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—— Abstract

We revisit the simultaneous approximation model for the correlation clustering problem introduced

by Davies, Moseley, and Newman [21]. The objective is to find a clustering that minimizes given
norms of the disagreement vector over all vertices.

We present an efficient algorithm that produces a clustering that is simultaneously a 63.3-
approximation for all monotone symmetric norms. This significantly improves upon the previous
approximation ratio of 6348 due to Davies, Moseley, and Newman [21], which works only for ¢,-norms.

To achieve this result, we first reduce the problem to approximating all top-k norms simul-
taneously, using the connection between monotone symmetric norms and top-k norms established
by Chakrabarty and Swamy [11]. Then we develop a novel procedure that constructs a 12.66-
approximate fractional clustering for all top-k norms. Our 63.3-approximation ratio is obtained by
combining this with the 5-approximate rounding algorithm by Kalhan, Makarychev, and Zhou [26].

We then demonstrate that with a loss of € in the approximation ratio, the algorithm can be
adapted to run in nearly linear time and in the MPC (massively parallel computation) model with
poly-logarithmic number of rounds.

By allowing a further trade-off in the approximation ratio to (359 + €), the number of MPC
rounds can be reduced to a constant.

2012 ACM Subject Classification Theory of computation — Approximation algorithms analysis;
Theory of computation — Massively parallel algorithms

Keywords and phrases Correlation Clustering, All-Norms, Approximation Algorithm, Massively
Parallel Algorithm

Digital Object Identifier 10.4230/LIPIcs.ICALP.2025.40
Category Track A: Algorithms, Complexity and Games
Related Version Full Version: https://arxiv.org/abs/2410.09321

Funding Nairen Cao: Supported by NSF grant CCF-2008422.

Shi Li: Supported by the State Key Laboratory for Novel Software Technology, and the New
Cornerstone Science Laboratory.

Jia Ye: Supported by the State Key Laboratory for Novel Software Technology, and the New

Cornerstone Science Laboratory.

1 Introduction

Clustering is a classic problem in unsupervised machine learning. It aims to classify a given
set of data elements based on their similarities, with the goal of maximizing the similarity
between elements within the same class and minimizing the similarity between elements in
different classes. Among the various graph clustering problems, correlation clustering stands
out as a classic model. Initially proposed by Bansal, Blum, and Chawla [4], the model has
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numerous practical applications, including automated labelling [10, 1], community detection
and mining [15, 31, 30], and disambiguation task [25], among others.

The input of the standard correlation clustering problem is a complete graph over a set
V of n vertices, where edges are partitioned into the set ET of +edges and the set E~ of
—edges. The output of the problem is a clustering (or a partition) C of V' that minimizes
the number of edges in disagreement: an edge uv € (‘2/) is in disagreement if uv € E* but
u and v are in different clusters in C, or uv € E~ but u and v are in a same cluster in C.
Throughout the paper, we shall use a graph G = (V, E) to denote a correlation clustering
instance, with E being E* and (‘2/) \ E being E~.

This problem is known to be APX-Hard [13]. There has been a long stream of O(1)-
approximation algorithms for the problem [4, 13, 2, 14, 19, 18, 8], with the current best
approximation ratio being 1.437 [8]. In the same paper, the authors presented an improved
hardness of 24/23 for the problem, which also made the constant explicit.

Besides the standard setting, other objectives have been studied recently, with the goal
of minimizing some norm of the disagreement vector of the clustering C over vertices. For a
clustering C of V, the disagreement vector of C is defined as coste € Z%,, where costc(u) for
every u € V is the number of edges incident to w that are in disagreerr;ent with respect to C.
Given some norm f : R%; — Rxq !, the goal of the problem is to minimize f(costc). Notice
that the standard correlation clustering problem corresponds to the case where f is the ¢,
norm.

Puleo and Milenkovic [29] initiated the study of correlation clustering with the goal
of minimizing the ¢, norm of the disagreement vector, where p € [1,00]. They proved
that the problem is NP-hard for the ¢.-norm objective. Given a fixed p € [1, 00|, for the
£,-norms objective, they gave a 48-approximation algorithm. The approximation ratio was
subsequently improved by Charikar, Gupta, and Schwartz [12] to 7 for the ¢, -norm, and
by Kalhan, Makarychev and Zhou [26] to 5 for the £,-norm with any fixed p € [1,00]. Very
recently, Heidrich, Irmai, and Andres [24] improved the approximate ratio to 4 for the
{o-norm.

