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Abstract
In the trace reconstruction problem our goal is to learn an unknown string x ∈ {0, 1}n given inde-
pendent traces of x. A trace is obtained by independently deleting each bit of x with some probability
δ and concatenating the remaining bits. It is a major open question whether the trace reconstruction
problem can be solved with a polynomial number of traces when the deletion probability δ is constant.
The best known upper bound and lower bounds are respectively exp(Õ(n1/5)) [7] and Ω̃(n3/2) [6].
Our main result is that if the string x is mildly separated, meaning that the number of zeros between
any two ones in x is at least polylog n, and if δ is a sufficiently small constant, then the trace
reconstruction problem can be solved with O(n log n) traces and in polynomial time.
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1 Introduction

Trace reconstruction is a well-studied problem at the interface of string algorithms and
learning theory. Informally, the goal of trace reconstruction is to recover an unknown string
x given several independent noisy copies of the string.

Formally, fix an integer n ≥ 1 and a deletion parameter δ ∈ (0, 1). Let x ∈ {0, 1}n be an
unknown binary string with xi representing the ith bit of x. Then, a trace x̃ of x is generated
by deleting every bit xi independently with probability δ (and retaining it otherwise), and
concatenating the retained bits together. For instance, if x = 01001 and we delete the second
and third bits, the trace would be 001 (from the first, fourth, and fifth bits of x). For a fixed
string x, note that the trace follows some distribution over bitstrings, where the randomness
comes from which bits are deleted. In trace reconstruction, we assume we are given N i.i.d.
traces x̃(1), . . . , x̃(N), and our goal is to recover the original string x with high probability.
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3:2 Near-Optimal Trace Reconstruction for Mildly Separated Strings

The trace reconstruction problem has been a very well studied problem over the past two
decades [23, 24, 3, 21, 20, 34, 25, 16, 30, 31, 17, 18, 19, 6, 10, 9, 7, 32]. There have also been
numerous generalizations or variants of trace reconstruction studied in the literature, including
coded trace reconstruction [13, 4], reconstructing mixture models [1, 2, 28], reconstructing
alternatives to strings [14, 22, 29, 26, 33, 27], and approximate trace reconstruction [15, 8, 5,
11, 12].

In perhaps the most well-studied version of trace reconstruction, x is assumed to be
an arbitrary n-bit string and the deletion parameter δ is assumed to be a fixed constant
independent of n. In this case, the best known algorithm requires eÕ(n1/5) random traces
to reconstruct x with high probability [7]. As we do not know of any polynomial-time (or
even polynomial-sample) algorithms for trace reconstruction, there have been many works
making distributional assumptions on the string x, such as x being a uniformly random
string [20, 25, 31, 19, 32] or x being drawn from a “smoothed” distribution [10]. An alternative
assumption is that the string x is parameterized, meaning that x comes from a certain “nice”
class of strings that may be amenable to efficient algorithms [22, 15].

In this work, we also wish to understand parameterized classes of strings for which we
can solve trace reconstruction efficiently. Indeed, we give an algorithm using polynomial
traces and runtime, that works for a general class of strings that we call L-separated strings.
This significantly broadens the classes of strings for which polynomial-time algorithms are
known [22].

Main Result

Our main result concerns trace reconstruction of strings that are mildly separated. We say
that a string x is L-separated if the number of zeros between any two consecutive ones is at
least L. Depicting a string x ∈ {0, 1}n with t ones as

0 . . . 0︸ ︷︷ ︸
a0 times

1 0 . . . 0︸ ︷︷ ︸
a1 times

1 · · · 1 0 . . . 0︸ ︷︷ ︸
at times

,

it is L-separated if and only if ai ≥ L for each i with 1 ≤ i ≤ t − 1. Note that we make no
assumptions on a0 or at. Our main result is as follows.

▶ Theorem 1. There exists an algorithm that solves the trace reconstruction problem with
high probability in n on any L-separated string x, provided that L ≥ C(log n)8 for a universal
constant C, and that the deletion probability is at most some universal constant c0. The
algorithm uses N = O(n log n) independently sampled traces of x, x̃(1), . . . , x̃(N), and runs in
poly(n) time.

We note that the number of traces is nearly optimal. Even distinguishing between two strings
x, x′ which contain only a single one at positions ⌊n/2⌋ and ⌊n/2⌋ + 1 respectively, requires
Ω(n) traces to succeed with probability 1/2 + Ω(1).

While trace reconstruction is known to be solvable very efficiently for random strings
[19, 32], there are certain structured classes of strings that appear to be natural hard instances
for existing approaches. Our algorithm can be seen as solving one basic class of hard instances.
It is worth noting the work by [9] which studies the trace reconstruction problem when
the deletion probability δ is sub-constant. They show that the simple Bitwise Majority
Alignment (BMA) algorithm from [3] can succeed with 1/no(1) deletion probability as long
as the original string does not contain deserts – which are highly repetitive blocks where
some short substring is repeated many times. They then combine this with an algorithm
for reconstructing repetitive blocks – but this part of their algorithm requires a significantly
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smaller deletion probability of δ ≤ 1/n1/3+ε. This suggests that strings containing many
repetitive blocks are a natural hard instance and good test-bed for developing new algorithms
and approaches. L-separated strings can be thought of as the simplest class of highly
repetitive strings (where the repeating pattern is just a 0), where every repetition has length
at least L.

Comparison to Related Work

Most closely related to our work is the result by Krishnamurthy et al. [22] stating that if x

has at most k ones and if each pair of ones is separated by a run of zeros of length Ω(k log n),
then x can be recovered in polynomial time from poly(n) many traces. In particular, for
strings with k = O((log n)7) ones, the required separation is milder than ours, albeit not
below Ω(log n). Our algorithm works in general assuming a polylog n separation of the ones
but with no additional requirement on the number of ones: indeed, we could even have

n
polylog n ones. With no sparsity assumptions, [22] would need to set L ≥ Ω(

√
n log n), as

a
√

n log n-separated string can be Θ(
√

n/ log n)-sparse in the worst case. The techniques
of [22] are also very different than ours. They recursively cluster the positions of the ones
in the observed traces to correctly align a large fraction of the ones in the observed traces
to ones in the string x. In contrast, our algorithm works quite differently and is of a more
sequential nature processing the traces from left to right (or right to left). See Section 1.1
for a discussion of our algorithm.

Another paper studying strings with large runs is by Davies et al. [15]. They consider ap-
proximate trace reconstruction, specifically how many traces are needed to approximately
reconstruct x up to edit distance εn under various assumptions on the lengths of the runs of
zeros and ones in x. Among other results but most closely related to ours, they show that
one can ε-approximately reconstruct x using O((log n)/ε2) traces if the runs of zeros have
length ≫ log n

ε and if the runs of ones are all of length ≤ C log n or ≫ 3C log n for a constant
C (e.g. they could have length one as in our paper). However, for exact reconstruction, they
would need to set ε < 1/n, which means they do not provide any nontrivial guarantees in
our setting.

1.1 Technical Contributions

In this section, we give a high level overview of our techniques. Recall that we want to
reconstruct a string x ∈ {0, 1}n from independent traces x̃ where we assume that x is mildly
separated. More concretely, we assume that there are numbers a0, . . . , at ≫ polylog n such
that x consists of a0 zeros followed by a one, followed by a1 zeros followed by a one and so
on, with the last at bits of x being zero. Writing a≤i =

∑
0≤j≤i aj , we thus have that there

are t ones in x at positions a≤i + i + 1 for 0 ≤ i ≤ t − 1.
Note that a retained bit in a trace x̃ naturally corresponds to a bit in x. More formally,

for a trace x̃ of length ℓ, let i1 < · · · < iℓ be the ℓ positions in x where the bit was retained
when generating x̃ so that x̃ = xi1 · · · xiℓ

. Then, the correspondence is defined by the map
from [ℓ] to [n] mapping j 7→ ij . We think of this map as the correct alignment of x̃ to x.

