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—— Abstract

In this work, we prove upper and lower bounds over fields of positive characteristics for several
fragments of the Ideal Proof System (IPS), an algebraic proof system introduced by Grochow and
Pitassi (J. ACM 2018). Our results extend the works of Forbes, Shpilka, Tzameret, and Wigderson
(Theory of Computing 2021) and also of Govindasamy, Hakoniemi, and Tzameret (FOCS 2022).
These works primarily focused on proof systems over fields of characteristic 0, and we are able to
extend these results to positive characteristic.

The question of proving general IPS lower bounds over positive characteristic is motivated by
the important question of proving AC° [p]-Frege lower bounds. This connection was observed by
Grochow and Pitassi (J. ACM 2018). Additional motivation comes from recent developments in
algebraic complexity theory due to Forbes (CCC 2024) who showed how to extend previous lower
bounds over characteristic 0 to positive characteristic.

In our work, we adapt the functional lower bound method of Forbes et al. (Theory of Computing
2021) to prove exponential-size lower bounds for various subsystems of IPS. In order to establish
these size lower bounds, we first prove a tight degree lower bound for a variant of Subset Sum over
positive characteristic. This forms the core of all our lower bounds.

Additionally, we derive upper bounds for the instances presented above. We show that they have
efficient constant-depth IPS refutations. This demonstrates that constant-depth IPS refutations are
stronger than the proof systems considered above even in positive characteristic. We also show that
constant-depth IPS can efficiently refute a general class of instances, namely all symmetric instances,
thereby further uncovering the strength of these algebraic proofs in positive characteristic.
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1 Introduction

Propositional Proof Systems

A proof system consists of a set of axioms and inference rules. The goal is to start with the
given set of axioms and apply the inference rules repeatedly to prove theorems (tautologies)
within the proof system. A proof system is sound if it proves only true statements and
it is complete if it proves all true statements. The area of Propositional Proof Complexity
aims to understand the strength of different proof systems in the propositional setting. In a
foundational work, Cook and Reckhow [10] showed that if we could prove that there exist
tautologies such that they require exponential proof size (i.e., vaguely the number of times
different inference rules are applied in the proof) in any proof system, then it would resolve
the famous NP vs. coNP question in computational complexity theory.

Apart from the connection to this central question in complexity theory, understanding
the power of different proof systems is also fundamental to mathematical reasoning. This
has motivated a lot of research in the area for the last five decades. (See for instance these
reference texts for more context [22, 9, 21].) There are many different kinds of propositional
proof systems based on the set of axioms they start with and the kind of inference rules
they are allowed to use. In this work, we will focus on algebraic proof systems. In algebraic
proof systems, propositional tautologies are expressed as an unsatisfiable set of polynomial
equations and the inference rules are algebraic, i.e. they involve reasoning based on polynomial
arithmetic.

The study of algebraic proof systems originates from the work of Beame, Impagliazzo,
Krajicek, Pitassi, and Pudlak [4] who introduced the Nullstellensatz proof system (based
on Hilbert’s Nullstellensatz). Their work was followed by the work of Clegg, Edmonds,
and Impagliazzo [8] who introduced Polynomial Calculus as a dynamic variant of the
Nullstellensatz proof system. Over the years, substantial work on these proof systems has
helped us get a good understanding of their power in terms of complexity measures such as
sparsity and degree [4, 7, 29, 15, 20, 6, 1].

However, as noted in [13], sparsity and degree only roughly capture the complexity
of algebraic proofs. More recently, Grochow and Pitassi [17] proposed the Ideal Proof
System (IPS) as a natural generalization of these well-studied algebraic proof systems such
as Polynomial Calculus and Nullstellensatz proof systems. In the last decade, several papers
studied this proof system. (See for instance [17, 26, 13, 14, 19].) This has allowed us to
understand many other aspects of algebraic proofs, such as proof size and proof depth.

In this paper, we extend this line of work. Specifically, we revisit some of the known upper
and lower bounds for Ideal Proof Systems over characteristic 0 and show similar bounds over
fields of any characteristic!.

L In all the results mentioned here, when we say that a result holds over characteristic 0, it in fact holds
over large enough characteristic as well.
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1.1 Ideal Proof Systems

We start by describing the general setup for an algebraic (static?) proof system. Let x
denote the set of variables {x1,za,...,2,}. We are given a set of polynomial axioms
f1(x), f2(x), ..., fm(x) € F[x] and the goal is to show that there is no 0-1 assignment to the

variables such that it simultaneously satisfies {f1(x) =0, fa(x) =0,..., fi(x) = 0} over F.

To force a common Boolean solution, the set of axioms is appended with additional axioms,
{a? — 2; = 0};¢py) for @ € [n]. These are called the Boolean axioms.

Based on Hilbert’s Nullstellensatz, we know that if {f1(x) =0, f2(x) =0,..., fm(x) =0}
U {27 — 2; = 0};¢}) are simultaneously not satisfiable, then such a refutation® can be given

by polynomials A;(x), As(x), ..., An(x) and By(x), B2(x),. .., B,(x) such that

S 40 fi0+ Y B () = 1. 1)
i€[n]

i€[m)]

The complexity of such a proof can be defined using complexity parameters of the polynomials
{4;(x)} and {B;(x)}. In the case of the Ideal Proof System, Grochow, and Pitassi proposed
that we assume that A;(x), B;(x) € F[x] are computed by algebraic circuits. (See Section 1.3
for the formal definition.) Based on this, they defined complexity measures such as circuit
size and circuit depth of IPS.

This proof system in its full generality is known to be quite strong. Specifically, it
can polynomially simulate Extended Frege [17], which is one of the most powerful among
well-studied propositional proof systems. Additionally, the same work also showed that
proving lower bounds for this proof system would also imply strong algebraic circuit lower
bounds, which is also a very challenging problem.

In light of this (and other reasons explained below), many restricted variants of the
IPS have been studied. Let C be a class of polynomials. Then, a C-IPS refutation is an
IPS-refutation wherein {A4;(x)};c[m) and {B;(x)}ic[) belong to the class C. Forbes, Shpilka,
Tzameret, and Wigderson [13], as well as Govindasamy, Hakoniemi, and Tzameret [14],
considered different classes of polynomials, for example, the class of polynomials computed
by read-once oblivious algebraic branching programs (roABPs), by multilinear formulas, or
by constant-depth algebraic formulas. They proved upper and lower bounds on the size of
(some variants of) C-IPS refutations over characteristic 0.

1.2 Motivation

We extend these works and prove similar bounds in arbitrary characteristic. Our work is
motivated by the following important strands of research in proof complexity.

IPS-refutations and AC°[p]-Frege

A long-standing open question in proof complexity, open for almost three decades [23], is to
prove superpolynomial lower bounds against ACP [p]-Frege proof systems, i.e., a proof system

in which the lines of the proof are constant-depth Boolean circuits that use modular gates.

In the late 80s, Razborov [28] and Smolensky [33, 34] resolved the Boolean circuit lower
bound question for ACO[p], but the corresponding proof complexity question has proved to
be elusive.

2 In the literature, the following type of proof system is often referred to as a static proof system. There
are other algebraic proof systems, where the proof is presented line-by-line and those are known as
dynamic proof systems. Here, we will only discuss static proof systems.

3 The words “proofs” and “refutations” are treated interchangeably in this paper. What we will be
“proving” is a statement that “refutes” the existence of a common solution to a system of equations.
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Over the years, several attempts have been made to resolve this question. The most
relevant to our work is the result by Grochow and Pitassi [17, Theorem 3.5] which showed that
constant-depth-IPS over characteristic p can efficiently simulate AC° [p]-Frege proofs. This
means that proving superpolynomial lower bounds against constant-depth-IPS refutations
will give superpolynomial lower bounds against ACO[p]—Frege. This gives a strong motivation
to prove IPS lower bounds over small characteristics.

Functional lower bounds over any characteristic

Building on the work of [17], [13] further explored the power of IPS refutations. They
proposed a concrete approach towards proving size lower bounds for IPS refutations via
functional lower bounds (further explained in Section 1.4). Their method was inspired
by the notion of functional lower bounds in in Boolean circuit complexity [16, 12]. They
demonstrated the promise of their method by proving several lower bounds for different
fragments of IPS.

For example, the strong algebraic complexity lower bounds known for roABPs [25] and
multilinear formulas [27] follow from understanding the evaluation dimension complexity
measure in these models. Since this measure is essentially functional in nature, [13] used it to
successfully prove lower bounds for C-IPS when C is a class of read-once branching programs
or multilinear formulas. Their bounds are over characteristic 0.

This approach of [13] was further adapted by Govindasamy, Hakoniemi, and Tzameret [14]
to prove superpolynomial lower bounds against (multilinear) constant-depth-IPS refutations.
Their proof builds on some of the key components of the superpolynomial lower bound
against constant-depth algebraic circuits by Limaye, Srinivasan, and Tavenas. The latter
lower bound of [24] only worked over characteristic 0; for this and other reasons, the result of
[14] was also limited to characteristic 0. In a recent paper, however, Forbes [11] improved the
circuit lower bound result of [24] and proved the same? lower bound over any characteristic.

In light of these results, the next obvious step is to prove the lower bounds of [13, 14]
over any characteristic. We achieve that in this work.?

1.3 Our results

To describe our results, we start with the formal definitions of IPS refutations and its variants.

» Definition 1 (IPS proof systems [17, 13]). Let fi,..., fm € Flz1,...,z,] be a system of
unsatisfiable polynomials over the Boolean cube {0,1}™. In other words, there is no Boolean

assignment a € {0,1}™ to the variables x1,...,z, so that f;(a) =0 for all i € [m].

Given a class of algebraic circuits C, a C-IPS refutation of the system of equations defined
by f1,-.., fm is an algebraic circuit C € C in variables X1, ..., Tn,Y1s- -« Ym, 21y - -, 2n Such
that

1. C(x,0,0) =0, and
2. C(xvflv"'vfmax% _‘Tl?"wl% _mn) =1
The size of the refutation is the size of the circuit C.

4 Some parameters in the lower bound by [24] were subsequently improved by [5] and [11] achieves those
improved parameters.

5 The subset-sum instances from [13, 14] are not always unsatisfiable over fields of positive characteristic;
this requires that we tweak their instances to ensure unsatisfiability. Barring these changes, we
qualitatively match their lower bounds over fields of positive characteristic.



A.R. Behera, N. Limaye, V. Ramanathan, and S. Srinivasan

Further, if the circuit C' has individual degree at most 1 in the variables y and z, then we
say that C is a C-IPSpn refutation. If the circuit C' has individual degree at most 1 in the
variables y (but not necessarily in z), then C is said to be a C-IPSpns refutation.

Finally, we say that a circuit C € C is a multilinear C-IPSy N refutation if additionally
C(x,y,0) is a multilinear polynomial in the variables x Uy.

» Remark 2. We mostly employ the above definition in the case that m = 1, i.e. the case
when we have a single polynomial equation that is unsatisfiable over the Boolean cube.
Further, while our upper bound results are proved in the more restrictive C-IPSpn proof
system, our lower bounds results hold in the setting of the stronger C-IPSy N/ proof systems.

We also recall some standard notions about polynomials and algebraic models of compu-
tation, which will be useful below.

Multilinear and symmetric polynomials

A polynomial f(x) € Flxy,...,x,] is a multilinear if the individual degree is at most 1. For a
polynomial f(x), the multilinearization operator, denoted by ml[ - |, changes for each variable
x; and any k, every occurrence of x;‘ in f(x) to x;.

A polynomial f(x) € Flzy,...,x,] is said to be a symmetric polynomial if the polynomial
remains invariant under any permutation of the input variables. For a degree parameter
0 < d < n, the d elementary symmetric polynomial en,d(Z1,...,2y) is defined to be the

following multilinear polynomial e, 4(21,...,%n) = Y scn) [[;cgZi- Whenever n is clear
|S]=d
from the context, we will denote the d*" elementary symmetric polynomial by eq(x).

Algebraic models of computation

We recall definitions of some of the standard models of computation relevant to our results.