Davies, Moseley and Newman [21] introduced the concept of simultaneous approximation
for all £,-norms. They developed an efficient algorithm that outputs a single clustering C,
which is simultaneously an O(1)-approximation for the ¢, norm for all p € [1,00]. This
is rather surprising, as it was not known a priori whether such a clustering C even exists.
To achieve the goal, they first construct a fractional clustering x that is simultaneously an
O(1)-approximation for all £, norms and then use the 5-approximate rounding algorithm of
Kalhan, Makarychev, and Zhou [26] to round x into an integral clustering C. Crucially, the
algorithm of [26] guarantees a per-vertex 5-approximation, meaning that coste(u) is at most
5 times the fractional number of edges in disagreement incident to u, for every u € V. This
strong property is used to obtain the final simultaneous O(1)-approximation in [21].

In light of the growing networks, it is imperative to develop efficient parallel algorithms.
This urgency is particularly pronounced in machine learning and data mining applications,
where timely and efficient processing is essential for extracting meaningful insights from
vast datasets. Many works in the literature aim to design efficient parallel algorithms
[5, 16, 28, 23, 6, 17, 3, 7, 9]. The MPC model, as a theoretical abstraction of several real-
world parallel models such as MapReduce [22], is a prevalent methodology employed in these
works.

! This means f satisfies f(ax) = af(z) for every real a > 0 and z € RYy, and f(z +y) < f(x) + f(y) for
every x,y € RY,
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1.1 Our results

In this paper, we revisit and generalize the simultaneous approximation model for the
correlation clustering that was introduced by [21]. Instead of considering only ¢, norms, we
consider all monotone symmetric norms. We say a norm f : R%, — R>( is monotone if for
every z,y € R, with 2 < y, we have f(x) < f(y). We say f is symmetric if f(z) = f(z') for
every z,x’ € RZ, such that z’ is a permutation of z. Such norms were considered in [11] in
the context of load balancing and clustering. Our first result is that there exists simultaneous
O(1)-approximation for all monotone symmetric norms for correlation clustering and it can

be constructed in polynomial time.

» Definition 1. Given a correlation clustering instance G = (V,E) and o > 1, we say a
clustering C over V is simultaneously a-approximate, or a simultaneous a-approximation, for
a family F' of norms, if we have f(coste) < - f(costopr,) for every f € F, where OPTy is
the optimum clustering for G under norm f.

» Theorem 2. Given a correlation clustering instance G = (V, E), in polynomial time we can
construct a simultaneous 63.3-approximate clustering C for the family of monotone symmetric
norms.

Next, we are concerned with the running time of the algorithm and its implementation
under the MPC model. To state the result, we need a formal description of the MPC model.

The MPC model. In the MPC model, data is distributed across a set of machines, and
computation proceeds in synchronous rounds. During each round, each machine first receives
messages from other machines, then performs computations based on this information and
its own allocated memory, and finally sends messages to other machines to be received at
the start of the next round. Each machine has limited local memory, restricting the total
number of messages it can receive or send in a round. The efficiency of the algorithm is
measured by the number of rounds, the memory used by each machine, the total memory

used by all machines, and the running time over all machines, also known as the total work.

In this paper, we consider the MPC model in the strictly sublinear regime: Each machine
has O(n?) local memory, where n is the input size and § > 0 is a constant that can be made
arbitrarily small. Under this model, we assume the input received by each machine has size
o(n?).

We then describe the correlation clustering problem under the MPC model in the strictly
sublinear regime. We use n = |V| and m = |E| to denote the number of vertices and edges
respectively in the input graph G = (V| E). The edges E are distributed across the machines,
where each machine has O(n?) memory for a constant § > 0 which can be made arbitrarily
small. At the end of the algorithm, each machine needs to store in its local memory the IDs
of the clusters for all the vertices incident to its assigned edges.

Our main result regarding MPC algorithm is given as follows,

» Theorem 3. Let € € (0,1). There exists a randomized MPC algorithm in the strictly
sublinear regime that, given a correlation clustering instance G = (V, E), in O(log® n) rounds
outputs a simultaneous (63.3 + O(¢)) clustering for G for all monotone symmetric norms.
This algorithm succeeds with high probability. It uses O(m/e%) total memory and O(m/e°)
total work.?

2 As usual, we use O() to hide a poly-logarithmic factor in the input size.
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In particular, the algorithm can be converted into a nearly linear time algorithm that
with high probability outputs a (63.3 + O(e))-simultaneous approximation for all monotone
symmetric norms.

Along the way, we develop an MPC rounding algorithm with a per-vertex (5 + 55¢)
approximation guarantee, based on the sequential algorithm due to [26]. Given its potential
independent interest, we state it here for future references.

» Theorem 4. Let € € (0,1) be a constant. Given a graph G = (V, E) and a set of LP values
(Tuw)uwev satisfying the approzimate triangle inequality, that is, for any u,v,w € V, we have
Tyy + Tyw + € > Tyw. