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Abstract
Let G = (V, E) be an undirected multi-graph on n = |V | vertices and S ⊆ V be a Steiner set in G.
Steiner cut is a fundamental concept; moreover, global cut (|S| = n), as well as (s, t)-cut (|S| = 2),
is just a special case of Steiner cut. We study Steiner cuts of capacity minimum+1, and as an
important application, we provide a dual edge Sensitivity Oracle for Steiner mincut – a compact
data structure for efficiently reporting a Steiner mincut after failure/insertion of any pair of edges.

A compact data structure for cuts of capacity minimum+1 has been designed for both global
cuts [Dinitz and Nutov, STOC 1995] and (s, t)-cuts [Baswana, Bhanja, and Pandey, ICALP 2022 &
TALG 2023]. Moreover, both data structures are also used crucially to design a dual edge Sensitivity
Oracle for their respective mincuts. Unfortunately, except for these two extreme scenarios of Steiner
cuts, no generalization of these results is known. Therefore, to address this gap, we present the
following first results on Steiner cuts for any S satisfying 2 ≤ |S| ≤ n.
1. Data Structure for Minimum+1 Steiner Cut: There is an O(n(n − |S| + 1)) space data

structure that, given any pair of vertices u, v, can determine in O(1) time whether the Steiner
cut of the least capacity separating u and v has capacity minimum+1. It can report such a cut,
if it exists, in O(n) time, which is worst-case optimal.

2. Dual Edge Sensitivity Oracle: We design the following pair of data structures.
(a) There is an O(n(n − |S| + 1)) space data structure that, after the failure or insertion of any
pair of edges in G, can report the capacity of Steiner mincut in O(1) time and a Steiner mincut
in O(n) time, which is worst-case optimal.
(b) If we are interested in reporting only the capacity of Steiner mincut, there is a more compact
data structure that occupies O((n − |S|)2 + n) space and can report the capacity of Steiner mincut
in O(1) time after the failure or insertion of any pair of edges.

3. Lower Bound for Sensitivity Oracle: For undirected multi-graphs, for any Steiner set S ⊆ V ,
any data structure that, after the failure or insertion of any pair of edges, can report the capacity
of Steiner mincut must occupy Ω((n − |S|)2) bits of space in the worst case, irrespective of the
query time.

To arrive at our results, we provide several techniques, especially a generalization of the 3-Star
Lemma given by Dinitz and Vainshtein [SICOMP 2000], which is of independent interest.

Our results achieve the same space and time bounds of the existing results for the two extreme
scenarios of Steiner cuts – global and (s, t)-cut. In addition, the space occupied by our data structures
in (1) and (2) reduces as |S| tends to n. Also, they occupy subquadratic space if |S| is close to n.
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1 Introduction

In the real world, networks (or graphs) experience changes as a result of the failure/insertion
of edges/vertices. They may lead to a change in the solution of various graph problems.
Although these failures/insertions may occur at any point in the network at any time, they
are mostly transient in nature. The aim is to quickly report the solution of the given
problem once any failure/insertion has occurred in the network. This motivates us to design
Sensitivity Oracles for various graph problems. A Sensitivity Oracle for a graph problem
is a compact data structure that can efficiently report the solution of the given problem
after the failure/insertion of a set of edges/vertices. Sensitivity Oracles have been designed
for many fundamental graph problems, namely, shortest paths [3, 7], reachability [26, 11],
traversals [29]. The (minimum) cut of a graph is also a fundamental concept consisting
of numerous applications [1]. In this article, for undirected multi-graphs, we present (1)
a compact data structure for Steiner cuts of capacity minimum+1 and, as an important
application, (2) a dual edge Sensitivity Oracle for Steiner mincut – a compact data structure
for handling insertion/failure of any pair of edges. The results in (1) and (2) provide the
first generalization to the existing results for global mincut [14] and (s, t)-mincut [2] while
matching their bounds on both space and time. In addition, our Sensitivity Oracle in (2) is
the first result on Steiner mincut for handling multiple insertions/failures of edges after the
single edge Sensitivity Oracles in undirected multi-graphs [4, 16, 15, 17].

Two well-studied cuts and their generalization. Let G = (V, E) be an undirected connected
multi-graph on n = |V | vertices and m = |E| edges (E is a multi-set). There are mainly two
types of well-studied cuts in a graph – global cut and (s, t)-cut. A (global) cut is defined as a
nonempty proper subset of the vertex set. Let C be any cut in G. Cut C is said to separate
a pair of vertices u, v if u ∈ C and v ∈ C = V \ C or vice versa. For any pair of vertices s

and t, cut C is said to be an (s, t)-cut if C separates s and t. Let S ⊆ V denote a Steiner
set with |S| ≥ 2. A generalization of global cut and (s, t)-cut is captured using Steiner cut,
which is formally defined as follows.

▶ Definition 1 (Steiner cut). For any given Steiner set S, a cut C is said to be a Steiner cut
if there is a pair of vertices s1, s2 ∈ S such that s1 ∈ C and s2 /∈ C.

An edge e = (u, v) is a contributing edge of a cut C if C separates endpoints u and v of
e. The capacity of C, denoted by c(C), is defined as the number of contributing edges of
C. A Steiner cut having the least capacity is known as a Steiner mincut of G. For any
given Steiner set S, we denote the Steiner mincut by S-mincut and its capacity by λS . By
Definition 1, the two types of well-known minimum cuts of a graph are just two special cases
of S-mincut, namely, global mincut when S = V and (s, t)-mincut when S = {s, t}.

Data Structure for Minimum+1 Steiner Cut
There has been extensive research in designing compact data structures for minimum cuts
[23, 12, 31, 27, 10], as well as cuts of capacity near minimum [14, 5, 27, 2], that can efficiently
answer the following fundamental query.
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cut(u, v, κ): For any given pair of vertices u, v, determine if the least capacity cut separating
u and v has capacity κ. Then, report a cut C of capacity κ separating u, v, if it exists.

Dinitz, Karzanov, and Lomonosov [12] designed an O(n) space cactus structure for storing
all global mincuts in undirected weighted graphs. Likewise, Picard and Queyranne [31]
designed an O(m) space directed acyclic graph (dag) for storing all (s, t)-mincuts in directed
weighted graphs. Both structures act as a data structure for answering query cut in O(n)
time for their respective mincuts. It has been observed that a quite richer analysis was
required to arrive at a compact structure for storing all S-mincuts. In a series of remarkable
results by Dinitz and Vainshtein [15, 16, 17], they showed that there is an O(min{nλS , m})
space structure, known as Connectivity Carcass, for storing all S-mincuts in an undirected
multi-graph, which generalizes the results for (s, t)-mincut [31] and global mincut [12]. They
present an incremental algorithm for maintaining the structure until the capacity of S-mincut
increases. This structure helps in answering query cut for S-mincut in O(m) time and is
the first single edge Sensitivity Oracle for S-mincut in undirected multi-graphs.

There also exist compact data structures for both global cut [14, 27, 5] and (s, t)-cut
[2] of capacity beyond the minimum, and they are applied to establish many important
algorithmic results [27, 5, 14, 2, 24]. Specifically for cuts of capacity minimum+1, Dinitz and
Nutov [14] gave an O(n) space 2-level cactus model that stores all global cuts of capacity
minimum+1 in undirected multi-graphs. Their structure answers query cut in O(n) time
and is used crucially for incremental maintenance of minimum+2 edge connected components
[14], which generalizes the results of Galil and Italiano [21], and Dinitz and Westbrook
[13, 18]. Similarly, for minimum+1 (s, t)-cuts in directed multi-graphs, Baswana, Bhanja,
and Pandey [2] designed an O(n2) space data structure that answers query cut in O(n)
time. This data structure acts as the key component in the design of a dual edge Sensitivity
Oracle for (s, t)-mincut [2]. Unfortunately, there does not exist any nontrivial data structure
for Steiner cuts of capacity beyond the minimum till date. Therefore, to bridge the gap
between (s, t)-cut [2] and global cut [14], it is natural to raise the following question for any
given Steiner set S satisfying 2 ≤ |S| ≤ n.

▶ Question 1. For undirected multi-graphs, does there exist a compact data structure that
can efficiently answer query cut for Steiner cuts of capacity minimum+1?

Dual Edge Sensitivity Oracle for Steiner Mincut
It is easy to observe that the failure of a pair of edges reduces the capacity of S-mincut if
and only if at least one failed edge is contributing to an S-mincut or the pair of failed edges
are contributing to a Steiner cut of capacity minimum+1. Therefore, the study of Steiner
cuts of capacity minimum+1 has an important application to the problem of designing a
dual edge Sensitivity Oracle for S-mincut, which is formally defined as follows.