Algebraic circuits and formulas. An algebraic circuit is a directed acyclic graph in which
each node either computes a sum (or a linear combination) of its inputs, or a product of its
inputs. The leaf nodes are either variables or constants. The size of an algebraic circuit is
the number of edges in the circuit, and the depth of an algebraic circuit is the longest path
from the output node (a sink) to a leaf node (a source). An algebraic formula is an algebraic
circuit where the output of each node feeds into at most another node; in other words, the
underlying graph of an algebraic formula is a tree. An algebraic formula is a multilinear
formula if every gate of the formula computes a multilinear formula.

Sparse polynomials and constant-depth circuits. The class > ][] consists of depth-2
formulas with an addition gate in the top layer and multiplication gates in the bottom
(second) layer. All the gates have unbounded fan-in. ) [] formulas essentially compute
polynomials in the sparse representation i.e. as a sum of monomials. In general, a constant-
depth algebraic circuit has O(1) alternating layers of additional and multiplication gates.

Read-Once Oblivious Algebraic Branching Programs. A read-once oblivious algebraic
branching program in the variable-order 7 € S,,% is a directed acyclic graph whose vertices
are partitioned into n layers Vy = {s}, V1, Va,...,V;, = {t}. For each i € {1,2,...,n}, there
are edges directed from layer V;_; to V; that are labelled by univariate polynomials in the
variable ;). For each s-to-t path p, the polynomial computed by p is defined to be product

6 S, denotes the set of all permutation of [n].

22:5
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of the edge labels on p. The polynomial computed by the roABP is defined as the sum of
polynomials computed by all s-to-t paths. The width of an roABP is maxo<i<yn |Vi| i.e. the
size of the largest layer of vertices.

For more background on these models of computation, please refer to one of the standard
surveys in algebraic complexity ([32],[30]).

1.3.1 Lower bounds over positive characteristic
We start by stating our lower bound results.

» Theorem 3 (Lower bounds for sparse-IPSynv in positive characteristic). The following holds
for any large enough n. Let p be any prime number. Let k € N such that p* > 20" There
exist a; € Fpe and B € Fpar \ Fpr such that

1. The polynomial f = Zie[n] a;x; — B has no Boolean satisfying assignment.

2. Any sparse-IPSyn: refutation” of f must have size at least 29

Note that the hard instance above is a sparse polynomial. We show that it has no small
sparse refutation over positive characteristic.

» Theorem 4 (Lower bounds for fixed-order roABP in positive characteristic). The following

holds for any large enough n. Let p be any prime number. Let k € N such that p* > 29",

There exist o € Fpr and € Fpon \ Fpr such that

1. The polynomial f = Zie[n] a;x;y; — B has no Boolean satisfying assignment.

2. Any roABP-IPSy N refutation of f in any order of variables where x variables come
before y variables, must have width 22,

To obtain lower bounds against more powerful models such as roABP-IPSy s with respect
to any order, or multilinear formulas, [13] used a slightly modified hard instance. We also
use an instance the same as theirs up to the choice of coefficients.

» Theorem 5 (Lower bounds for any order roABP-IPSy 1/ and multilinear-formula-1PSy n/).

The following holds for any large enough n. Let p be any prime number. Let k € N such that

pF > 2" There exist a;j € Fpe and € Fpae \ Fpr such that

1. The polynomial f = Zl§i<j§n o j2i jxixy — B has no Boolean satisfying assignment.

2. Any roABP-IPSy N/ refutation of f must have size at least 2.

3. Moreover, any multilinear-formula-IPSyn refutation of f must have size at least nf2(1g™)
and for A = o(logn/loglogn), any product-depth®-A multilinear-formula-IPS refutation

. . 1 (_n /A
requires size ZnQ(M(bg") )

Again notice that, f is a sparse polynomial and hence has a polynomial size roABP. It is
also efficiently computable by a multilinear formula.

In general, in Boolean proof complexity, it is typical that the hard-to-refute instances
are themselves easy to compute. In algebraic proof complexity, there are some lower bound
results that do not have this property. That is, the instances that are hard to refute are also
hard to compute. For example, the set of results obtained by the approach of multiples in
[13, Theorem 1.18, Theorem 1.19, Theorem 1.20] and in a paper by Andrews and Forbes [3].
Additionally, in a recent work, Hakoniemi, Limaye, and Tzameret [19] presented instances

7 Note that sparse-IPSpin (a weaker system than sparse-IPSp /) is equivalent to the Nullstellensatz
proof system of [4].

8 The product-depth of a circuit is the maximum number of product gates appearing in any leaf-to-root
path.
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that were hard to refute for roABP-IPS; ' and for multilinear-formula-IPSy N/ over any
characteristics, i.e., similar to what we prove here. However, unfortunately, their instances
were hard to compute and specifically, they could not be computed by roABP or by multilinear
formulas. Hence, our result here have the best of both the worlds; the lower bounds hold
over any characteristic and the hard instances are easy to compute.

» Theorem 6 (Lower bounds for multilinear constant-depth-IPSyn in positive characteristic).

The following holds for any large enough n. Let p be any prime and let k € N be large enough

so that p* > 228 There erist g € Fpe and B € Fpar \ Fpr such that

1. The polynomial f = 37 <ij<kcp<n Qijk,t%i,jk,eTiTiTuTe — B has no Boolean satisfying
assignment.

2. Any multilinear constant-depth-IPSyn: refutation of f must have size n*(\).

The characteristic 0 (or large characteristic) version of the above theorem was presented
in [14]. Their lower bound is a step towards constant-depth-IPS lower bounds. Our result
above can thus be thought of as another step forward in the right direction. Moreover,
our input instance is the same as the input instance in Theorem 1 [14] up to the choice of
coefficients, and it is easy to compute (while being hard to refute). More specifically, it is
computable by polynomial-sized constant-depth multilinear formulas.

» Remark 7. In all our results, the field characteristic is arbitrary, but the field size is quite
large, i.e., p* is either exponential or superpolynomial. This setting is non-trivial because
the field elements have polynomial bit complexity. Other results in the area, such as the
work of Alekseev, Grigoriev, Hirsch, and Tzameret [2] similarly use polynomial constraints
with coefficients from exponentially large domains. Specifically [2] study a variant of the
subset sum instance, called the Binary Value Principle, 37, 2=1g; +1 = 0 in the context
of IPS proof systems in fields of characteristic zero.

i€[n

It is an interesting open question to prove similar IPS lower bounds over finite fields of
small size. Unfortunately, as we show below, this forces the polynomial instances to become
more complicated. See Section 1.5 for recent independent work that makes progress in this
direction.

1.3.2 Upper bounds over positive characteristic

A natural question for hard instances above is: what is the weakest proof system in which
they are efficiently refutable? In personal communication, Tzameret observed that the above
instances were refutable by constant-depth-IPSyx hence showing that these proof systems
can be exponentially more succinct than their multilinear counterpart. The theorem below
shows that the above polynomials have efficient constant-depth-IPSyn refutations, even in
the setting of positive characteristic.

» Theorem 8 (Upper bounds for (non-multilinear) constant-depth-IPSpin). Fiz a prime number
p. The following holds for any natural numbers n and k.

Let f € Flxy,...,2,] be any polynomial with sparsity s and degree D with coefficients from
the field F,. and let 3 be any element of F\ Fx where F is a field extension of F k.

Then,

1. The polynomial f(x) — B has no satisfying assignment over the Boolean cube {0,1}"

2. There is a constant-depth-IPSpiN refutation of degree O(k - p- D) and size poly(s,p).
Note that since 8 ¢ F,x, the polynomial f(x) — 3 does not have a zero over {0,1}" (in fact
it does not have a solution over sz) So the first item of above follows immediately.

22:7
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» Remark 9. Suppose the characteristic p is a fixed prime independent of the number of

variables n.

1. Theorem 8 shows that the exponential field size in Theorem 3, Theorem 4 and Theorem 5
is not an artifact of the proofs.?. For fields of subexponential size, the polynomials in
these theorems have refutations of degree o(n) and in particular have roABP-IPSy 1y
refutations of size 20", 10

2. Theorem 8 also shows that the multilinearity assumption in Theorem 6 is not an artifact
of the proof. Non-multilinear proofs, even over large fields, allow efficient constant-depth
refutations for sparse instances.

Our final result shows a constant-depth upper bound for multilinear and symmetric
systems of polynomials, i.e. systems defined by polynomials f(z1,...,z,) of the form
23:1 agen,q + g where e, g denotes the elementary symmetric polynomial of degree d in
variables z1,...,2,. Such polynomial systems have been employed in [13] to prove lower
bounds against restricted systems of constant-depth-IPSyn. Our results imply that general
constant-depth circuit refutations can be exponentially more succinct than these restricted
families, even for positive characteristic.

» Theorem 10 (Upper bounds for multilinear symmetric systems). Fiz a field F. Let
fiseo s fm € Flza, ..., x,] be a family of multilinear and symmetric polynomials with no
common Boolean solution i.e. there does not exist a x € {0,1}™ such that each f;(x) = 0.
This system has a constant-depth-IPSpin refutation of size O(m?n®logn) and depth 8.

1.4 Proof techniques
Lower bounds

Our proof uses the functional lower bound method introduced by [13], which can be described
as follows. We know that a C-IPSpn/ refutation for f(x) consists of A(x), B;(x) € F[x] such
that

where A(x), B1(x),. .., Bp(x) belong to C. As f(x) is unsatisfiable over the Boolean hyper-
cube, this implies that over the Boolean hypercube, A(x) is a well-defined reciprocal of f(x).
Hence, to show that A(x) cannot belong to C, it is enough to show that any polynomial that
agrees with 1/f(x) cannot be computed by C. That is, the problem of proving a lower bound
on the size of C-IPSyn/ is reduced to proving a functional lower bound for 1/f(x).

At the heart of such a functional lower bound lies a degree lower bound, i.e., a lower
bound on the degree of f(x), where f(x) and f(x) are related. In fact, f(x) is a lifted version
of f(x). Once we have such a degree lower bound for f(x), we can apply proof ideas from
algebraic complexity theory such as the rank-based lower bound methods. These methods
allow for the degree lower bounds for f(x) to be lifted to size lower bounds for f(x).

9 Suppose the field F,. is not large enough, say, ¥ = o(n). Then there is a refutation of degree
d=0O(k-p- D), which is o(n) when p and D are constants. In particular, the sparsity of the refutation
is at most (n;d), which is 2°(™ when d = o(n).

10When the characteristic p is a growing function of n, this argument breaks down. It might be possible
to get rid of the exponential field size.
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For their machinery to work over positive characteristic, we prove a positive characteristic
version of the degree lower bound (see Lemma 17 for the formal statement). In the case of
the lower bound argument in [13], it was important to obtain a tight degree lower bound
of exactly n. They needed it for the next step, i.e., lifting, to work. In our case, we show
that such a degree lower bound holds with high probability (over the choice of coefficients of
the hard instance). Once we have the degree lower bound, the rest of the lower bound proof
works similar to the proof by [13]. Please refer to the full version for all the proofs.

Constant-depth upper bounds

We start by describing the main ideas in the proof of Theorem 8. Here, we proceed in two
steps. First, we observe that for any sparse polynomial of degree d, we can flatten it to a
linear polynomial by renaming the monomials by fresh variables. Our hard instance is indeed
sparse, hence the observation can be used to rewrite the polynomial as a linear polynomial
over a fresh set of variables.

Now, consider a linear polynomial L(x) — § such that L(x) = ayx1 + aexa + ... + anty,
where o, ..., a, € F,u for some &k and prime p and § € F\ F,» such that it is not satisfiable
over 0-1 assignments.

To prove that the polynomial has a refutation over constant-depth circuits, we first prove
that for every j, L;(x) = afjml + a’;xg +.. o+ af: Ty — ﬂpj can be expressed as a multiple of
L(x) modulo the ideal x” — x, which is a shorthand for the ideal generated by {z} — ;};c[n)-

We then observe that for j = k, Ly(x) — L(x) is a non-zero constant and use this
observation to construct small depth circuits for the refutation of L(x) — 8. Throughout, we
use some standard but useful tricks available to positive characteristic fields. Please refer to
the full version for all the proofs.

Upper bounds for symmetric polynomials

Now we discuss the proof outline for Theorem 10. For ease of exposition, we explain
the ideas for the case of m = 1 in Theorem 10, i.e. there is one multilinear symmetric
polynomial f(x) that does not have a solution over the Boolean cube {0,1}". Suppose F
has characteristic p > 0. Any symmetric polynomial is a polynomial of the n elementary
symmetric polynomials!! i.e. e;(x),...,e,(x). However, if we restrict to the Boolean cube
{0,1}", then any symmetric polynomial is a polynomial of just O(logn) elementary symmetric
polynomials. Let €(x) denotes the tuple of those O(logn) elementary symmetric polynomials.

Let F(y) be the O(logn) variate polynomial such that F(y) o €(x) agrees with f(x)
on the Boolean cube {0,1}™. The Boolean cube {0,1}" is mapped to Fs(logn) under the
map €(x) because char(F) = p. The unsatisfiability of f(x) over the Boolean cube {0,1}"
implies the unsatisfiability of F'(y) over IF](,Q (logn), Applying Hilbert’s Nullstellensatz Theorem
(see Theorem 15) on the unsatisfiability!? of F(y) over JFZ? (loem) " we get a low-variate
Nullstellensatz certificate (it is a Nullstellensatz certificate in just O(logn) variables)!3.
The coefficients of this low-variate Nullstellensatz certificate can be computed via poly(n)-
sized constant-depth circuits. This follows from the fact that we are working over constant
characteristic. Refer to the diagram below for a schematic representation of what we discussed
so far.

1 This follows from the Fundamental Theorem of Symmetric Polynomials.

126 capture the restriction of F,, we add n univariate polynomials, each of which vanishes on one
coordinate of Fy.

13 Loosely speaking, one can imagine this as a “dimension reduction” of our problem. The symmetric
structure of f(x) led us to convert a problem in n variables to a problem in just O(logn) variables.
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{0,137 ) F
\ /
g(x) F(y)

T~ /

Fg(log n)

Next we “lift” the Nullstellensatz back to the n variables (z1,...,2,). To do so, we plug-
in €(x) in place of y. Observe that this substitution by €(x) preserves the size and the
depth of the coefficients of the low-variate Nullstellensatz certificate because of the Ben-Or’s
construction (see Theorem 12).

It remains to prove via constant-depth circuits that F(€(x)) agrees with f(x) on the Boolean
cube, i.e. F(€(x))— f(x) lie in the ideal (x? — x). Here “to prove in constant-depth circuits”
refers to giving a certificate for the ideal membership whose coefficients can be computed
by constant-depth circuits. More precisely, we want to prove that there exists polynomials
B;(x)’s which have poly(n)-sized constant-depth circuits such that

Fle(x)) = f(x)+ ZBj(X) (o — ).

This is the key step in our proof. To prove this, it suffices to prove the following special case.

» Lemma 11. Let £ = O(logn) and fix an arbitrary sequence (o, . . ., ayp) where each «; € [n].
There exist polynomials B;(x)’s such that

L L
Heai(x) = ml Heai(x)

and each polynomial B;(x) can be computed by a poly(n)-sized constant-depth circuit.

+Y B (0 )

Please refer to the full version for all the proofs.

1.5 Related work

In an independent work, Elbaz, Govindasamy, Lu, and Tzameret (personal communication)
consider related questions. Using the recent lower bound of Forbes [11], which proves the
positive characteristic version of the constant-depth formula lower bound of [24], they obtain
lower bounds for fragments of the IPS over finite fields of any size.

1.6 Preliminaries

In this subsection, we present a few more definitions and standard facts on polynomials that
will be used in our proofs later on.

For a polynomial f(x1,...,x,), the individual degree of f is an integer D such that for
all 7 € [n], the degree of f when viewed as a univariate polynomial in the variable z; is at
most D.

A classical and beautiful construction of Ben-Or shows that every elementary symmetric
polynomial can be computed by poly(n)-sized constant-depth circuits.
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» Theorem 12 (Ben-Or's construction for elementary symmetric polynomials). (See [51,
Theorem 5.1]). Let F be a field with |F| > n. Then for every d € [n], the d'" elementary
symmetric polynomial eq(z1, . ..,Ty,) has a circuit of size O(n?) and depth 3 (a XIIY circuit).
More particularly, for any choice of (n + 1) distinct elements v1,...,Ynt1 € F and for every
k € [n], there exists coefficients ck ;’s such that

n+1 n
ex(®) = Y eni [ (1 +izy)
i—1 j=1

» Theorem 13 (Polynomial Identity Lemma). (See [18, Lemma 9.2.2]). Let F be an arbitrary
field. Let f(x) be a nonzero polynomial of degree at most d and let S C F. If we choose
a ~ S™ uniformly at random, then:

d
=0 < —
Pl =0 < g
For a natural number k and variables (z1,. .., z,), we will use (z* —z) to denote the following
ideal (z*F —2) := (2F —21,...,2F —21) C Flzy,..., 2]

Next we recall the definition of an ideal and a variety, and then we state Hilbert’s Nullstel-
lensatz.

» Definition 14 (ldeal and Variety). Fiz any field F and consider the commutative ring
Flx1,...,x,]. For a set of polynomials f1,..., fm € F[x|, the ideal generated by f;’s, denoted
by (f1,---, fm) is defined as:

(fb"wfm) == {hGF[X]

391,-..,9m € F such that h = Zgifi} .

i=1
For a set of polynomials fi1,..., fm €F, their variety, denoted by V(f1,..., fm) is a subset
of the algebraic closure of Fl, defined as:

V(fi,-eoy fm) = {aEan‘fl(a)ZH-:fm(a):O},

Now we state Hilbert’s Nullstellensatz which essentially says that if a set of polynomials do
not have a common zero, then there exists “witness” for this, i.e. one can express 1 as a
polynomial combination of f;’s.