Our main technical contribution is an alignment algorithm (see Algorithm 1) which
takes in some m ≤ t and estimates b0, . . . , bm−1 of a0, . . . , am−1 satisfying that for all i,
|bi − ai| = O(

√
ai log n), and correctly aligns the one in a trace x̃ corresponding to the m’th

one of x with probability 1 − O(δ) (where the randomness is over the draw of x̃ – naturally,
this requires that the m’th one of x was not deleted).

ICALP 2025



3:4 Near-Optimal Trace Reconstruction for Mildly Separated Strings

Moreover, we ensure that the alignment procedure with high probability, say 1−O(n−100),
never aligns a one in x̃ too far to the right in x: if the one in x̃ corresponding to the m0’th
one of x is aligned to the m’th one of x, then m ≤ m0. We will refer to this latter property
by saying that the algorithm is never ahead with high probability. If m < m0, we say that
the algorithm is behind. Thus, to show that the algorithm correctly aligns the m’th one, it
suffices to show that the probability that the algorithm is behind is O(δ).

We first discuss how to implement this alignment procedure and then afterwards we
discuss how to complete the reconstruction by using this alignment procedure.

The alignment procedure of Algorithm 1

The main technical challenge of this paper is the analysis of Algorithm 1. Let us first describe
on a high level how the algorithm works. For 0 ≤ j ≤ j′ ≤ m, we write bj:j′ =

∑j′−1
i=j bj .

Suppose that the trace x̃ consists of s0 zeros followed by a one followed by s1 zeros followed
by a one and so on. The algorithm first attempts to align the first one in x̃ with a one
in x by finding the minimal j0 such that (1 − δ) · b0:j0 is within C log n

√
b0:j0 of s0 for a

sufficiently large C. Inductively, having determined ji (that is the alignment of the i’th one
of x̃), it looks for the minimal ji+1 > ji satisfying that there is a ji ≤ j′ < ji+1 such that
bj′:ji+1 · (1 − δ) is within C log n

√
bj′:ji+1 of si+1. Intuitively, when looking at the i’th one in

the trace, we want to find the earliest possible location in the real string (which has gaps
estimated by b0, b1, . . . ) that could plausibly align with the one in the trace.

It is relatively easy to check that the algorithm is never ahead with very high probability.
Indeed, by concentration bounds on the number of deleted zeros and the fact that |bj − aj | =
O(

√
aj log n) for all j ≤ m, it always has the option of aligning the (i + 1)’st one in x̃ to

the correct one in x. However, it might align to an earlier one in x since it is looking for
the minimum ji+1 such that an alignment is possible. For a very simple example, suppose
that a0 = nΩ(1) and a1 = · · · = am = b1 = · · · = bm = polylog(n). If the first k < m ones
of x are deleted and the (k + 1)’st one is retained, the algorithm will align the retained
one (which corresponds to the (k + 1)’st one of x) with the first one of x resulting in the
aligning algorithm being k steps behind. Moreover, the algorithm will remain k steps behind
all the way up to the m’th one of x. The probability of this happening is Θ(δk). To prove
that the probability of the algorithm being behind when aligning the m’th one of x is at
most 1 − O(δ), we prove a much stronger statement which is amenable to an inductive proof,
essentially stating that this is the worst that can happen: The probability of the algorithm
being k steps behind at any fixed point is bounded by (Cδ)k for a constant C. In particular,
we show that there is a sort of amortization – whenever there is a substring that can cause
the algorithm to fall further behind with some probability (i.e. if certain bits are deleted),
the substring also helps the algorithm catch back up if it is already behind.

The algorithm is not too far behind

Proving that the algorithm cannot be too far behind, i.e., is k steps behind with probability
at most O(δ)k is perhaps the most challenging technical part of our paper. We discuss some
of the ideas behind proving this result.

The first step towards proving this lemma is to attempt to prove an even stronger
statement: that even if the current estimates b0, . . . , bm are totally arbitrary (perhaps not
similar to a0, . . . , am at all), we will still not be behind. This is not too far-fetched, as for
general b0, . . . , bm we might actually start jumping ahead. For example, if b0 is not close to
a0 and we do not delete the first 1, we will predict the first 1 in the trace to have come from
a later location. This will end up being proven by induction on the length m of the string.
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Now, condition on the (m + 1)th 1 from the true string x not being deleted, and consider
the probability of being k steps behind after seeing this bit. Recall that the true gaps
between the bits until the (m + 1)th 1 are a0, . . . , am but the algorithm believes the gaps are
b0, . . . , bm, and the algorithm believes we have just gone through the gaps b0, . . . , bm−k so
far. Let h be the smallest value where ah ≈ bh doesn’t hold (here, think of ≈ as |ah − bh|
being much larger than √

ah, so it would be easy to distinguish between these gaps even
with random deletions). Let h′ be the smallest value where bm−k−h′ ≈ am−h′ doesn’t hold.
This can be thought of in terms of reading the sequences a and b backward, from where the
algorithm thinks the gaps are from the sequence b whereas the gaps actually come from a.
The idea is that if we are aligned after the hth 1 (which is after the gaps ah−1 and bh−1,
the difference between ah and bh should cause us to move ahead, meaning that we will have
to fall k + 1 steps behind afterwards, making the inductive argument easier for us. By a
symmetric argument, we shouldn’t expect to have the h′th to last 1 aligned with the h′ to
last 1 in b. So, the point is that we should expect to fall behind both in the first h gaps
and the last h′ gaps. This will allow us to split the string into pieces where in each one we
fall behind, and we can apply an inductive hypothesis on the length of the string. Another
option is that there is never a value h where ah ̸≈ bh or h′ where am−k−h′ ̸≈ am−h′ . In
this case, (a0, . . . , am) is approximately periodic with period k and we would have to fall an
entire period behind, which we show happens with very low probability

Reconstructing x using Algorithm 1

Using Algorithm 1 we can iteratively get estimates b0, . . . , bt with |bi − ai| = O(
√

ai log n).
Namely, suppose that we have the estimates b0, . . . , bm. We then run Algorithm 1 on O(log n)
independent traces and with high probability, for a 1 − O(δ) fraction of them, we have that
the m’th and (m + 1)’st one of x are retained in x̃ and correctly aligned. In particular,
with probability 1 − O(δ) we can identify both the m’th and (m + 1)’st one of x in x̃ and
taking the median over the gaps between these (and appropriately rescaling by 1

1−δ ), we
obtain an estimate of bm+1 such that |bm+1 − am+1| = O(

√
am+1 log n)). Note that the

success probability of 1 − O(δ) is enough to obtain the coarse estimates using the median
approach but we cannot obtain a fine estimate by taking the average since with constant
probability O(δ), we may have misaligned the gap completely and then our estimate can be
arbitrarily off.

To obtain fine estimates, we first obtain coarse estimates, say b0, . . . , bt, for all of the
gaps. Next, we show that we can identify the m’th and (m + 1)’st one in x in a trace x̃ (if
they are retained) and we can detect if they were deleted not just with probability 1 − O(δ)
but with very high probability. The trick here is to run Algorithm 1 both from the left and
from the right on x̃ looking for respectively the one in x̃ aligned to the m’th one in x and the
one in x̃ aligned to the (m + 1)’st one in x (which is the (t − m)’th one when running the
algorithm from the right). If either of these runs fails to align a one in x̃ to respectively the
m’th and (m + 1)’st one in x or the runs disagree on their alignment, then we will almost
certainly know. To see why, assuming that we are never ahead in the alignment procedure
from the left, if we believe we have reached the m’th one in x, then we are truly at some
m0’th one where m0 ≥ m. By a symmetric argument, if we believe we have reached the
(m + 1)’st one in x after running the procedure from the right, we are truly at the m1’th one
in x, where m1 ≤ m + 1. The key observation now is that m0 ≤ m1 if and only if m0 = m

and m1 = m + 1, meaning that both runs succeeding is equivalent to the one found in the
left-alignment procedure being strictly earlier than the one found in the right-alignment
procedure. So, if we realize that either run fails to align the ones properly, we discard the
trace and repeat on a newly sampled trace.

