-solutions to the width-k affine relaxation of the S;g-coset-CSP, which are only
non-zero for robustly consistent partial homomorphisms. Thus, using Lemma 5, we obtain
an integral solution. By following the same reasoning as in Section 5, we can show that
neither the Z-affine k-consistency relaxation, BA*, nor CLAP solve CSP(SFS]). We provide a
full proof including a description of the reduction steps in the full version.

7 Conclusion

Regarding the question for a universal polynomial-time CSP algorithm, we conclude that
most of the affine algorithms from recent years are not powerful enough. Only cohomological
k-consistency remains as a candidate because it sets local solutions to 1 when solving the
affine relaxation. We are aware of another algorithm with this feature: This is C(BLP+AIP),
a variation of CLAP mentioned in [17] and defined more explicitly in [14]. This algorithm
also involves solving the integer relaxation where additionally a local solution is set to 1. We
expect that it solves our counterexample, too. In [14], it is shown that C(BLP+AIP) fails on
certain intractable templates but it remains an intriguing open question to find a tractable
counterexample for C(BLP+AIP) and cohomological k-consistency. Another question that
we have not addressed is the relationship between the different algorithms. It is obvious
from the definitions that cohomological k-consistency subsumes Z-affine k-consistency, and
that CLAP subsumes BLP+AIP. How the k-consistency based methods compare to the
BLP-based ones remains unanswered; it may be that they are incomparable. In particular, we
would like to know if cohomological k-consistency strictly subsumes all the other algorithms.
In light of our results, this seems likely, but since the cohomological algorithm does not use
the BLP, it is not obvious how it compares to, say, BA¥.
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