» Theorem 15 (Hilbert's Nullstellensatz). Fiz any field F. Let fi,..., fm € Flzy,...,2,] be
a set of multivariate polynomials such that they do not have any common zeros over the
algebraic closure of F. Then the constant 1 lies in the ideal (f1(X),..., fm(x)). In other
words, there exists polynomials Aq, ..., Am € Flay,...,z,] such that

A (%) Fi3) 4+ A(X) - () = L.

Strictly speaking, Hilbert’s Nullstellensatz guarantees that the polynomials A’s are in F[x] (F
is the algebraic closure of F). However, the above statement also follows easily by observing
that we can solve for A;’s by solving a system of linear equations over IF. Throughout this
article, we will refer to (A1(X), ..., A,,(x)) as a Nullstellensatz certificate!* for the system
{f1(x),..., fm(x)}. We will also refer to A;’s as coefficients because if we take a polynomial
combination of f;’s with A;’s being the coefficients, then we can generate 1.

4 There are infinitely many Nullstellensatz certificates for a system {f1,..., fm}. To see this, suppose m = 2
and let (A1, A2) be a Nullstellensatz certificate. Then for any polynomial g € F[x], (41 + gf2, A2 — gf1)
is also a Nullstellensatz certificate.

22:11

ICALP 2025



22:12

New Bounds for the Ideal Proof System in Positive Characteristic

2 Lower bounds in large fields of positive characteristic

In this section, we will prove size lower bounds for several fragments of IPS over positive
characteristic. As explained in Section 1.3.1, we start by proving a tight degree lower bound
(Lemma 17) over positive characteristic. Using our positive characteristic variant of the
degree lower bound, we then recover the lower bound results from [13] and [14] over positive
characteristic.

2.1 Degree lower bounds over large fields of arbitrary characteristic

For any a € {0,1}", we use |a| to denote its Hamming weight. For any a = (a1,...,a,) €
{0,1}™ and any subset of indices S C [n], we use ag to denote [],. g a;. All the statements
in this section work over fields of arbitrary characteristic.

First, we state a standard fact about multilinear polynomials, which will be useful in the
main lemma.

» Fact 16. Let f(x) = ZSC[n] Asxg be a multilinear polynomial on n variables. Then,
A= >, (DR f(a)
ac{0,1}™
The next lemma is our main degree lower bound which shows that a multilinear polynomial
for the inverse of a random linear form will have maximal degree. While similar statements
have been observed in the literature (e.g. [15, Proposition 2]), we give an explicit proof for
the sake of completeness.

» Lemma 17. Let F and F' be fields such that F is a strict subfield of F'. Let n € N be a

natural number and let x denote the tuple of variables (x1,...,2,). Fiz any B € F'\F. For
any a = (ai,...,a,) € F? let fo(x) be the unique multilinear polynomial that agrees with
the function
1
o ixy — 3

on the Boolean cube {0,1}". Let S C T be any finite subset of the field. Then, for a uniformly
random o ~ S™:

P ldeg fa(x) =n] =1~ NG

Proof. By Fact 16, the coefficient of x{,, in fo(x) is Zae{og}n(_l)la‘fa (a), or equivalently,
1
(_1>\V|—
VCZ[n] (Ziev O‘i) - B
Based on the above expression, we define the rational function A,(z) as follows.

ISR G
A (2) - V%%f D S =5

We will use N(z) and D(z) to denote the numerator and denominator of A, (z). For any
S C [n], we will use Ls(z) to denote ), g z;. It follows that

Nz = > )V ] ez -8
VCin] TCn]TAV

D(z)= [] (Lv(z)-5)

VCin]
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Since § € F'\ F, D(«x) # 0 for any a € F. If we prove that N(z) is a non-zero polyno-
mial, then by the Polynomial Identity Lemma (Theorem 13), for any finite subset S C F,
Proosn[N(a) #0] > 1— %, which implies that Pro~gn[Apj(a) # 0] > 1 — %, and
thus proves the theorem. Thus, it is enough to prove that some monomial in N(z) has
non-zero coefficient.

For V- # 0, [ rc(n.rpv (L7(2) — B) has degree at most 2" — 2 since Ly(z) — 8 will not

increase the degree. The term [[;_4(L7(z) — ) syntactically contributes monomials of
degree 2" — 1 from [ [y Lr(z) , but is possible that these coefficients vanish if the field F
is of positive characteristic. We will show that there is a monomial of degree 2" — 1 with
coefficient 1, and thus this monomial will survive over any field.
> Claim 18. The coefficient of the monomial'® [T7_, 22" in [lr29(Lr(z) - B) is 1.
Proof sketch. We would like to count the number of ways of collecting variables from each
Lr(z) to construct the required monomial. We first observe (via a simple counting argument)
that for every i € [n], the number of subsets T C [n] such that {j € [n] : j > i} NT = (), and
i €T,is 2¢=1. Moreover, for each i € [n], if T; is the collection of subsets with the above
properties, then we observe that 7; N 7; =0 for all i # j, ¢ € [n], j € [n].

With these observations, it inductively follows that for each i € [n], conditioned on
the degree of variables z,,...,z;4+1 being correct (i.e. ZJQ-FI), there is exactly one way of
ensuring that the degree of z; is 2¢71: for each T that is one of the 2¢~! subsets satisfying
the properties of the above observation, select the z;’s from Lp(z). <

<

The next lemma proves a stronger version of the previous lemma: for a random linear
form, the inverse of every restriction of the linear form (by setting some variables to 0) will
have maximal degree. It follows from the previous lemma and an union bound.

» Lemma 19. Let F and F' be fields such that F is a strict subfield of F'. Let n € N be
a natural number and let x denote the tuple of variables (z1,...,x,). Fixz any 8 € '\ F.
For any O #U C [n], let fo,u(x) be the unique multilinear polynomial that agrees with the
function

1
ZieU ;T — ﬂ

on the Boolean cube {0,1}". Let S CF be a finite subset of the field. Then, for an a ~ S™
chosen uniformly at random:

2|U\ -1 22n
Pgn[zl a non-empty U C [n] : deg fo,u(x) <|U|] < Z S < o7
o 0£UC[n)

In particular, with probability at least 1 — (227/|S|) over the choice of a ~ S™, for every
U C [n], the leading monomial of fa,u(x) is ¢ [[;cyy i for some c € F\ {0}.

i—1
15The same proof works for any monomial H:;l zi( i) where o is an arbitrary permutation on [n].
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2.2 Constant-depth multilinear IPS; ;n lower bounds over large fields of
arbitrary characteristic

In [14], Govindasamy, Hakoniemi, and Tzameret prove super polynomial lower bounds against
constant-depth multilinear IPSy N/ refutations of the subset sum variant

E Zi j e 1T T2y —

i.4,k,1€[n]
In particular, they prove the following theorem.

» Theorem 20 (Constant-depth functional lower bounds [14]). Let n, A € Ny with A <
O(logloglogn) and assume that char(F) = 0. Let f be the multilinear polynomial such that

1

Zi,j,k,le[n] Zi k1 TiT T T, — B

=

over the Boolean cube. Then, any circuit of product-depth A computing f has size at least

exp(—0(A))
)

We prove the same statement for large fields of arbitrary characteristic. Our proof exactly
follows the structure of [14]. Their proof requires the charF = 0 condition for two reasons:

1. They use the results of Limaye, Srinivasan, and Tavenas [24], which gave superpolynomial
lower bounds against constant-depth circuits over any field F with char(F) = 0 or greater
than the degree d of the hard polynomial. In particular, they use the result that over fields
with char(F) = 0 or greater than d, any low-degree set-multilinear polynomial computed
by a constant-depth circuit can also be computed by a set-multilinear constant-depth

circuit. 16

2. They use the degree lower bound for the multilinear representation of 1/(3"
proved by Forbes, Shpilka, Tzameret, and Wigderson [13].

i€[n) Ti — B),

To deal with the first requirement, we use the recent beautiful result of Forbes [11],
which extends the results of [24] to arbitrary fields. In particular, we will use the following
statement from [11], which says that the set-multilinear projection of a constant-depth circuit
can be efficiently computed by a constant-depth circuit over arbitrary fields.

» Theorem 21. [11, Corollary 27]. Let F be an arbitrary field. Let x = x3 Uxo L ---Uxq
be a partition of the variables x. Suppose f can be computed by a size s product-depth A
arithmetic circuit. Then the set-multilinear projection of f (the restriction of f to monomials
that are set-multilinear with respect to the specified partition) can be computed by a size

poly(s, @(lo‘éd)d)-size circuit of product-depth 2A.

To deal with the second requirement, we use our degree lower bound from Lemma 19, which
works for arbitrary fields of exponential size i.e. there is no restriction on the characteristic
of the field.

16 They also use other ideas from [24] such as relative rank, word polynomial, etc., but those ideas do not
require any restrictions on the characteristic of the underlying field.
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Overview of [14]

1. Using the word polynomials framework of [24], construct a knapsack polynomial ks,
(for a partition given by a word w € Z%) with the property that the set-multilinear
projection of ﬁ over the Boolean cube requires superpolynomially large set-multilinear
constant-depth circuits.

2. Consider a degree-4 subset-sum variant f(z,x) := Zm‘,k,l Zij k1TiT; Tz, — B so that for
the word w € Z¢ that will be used to instantiate the previous point, there exists an
assignment of some of the variables in z, x that maps f(z,x) to ksy (upto a renaming of
variables).

3. If there is a multilinear polynomial computing 1/f(z,x) over {0,1}" that has a small
constant-depth circuit, then there is a multilinear polynomial computing 1/ ks, over
{0,1}™ that has a small constant-depth circuit. Moreover by the set-multilinearization of
[24], there is a small set-multilinear constant-depth circuit computing the set-multilinear
projection of 1/ksy,.

4. Combining the first point with the contrapositive of the third point, conclude that any
multilinear polynomial computing 1/ f(z,x) over {0, 1}" requires superpolynomially large
constant-depth circuits. The multilinear constant-depth IPSyn/ lower bound follows.

In [14], the proof for the hardness of ﬁ requires the underlying field to be of large
characteristic essentially because it requires the degree lower bound from [13], which requires
large characteristic. To make Theorem 20 work over fields of positive characteristic, we will
employ our degree lower bound from Lemma 19 with a variant of the knapsack polynomial;
the rest of the proof remains the same as that of Theorem 20. To provide the necessary
details, we first describe the construction of the knapsack polynomial. Then, we state the
particular claim from [14] that uses the degree lower bound from [13]. Finally, we show how
our degree lower bound Lemma 19 fits into the rest of the proof.

Constructing the knapsack polynomial

We shall now recall the definitions required for defining the hard polynomial in [14] via the
word polynomials template of [24].
Let w € Z? be an arbitrary word. For any S C [d], let w|s denote the subword of w

indexed by the set S. Consider the sequence X (w) = (X (w1), ..., X (wq)) of sets of variables.

Define the positive indices and negative indices of w as:

Py :={i€[d:w; >0} and Ny :={i€][d]:w; <0}
Let any ¢ € Py, the variables of X (w;) will be of the form x((,i), where o is a binary string
indexed by the set:

A&) = Z wy + 1, Z W;/

i’ € Py, i'€Py
i’ <i i’ <i

We will call these sets positive indexing sets. The size of each A s |w;|. The number of
strings in A‘(,é) is 2lwil,

For i € Ny, we similarly define the negative indezing sets B‘(,i) that will be used to index the
variables of X (w;) for i € Ny.

A word w € Z% is balanced if:
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1. Vi € Py, 35 € Ny such that A‘(,f,) N B‘(,g) # (0 (i.e. j € Ny is a witness that w is balanced
at i € Py) . 4

2. Vj € Ny Ji € Py such that A‘(Z,) N 353) # 0 (i.e. i € Py is a witness that w is balanced
at j € Nw)

For any i € Py, 0 € {0, 1}‘4‘('3)7 define:

=11 > vs) (2)

JENw %)

B o;€{0,1}Fw
Aw 0By #0 OINE
oj(k)=0(k)VkEAy NBy

The product ranges over each j € Ny, that witnesses the fact that w is balanced at i. The
sum ranges over each o; that is consistent with o on A‘(;) N B‘(,g). Now, we define the knapsack
polynomial as

S 2 2 (3)

o .
€ 0,134

where § € F is any field element such that ks, has no Boolean roots. To make the proof
work over fields of positive characteristic, we define a variant of ks, as:

kSw o = Z o Z atff)fy) -8 (4)

= .
€ oe{0,1}A%W

where o = (a;)icp, € FI*! and B will be chosen from an extension field F O F so that
ksw.« has no Boolean roots.

For any word w € Z%, M(f) denotes the matrix with rows indexed by all monomials
m that are set-multilinear over w|p,, and columns indexed by all monomials m’ that are
set-multilinear over w|y,,. For each such pair of monomials (m,m’), the corresponding entry
in My (f) carries the coefficient of mm’ in f. To show that the set-multilinear projection
of any multilinear polynomial f computing 1/ksy, over {0,1}" requires superpolynomially
large set-multilinear constant-depth circuits, [14] shows that My (f) is full-rank.

» Lemma 22 (Rank lower bound lemma (Lemma 6 [14])). Let w € Z% be a balanced word, and

let f be the multilinear polynomial such that f = kiw over {0,1}". Then, My(f) is full-rank.

With this lemma, the lower-bound follows via the arguments from [24]. Importantly for us,
this lemma uses the degree lower bound from [13]; we describe a sketch of the same.

The use of degree lower bound in [14]

Suppose f =" gm(x)m, where the sum runs over all multilinear monomials m in the y
variables, and g, (x) is some multilinear polynomial in the x variables. They show that for
any m which is set-multilinear on w|y, , the leading monomial of g,,(x) is the set-multilinear
monomial m’ on positive variables such that o(m') is consistent with o(m) ([14] describes
this formally). For each monomial m that is set-multilinear on w|y,, , the leading monomial
of g, (x) turns out to be a different set-multilinear monomial on the positive variables, and
together, these leading monomials span the space of all set-multilinear monomials on the
positive variables. This makes My, (f) full-rank. To get a handle on g,,(x) (for m being
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» consisting only of y variables), [14] sets all the variables in m to 1
and all the y variables outside m to 0. They call this transformation 7,,. For the proof of
Lemma 22, an important requirement is that:

a monomial on w|y

For every T' C Ny, and for every set-multilinear monomial m on w|r, the leading
monomial of 7., (f) is [[;cp, 2% which is the product of all the variables that show
up in the denominator of

79

1 1
Tim (Ksw) Yicur x;()z) -B

where Up = {i € Py : A ¢ BL}, and for each i € Py, o(i) is the unique indexing
string that agrees with o(m) on A&,), the i*" positive indexing set.

This requirement is satisfied due to the degree lower bound from [13], which requires the
field to be of characteristic 0. The proof in [14] includes helpful figures and the reader is
encouraged to refer to the paper.

Let us recall our variant of ks, :

kSw,a = Z Q; Z xz(yi)fcfi - B (5)

= .
P 0,134

where a = (;)iep, € FIPw!. To prove Theorem 20 in positive characteristic, we use the

following lemma that follows by a union bound over all T C N,, and all set-multilinear
monomials on w|r, on top of Lemma 17.

» Lemma 23. Let d € N be a natural number and w € Z? be a balanced word. Let m = |Py|.
For any o = (a1,...,am) € F™, T C Ny and any mr that is a set-multilinear monomial
on W, let fo,rmy(X) be the unique multilinear polynomial that agrees with the function

() 5om
T = -
Ksw.a 2ieur aixfr()i) -8

on the Boolean cube, where 3 € F is chosen so that ksy, o has no Boolean roots, and Ur =
{i € Py: AW ¢ BI}. Let S CF be a finite subset of the field. Let vy := |Ny| + > ieny, lwil.
Then, for an a € S™ chosen uniformly at random:

gv+m
Pr [3T C Ny, mr : deg for,m (x) < |Ur|] <

a~S™ |S‘
In particular, with probability at least 1 — (277™/|S|) over the choice of av € S™, for every
choice of T C Ny and set-multilinear monomial mp over w|r, the leading monomial of

farmr (%) i8¢ [Licu, x,(f) for some ¢ € F\ {0}.

Proof. The number of T C N, is 2™l The number of set-multilinear monomials on wlr
for any T' C Ny, is ZEiET ‘wi‘, which is at most QZiENw I any fixed T'C Ny, and mp
that is a set-multilinear monomial on w|r, Lemma 17 implies that for an a € S™ chosen
uniformly at random:

m

2
JPrldeg foz,mq (x) < [Ur[] < 5]
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Applying a union bound over all T C Ny, and myp implies that for an a € S™ chosen
uniformly at random:

2m y+m
- : o, T,m = < =
aggm[EIT = qumT dng T, T(X) < |UTH < Z |S| |S|

TCNw,mp

<

With this lemma, the rest of the proof of [14] works out verbatim. We state the final
theorem, which is a version of Theorem 20 for finite fields of positive characteristic.

» Theorem 24 ([14] over positive characteristic). Let n, A € N with A < O(logloglogn).
Let p € N be any prime. Let F be a field of characteristic p and size p**, where k is the
smallest integer that satisfies p* > 9C(logn)? for an absolute constant C > 1'7. Let 3 be an
arbitrary element in F \ F, where F denotes the subfield of size p*. For any o € IF"4, Let fq
be the multilinear polynomial such that

1

Di g kiden] QiniklZi g k1T TRTL — B

f=

over the Boolean cube. Then, there exists an o € F™ such that any circuit of product-depth

A computing fo has size at least
n(logn)CXD(—O(A))

The reason for |F| > 22((°en)%) in Theorem 24.

When we instantiate Lemma 23 inside the proof of Theorem 24, the parameter d, which is
the number of variable sets, will be O(logn), and the word w € Z? will also be chosen so
that for each i € [d], [w;| < O(logn). Thus, >,y |wi| = O((log n)?), and the union bound
in Lemma 23 will require the field to be larger than 20((og n)*).
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