▶ Definition 2 (Dual edge Sensitivity Oracle). For any given Steiner set S, a dual edge
Sensitivity Oracle for S-mincut is a compact data structure that can efficiently report an
S-mincut and its capacity after the failure or insertion of any given pair of query edges in G.

For S-mincuts, the existing Sensitivity Oracles can handle the insertion or failure of only a
single edge, and are based on the Connectivity Carcass of Dinitz and Vainshtein [15, 16, 17],
which dates back to 2000. Baswana and Pandey [4], using Connectivity Carcass as the
foundation [15, 16, 17], designed an O(n) space single edge Sensitivity Oracle for S-mincut
in undirected multi-graphs. It can report the capacity of S-mincut and an S-mincut in the
resulting graph in O(1) and O(n) time, respectively.

ICALP 2025
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It is also important to design Sensitivity Oracles that can handle the insertions/failures
of multiple edges/vertices. For undirected multi-graphs, by using single edge Sensitivity
Oracle for S-mincut [4], observe that the trivial data structure that can handle any f > 0
edge failures occupies O(mf−1n) space. To design a Sensitivity Oracle for handling multiple
edge insertions/failures, a natural and also quite commonly taken approach is to first design
a Sensitivity Oracle that can handle the insertions/failures of a pair of edges. It has
been observed that a dual edge Sensitivity Oracle for several fundamental graph problems,
namely, reachability [11, 9], breadth-first search [29, 25], shortest path [19], often requires a
significantly richer analysis compared to the single edge Sensitivity Oracles. Moreover, it
either reveals the difficulty or assists in several ways to solve the problem in its generality.
Specifically, in the area of minimum cuts, the following two dual edge Sensitivity Oracles are
the only existing Sensitivity Oracles that can handle multiple edge insertions/failures. For
(s, t)-mincut, Baswana, Bhanja, and Pandey [2] showed that there is an O(n2) space data
structure that, after the insertion/failure of any pair of edges from a directed multi-graph,
can report an (s, t)-mincut and its capacity in O(n) and O(1) time, respectively. So, for
(s, t)-mincut in directed multi-graphs, by designing a dual edge Sensitivity Oracle, they
improved the space by a factor of Ω( m

n ) over the trivial data structure for handling any f > 0
edge insertions/failures. The O(n) space 2-level cactus model of Dinitz and Nutov [14] for
minimum+1 global cuts immediately leads to an O(n) space data structure for handling dual
edge failures for global mincuts as follows. It can report a global mincut and its capacity for
the resulting graph after the failure of any pair of edges in O(n) and O(1) time, respectively.
Therefore, the existing results or the results that can be derived from the existing results are
only for the two extreme cases of S-mincut. So, to provide a generalization of these results
to any given Steiner set S satisfying 2 ≤ |S| ≤ n, the following question emerges naturally.

▶ Question 2. For undirected multi-graphs, does there exist a compact data structure that
can efficiently report the capacity of S-mincut and an S-mincut after the insertion or failure
of any given pair of query edges?

▶ Note 3. The problem of handling dual edge insertions is provided in the full version [6].
Henceforth, we discuss only the results of handling the failure of a pair of edges.

1.1 Our Results
In this article, we answer both Question 1 and Question 2 in the affirmative. Moreover, the
space and time bounds for our results also match with the existing best-known results for
the two extreme scenarios of Steiner cuts – global cut [14] and (s, t)-cut [2]. Let us denote a
Steiner cut of capacity minimum+1 by (λS + 1) cut.

One of our key technical contributions is a generalization of the crucial 3-Star Lemma
from the seminal work of Dinitz and Vainshtein [15, 16, 17]. We believe that this result is of
independent interest. By heavily exploiting the generalized version of 3-star Lemma, we
arrive at the following data structure for efficiently answering query cut for (λS + 1) cuts.
This result provides an affirmative answer to Question 1.

▶ Theorem 4 (Data Structure). Let G = (V, E) be an undirected multi-graph on n = |V |
vertices and m = |E| edges. Let S ⊆ V be any Steiner set of G and λS be the capacity of
S-mincut. There is an O(n(n− |S|+ 1)) space data structure that, given any pair of vertices
u, v in G, can determine in O(1) time whether the Steiner cut of the least capacity separating
u and v has capacity λS + 1. Moreover, the data structure can report such a (λS + 1) cut C

separating u and v in O(n) time, if it exists.
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Data structure in Theorem 4 occupies subquadratic, that is o(n2), space if |S| is at least
n− o(n). For minimum+1 global cuts (S = V ), it occupies only O(n) space, which matches
with the 2-level cactus model of Dintz and Nutov [14]. Moreover, for S = {s, t} (the other
extreme scenario), it occupies O(n2) space, which also matches with the existing best-known
result on minimum+1 (s, t)-cut given by Baswana, Bhanja, and Pandey [2].

For dual edge Sensitivity Oracle, we design a pair of data structures. Our first data
structure helps in reporting an S-mincut in worst-case optimal time; however, it requires
O(|S|) time to report its capacity. If the aim is to report only the capacity of S-mincut, we
present a more compact data structure that, interestingly, has a faster query time. These
results on dual edge Sensitivity Oracle for S-mincut are stated in the following theorem,
which answer Question 2 in the affirmative.

▶ Theorem 5 (Sensitivity Oracle). Let G = (V, E) be an undirected multi-graph on n = |V |
vertices and m = |E| edges. For any Steiner set S ⊆ V ,
1. there is an O((n− |S|)2 + n) space data structure that can report the capacity of S-mincut

for the resulting graph in O(1) time and
2. there is an O(n(n− |S|+ 1)) space data structure that can report an S-mincut for the

resulting graph in O(n) time
after the insertion or failure of any pair of given query edges in G.

The dual edge Sensitivity Oracle in Theorem 5 also achieves the same bound on space and
query time for the existing best-known results on the two extreme scenarios of S-mincuts,
namely, global mincut (|S| = n) [14] and (s, t)-mincut (|S| = 2) [2].

To complement our results in Theorem 5, we provide the following lower bound for any
dual edge Sensitivity Oracle. This makes data structures in Theorem 5 worst-case optimal
almost for the whole range of S (refer to Note 7).

▶ Theorem 6 (Lower Bound). Let D be any data structure that can report the capacity of
Steiner mincut after the insertion or failure of any pair of edges in undirected multi-graphs
on n vertices. For any given Steiner set S, data structure D must occupy Ω((n− |S|)2) bits
of space in the worst case, irrespective of the query time.

For S-mincuts, the only existing lower bound for dual edge Sensitivity Oracle is for |S| = 2 by
Baswana, Bhanja, and Pandey [2]. Moreover, it is conditioned on the Reachability Hypothesis
[22, 30]. Our lower bound in Theorem 6 not only generalizes their result from |S| = 2 to any
S ⊆ V , but it also does not depend on any hypothesis, hence, an unconditional lower bound.

▶ Note 7. We present the following comparison between the upper and lower bounds.
The upper bounds on space of Sensitivity Oracles in Theorem 5(1) and (2) match the
lower bound in Theorem 6 except when |S| is at least n−o(

√
n) and n−o(n), respectively.

Sensitivity Oracles in Theorem 5(1) and (2) occupy space only linear in n and subquadratic
in n when |S| is at least n− o(

√
n) and n− o(n), respectively.

All the results of this article are compactly presented in Table 1.

1.2 Organization of this article
This article is organized as follows. Section 2 contains basic preliminaries. The generalization
of 3-Star-Lemma is established in Section 3. The overview of our data structure for (λS +1)
cuts is in Section 4. It is followed by an overview of the dual edge Sensitivity Oracle in
Section 5. Section 6 contains the overview of our lower bound for dual edge Sensitivity Oracle.
Finally, we conclude in Section 7. All the omitted proofs are provided in the full version [6].

ICALP 2025
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Table 1 A comparison of our results with the existing results of extreme Scenarios of Steiner cut:
global cut [14] and (s, t)-cut [2]. Sensitivity Oracles are for handling insertion or failure of up to a
pair of edges. Also, we note that the result in [2] holds for directed multi-graphs.