ICALP 2025



3:6 Near-Optimal Trace Reconstruction for Mildly Separated Strings

Finally, we can ensure that the success of the runs of the alignment algorithm is inde-
pendent of the deletion of zeros between the m’th and (m + 1)’st ones in x. If a trace is not
discarded, then with very high probability, the gap between the ones in x̃ aligned to the
m’th and (m + 1)’st ones in x (normalized by 1

1−δ ) is an unbiased estimator for am+1. By
taking the average of the gap over Õ(n) traces, normalizing by 1

1−δ , and rounding to the
nearest integer, we determine am+1 exactly with very high probability. Doing so for each m,
reconstructs x.

Roadmap of our paper

In Section 2, we introduce notation. In Section 3, we describe and analyse our main alignment
procedure. We first prove that with high probability it is never ahead (Lemma 2). Second,
in Section 3.2, we bound the probability that it is behind (Lemma 3). Finally, in Section 4,
we describe our full trace reconstruction algorithm and prove Theorem 1.

2 Notation

We note a few notational conventions and definitions.

We recall that a bitstring x is L-separated if the gap between any consecutive 1’s in the
string contains at least L 0’s.
Given an string x, we say that a run is a contiguous sequence of 0’s in x. For x =
0 . . . 0︸ ︷︷ ︸

a0 times

1 0 . . . 0︸ ︷︷ ︸
a1 times

1 · · · 1 0 . . . 0︸ ︷︷ ︸
at times

, the ith run of x is the sequence 0 . . . 0︸ ︷︷ ︸
ai times

, and has length ai.

For any bitstring x = x1x2 · · · xn, we use rev(x) := xnxn−1 · · · x1 to denote the string
where the bits have been reversed.
We use a = a0, a1, . . . , am−1 to denote an integer sequence of length m. For nota-
tional convenience, for any 0 ≤ j < j′ ≤ m, we write aj:j′ to denote the subsequence
aj , aj+1, . . . , aj′−1, and aj:j′ :=

∑j′−1
i=j ai.

We will define some sufficiently large constants C0, C1, C2, C3 and a small constant c0.
We will assume the separation parameter L = C3 · log8 n, and the deletion parameter δ ≤ c0,
where c0 = 1

3·106 . We did not make significant effort to optimize the constant c0 or the value
8 in log8 n, though we believe that any straightforward modifications to our analysis will not
obtain bounds such as c0 ≥ 1

2 or a separation of L = O(log n).

3 Main Alignment Procedure

3.1 Description and Main Lemmas
In this section, we consider a probabilistic process that models a simpler version of the
trace reconstruction problem that we aim to solve. In the simpler version of the trace
reconstruction problem, suppose that we never delete any 0’s, but delete each 1 independently
with δ probability. Let a0, . . . , am−1 ≤ n represent the true lengths of the first m gaps (so
the first 1 is at position 1 + a0, the second 1 is at position 2 + a0 + a1, and so on). Moreover,
suppose we have some current predictions b0, . . . , bm−1 ≤ n of the gaps a0, . . . , am−1. The
high level goal will be, given a single trace (where the trace means only 1s are deleted), to
identify the mth 1 in the trace from the the original string with reasonably high probability.
(Note that the mth 1 is deleted with δ probability, in which case we cannot succeed.)
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In this section, we will describe and analyze the probabilistic process, and then explain
how this analysis helps us solve the trace reconstruction problem in Section 4.

In the process, we fix m ≤ n and two sequences a = a0, . . . , am−1 and b = b0, . . . , bm′−1
where a has length m but b has some length m′ which may or may not equal m. Moreover,
we assume L ≤ ai ≤ n and L ≤ bj ≤ n for every term ai ∈ a and bj ∈ b.

Now, for each 1 ≤ i ≤ m − 1, let wi ∈ {0, 1} be i.i.d. random variables, with wi = 1 with
1 − δ probability and wi = 0 with δ probability. Also, let w0 = wm = 1 with probability
1. For each 0 ≤ i ≤ m with wi = 1, we define a value fi as follows. First, we set f0 = 0.
Next, for each index i ≥ 1 such that wi = 1, let i0 denote the previous index with wi0 = 1.
We define fi to be the smallest index j′ > fi0 such that there exists fi0 ≤ j < j′ with
|bj:j′ − ai0:i| ≤ C0 · log n ·

√
bj:j′ , where C0 is a sufficiently large constant. (If such an index

does not exist, we set fi = ∞.)
Our goal will be for fm = m. In general, for any i with wi = 1, we would like fi = i. If

fi < i, we say that we are i − fi steps behind at step i, and if fi > i, we say that we are
fi − i steps ahead at step i.

First, we note the following lemma, which states that we will never be ahead with very
high probability, as long as the sequences a and b are similar enough.

▶ Lemma 2. Set C1 = C0/4. Let a, b be sequences of lengths m, m′, respectively, where
m′ ≥ m. Suppose that |bi − ai| ≤ C1 ·

√
bi log n for all 0 ≤ i < m. Then, with probability at

least 1 − 1
n10 (over the randomness of the wi), for all 0 ≤ i ≤ m with wi = 1, fi ≤ i.

Proof. Let us consider the event that for every index 0 ≤ i ≤ m − 15 log n, at least one of
wi, wi+1, . . . , wi+15 log n equals 1. Equivalently, the string w0w1 · · · wm does not ever have
15 log n + 1 0’s in a row. For any fixed i, the probability of this being false is at most
δ15 log n ≤ n−15, so by a union bound over all choices of i, the event holds with at most n−10

failure probability.
First, note that f0 = 0. Now, suppose that some i ≥ 0 satisfies wi = 1 and fi ≤ i.

Suppose i′ is the smallest index strictly larger than i such that wi′ = 1. Note that i′ − i ≤
15 log n + 1 ≤ 16 log n, by our assumed event. Note that if we set j = i and j′ = i′, then
j′ > j ≥ fi, since fi ≤ i. Moreover, |bj:j′ − aj:j′ | ≤

∑j′−1
i=j |bi − ai| ≤ C1

√
log n ·

∑j′−1
i=j

√
bi ≤

C1 ·
√

log n ·
√

bj:j′ · |j′ − j| ≤ 4C1 · log n ·
√

bj:j′ , where the second to last inequality is by
Cauchy-Schwarz. Thus, j = i, j′ = i′ satisfies the requirements for fi′ , which means that
fi′ ≤ j′ = i′. Thus, if fi ≤ i, fi′ ≤ i′. Since f0 ≤ 0, this means fi ≤ i for all i with
wi = 1. ◀

The main technical result will be showing that fm ≥ m with reasonably high probability,
i.e., with reasonably high probability we are not behind. This result will hold for any choice
of a, b and does not require any similarity between these sequences. In other words, our goal
is to prove the following lemma.

▶ Lemma 3. Let a, b be strings of length at most n with every ai, bj between L and n, where
L = C · log8 n for a sufficiently large constant C. Define m = |a|. Then, for any δ ≤ 1

3·106 ,
with probability at least 1 − 200 · δ over the randomness of w1, . . . , wm−1, fm ≥ m.

3.2 Proof of Lemma 3
In this section, we prove Lemma 3.

We will set a parameter K = C2 log n, where C2 is a sufficiently large constant. For any
k ≥ 0, given the sequences a = a0, . . . , am−1 and b = b0, . . . , bm′−1 (of possibly differing
lengths), we define pk(a, b) to be the probability (over the randomness of w1, . . . , wm−1) that

ICALP 2025



3:8 Near-Optimal Trace Reconstruction for Mildly Separated Strings

fm ≤ m − k.
For any indices 0 ≤ i ≤ i′ ≤ m with wi, wi′ = 1, fi′ − fi ≥ (i′ − i) − K.

Equivalently, this is the same as the probability that we fall behind at least k steps from step
0 to step m, but we never fall behind K + 1 or more steps (relatively) from any (possibly
intermediate) steps i to i′. For any m ≥ 1, we define pk(m) to be the supremum value of
pk(a, b) over any sequences a, b where a has length at most m and every ai and bj is between
L and n, and we also define pk := supm≥1 pk(m).

Note that for any k > K, pk(a, b) = 0, as fm = m − k means fm − f0 < (m − 0) − K.
So, pk(m) and pk also equal 0 for any k > K.

First, we note a simple proposition, that will only be useful for simplifying the argument
at certain places.

▶ Proposition 4. For any m ≥ 1, p0(m) = 1.

Proof. Since p0(m) is the maximum over all a, b where a has length at most m, it suffices
to prove it for some a, b of length 1. Indeed, for m = 1 and a0 = b0 = L, we must have that
w0 = w1 = 1, so we must have f0 = 0 and f1 = 1. ◀

We now aim to bound the probabilities pk for k ≤ K. We will do this via an inductive
approach on the length of m, where the high-level idea is that if we fall back by k steps,
there is a natural splitting point where we can say first we fell back by k1 steps, and then by
k2 steps, for some k1, k2 > 0 with k1 + k2 = k – see Lemmas 6 and 7. This natural splitting
point will be based on the structure of the similarity of a and b, and will not work if a and
b share a k-periodic structure. But in the periodic case, we can give a more direct argument
that we cannot fall back by k steps (i.e., a full period), even with 1

poly(n) probability – see
Lemma 5. We can then compute a recursive formula for the probability of falling back k

steps, by saying we need to first fall back k1 steps and then fall back k2 steps. In Lemma 9,
we bound the terms of this recursion.

▶ Lemma 5. Fix any m ≥ k ≥ 1 such that k ≤ K, and suppose that L ≥ C3 · log8 n, where
C3 is a sufficiently large multiple of C2

0 · C6
2 . Suppose that a, b are sequences such that for

every 0 ≤ i < m − k, |bi − ai| ≤ C0 log n ·
√

bi and |bi − ai+k| ≤ C0 log n ·
√

bi. Then, the
probability pk(a, b) ≤ (2δ)K .

Proof. We show that the probability of ever being behind by k or more is at most (2δ)K . In
fact, we will show this deterministically never happens, conditioned on the event that for
every index 0 ≤ i ≤ m − K · k, at least one of wi, wi+k, wi+2k, . . . , wi+K·k equals 1. Indeed,
the probability of this being false for any fixed i is at most δK , so by a union bound over all
choices of i, the event holds with at most n · δK ≤ (2δ)K failure probability.

Now, assume the event and suppose that fi ≤ i − k holds for some i. More precisely, we
fix i to be the smallest index such that wi = 1 and fi ≤ i − k.

First, assume that i ≥ 2K · k. Consider the values ai−1, ai−2, . . . , ai−k, and let h =
arg max1≤t≤k ai−t. By our conditional assumption, and since i ≥ 2K · k, at least one of
wi−h, wi−h−k, . . . , wi−h−K·k equals 1. Say that wi−h−r·k = 1, where 0 ≤ r ≤ K. Also, by
our choice of i, we know that fi−h−r·k > i − h − (r + 1) · k ≥ 0, and that fi ≤ i − k. So, we
have two options:
1. i ≥ 2K · k, and fi ≤ i − k, fi−h−r·k > i − h − (r + 1) · k ≥ 0, for some r ≤ K and where

h = arg max1≤t≤k ai−t.
2. i < 2K · k, and fi ≤ i − k, f0 = 0.
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Now, let’s consider the list of all indices i0 < i1 < · · · < is = i with wi0 , wi1 , . . . , wis = 1,
starting with i0 = i − h − r · k if i ≥ 2K · k and i0 = 0 otherwise, and ending with is = i. By
definition of the sequence f , for every 0 ≤ t < s there exists j, j′ such that fit

≤ j < j′ ≤ fit+1

and |bj:j′ − ait:it+1 | ≤ C0 log n ·
√

bj:j′ . Assuming that L ≥ (10C0 log n)2, then ait:it+1 ≥
(10C0 log n)2, which means ait:it+1 ≥ bj:j′/2, and thus |bj:j′ − ait:it+1 | ≤ 2C0 log n · √

ait:it+1 .

So,

bfit :fit+1
≥ bj:j′ ≥ ait:it+1 − 2C0 log n

√
ait

: ait+1 .

Adding the above equation over 0 ≤ t ≤ s − 1, we obtain

bfi0 :fi
≥ ai0:i − 2C0 log n ·

s−1∑
t=0

√
ait:it+1 ≥ ai0:i − 2C0 log n · √

ai0:i · s,

where the final line follows by Cauchy-Schwarz. Let j0 be i − h − (r + 1) · k + 1 if i ≥ 2K · k

and j0 = 0 otherwise. Then, since s ≤ is − i0 ≤ 2k · K ≤ 4K2, we have

bj0:i−k ≥ bfi0 :fi
≥ ai0:i − 4C0 · K log n · √

ai0:i. (1)

The above equation tells us that bj0:i−k =
∑i−k−1

t=j0
bt can’t be too much smaller than

ai0:i =
∑i−1

t=i0
at. We now show contrary evidence, thus establishing a contradiction.

First, we compare bj0:i−k to aj0+k:i. Indeed, for any t < i ≤ m, |bt−k − at| ≤ C0 log n ·√
bt−k. Since every ai ≥ (10C0 log n)2, this also means |bt−k − at| ≤ 2C0 log n · √

at. Adding
over all j0 ≤ t < i − k, we have

aj0+k:i ≥ bj0:i−k − 2C0 log n ·
i−1∑

t=j0+k

√
at ≥ bj0:i−k − 4C0 · K log n · √

aj0+k:i,

where the last inequality follows by Cauchy-Schwarz and the fact that i − (j0 + k) ≤ i − j0 ≤
2K · k ≤ 4K2.

However, we do not care about aj0+k:i – we really care about ai0:i. To bound this, first
note that for any k ≤ i < m, |ai − bi−k| ≤ C0 log n ·

√
bi and |ai−k − ai−k| ≤ C0 log n ·

√
bi.

So, |ai − ai−k| ≤ 4C0 log n · √
ai, assuming every ai ≥ (10C0 log n)2. If we additionally have

that L ≥ (100C0 log n · K)2, then |ai − ai−s·k| ≤ 8C0 log n · s · √
ai for any 1 ≤ s ≤ K and

s · k ≤ i < m. Importantly, ai−s·k

ai
∈ [1/2, 2].

In the case that i ≥ 2K · k, this implies that
∑i−1

t=i−h−r·k at ≤ 2(r + 1) ·
∑i−1

t=i−k at ≤
4K ·

∑i−1
t=i−k at. So, because h = arg max1≤t≤k ai−t, we have

ai0 = ai−h−r·k ≥ 1
2 · ai−h ≥ 1

2k
·

k∑
t=1

ai−t ≥ 1
8K2 ·

i−1∑
t=i−h−r·k

at.

Recalling that i0 = i − h − r · k and j0 = i − h − (r + 1) · k + 1, since i0 = j0 + k − 1,

ai0:i ≥
(

1 + 1
8K2

)
· aj0+k:i ≥

(
1 + 1

8K2

)
· (bj0:i−k − 4C0 · K log n · √

aj0+k:i)

≥
(

1 + 1
8K2

)
· (bj0:i−k − 4C0 · K log n · √

ai0:i). (2)

In the case that i < 2K · k, we instead have
∑i−1

t=0 at ≤ 2 ·
⌈

i
k

⌉
·
∑k−1

t=0 at ≤ 4K ·
∑k−1

t=0 at.
So, since i0 = j0 = 0, we have that

ai0:i = aj0+k:i +a0:k ≥
(

1 + 1
4K

)
·aj0+k:i ≥

(
1 + 1

4K

)
·(bj0:i−k −4C0 ·K log n ·√aj0+k:i),

so the same bound as (2) holds (in fact, an even stronger bound holds).
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So, both (1) and (2) hold, in either case. Together, they imply that

ai0:i ≥
(

1 + 1
8K2

)
·
(
ai0:i − 8C0 · K log n · √

ai0:i
)

.

This is impossible if ai0:i is a sufficiently large multiple of (C0 ·K log n ·K2)2 = C2
0 · log2 n ·K6.

Since i ≥ i0 + 1 in either case, it suffices for L to be a sufficiently large multiple of
C2

0 · log2 n · K6 = C2
0 C6

2 · log8 n. ◀

▶ Lemma 6. Fix any m ≥ k such that k ≤ K, and suppose that L ≥ C3 · log2 n · K6.
Suppose that a, b are sequences of length m, such that for every 0 ≤ i < m − k, |bi − ai+k| ≤
C0 log n ·

√
bi. Then, the probability

pk(a, b) ≤ (2δ)K +
∑

h1,h2,k2,k2≥0
h1+h2+k1+k2≥k

k1,k2≤K
(h1,h2,k1,k2) ̸=(0,0,0,k),(0,0,k,0)

δh1+h2pk1(m − 1)pk2(m − 1).

Proof. Suppose that for all 0 ≤ i < m−k, |bi −ai| ≤ C0 log n
√

bi. Then, we can use Lemma 5
to bound pk(a, b) ≤ (2δ)K . Alternatively, let 0 ≤ h < m − k be the smallest index such that
|bh −ah| > C0 log n·

√
bh. Next, let h1, h2 ≥ 0 be such that h−h1 is the largest index less than

h with wh−h1 = 1, and h+1+h2 is the smallest index at least h+1 with wh+1+h2 = 1. Finally,
let k1 := max(0, (h − h1) − fh−h1) and k2 := max(0, (m − (h + 1 + h2)) − (fm − fh+1+h2)).
In other words, k1 is the number of steps we fall behind from 0 to h − h1, and k2 is the
number of steps we fall behind from h + 1 + h2 to m.

Note that k1 + k2 ≥ m − 1 − h1 − h2 − fm + fh+1+h2 − fh−h1 , and since each subsequent
fi is strictly increasing, this means fh+1+h2 − fh−h1 ≥ 1, so k1 + k2 ≥ m − fm − (h1 + h2) ≥
k − (h1 + h2), assuming that fm ≤ m − k. In other words, we have that h1, h2, k1, k2 are
nonnegative integers such that h1 + h2 + k1 + k2 ≥ k.

Now, let us bound the probability (over the randomness of w1, . . . , wm−1) of the event
indicated by pk(a, b) occurring, with the corresponding values h1, h2, k1, k2. Note that for
any fixed h1, h2, the event of those specific values is equivalent to wh−h1 and wh+1+h2 being
1, and everything in between being 0. So, the probability is at most δh1+h2 . Now, conditioned
on h1, h2, the values k1, k2 imply that we fall back k1 steps from step 0 to h − h1 (or we may
move forward if k1 = 0) and we fall back k2 steps from step h + 1 + h2 to m. Moreover, there
cannot be two steps i, i′ such that that we fell back K steps from i to i′. Since h−h1 ≤ h < m

and m−(h+1+h2) ≤ m−1, this means both h−h1, m−(h+1+h2) ≤ m−1. So, the overall
probability of the corresponding values h1, h2, k1, k2 is at most δh1+h2 ·pk1(m−1) ·pk2(m−1),
where we are using the fact that p0(m) = 1 for all m by Proposition 4.

Overall, the probability pk(a, b) is at most∑
h1,h2,k1,k2≥0

h1+h2+k1+k2≥k
k1,k2≤K

δh1+h2 · pk1(m − 1)pk2(m − 1).

We can cap k1, k2 as at most K since otherwise pk1(m − 1) or pk2(m − 1) is 0. Moreover,
we can give improved bounds in the cases when h1 = h2 = 0 and either (k1, k2) = (0, k) or
(k1, k2) = (k, 0).

Note that in either case, both wh and wh+1 equal 1. In the former case, we must have
fh = h − k and fh+1 = h + 1 − k. Importantly, the algorithm fell back by exactly k steps
from 0 to h, However, we know that for all 0 ≤ i ≤ h − 1, |bi − ai| ≤ C0 log n ·

√
bi. In that
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case, if we restrict ourselves to the strings a0:h = a0a1 · · · ah−1 and b0:h = b0b1 · · · bh−1, we
are dealing with the case of Lemma 5. Hence, we can bound the overall probability of this
case by (2δ)K . In the latter case, we must have fh = h and fh+1 = h + 1, since we need to
fall back by exactly k steps from h to m. However, this actually cannot happen, because by
definition of fh and fh−1, we must have that |bh − ah| ≤ C0 log n ·

√
bh, which is not true by

our definition of h.
Overall, this means

pk(a, b) ≤ (2δ)K +
∑

h1,h2,k2,k2≥0
h1+h2+k1+k2≥k

k1,k2≤K
(h1,h2,k1,k2) ̸=(0,0,0,k),(0,0,k,0)

δh1+h2pk1(m − 1)pk2(m − 1). ◀

▶ Lemma 7. Fix any m ≥ k such that k ≤ K, and suppose that L ≥ C3 · log2 n ·K6. Suppose
that a, b are sequences of length m. Then, the probability

pk(a, b) ≤ (2δ)K +
∑

h1,h2,k2,k2≥0
h1+h2+k1+k2≥k

k1,k2≤K
(h1,h2,k1,k2) ̸=(0,0,0,k),(0,0,k,0)

δh1+h2pk1(m − 1)pk2(m − 1).

Proof. Our proof will be quite similar to that of Lemma 6, so we omit some of the identical
details.

First, assume that for every k ≤ i < m, |bi−k − ai| ≤ C0 log n ·
√

bi−k. Then, we can
directly apply Lemma 6. Alternatively, let k ≤ h < m be the largest index such that
|bh−k − ah| > C0 log n ·

√
bh−k. As in the proof of Lemma 6, let h1, h2 ≥ 0 be such that

h − h1 is the largest index less than h with wh−h1 = 1, and h + 1 + h2 is the smallest
index at least h + 1 with wh+1+h2 = 1. Also, let k1 := max(0, (h − h1) − fh−h1) and
k2 := max(0, (m − (h + 1 + h2)) − (fm − fh+1+h2)).

As in the proof of Lemma 6, we have h1 + h2 + k1 + k2 ≥ k, as long as fm ≤ m − k. We
can again do the same casework on h1, h2, k1, k2, to obtain∑

h1,h2,k1,k2≥0
h1+h2+k1+k2≥k

k1,k2≤K

δh1+h2 · pk1(m − 1)pk2(m − 1).

Once again, we wish to consider the individual cases of (h1, h2, k1, k2) = (0, 0, 0, k) or
(h1, h2, k1, k2) = (0, 0, k, 0) separately. In either case, wh = wh+1 = 1. In the former case,
must have fh = h and fh+1 = h + 1. In this case, from step h + 1 to m we fall behind k

steps. In other words, we can restrict ourselves to the strings ah+1:m = ah+1 · · · am−1 and
bh+1:m = bh+1 · · · bm−1. However, we have now restricted ourselves to strings which satisfy
the conditions of Lemma 6, so we can bound the probability in this case as at most

(2δ)K +
∑

h1,h2,k2,k2≥0
h1+h2+k1+k2≥k

k1,k2≤K
(h1,h2,k1,k2 )̸=(0,0,0,k),(0,0,k,0)

δh1+h2pk1(m − 1)pk2(m − 1).

In the latter case, we must have fh = h−k and fh+1 = h+1−k. However, this is impossible,
because |ah − bh−k| > C0 log n ·

√
bh−k, by our definition of h.

Overall, by adding all cases together, we obtain

pk(a, b) ≤ (2δ)K + 2 ·
∑

h1,h2,k2,k2≥0
h1+h2+k1+k2≥k

k1,k2≤K
(h1,h2,k1,k2 )̸=(0,0,0,k),(0,0,k,0)

δh1+h2pk1(m − 1)pk2(m − 1). ◀
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Overall, this implies that

pk(m) ≤ (2δ)K + 2 ·
∑

h1,h2,k2,k2≥0
h1+h2+k1+k2≥k

k1,k2≤K
(h1,h2,k1,k2 )̸=(0,0,0,k),(0,0,k,0)

δh1+h2pk1(m − 1)pk2(m − 1).

We now can universally bound pk for all 0 ≤ k ≤ K. To do so, we first recall some basic
properties of the Catalan numbers.

▶ Fact 8. For n ≥ 0, the Catalan numbers Cn
1 are defined as Cn =

(2n
n

)
/(n + 1). They

satisfy the following list of properties.
1. C0 = 1 and for all n ≥ 0, Cn+1 =

∑n
i=0 CiCn−i.

2. For all n ≥ 1, 2 ≤ Cn+1
Cn

≤ 4.
3. For all n ≥ 0, Cn ≤ 4n.

▶ Lemma 9. Assume δ ≤ 1
3·1003 , and define Dk := 1002k−1Ck for k ≥ 1 and D0 = 1. Then,

for all 0 ≤ k ≤ K, pk ≤ Dk · δk.

Proof. We prove the statement by induction on m. For m = 1, note that w0 = w1 = 1 with
probability 1, so f1 ≥ 1. Indeed, either f1 = 1 or f1 = ∞. So, p0(m) ≤ 1 and pk(m) = 0 for
all k ≥ 1.

Now, suppose that the induction hypothesis holds for m − 1: we now prove the statement
for m. First, note that p0(m) = 1 = D0 · δ0. Next, for k ≥ 1,

pk(m) ≤ (2δ)K + 2 ·
∑

h1,h2,k2,k2≥0
h1+h2+k1+k2≥k

k1,k2≤K
(h1,h2,k1,k2 )̸=(0,0,0,k),(0,0,k,0)

δh1+h2 · Dk1δk1 · Dk2δk2

≤ (2δ)k + 2 ·
∑

h1,h2,k2,k2≥0
h1+h2+k1+k2≥k

(h1,h2,k1,k2 )̸=(0,0,0,k),(0,0,k,0)

Dk1Dk2 · δh1+h2+k1+k2 . (3)

We now bound the summation in the above expression. First, we focus on the terms
where one of k1 or k2 is 0. If k1 = k2 = 0, the summation becomes

∑
h1+h2≥k δh1+h2 . If

we fix h3 = h1 + h2, for each h3 ≥ k there are h3 + 1 choices of h1 + h2, which means the
summation is

∑
h3≥k δh3(h3 + 1). For δ ≤ 1

3·1003 , each term is at most half the previous
term, so this is at most 2(k + 1) · δk. Next, for k1 = 0, k2 > 0, if we fix h3 = h1 + h2,
the summation is

∑
h3+k2≥k,(h3,k2 )̸=(0,k)(h3 + 1)Dk2δh3+k2 , since there are h3 + 1 choices

of (h1, h2) : h1 + h2 = h3. We have a symmetric summation for k1 > 0, k2 = 0. Finally,
if we focus on the terms with k1, k2 ≥ 1, by writing h3 = h1 + h2 and k3 = k1 + k2, for
any fixed h3, k3, the sum of Dk1Dk2 is at most 1002k1+2k2−2 · Ck3+1 ≤ 100−3 · Dk3+1, and
there are h3 + 1 choices for (h1, h2). So, the summation is at most 100−3 ·

∑
h3+k3≥k(h3 +

1)Dk3+1δh3+k3 ≤ 4
100 ·

∑
h3+k3≥k(h3 + 1)Dk3δh3+k3 , where the last inequality holds because

Dk3+1
Dk3

≤ 1002 · Ck3+1
Ck3

≤ 4 · 1002.

1 We use Cn rather than the more standard Cn to avoid confusion with the constants C0, C1, . . . we have
defined.
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Overall, replacing indices accordingly, we can write (3) as at most

(2δ)k + 2 ·

2(k + 1) · δk + 2 ·
∑

a,b≥0
a+b≥k

(a,b)̸=(0,k)

(a + 1)Dbδa+b + 4
100 ·

∑
a,b≥0

a+b≥k

(a + 1)Dbδa+b



≤ (2δ)k + 2 ·

2(k + 1) · δk + 3 ·
∑

a,b≥0
a+b≥k

(a,b) ̸=(0,k)

(a + 1)Dbδa+b + 4
100Dkδk

 .

We can now focus on the middle summation term. If we first consider all terms with
b = 0, the sum equals

∑
a≥k(a + 1)δa = (k + 1)δk + (k + 2)δk+1 + · · · ≤ 2(k + 1)δk, as long

as δ ≤ 1
3·1003 . For the remaining terms, we fix d = a + b and consider the sum. If d = k, the

sum equals δk · (2Dk−1 + 3Dk−2 + · · · + kD1). Since Dn+1 ≥ 1002Dn for all n ≥ 1, this is at
most δk · 4Dk−1. For d > k, the sum equals δd · (Dd + 2Dd−1 + · · · + dD1) ≤ 2δd · Dd. Since
Dd ≤ 4 · 1002 · Dd+1, as long as δ ≤ 1

3·1003 , the terms 2δd · Dd decrease by a factor greater
than 2 each time d increases. So the sum over all d > k is at most 4δk+1 · Dk+1. Overall, the
summation in the middle term is at most 2(k + 1)δk + 4Dk−1 · δk + 4Dk+1 · δk+1.

Overall, this means (3) is at most

2kδk + 16(k + 1) · δk + 24Dk−1 · δk + 24Dk+1 · δk+1 + 8
100Dkδk. (4)

Now, note that Dk−1
Dk

≤ 1
100 for all k ≥ 1, even for k = 1. Moreover, Dk+1

Dk
≤ 1002 · Ck+1

Ck
≤

4 · 1002. Thus, (4) is at most

δk ·
(

2k + 16(k + 1) + 32
100 · Dk + 96 · 1002 · Dk · δ

)
Assuming that δ ≤ 1

3·1003 , this is at most δk ·
(
2k + 16(k + 1) + 0.64 · Dk

)
, which can be

verified to be at most δk · Dk for all k ≥ 1, by just using the fact that Dk ≥ 100k for all
k ≥ 1. This completes the inductive step. ◀

We are now ready to prove Lemma 3.

Proof of Lemma 3. If fm < m, this means that either the event p1(a, b) occurs, or there
exist indices i < i′ with wi = wi′ = 1 but we fall behind at least K + 1 steps from step i to
step i′.

Assuming δ ≤ 1
3·103 , the probability of p1(a, b) is at most 100δ. Alternatively, if there

exist i < i′ with wi = wi′ = 1 but we fall behind at least K + 1 steps from step i to step i′,
there must exist such an i, i′ with minimal i′ − i (breaking ties arbitrarily). This could be
because wi+1 = wi+2 = · · · = wi+r = 0 for some r ≥ K/2. However, the probability of there
being r ≥ K/2 consecutive indices wi+1 = wi+2 = · · · = wi+r = 0 is at most n · δK/2 ≤ δ.

The final option is that, if we look at the first index i + r > i with wi+r = 0, r ≤ K/2.
This means that from step i + r to i′, we must fall behind at least K/2 steps, and there could
not have been any intermediate steps where we fell behind more than K steps. Hence, if we
restrict ourselves to the strings ai+r:i′ and bfi+r,fi′ , the event indicated by pk(ai+r:i′ , bfi+r:)
must occur, since conditioned on fi+r and the fact that wi+r = wi′ = 1, the value fi′ only
depends on ai+r:i′ , b starting from position fi+r, and wi+r+1, . . . , wi′−1.
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In other words, there exists some contiguous subsequences a′ and b′ of a and b, respect-
ively, such that the event of pK/2(a′, b′) occurs. For any fixed a′, b′, the probability is at
most (4 · 1002 · δ)K/2. Since there are at most n2 possible contiguous subsequences for each
of a′ and b′, the overall probability is at most n4 · (4 · 1002 · δ)K/2 ≤ 50δ, assuming that
δ ≤ 1

3·106 and K = C2 log n where C2 is sufficiently large.
Overall, the probability of falling behind is at most 100δ + δ + 50δ ≤ 200δ. ◀

4 Full algorithm/analysis

Let us depict the true string x ∈ {0, 1}n as 0 . . . 0︸ ︷︷ ︸
a0 times

1 0 . . . 0︸ ︷︷ ︸
a1 times

1 · · · 1 0 . . . 0︸ ︷︷ ︸
at times

, i.e., there are t − 1

ones, and the string starts and ends with a run of 0’s. This assumption can be made WLOG
by padding the string with L 0’s at the front and the end. For any L-separated string, doing
this padding maintains the L-separated property, and we can easily simulate the padded
trace by adding Bin(L, 1 − δ) 0’s at the front and Bin(L, 1 − δ) 0’s at the back. Once we
reconstruct the padded string, we remove the padding to get x.

We assume we know the value of t. Indeed, the number of 1’s in a single trace x̃ is
distributed as Bin(t, 1 − δ). So, by averaging the number of 1’s over O(n log n) random traces
and dividing by 1 − δ, we get an estimate of t − 1 that is accurate within 0.1 with 1 − 1

n10

probability. Thus, by rounding, we know t exactly with 1 − 1
n10 probability.

The main goal is now to learn the lengths a0, a1, . . . , at. If we learn these exactly just
using the traces, this completes the proof. Our algorithm runs in two phases: a coarse
estimation phase and a fine estimation phase. In the coarse estimation phase, we sequentially
learn each ai up to error O(

√
ai log n). In the fine estimation phase, we learn each ai exactly,

given the coarse estimates.

4.1 Coarse estimation
Fix some 0 ≤ m ≤ t, and suppose that for all i < m, we have estimates bi satisfying
|bi − (1 − δ)ai| ≤ 10√

ai. (If m = 0, then we have no estimates yet.) Our goal will be to
provide an estimate bm such that |bm − (1 − δ)am| ≤ 10√

am.
Consider a trace x̃ of x. Let w0 = wt+1 = 1 and for each 1 ≤ i ≤ t, let wi be the indicator

that the ith 1 is retained. Next, for each 0 ≤ i ≤ t, let ãi ∼ Bin(ai, 1 − δ) represent the
number of 0s in the ith run that were not deleted. Note that with at least 0.99 probability,
|ãi − (1 − δ)ai| ≤ 10

√
log n · ai for all i. Since |bi − (1 − δ)ai| ≤ 10√

ai for all i < m, this
implies that |ãi − bi| ≤ 20

√
log n · bi for all i < m.

Now, even though we have no knowledge of ãi or ai, we can still simulate the probabilistic
process of Section 3. Let 0 = i0 < i1 < · · · < ih = t+1 be the list of all indices i : 0 ≤ i ≤ t+1
with wi = 1. While we do not know the values ãi, for every pair of consecutive indices
iq, iq+1, the value ãiq :iq+1 is exactly the number of 0’s between the qth and (q + 1)st 1 in the
trace x̃ (where we say that the 0th 1 is at position 0 and the (t + 1)st 1 is at position |x̃| + 1).
In other words, if rq represents the position of the qth 1, then ãiq :iq+1 = rq+1 − rq − 1. Hence,
because computing each fiq+1 only requires knowledge of b and the value of ãiq :iq+1 , and
since fi0 = f0 = 0, the algorithm can in fact compute gq := fiq

for all 0 ≤ q ≤ h, using the
same process as described in Section 3, even if the values iq are not known.

Algorithm 1 simulates this process, assuming knowledge of m, b0, . . . , bm−1, a single trace
x̃, and t. In Algorithm 1, we use the variable val to represent gq = fiq

, i.e., the current
prediction of the position iq. In other words, val − iq equals the number of steps ahead (or
iq − val equals the number of steps behind) we are.
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Algorithm 1 Locate the mth and (m + 1)st 1 in x, in the trace x̃, and return the position and
length of the gap.

1: procedure Align(x̃, t, m, b0, . . . , bm−1)
2: Let rq be the position of the qth 1 in x̃, for each 1 ≤ q ≤ t− 1.
3: r0 ← 0, rt ← |x̃|+ 1.
4: val← 0, q ← 0
5: while val < m do
6: Find the smallest j′ such that ∃j, j′ with val ≤ j < j′ and |(rq+1−rq−1)−bj:j′ | ≤

C0 log n ·
√

bj:j′ .

7: if no such j, j′ exist then
8: Return FAIL
9: val← j′

10: q ← q + 1
11: if val = m then
12: Return (q, rq+1 − rq − 1).
13: else
14: Return FAIL

▶ Lemma 10. Fix b0, . . . , bm−1 such that |bi − (1 − δ)ai| ≤ 10√
ai for all 0 ≤ i ≤ m − 1.

With probability at least 0.98 over the randomness of x̃, we have that Algorithm 1 returns q

such that the qth 1 in x̃ corresponds to the mth 1 in x. Moreover, conditioned on this event
holding, the distribution rq+1 − rq − 1 exactly follows Bin(am, 1 − δ).

Proof. Let us first condition on the values ã0, . . . , ãm−1, assuming that |ãi − (1 − δ)ai| ≤
10

√
log n · ai for all 0 ≤ i ≤ m − 1. As discussed earlier, this occurs with at least 0.99

probability, and implies that |ãi − bi| ≤ 20
√

log n · bi for all i < m.
Let us also condition on wm = 1. By Lemma 2 and Lemma 3, the probability that fm = m,

for δ = 1
3·106 , is at least 0.99. This is conditioned on wm = 1 and the values ã1, . . . , ãm−1

(assuming |ãi − bi| ≤ 20
√

log n · bi). This means that with at least 0.99 probability, the
algorithm finds the position q with iq = m. Since fm only depends on b, ã0:m and w1, . . . , wm,
with probability at least 0.99·(1−δ)·0.99 over the randomness of w1, . . . , wm and ã1, . . . , ãm−1,
we have that wm = 1 and iq = m. This is independent of wm+1, so with probability at least
0.992 · (1 − δ)2 ≥ 0.98 probability, we additionally have that wm+1 = 1.

The event that iq = m means that rq is the position in x̃ of the mth 1 in the true string
x. Moreover, since neither the mth nor (m + 1)th 1 was deleted, rq+1 is the position in x̃ of
the (m + 1)th 1 in the true string x. So, rq+1 − rq − 1 is in fact the length of the gap between
the mth and (m + 1)th 1 after deletion, which means it has length ãm ∼ Bin(am, 1 − δ),
since ãm is independent of the events that decide whether wm = wm+1 = 1 and iq = m. ◀

Given this, we can crudely estimate every gap, in order. Namely, assuming that that we
have estimates b0, . . . , bm−1 (where 0 ≤ m ≤ t), we can run the Align procedure on O(log n)
independent traces. By a Chernoff bound, with 1

n15 failure probability, at least 0.9 fraction
of the traces will have the desired property of Lemma 10, so will output some (q, b) where
b ∼ Bin(am, 1 − δ). Since Bin(am, 1 − δ) is in the range am(1 − δ) ± 10√

am with at least 0.99
probability, at least 0.75 fraction of the outputs (q, b) will satisfy |b − (1 − δ)am| ≤ 10√

am,
with 1

n15 failure probability. Thus, by defining bm to be the median value of b across the
randomly drawn traces, we have that |bm − (1 − δ)am| ≤ 10√

am with at least 1 − 1
n10

probability.
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By running this procedure iteratively to provide estimates b0, b1, . . . , bt, we obtain Al-
gorithm 2. The analysis in the above paragraph implies the following result.

▶ Theorem 11 (Crude Approximation). Algorithm 2 uses O(n log n) traces and polynomial
time, and learns estimates b0, b1, . . . , bt such that with at least 1 − 1

n9 probability, |bm − (1 −
δ)am| ≤ 10√

am for all 0 ≤ m ≤ t.

Algorithm 2 Crude Estimation of all gaps.
1: procedure Crude
2: Use O(n log n) traces to compute t, where t equals the number of 1s in x.
3: for m = 0 to t do
4: for i = 1 to O(log n) do
5: Draw trace x̃(i).
6: (q(i), b(i))← Align(x̃(i), t, m, b0, . . . , bm−1)
7: Let bm be the median of b(1), . . . , b(O(log n)) ▷ Some of the outputs (q(i), b(i)) may

be FAIL, but we can let b(i) be an arbitrary real number if Align failed on x̃(i), so that
the median is well-defined.

8: Return (b0, b1, . . . , bt)

4.2 Fine estimation
In this section, we show how to exactly compute each am with high probability, given the
crude estimates b0, b1, . . . , bt−1. This will again be done using an alignment procedure, but
this time running the alignment both “forward and backward”.

Namely, given a trace x̃, we will try to identify the mth and (m+1)st 1’s from the original
string, but we try to identify the mth 1 by running Align on x̃ and the (m + 1)st 1 by
running Align on the reverse string rev(x̃) := x̃|x̃| · · · x̃2x̃1. The idea is: assuming that we
never go ahead in the alignment procedure, if we find some index q in the forward alignment
procedure with gq = fiq

= m, then the true position iq must be at least m. Likewise, if we do
the alignment procedure in reverse until we believe we have found the (t − m)th 1 from the
back (equivalently, the (m + 1)th 1 from the front), the true position must be at most m + 1.

So, the true positions of the index found in the forward alignment procedure can only be
earlier than that of the index from the backward alignment procedure, if the true positions
were exactly m and m + 1, respectively. Thus, by comparing the indices, we can effectively
verify that the positions are correct, with negligible failure probability (rather than with
1 − O(δ) failure probability). This is the key towards obtaining the fine estimate of am,
rather than just a coarse estimate that may be off by O(√am).

Algorithm 3 formally describes the fine alignment procedure, using N = O(n log n) traces,
assuming we have already done the coarse estimation to find b0, b1, . . . , bt.

▶ Lemma 12. Suppose that |bi − (1 − δ)ai| ≤ 10√
ai for all 1 ≤ 0 ≤ t. Fix indices 0 ≤ m ≤ t

and 1 ≤ i ≤ N , and for simplicity of notation, let x̃ := x̃(i). Let m̃ be the number of 1’s in x̃.
Then, the probability that qf + qb = m̃, but either the forward or backward iterations finds an
index in x̃ which does not correspond to the mth 1 or (m + 1)th 1, respectively, from x, is at
most 2n−10. Moreover, if the forward and backward iterations find indices in x̃ corresponding
to the mth 1 and (m + 1)th 1, respectively, then qf + qb = m̃. Finally, the probability of
finding both corresponding indices is at least 0.98.
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Algorithm 3 Fine Estimation of all gaps.
1: procedure Fine(t, b0, . . . , bt)
2: Draw N = O(n log n) traces x̃(1), . . . , x̃(N).
3: for m = 0 to t do
4: Initialize b(1), b(2), . . . , b(N) ← NULL.
5: for i = 1 to N do
6: m̃← number of 1’s in x̃.
7: (qf, bf)← Align(x̃(i), t, m, b0, b1 . . . , bt).
8: (qb, bb)← Align(rev(x̃(i)), t, t−m, bt, bt−1, . . . , b0).
9: if qf + qb = m̃ then

10: b(i) ← bf

11: Set am to be 1
1−δ times the average of all non-null b(i)’s, rounded to the nearest

integer.
12: Return (a0, a1, . . . , at)

Proof. First, let us consider the forward alignment procedure. We know that val tracks
fiq

when looking at the qth 1 of x̃ (from left to right). So, if we do not return FAIL, then
fiqf

= m. If iqf < m, this implies there is an index i = iqf where fi > i. The probability of
this is at most n−10, by Lemma 2. Otherwise, iqf ≥ m, meaning that the qfth 1 in x̃ is after
(or equal to) the mth 1 in x.

Likewise, if we consider the backward alignment procedure, if we do not return FAIL,
then except for an event with probability at most n−10, the qbth 1 in rev(x̃) is ahead of (or
equal to) the (t − m)th 1 in rev(x). Equivalently, the (m̃ + 1 − qb)th 1 in x̃ (reading from
left to right) is before (or equal to) the (m + 1)th 1 in x (reading from left to right).

So, barring a 2 · n−10 probability event, the only way that the qfth 1 in x̃ is strictly before
the (m̃ + 1 − qb)th 1 in x̃ is if the qfth 1 in x̃ is precisely the mth 1 in x and (m̃ + 1 − qb)th
1 in x̃ is precisely the (m + 1)th 1 in x. However, if qf + qb = m̃, then in fact the qfth 1 is
before the (m̃ + 1 − qb)th 1 in x̃ (reading from left to right). This proves the first statement.

Next, if we in fact found the corresponding indices, they are consecutive 1’s in x, which
means they must be consecutive 1’s in x̃. So, if we found the qfth 1 from the left, and the
qbth 1 from the right, we must have qf + qb = m̃.

Finally, the event of finding both corresponding indices is equivalent to fm = m in
the forward iteration and ft−m = t − m in the backward iteration. Conditioned on the
corresponding 1’s not being deleted, each of these occur with at least 0.98 probability, by
Lemmas 2 and 3. So, the overall probability is at least 0.9. ◀

We are now ready to prove Theorem 1. Indeed, given the accuracy of the crude estimation
procedure, it suffices to check that for each m, we compute am correctly, with at least 1−n−5

probability.

▶ Theorem 13 (Fine Estimation). Assume that t, the number of ones in x, is computed
correctly, and for all 0 ≤ m ≤ t, |bm − (1 − δ)am| ≤ 10√

am.
Then, for any fixed m : 0 ≤ m ≤ t, with at least 1 − n−5 probability, we compute the gap

am correctly.

Proof. For any fixed iteration i : 1 ≤ i ≤ N , if both the forward and backward procedures
correctly identify the mth and (m + 1)th 1’s from the left, respectively, then qf + qb = m̃ by
Lemma 12. In this case, we will compute an actual value b(i) = bf. Moreover, as discussed in
the proof of Lemma 10, the event that the forward procedure correctly identifies the right
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1 only depends on b, â0, . . . , âm−1, and the events of whether the first m 1’s are deleted.
Thus, the event that the backward procedure correctly identifies the right 1 only depends on
b, âm+1, . . . , ât, and the events of whether the (m + 1)th 1 until the tth 1 are deleted.

Thus, the forward and backward procedure correctly identifying the right 1’s is independent
of âm ∼ Bin(am, 1 − δ). Moreover, in this case, bf is precisely âm, since qf is the position in
x̃ corresponding to the mth 1 in x, and neither the mth nor (m + 1)th 1 can be deleted if
both of these 1’s are identified.

So, if the forward and backward procedures identifying the right 1’s for trace x̃(i),
the conditional distribution of b(i) is Bin(am, 1 − δ). However, we really want to look
at the distribution conditioned on the event qf + qb = m̃. Indeed, by Lemma 12, this
event is equivalent to either the forward and backward procedures identifying the right
1’s, or some other event which occurs with at most 2n−10 probability. Because b(i) is
clearly between 0 and n, and since the probability of both 1’s being correctly identified
is at least 0.9 by Lemma 12, the expectation of b(i), conditioned on not being NULL, is
am(1 − δ) ± O(n−10 · n) = am(1 − δ) ± O(n−9).

By a Chernoff bound, the number of 1 ≤ i ≤ N with b(i) ̸= NULL is at least 0.5 · N

with at least 1 − n−10 probability, since in expectation it is at least 0.9N . Then, by another
Chernoff bound, the empirical average of all such b(i) is within 0.1 of its expectation with
1 − n−10 probability, which is am(1 − δ) ± O(n−9). Thus, taking the empirical average and
dividing by 1 − δ, with at most O(n−10) failure probability, 1

1−δ times the average of all
non-null b(i)’s is within 0.2 of am, and thus rounds to am. ◀

5 Conclusion and Open Questions

In this paper, we established that the trace reconstruction problem can be solved with a
polynomial number of traces, as long as any two ones in the initial string are separated by at
least polylog n zeros and the deletion probability is at most a sufficiently small constant. It
is an interesting open question to handle more general deserts such as (01)n = 010101 . . . 01
interspersed with mildly separated zeros and ones. Indeed, we believe that this is an
important step towards solving the general trace reconstruction problem with deletion
probability δ = n−o(1). With this deletion probability, the Bitwise Majority Alignment
(BMA) algorithm from [3] succeeds in reconstructing x as long as x does not contain any
such highly repetitive contiguous substrings. If one can provide a separate algorithm for such
strings, one could then imagine x being partitioned into contiguous substrings that can be
reconstructed by respectively BMA and the highly repetitive algorithm in an alternating
fashion. Additional work is required to determine how to switch between the two algorithms.
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