Results Data Structure for Query Sensitivity Oracle Sensitivity Oracle
Minimum+1 Cut (space) cut (time) for Reporting Capacity for Reporting Cut

Global Cut [14] space: O(n) space: O(n)
(|S| = n) O(n) O(n) time: O(1) time: O(n)

(s, t)-cut [2] space: O(n2) space: O(n2)
(|S| = 2) O(n2) O(n) time: O(1) time: O(n)

Steiner Cuts space: O((n − |S|)2 + n) space: O(n(n − |S| + 1))
(2 ≤ |S| ≤ n) O(n(n − |S| + 1)) O(n) time: O(1) time: O(n)

2 Preliminaries

In this section, we define a set of notations and basic properties of cuts.
A vertex u is a Steiner vertex if u ∈ S; otherwise u is a nonSteiner vertex.
G \ e denotes the graph obtained from G after the removal of edge e. Also, for any cut C

in G \ e, without causing any ambiguity, we denote the capacity of C by c(C).
A cut C is said to subdivide a set X ⊆ V if both C ∩X and C ∩X are nonempty.
It follows from the definition of capacity of cuts that capacity of an empty set is zero.

▶ Lemma 8 (Sub-modularity of cuts (Problem 48(a,b) in [28])). For any two sets A, B ⊂ V ,
(1) c(A) + c(B) ≥ c(A ∩B) + c(A ∪B) and (2) c(A) + c(B) ≥ c(A \B) + c(B \A).
Dinitz and Vainshtein [15, 16, 17] defined the following concept of (λS + 1)-connectivity class,
which is also referred to as a (λS + 1) (s, t)-class for S = {s, t} in [2].

▶ Definition 9. Let R be an equivalence relation defined on the vertex set of G as follows.
A pair of vertices u and v are related by R if and only if u and v are not separated by any
S-mincut. Every equivalence class of relation R is called a (λS + 1)-connectivity class.

For brevity we denote a (λS + 1)-connectivity class by (λS + 1) class henceforth. A (λS + 1)
class W is said to be a Singleton (λS + 1) class if W has exactly one Steiner vertex of G.

Let us define the following notion of crossing cuts initially introduced by Dinitz, Karzanov,
and Lomonosov [12], and the concept of nearest (λS + 1) cuts of a vertex.

▶ Definition 10 (Crossing cuts and Corner sets). For a pair of cuts A, B in G, each of the
four sets, A ∩B, A \B, B \A, and A ∪B, is called a corner set of A and B. Cuts A and
B are said to be crossing if each corner set is nonempty.

▶ Definition 11 (Nearest (λS + 1) cut of a vertex). For a vertex u, a (λS + 1) cut C is said
to be a nearest (λS + 1) cut of u if u ∈ C and there is no (λS + 1) cut C ′ such that u ∈ C ′

and C ′ ⊂ C. We denote the set of all nearest (λS + 1) cut of vertex u by NS(u).

The nearest (λS + 1) cut from a vertex u to a vertex v is defined as a nearest (λS + 1) cut C

of u such that u ∈ C and v ∈ C.

3 A Generalization of 3-Star Lemma

Let C1, C2, and C3 be three Steiner cuts of G. Each of the three sets C1∩C2∩C3, C1∩C2∩C3,
C1 ∩ C2 ∩ C3 is called a star cut. For a pair of crossing S-mincuts, at least two of the four
corner sets are also S-mincuts. Dinitz and Vainshtein [15, 16, 17], exploiting this property of
S-mincuts, established the following result for the set of S-mincuts.
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Figure 1 (i) Depicting all the eight regions formed by three (λS + 1) cuts C1, C2, and C3 of G.
(ii) Let q = Ω(|W|). The capacity of global mincut of this graph is at least 4 for q ≥ 2. C and C′

are Steiner cuts of capacity 2q + 1 and 2q respectively. The capacity of S-mincut is 2q. Each cut Ci,
1 ≤ i ≤ q, has capacity 2q + 1; and moreover, Ci has t in Ci. (iii) Construction of G(W) from G′.
The vertices not belonging to W having same color are contracted into a Steiner vertex in G(W).

.

3-Star Lemma [15, 16, 17]: For any three S-mincuts C1, C2, and C3, if each of the star
cuts formed by C1, C2, and C3 contains a vertex from S, then c(C1 ∩ C2 ∩ C3) = 0.
3-Star Lemma turned out to be an essential tool for designing the Connectivity Carcass
[15, 16, 17] for S-mincuts. Unfortunately, for a pair of crossing (λS + 1) cuts, it is quite
possible that none of the four corner sets is a (λS + 1) cut (refer to cuts C1 and C2 in Figure
1(ii)). As a result, 3-Star Lemma no longer holds for the set of (λS + 1) cuts. Interestingly,
to design a tool for addressing (λS + 1) cuts, exploiting the relation between a (λS + 1) class
and (λS + 1) cuts, we generalize the 3-Star Lemma for (λS + 1) cuts as follows.

We begin by stating the following lemma, which can be seen as a generalization of the
sub-modularity of cuts (Lemma 8) property.

▶ Lemma 12 (Four Component Lemma (Problem 48(c) in [28])). For any three sets A, B, C ⊂
V , c(A) + c(B) + c(C) ≥ c(A ∩B ∩ C) + c(A ∩B ∩ C) + c(A ∩B ∩ C) + c(A ∩B ∩ C).

Let C1, C2, and C3 be any three (λS + 1) cuts of G (refer to Figure 1(i)). These three cuts
define the following eight disjoint subsets of V : Va = C1 ∩ C2 ∩ C3, Vb = C1 ∩ C2 ∩ C3,
Vc = C1 ∩ C2 ∩ C3, Vab = C1 ∩ C2 ∩ C3, Vbc = C1 ∩ C2 ∩ C3, Vac = C1 ∩ C2 ∩ C3,
Vabc = C1 ∩ C2 ∩ C3, and VΦ = C1 ∪ C2 ∪ C3.

▶ Theorem 13 (Gen-3-Star Lemma). Suppose there are three Steiner vertices a, b, c such
that a ∈ Va, b ∈ Vb, and c ∈ Vc. Then, the following three properties hold.
1. c(C1 ∩ C2 ∩ C3) ≤ 3.
2. For a (λS + 1) class W and an integer k ∈ [0, 3], if (i) VΦ ∩W ≠ ∅ and (ii) exactly k of

the three sets Va, Vb, and Vc contains a vertex from W, then c(C1 ∩ C2 ∩ C3) ≤ 3− k.
3. Let x, y, z ∈ {a, b, c} and x ≠ y ̸= z. Vertices of Vxy are adjacent to vertices of Vxy, Vx

and Vy. Moreover, there are at most two edges between Vxy and V \ (Vx ∪ Vy ∪ Vxy) =
Vz ∪ Vxz ∪ Vyz ∪ Vxyz ∪ VΦ.

Proof. Each of the three sets Va, Vb, and Vc contains a Steiner vertex. Moreover, observe
that Va, Vb, and Vc are disjoint sets. Therefore, each of the three sets Va, Vb, and Vc defines
a Steiner cut. This implies that each cut of the three cuts Va, Vb, and Vc has capacity at
least λS . For cuts C1, C2, and C3, the following equation follows from Lemma 12,

c(C1) + c(C2) + c(C3) ≥ c(C1 ∩ C2 ∩ C3) + c(Va) + c(Vb) + c(Vc) (1)

ICALP 2025
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Since c(Ci) = λS +1 for each i ∈ {1, 2, 3}, it follows from Equation 1 that c(C1∩C2∩C3) ≤ 3.
This completes the proof of property (1).

Suppose, without loss of generality, cut Va contains a vertex from W. It is given that
there is a vertex u ∈ VΦ ∩W. Therefore, Va is a Steiner cut that subdivides the (λS + 1)
class W . Hence, c(Va) ≥ λS + 1 by Definition 9. So, any k ≥ 0 sets of the three sets, Va, Vb,
and Vc, containing a vertex from W has a capacity at least λS + 1. This, using Equation 1,
implies that c(C1 ∩C2 ∩C3) ≤ 3− k. This completes the proof of property (2). The proof of
property (3) is in the full version [6]. ◀

Gen-3-Star Lemma (Theorem 13) is used crucially throughout this article for establishing
several structural results for (λS + 1) cuts. We now establish the following lemma as a
corollary of Theorem 13(2).

▶ Lemma 14. For any three (λS + 1) cuts C1, C2, and C3, if each of the three sets Va, Vb,

and Vc contains a Steiner vertex and a vertex from the same (λS + 1) class W of G, then
C1 ∩ C2 ∩ C3 = ∅.

Proof. Each of the three sets {Va, Vb, Vc} contains a Steiner vertex and a vertex from W.
Since Va, Vb, and Vc are disjoint sets, therefore, each of them defines a Steiner cut and
subdivides W. Therefore, observe that for these three Steiner cuts C1, C2, C3, Theorem
13(2) holds even if C1, C2, C3 do not satisfy condition (i) of Theorem 13(2) (there is no
vertex u ∈ VΦ ∩ W). Now, by assigning the value of k = 3 in Theorem 13(2), we get
c(C1∩C2∩C3) = 0. Since graph G is connected, therefore, C1∩C2∩C3 is an empty set. ◀

4 A Data Structure for Reporting Minimum+1 Steiner Cuts

We first discuss the limitations of the existing results for the extreme scenarios of Steiner
cuts. It is followed by an overview of our data structure for minimum+1 Steiner cuts.

Limitations of existing results. For any pair of crossing global cuts A, B of capacity λV + 1,
each of the four corner sets must have capacity at least λV because it is also a global cut.
For λV ≥ 3, using this insight, Dinitz and Nutov [14] designed the O(n) space 2-level cactus
model as a data structure for all global cuts of capacity λV + 1. Unfortunately, this property
no longer holds for (λS + 1) cuts because a corner set for a pair of crossing (λS + 1) cuts
is not necessarily a Steiner cut; hence, a corner set can have capacity strictly less than λS .
As a result, it does not seem possible to extend the approach of Dinitz and Nutov [14] for
designing a data structure for (λS + 1) cuts. On the other hand, for S = {s, t}, since there
are exactly two Steiner vertices, the intersection, as well as union, of a pair of (λ{s,t} + 1)
(s, t)-cut is always an (s, t)-cut, and has capacity at least λ{s,t}. Baswana, Bhanja, and
Pandey [2] crucially exploit this fact and present the following result. For any (λ{s,t} + 1)
class W of G, there is an O(|W|2 + n) space data structure that answers query cut for any
pair of vertices in W in O(n) time. For any Steiner set S ⊆ V , storing their data structure
for every pair of vertices in S results in an O(n2|S|2) space data structure, which can be
Ω(n4) for any S satisfying |S| = Ω(n).

Our approach. We now present the overview of our data structure in Theorem 4 that
occupies only O(n(n − |S| + 1)) space and answers query cut for (λS + 1) cuts in O(n)
time. Let u and v be any pair of vertices. By Definition 9, the cut of the least capacity that
separates u, v is λS + 1 only if u, v belong to the same (λS + 1) class of G. Henceforth, to
design a compact data structure for efficiently answering query cut for (λS + 1) cuts, we
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consider (λS + 1) classes of G. It turns out that the main challenge arises in handling the
Singleton (λS + 1) classes of G. We first present a data structure for a Singleton (λS + 1)
class. Later, to arrive at a compact data structure for any general (λS + 1) class (containing
multiple or no vertex from S), we show that the Connectivity Carcass [15, 16, 17] can be
suitably augmented with the data structure for Singleton (λS + 1) class. The procedure
of augmentation requires establishing several new insights on S-mincuts, revealing close
relationships between S-mincuts and (λS + 1) cuts, and extending the recent covering
technique of [2] given for (s, t)-cuts to Steiner cuts.

4.1 A Data Structure for a Singleton (λS + 1) class
Suppose W is a Singleton (λS + 1) class and s is the only Steiner vertex belonging to W.
For any cut C, we assume that s ∈ C; otherwise, consider C. Let C be a (λS + 1) cut
that subdivides W. Cut C can cross multiple S-mincuts of G and also contains vertices
of G that do not belong to W. This makes it harder to analyze all the (λS + 1) cuts that
subdivide W. To circumvent this difficulty, we construct a smaller graph G(W) from G

as follows. We first contract every (λS + 1) class, except W, into a vertex. Let G′ be the
obtained graph. We construct graph G(W) from G′ by constructing a sequence of graphs
⟨G1 = G′, G2, . . . , Gi = G(W)⟩ as follows. For any 1 < j < i, graph Gj+1 is obtained from
Gj by contracting a pair of vertices u, v if there is a Steiner mincut C in Gj such thatW ⊆ C

and u, v ∈ C. The final obtained graph is G(W) (refer to Figure 1(iii)). All vertices of G(W)
that do not belong toW , along with s, define the Steiner set of G(W), denoted by S(W). We
show that in G(W), λS is the capacity of Steiner mincut, and every Steiner mincut separates
exactly one Steiner vertex from s. It turns out that no (λS + 1) cut can cross a Steiner
mincut in graph G(W). By construction, (λS + 1) class W of G also appears as a (λS + 1)
class in G(W). Importantly, we show that graph G(W) satisfies the following property.

▶ Lemma 15. A (λS + 1) cut subdivides W into (W1 ⊂ W,W \W1) in G if and only if
there exists a (λS + 1) cut that subdivides W into (W1,W \W1) in G(W).

Henceforth, by Lemma 15, we work on graph G(W) instead of G. To design a compact data
structure for answering query cut for (λS + 1) cuts of G(W), we pursue an approach of
compactly storing all the nearest (λS + 1) cuts of vertices in W. This approach has been
found to be quite useful for S = {s, t} [2]. Let u be a vertex in W. Unlike for |S| = 2 [2],
it turns out that the nearest (λS + 1) cut of u to even a single vertex in W might not be
unique. This is because the union of a pair of nearest (λS + 1) cuts of u is not necessarily a
Steiner cut (for example, cuts C1, C2 in Figure 2(iii)). To achieve our goal, we first establish
the following property for NS(W)(u).

▶ Lemma 16. If the union of a pair of cuts C1, C2 ∈ NS(W)(u) is a Steiner cut, then no
vertex of W can belong to C1 ∪ C2.

For S = {s, t}, the union of a pair of nearest (λS + 1) cuts is always a Steiner cut. Hence,
every pair of nearest (λS + 1) cut satisfies the property in Lemma 16. This insight was used
crucially for designing the compact data structure for minimum+1 (s, t)-cuts [2]. However,
as mentioned above, for any S, 2 < |S| ≤ n, for any pair of cuts from NS(W)(u), their union
might not be a Steiner cut. In fact, there can be Ω(|S(W)|) number of cuts from NS(W)(u)
such that the complement of their union can contain a subset of vertices from W , which can
be Ω(n) in the worst case (refer to Figure 2(iii)). To overcome this difficulty, we address the
problem in two different scenarios – firstly, when λ(W) ≥ 4, and secondly, when λ(W) ≤ 3,
where λ(W) is the global mincut capacity of G(W).
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Figure 2 (i) The set C1 ∪ C2 ∪ C3 ∩ W of any three cuts C1, C2, C3 ∈ NS(W)(u) is shown in
red region. (ii) Data structure for storing NS(W)(u) for W. Vertex y cannot belong to more
than two arrays. (iii) The vertices {s, t1, t2, . . . tq} are Steiner vertices of G(W) and NS(W)(u) =
{C1, C2, . . . , Cq}. Let q = |S(W)|. For every pair of cuts Ci, Cj , 1 ≤ i ̸= j ≤ q, from NS(W)(u), a
vertex v from W belongs to Ci ∪ Cj .

Suppose graph G(W) has global mincut capacity at least 4. Exploiting Gen-3-Star
Lemma (Theorem 13) and Lemma 16, we present the following extension of the property
stated in Lemma 16 for cuts from NS(W)(u) even when their union is not a Steiner cut.

▶ Lemma 17. If the capacity of global mincut of G(W) is at least 4, then for any three cuts
C1, C2, C3 from NS(W)(u), no vertex of W can belong to C1 ∪ C2 ∪ C3.

Proof. Assume that for cuts C1, C2, and C3, the set C1 ∩ C2 ∩ C3 ∩W is nonempty (refer
to Figure 2(i)). So, for any pair of cuts Ci, Cj , 1 ≤ i ̸= j ≤ 3, Ci ∩ Cj contains at least
one vertex from W. By Lemma 16, there cannot exist any Steiner vertex t ̸= s such that
t ∈ Ci ∩ Cj . Note that C1, C2, and C3 are Steiner cuts. This implies that each of the three
sets C1 ∩ C2 ∩ C3, C1 ∩ C2 ∩ C3, and C1 ∩ C2 ∩ C3 must contain at least one Steiner vertex.
So, each of the three sets C1 ∩C2 ∩C3, C1 ∩C2 ∩C3, and C1 ∩C2 ∩C3 defines a Steiner cut.
Therefore, for three cuts C1, C2, and C3, by Theorem 13(1), we have c(C1 ∩ C2 ∩ C3) ≤ 3, a
contradiction because the capacity of global mincut in G(W) is at least 4. ◀

Lemma 17 essentially states that, for any vertex u of W, there are at most two cuts C1, C2
from NS(W)(u) such that u belongs to C1 ∪ C2. This shows that only O(|W|) space is
sufficient to store C ∩W for all C ∈ NS(W)(u). Unfortunately, the problem still remains
in compactly storing Steiner vertices C ∩ S(W) for all C ∈ NS(W)(u). Unlike the vertices
from W, a Steiner vertex can appear in the complement of multiple cuts from NS(W)(u)
even if the global mincut capacity is at least 4 (refer to Figure 1(ii)). Therefore, storing all
cuts from NS(W)(u) would occupy O(|W||S(W)|) space. Interestingly, we now show, in two
phases, that O(|W|+ |S(W)|) space is sufficient to store all the cuts from NS(W)(u). We
begin our analysis by classifying the set of all cuts from NS(W)(u) into two sets as follows.

A classification of all cuts from NS(W)(u). A cut C ∈ NS(W)(u) is said to be a l-cut if it
has exactly one Steiner vertex in C; otherwise, it is called a m-cut.
It follows that storing C for every l-cut C from NS(W)(u) occupies O(|W|+ |S(W)|) space.
However, the challenge arises in storing all m-cuts compactly. It seems quite possible that
there are many Steiner vertices that belong to the complement of multiple m-cuts from
NS(W)(u). In the first phase, exploiting the structural properties of G(W), we establish the
following lemma for a pair of cuts from NS(W)(u), which holds for pair of m-cuts as well.
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▶ Lemma 18. For any pair of cuts C1, C2 ∈ NS(W)(u), there cannot exist more than one
Steiner vertex in C1 ∪ C2.

Proof. Suppose there is a pair of Steiner vertices t1, t2 such that t1, t2 ∈ C1 ∩ C2. Since s

belongs to both C1 and C2, so, both C1 ∩C2 and C1 ∪C2 are Steiner cuts. This implies that
c(C1 ∩ C2), as well as c(C1 ∪ C2), is at least λS . Since C1, C2 ∈ NS(W)(u), by Definition 11,
C1 and C2 cannot be subsets of each other. So, we have u ∈ C1 ∩C2 and C1 ∩C2 is a proper
subset of both C1 and C2. It follows that c(C1 ∩ C2) ≥ λS + 2. By applying sub-modularity
of cuts (Lemma 8(1)) on C1, C2, we arrive at c(C1 ∩ C2) + c(C1 ∪ C2) ≤ 2λS + 2. This
implies that c(C1 ∪ C2) = λS , a contradiction because, by construction of G(W), there is no
S-mincut C such that s ∈ C and t1, t2 ∈ C or vice versa. ◀

To exploit the insight stated in Lemma 18, we design a bipartite graph B using the set
of m-cuts and the nonSteiner vertices belonging to W. Exploiting the structure of B and
the well-known girth conjecture by [20] and [8], we show that Lemma 18 can ensure an
O(|W|

√
|S(W)|) bound on space for storing all m-cuts.

To achieve a stricter bound on space, in the second phase, we further explore the relation
of Steiner vertices with at least three m-cuts from NS(W)(u). Interestingly, by exploiting
Lemma 16, Lemma 18, Gen-3-Star Lemma, and the definition of m-cuts, we are able to
establish the following crucial result for m-cuts, which acts as the key tool for storing all
m-cuts compactly.

▶ Lemma 19. For any three m-cuts C1, C2, and C3 from NS(W)(u), there cannot exist any
Steiner vertex t in S(W) such that t belongs to C1 ∪ C2 ∪ C3.

Proof. Suppose there exist three m-cuts C1, C2, and C3 such that t ∈ C1 ∩ C2 ∩ C3. By
definition, for every m-cut C ∈ {C1, C2, C3}, there are at least two Steiner vertices t1, t2 such
that t1, t2 ∈ C. For any pair of integers i, j ∈ {1, 2, 3} and i ̸= j, by Lemma 18, there cannot
exist more than one Steiner vertex in Ci ∩Cj . Therefore, for the three cuts, C1, C2, C3, there
must exist at least three Steiner vertices t1, t2, t3 such that t1 ∈ C1∩C2∩C3, t2 ∈ C1∩C2∩C3,
and t3 ∈ C1 ∩ C2 ∩ C3. Now, since C1, C2, C3 are nearest cuts of u that subdivide W, there
must exist vertices v1, v2, v3 ∈ W such that v1 ∈ C1, v2 ∈ C2, and v3 ∈ C3. It is also assumed
that t ∈ C1 ∩ C2 ∩ C3. So, for any pair of integers i, j ∈ {1, 2, 3} and i ≠ j, by Lemma
16, there cannot be any vertex from W in Ci ∩ Cj . This implies that v1 ∈ C1 ∩ C2 ∩ C3,
v2 ∈ C1 ∩ C2 ∩ C3 and v3 ∈ C1 ∩ C2 ∩ C3. So, we have ensured that each of the three cuts
C1 ∩ C2 ∩ C3, C1 ∩ C2 ∩ C3, and C1 ∩ C2 ∩ C3 contains at least one Steiner vertex of G(W)
and at least one vertex from the same class W. Therefore, for three cuts C1, C2, and C3, it
follows from Lemma 14 that C1 ∩ C2 ∩ C2 = ∅, a contradiction. ◀

This result for m-cuts ensures that every Steiner vertex of S(W) appears in C1 ∪ C2 for
at most two m-cuts C1, C2 ∈ NS(W)(u). Therefore, it leads to a data structure occupying
O(|W|+ |S(W)|) space for answering query cut for all cuts in NS(W)(u). The construction
of the data structure is provided in Algorithm 1 (refer to Figure 2(ii)).

Algorithm 1 Construction of the Data Structure for NS(W)(u).

1: Let {Au
1 ,Au

2 , . . .Au
|NS(W)(u)|} be a set of, initially empty, arrays of vertices;

2: Initialize i = 1;
3: for every cut C ∈ NS(W)(u) with s ∈ C do
4: Store (C ∩W) ∪ (C ∩ S(W)) in array Au

i ;
5: Assign i← i + 1;
6: end for
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Extension to general graphs. Let us now consider graph G(W) with global mincut capacity
at most 3. For this case, using Gen-3-Star Lemma and Lemma 16, we establish the
following insight.

▶ Lemma 20. For any three cuts C0, C1, and C2 from NS(W)(u), if C0 ∩ C1 ∩ C2 ∩W ≠ ∅,
then there exists an i ∈ {0, 1, 2} such that the star cut Ci ∩ C(i+1)%3 ∩ C(i+2)%3 ∩W = ∅.

Exploiting Lemma 20, we can argue that, for every vertex in W, it is sufficient to store at
most two cuts from NS(W)(u). The remaining construction and analysis (for Steiner vertices)
are the same as that of the data structure in Algorithm 1, which is independent of the global
mincut capacity. Therefore, O(|S(W)|+ |W|) bound on space of our data structure holds for
this scenario as well.

Finally, by storing this data structure on cuts from NS(W)(u) for every u ∈ W , we obtain
a data structure QS(W). This data structure occupies O(|W|2 + |W||S(W)|) space and
efficiently answers query cut for (λS + 1) cuts of G(W). Moreover, by storing an O(n)
space mapping of vertices of G to G(W), the data structure QS(W) can report a cut C in
G separating any given pair of vertices in W in O(n) time. The results of this section are
summarized in the following theorem.

▶ Theorem 21. Let G = (V, E) be an undirected multi-graph on n vertices with a Steiner
set S ⊆ V . Let W be a (λS + 1) class of G containing exactly one Steiner vertex s and let
S(W) be the set of nonSteiner vertices of G belonging to W. Let λ be the capacity of global
mincut of G. For (λS + 1) class W, there is an O(|S(W)|2 + |S||S(W)|) space data structure
QS(W) that,
1. given vertices u, v1, . . . , vk from W, can determine in O(k) time whether there exists a

(λS + 1) cut C such that s, u ∈ C and v1, . . . , vk ∈ C if λ ≥ 4, and
2. given vertices u, v ∈ W, can determine in O(1) time whether there exists a (λS + 1) cut

C such that s, u ∈ C and v ∈ C if λ ≤ 3.
If C exists, the data structure can report C ∩W in O(|C ∩W|) time, and cut C in O(n)
time using an auxiliary O(n) space.

4.2 A Data Structure for General (λS + 1) classes
In graph G, we show that storing our data structure QS(W) from Theorem 21 for every
Singleton (λS + 1) class W occupies overall O(n(n− |S|+ 1)) space. However, a (λS + 1)
class can also contain either no Steiner vertex or multiple Steiner vertices of G. For a (λS +1)
class W containing no Steiner vertex, we develop an extension of the Covering technique
of Baswana, Bhanja, and Pandey [2] to transform W into at most three Singleton (λS + 1)
classes. We then construct the data structure QS for each of them.

Suppose (λS + 1) class W contains multiple Steiner vertices. A (λS + 1) cut of G(W)
either subdivides the Steiner set belonging to W or it does not. Using this insight, we
construct the following pair of graphs G(W)1 and G(W)2 from graph G. Firstly, graph
G(W)1 preserves each (λS +1) cut of G(W) that does not subdivide the Steiner set belonging
to W. We show that the data structure QS is sufficient for graph G(W)1. Secondly, graph
G(W)2 preserves the remaining (λS + 1) cuts of G(W). We ensure that, for graph G(W)2,
the capacity of Steiner mincut is λS + 1. So, we use a data structure for Steiner mincut given
by Baswana and Pandey [4], based on Connectivity Carcass, for answering query cut in
O(n) time for G(W)2. We also establish that the data structure for G(W)2 for all (λS + 1)
classes W containing multiple Steiner vertices of G occupies O(n) space. Therefore, given a
pair of vertices u, v in a (λS + 1) class W, if W contains multiple Steiner vertices, we query
both the data structures – one for G(W)1 and the other for G(W)2. The final obtained data
structure of this section is summarized in Theorem 4.
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5 Dual Edge Sensitivity Oracle For S-mincut

We begin by providing a brief overview of the O(n) space single edge Sensitivity Oracle for
S-mincut in undirected multi-graphs [4]. An edge is said to belong to a (λS + 1) class if both
endpoints of the edge belong to the (λS + 1) class. By Definition 9, upon failure of an edge e,
the capacity of S-mincut decreases by 1 if and only if edge e does not belong to any (λS + 1)
class. Therefore, the O(n) space mapping of vertices to (λS + 1) classes helps in reporting
the capacity of S-mincut in O(1) time after the failure of any edge. Baswana and Pandey
[4] established an ordering among the (λS + 1) classes of G that do not contain any Steiner
vertex. They showed that this ordering, along with the Connectivity Carcass of Dinitz and
Vainshtein [15, 16, 17], is sufficient to design an O(n) space single edge Sensitivity Oracle for
S-mincut that can report an S-mincut in O(n) time.

In the case of two edge failures, both failed edges can belong to the same (λS + 1) class
W and contribute to a single (λS + 1) cut that subdivides W. In this case, the capacity of
S-mincut definitely reduces by 1. Unfortunately, the existing approach of designing a single
edge Sensitivity Oracle does not reveal anything about the cuts that subdivide (λS + 1)
classes. In the following, we present an overview of our dual edge Sensitivity Oracle from
Theorem 5, which includes the establishment of several structural properties for (λS + 1)
cuts and careful utilization of the data structure for Singleton (λS + 1) class (Theorem 21).

5.1 An O(n(n − |S| + 1)) Space Data Structure with O(|S|) Query
Time

Let e = (x, y) and e′ = (x′, y′) be the pair of failed edges in G. Depending on the relation
between failed edges and (λS + 1) classes, the following four cases are possible.

Case 1: both failed edges belong to the same (λS + 1) class.
Case 2: both failed edges belong to two different (λS + 1) classes.
Case 3: Exactly one of the two failed edges belongs to a (λS + 1) class.
Case 4: None of the failed edges belong to any (λS + 1) class.

An O(n) space mapping of vertices to (λS + 1) classes is sufficient to determine in O(1) time
which of the four cases has occurred after the failure of edges e, e′. We now handle each of
these cases.

In Case 2, we show that the capacity of S-mincut never decreases after the failure of the
two edges. In Case 3, by Definition 9, the failure of the edge belonging to a (λS + 1) class
cannot reduce the capacity of S-mincut. Therefore, this case is equivalent to handling the
failure of the single edge that does not belong to any (λS + 1) class. Case 4 requires a richer
analysis compared to Case 2 and Case 3. To handle this case, we establish new insights for
S-mincuts, which help in showing that Connectivity Carcass [15, 16, 17] is sufficient to design
a data structure for handling dual edge failures. So, for all these three cases, we construct
an O((n − |S|)2 + n) space data structure that, after the failure of any pair of edges, can
report an S-mincut and its capacity in O(n) and O(1) time respectively. Now, the main
hurdle comes in handling Case 1.

In Case 1, both failed edges e, e′ belong to a (λS +1) classW . In this case, the capacity of
S-mincut decreases by 1 if and only if both failed edges are contributing to a single (λS + 1)
cut that subdivides W . We consider W to be a Singleton (λS + 1) class. In a similar way to
the data structure in Theorem 4, we also extend this result to any general (λS + 1) class.
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Handling Dual Edge Failures in a Singleton (λS + 1) class
Let s be the only Steiner vertex in W. For every cut C, without loss of generality, assume
that s ∈ C; otherwise, consider C. It follows from Lemma 15 it is sufficient to work with
graph G(W) for W instead of G. The objective is to efficiently determine the existence of
a (λS + 1) cut C of G(W) such that both failed edges e and e′ are contributing to C. The
data structure in Theorem 4 can determine in O(1) time whether each of the failed edges
is contributing to a (λS + 1) cut. Unfortunately, it fails to determine whether both e, e′

contribute to a single (λS + 1) cut. Suppose (λS + 1) cut C exists and we assume, without
loss of generality, that x, x′ ∈ C and y, y′ ∈ C. The other three possible cases can be handled
in the same way.

Let C1 and C2 be nearest (λS + 1) cuts from x to y and from x′ to y′, respectively. The
following lemma states the necessary condition.

▶ Lemma 22. If both edges e, e′ contribute to a single (λS + 1) cut, then y′ /∈ C1 and y /∈ C2.

If e′ contributes to C1 or e contributes to C2 then we are done. Henceforth we consider that
x ∈ C1 \ C2 and x′ ∈ C2 \ C1.

Let us assume that the capacity of global mincut for G(W) is at least 4; later, we eliminate
this assumption. The data structure in Theorem 4 can verify the necessary condition in
Lemma 22 in O(1) time (refer to Theorem 21). Suppose the conditions in Lemma 22 holds
for edges e, e′. Observe that C1 ∩ C2 is a cut that subdivides W. Hence, it has capacity at
least λS + 1. For S = {s, t}, the union of cuts C1, C2 is always an (s, t)-cut and does not
contain y, y′. Exploiting this fact, it is shown in [2] that C1 ∪ C2 is an (s, t)-cut of capacity
λ{s,t} + 1 in which both failed edges are contributing. Unfortunately, for any Steiner set
S, there might not exist any Steiner vertex in C1 ∪ C2. So, C1 ∪ C2 is not always a Steiner
cut and can have capacity strictly less than λS . Moreover, even if C1 ∪ C2 is not a (λS + 1)
cut, there might still exist a (λS + 1) cut in which both failed edges are contributing (refer
to (λS + 1) cut C in Figure 3(ii)). Therefore, the data structure for nearest (λS + 1) cuts
does not seem to work for answering dual edge failures queries. To overcome this hurdle,
we establish the following important relation between vertices of W and a pair of crossing
(λS + 1) cuts to which an edge belonging to W is contributing.

▶ Lemma 23. Let e1 be an edge that belongs to W and contributes to a pair of crossing
(λS + 1) cuts C, C ′ of G(W). Neither C \ C ′ nor C ′ \ C contains a vertex from W if and
only if each of the two sets C \ C ′ and C ′ \ C contains a Steiner vertex from S(W).

Proof. Let edge e1 = (p, q) belongs to W and e1 contributes to C, C ′ of G(W) (refer to
Figure 3(i)). Suppose each of the two sets C \ C ′ and C ′ \ C contains no vertex from W.
Since they are crossing, there must exist at least one vertex from S(W) in each of the two
sets C \ C ′ and C ′ \ C.

We now prove the converse part. Suppose each of the two sets C \C ′ and C ′ \C contains
a Steiner vertex from S(W). Let t1 ∈ C ′ \ C and t2 ∈ C \ C ′. So, both C \ C ′ and C ′ \ C

are Steiner cuts. Assume to the contrary that there is a vertex u ∈ W such that u ∈ C \ C ′

(the proof is along a similar line if u ∈ C ′ \ C). Let us now consider graph G(W) \ e1.
Since e1 contributes to both C and C ′, the capacity of cut C and C ′ in G(W) \ e1 is λS .
By applying sub-modularity of cuts (Lemma 8(2)) for C, C ′ in G(W) \ e1, we arrive at
c(C \ C ′) + c(C ′ \ C) ≤ 2λS . Observe that, in graph G(W), edge e1 contributes neither to
cut C \ C ′ nor to cut C ′ \ C. Hence, the following equation holds for graph G(W) as well.

c(C \ C ′) + c(C ′ \ C) ≤ 2λS (2)
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Figure 3 (i) Illustration of the proof of Lemma 23. Green and Yellow curves represent the
Steiner cuts C \ C′ and C′ \ C, respectively. (ii) Illustration of the proof of Lemma 24. (iii) Let
q = Ω(|S(W)|). There are q Steiner vertices (yellow vertices) in C ∪ C′.

It is also given that u ∈ (C \C ′)∩W . So, C \C ′ is a Steiner cut that subdivides W because
s /∈ C \ C ′. Therefore, in G(W), the capacity of C \ C ′ is at least λS + 1. It follows from
Equation 2 that c(C ′ \ C) ≤ λS − 1. Since t1 ∈ C ′ \ C and s /∈ C ′ \ C, therefore, we have a
Steiner cut C ′ \ C of capacity at most λS − 1 in G(W), a contradiction. ◀

We exploit Lemma 23 crucially to arrive at the following sufficient condition.

▶ Lemma 24. Suppose the necessary condition holds (Lemma 22). There exists no Steiner
vertex t such that t ∈ C1 ∪ C2 if and only if there is no (λS + 1) cut C such that both edges
e, e′ contribute to C.

Proof. Suppose there exists no Steiner vertex t such that t ∈ C1 ∪ C2. Assume to the
contrary that there is a (λS + 1) cut C such that both edges e, e′ contribute to C (refer to
Figure 3(ii)). Since C is a Steiner cut, there is a Steiner vertex t′ such that t′ ∈ C. Since t′

cannot belong to C1 ∩ C2, it follows that t′ belongs to at least one of C1 and C2. Without
loss of generality, assume that t′ ∈ C1. So, t′ ∈ C1 \ C, and hence, C1 \ C defines a Steiner
cut. Since C1 and C2 are Steiner cuts, there exist Steiner vertices t1 and t2 such that t1 /∈ C1
and t2 /∈ C2. We now show that t1 ∈ C \ C1. Assume to the contrary that t1 belongs to
C. For cuts C, C1, there are vertices s, x ∈ C ∩ C1 and vertices y, t1 ∈ C ∪ C1 such that
s, x, y ∈ W. Hence, both C ∩ C1 and C ∪ C1 subdivides W and they are Steiner cuts. By
Definition 9, cuts C ∩ C1 and C ∪ C1 is at least λS + 1. By sub-modularity of cuts (Lemma
8(1)), for cuts C and C1, we have c(C ∩ C1) + c(C ∪ C1) ≤ 2λS + 2. It follows that C ∩ C1
and C ∪C1 both are (λS + 1) cuts. Moreover, C ∩C1 is a proper subset of C1 as C ∩C1 does
not contain t′. In addition, since x ∈ C ∩ C1, therefore, C1 cannot belong to NS(W)(x), a
contradiction due to Definition 11. Therefore, we have t1 ∈ C \ C1. Observe that edge (x, y)
contributes to both C1 and C. Since both edges e, e′ contribute to C, so we have x′ ∈ C.
Moreover, it is known that x′ /∈ C1. Therefore, x′ ∈ C \ C1. Finally we have an edge (x, y)
that contributes to a pair of crossing (λS + 1) cuts C1, C since s ∈ C ∩ C1, t1 ∈ C \ C1,
t′ ∈ C1 \ C, and y, y′ ∈ C ∪ C1. We have also shown that both C1 \ C and C \ C1 contain
a Steiner vertex from S(W). However, there is a vertex x′ ∈ W that belongs to C \ C1, a
contradiction due to Lemma 23.

Suppose there is a Steiner vertex t that belongs to C1 ∪ C2. Since s ∈ (C1 ∩ C2) ∩W,
C1∪C2 is a Steiner cut. Since the necessary condition is satisfied, observe that y, y′ /∈ C1∪C2
and y, y′ belongs toW . So, C∪C ′ subdividesW . Hence, C1∪C2 has capacity at least λS +1.
For cuts C1 and C2, by sub-modularity of cuts (Lemma 8(1)), c(C1∪C2)+c(C1∩C2) ≤ λS +2.
It follows that C1 ∪ C2 must be a (λS + 1) cut. Therefore, we have an (λS + 1) cut C1 ∪ C2
in which both edges e, e′ are contributing. ◀
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It follows from Lemma 24 that the existence of a Steiner vertex in C1 ∪ C2 is indeed a
sufficient condition, which leads to the following result.

▶ Lemma 25. Both failed edges e = (x, y) and e′ = (x′, y′) contribute to a single (λS + 1)
cut if and only if there exist a nearest (λS + 1) cut C1 from x to y and a nearest (λS + 1) cut
C2 from x′ to y′ such that y′ /∈ C1, y /∈ C2, and there exists a Steiner vertex t ∈ C1 ∪ C2.

It follows that if the capacity of global mincut of G(W) is at least 4, the data structure in
Theorem 4 is sufficient for verifying every condition of Lemma 25. Exploiting Lemma 16,
Lemma 23, and the following result, we show that data structure in Theorem 4 also works if
the capacity of global mincut of G(W) is at most 3.

▶ Lemma 26. Let (p, q) be any edge and u be a vertex such that p, q, u ∈ W and q ̸= u ̸= s.
Let C be any cut from NS(W)(p) with q /∈ C. Then, u ∈ C if and only if there is no (λS + 1)
cut C ′ such that s, p ∈ C ′ and q, u ∈ C ′.

In conclusion, we have shown that for any capacity of global mincut of G(W), the data
structure in Theorem 4 can determine the necessary condition in Lemma 22 in O(1) time.
To verify whether there is a Steiner vertex in C1 ∪ C2, it requires O(|S|) time. Moreover,
data structure in Theorem 4 can report C1 and C2 in O(n) time, which ensures that C1 ∪C2
can be reported in O(n) time. Therefore, we have designed an O(n(n− |S|+ 1)) space data
structure that, after the failure of any pair of edges, can report the capacity of S-mincut and
an S-mincut in O(|S|) time and O(n) time, respectively. This leads to Theorem 5(2).

5.2 An O((n − |S|)2 + n) Space Data Structure with O(1) Query Time
After the failure of any pair of edges, the O(n(n− |S|+ 1)) space data structure in Theorem
5(2) (designed in Section 5.1) takes O(|S|) time to report the capacity of S-mincut. So, for
S = V , the query time is O(n), which is significantly inferior compared to the O(1) query
time for reporting the capacity of global mincut after the failure of a pair of edges using the
data structure in [14]. In this section, we present a data structure that is more compact than
the data structure in Theorem 5(2). In addition, it can also report the capacity of S-mincut
in O(1) time after the failure of a pair of edges; hence, provides a generalization to the data
structure of Dinitz and Nutov [14] from S = V to any S ⊆ V .

Recall that, only for handling Case 1 in Section 5.1, our data structure takes O(|S|)
time to report the capacity of S-mincut. So, we consider the graph G(W) for a Singleton
(λS + 1) class W. Observe that the necessary condition (Lemma 22) can be verified in O(1)
time. So, our objective is to determine in O(1) time whether there exists a Steiner vertex
t ∈ C1 ∪ C2 (the sufficient condition stated in Lemma 25). For a single vertex u ∈ W , Lemma
18 ensures that there cannot be more than one Steiner vertex belonging to C ∪ C ′, where
C, C ′ ∈ NS(W)(u). However, Lemma 18 cannot be extended for a pair of vertices from W . In
other words, for a pair of vertices {u1, u2} ⊆ W, there can be Ω(|S(W)|) number of Steiner
vertices that belong to C ∪ C ′, where C ∈ NS(W)(u1) and C ′ ∈ NS(W)(u2) (refer to Figure
3(iii)). So, it may happen that the number of Steiner vertices in each set C1 and C2 is
Ω(|S(W)|), but |(C1 ∪ C2) ∩ S(W)| is O(1) only. Hence, Ω(|S(W)|) time seems necessary to
determine whether there is a Steiner vertex t ∈ C1 ∪ C2, which is O(|S|) in the worst case.

To achieve O(1) query time, our approach is to store a small set of Steiner vertices SV (e1)
to every edge e1 belonging to W such that the following lemma holds.

▶ Lemma 27. There is a Steiner vertex t ∈ C1 ∪ C2 if and only if SV (e) ∩ SV (e′) ̸= ∅.
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Observe that, for every edge e1, trivially storing a Steiner vertex for every other edge
satisfying necessary and sufficient condition with e1 leads to an O(|W|4) space data structure.
We now show that only O(|W|2) space is sufficient to verify the condition in Lemma 27.

We first show that sufficient condition can be verified in constant time using O(|W|2) space
if at least one of the failed edges is incident on s. So, let us consider any edge e1 = (x1, y1)
not incident on s and let C be a nearest (λS + 1) cut from x1 to y1. Let e2 = (x2, y2) and
e3 = (x3, y3) be a pair of edges in G(W) not incident on s, and let A be a nearest (λS + 1)
cut from x2 to y2 and B be a nearest (λS + 1) cut from x3 to y3. Suppose both edges e2 and
e3 with cuts A and B, respectively, satisfy the necessary and sufficient conditions with cut
C for edge e1. By crucially exploiting the relation among three cuts A, B, and C, in three
different graphs G(W), G(W) \ e1, and G′ (obtained from G(W) after the removal of edges
{e1, e2}), we establish the following interesting result.

▶ Lemma 28. For edge e1, there exists a Steiner vertex t ∈ C such that for any edge
e2 = (x2, y2), if there is a nearest (λS + 1) cut C ′ from x2 to y2 that satisfies the conditions
of Lemma 25 with C for edge e1, then Steiner vertex t also belongs to C ′.

Proof. Suppose each of the two cuts A and B satisfies necessary and sufficient condition
stated in Lemma 25 with cut C for e1. Assume to the contrary that there is no single
Steiner vertex t ∈ C that belongs to A ∩ B. It follows that there are at least two Steiner
vertices t1, t2 ∈ C such that t1 ∈ A ∩B and t2 ∈ B ∩A. We have x1 ∈ A ∩B, x1 /∈ C, and
y1 ∈ C ∩A ∩B. Moreover, both endpoints of e2 and e3 belong to C. Observe that endpoint
y2 of e2 must belong to A ∩ C and endpoint y3 of e3 must belong to B ∩ C. Let us consider
(λS + 1) cuts A and C. We have y2, t1 ∈ A ∩ C and s ∈ A ∩ C. Both A ∩ C and A ∪ C

separate s from y3, t1. Hence, the capacity of A ∩ C, as well as A ∪ C, is at least λS + 1. It
follows from sub-modularity of cuts (Lemma 8(1)) that A ∪ C is a (λS + 1) cut. Similarly,
we can show that B ∪ C is a (λS + 1) cut. Let A1 = A ∩ C and A2 = B ∩ C. It follows that
both A1 and A2 are (λS + 1) cuts since graph G(W) is undirected. Without causing any
confusion, only for cuts A1 and A2 here, we have s ∈ A1 ∪A2. Observe that t1 ∈ A1 \ A2
and t2 ∈ A2 \A1. Moreover, y1 ∈ A1 ∩A2 since y1 ∈ C ∩A∩B. Also, since x1 ∈ (A∩B) \C,
it implies that edge e1 contributes to A1 ∩A2 as well as A1 ∪A2. Now, based on the position
of endpoints of e2 and e3 with respect to cuts A1 and A2, we have two cases – (1) at least
one endpoint of e2 is in A1 \A2 or at least one endpoint of e3 is in A2 \A3, and (2) exactly
one endpoint of each of the two edges e2 and e3 belongs to A1 ∩A2 and the other endpoints
are in (A1 ∪A2) ∩ C. We now prove each case separately by contradiction.
Case 1. Without loss of generality, assume that one endpoint of e2 is in A1 \ A2. So,
c(A1 \ A2) is at least λS + 1 since A1 \ A2 separates t1 and endpoint of e2 from s. Let us
obtain graph G(W) \ e1. Since e1 contributes to both A1 and A2, in graph G(W) \ e1, the
capacity of A1 and A2 is λS . So, in graph G(W)\e1, we get c(A1 \A2)+c(A2 \A2) ≥ 2λS +1
since A2 \A1 separates Steiner vertices t2 from s, and e contributes to neither A1 \A2 nor
A2 \A1. However, in graph G(W) \ e1, by applying sub-modularity of cuts (Lemma 8(2)) on
A1 and A2, we arrive at c(A1 \A2) + c(A2 \A1) ≤ 2λS , a contradiction.
Case 2. In this case, both edges e2 and e3 contribute to A1 ∩A2; otherwise, observe that
at least one endpoint of e2 is in A1 \ A2 or at least one endpoint of e3 is in A2 \ A3. We
obtain a graph G′ from G(W) after the removal of both edges e2 and e3. For any cut C ′′,
without causing any ambiguity, let c(C ′′) denote the capacity of C ′′ in G′. In graph G′,
c(A1), as well as c(A2), is λS − 1. Since both A1 \A2 and A2 \A1 are Steiner cuts in G(W),
c(A1 \ A2) and c(A2 \ A1) is at least λS in G(W). None of the edges e2, e3 contribute to
A1 \ A2 and A2 \ A1. Hence their capacities remain intact in G′. Therefore, in graph G′,
c(A1 \A2) + c(A2 \A1) ≥ 2λS . However, by applying sub-modularity of cuts (Lemma 8(2))
on A1 and A2, we arrive at c(A1 \A2) + c(A2 \A1) ≤ 2λS − 2, a contradiction. ◀

ICALP 2025



27:18 Minimum+1 Steiner Cut and Dual Edge Sensitivity Oracle

Lemma 28 helps us in showing that |SV (e1)| ≤ 4 for any edge e1 in W , and, we can establish
Lemma 27 using Lemma 28. To verify the necessary condition in Lemma 22, we observe that
the Steiner set S(W) is not required in the design of the data structure in Theorem 4. This
leads to an O((n− |S|)2 + n) space data structure that can answer the necessary condition
in O(1) time. Finally, we show that storing at most 4 Steiner vertices at every edge in G(W)
requires O((n− |S|)2 + n) space overall for every (λS + 1) class of G. This helps in verifying
the sufficient condition in O(1) time as well. Therefore, by Lemma 25 and Lemma 27, the
capacity of S-mincut can be reported in O(1) time using an O((n− |S|)2 + n) space data
structure after the failure of any pair of edges. This result, along with the result of handling
insertions of a pair of edges (in the full version [6]), completes the proof of Theorem 5.

6 Lower Bound for Dual Edge Sensitivity Oracle

It follows from Definition 2 that any dual edge Sensitivity Oracle for S-mincut answers the
following query.
cap(e, e′): Report the capacity of S-mincut after the failure of a pair of edges e, e′ in G.
For S = {s, t}, Baswana, Bhanja, and Pandey [2] established the following lower bound
for answering query cap conditioned on Reachability Hypothesis [22, 30]. For (un)directed
multi-graphs, any data structure that can answer query cap in O(1) time must occupy Ω̃(n2)
space in the worst case (Ω̃ hides polylogarithmic factors) unless Reachability Hypothesis
[22, 30] is violated.

We first show that, for any given Steiner set S ⊆ V , any data structure that can answer
query cap in graph G can also be used to answer query cap for (s1, s2)-mincut in a graph
G′ = (V ′, E′) on |V ′| = O(n− |S|) vertices, where s1, s2 ∈ V ′ are the only Steiner vertices of
G′. This, along with the above-mentioned result of [2], can be used to establish the following
conditional lower bound. For a (un)directed multi-graph, for any given Steiner set S ⊆ V ,
any data structure that can answer query cap in O(1) time must occupy Ω̃((n− |S|)2) space
in the worst case, unless Reachability Hypothesis [22, 30] is violated.

Finally, and more importantly, we show by exploiting the structure of G′ that the
Reachability Hypothesis [22, 30] is not required to establish an Ω((n− |S|)2) lower bound on
space for answering query cap. Hence, our obtained lower bound is unconditional. Moreover,
the lower bound is also irrespective of the time taken for answering query cap. The result is
formally stated in Theorem 6.

7 Conclusion

The problem of designing a compact data structure for minimum+1 Steiner cuts and designing
dual edge Sensitivity Oracle for Steiner mincut is addressed for the first time in this article.
Our results provide a complete generalization of the two important existing results while
matching their bounds – for global cut (Steiner set is the vertex set V ) by Dinitz and Nutov
[14] and for (s, t)-cut (Steiner set is only a pair of vertices {s, t}) by Baswana, Bhanja, and
Pandey [2]. The space occupied by the dual edge Sensitivity Oracle for Steiner mincut,
presented in this article, is optimal almost for the whole range of S. In addition, the query
time for reporting Steiner mincut and its capacity is also worst-case optimal.

An immediate future work would be to design a Sensitivity Oracle for Steiner mincut
that handles the insertions/failures of any f > 2 edges. For this problem, for any Steiner
set S satisfying |S| ∈ (2, n), our result improves the space by a factor of Ω( m

n−|S| ) over the
trivial result for handling any f edge insertions/failures for S-mincut. In conclusion, while
some nontrivial insights may still be required to significantly improve this bound, we believe
that our results should be quite useful for addressing this generalized version of the problem.
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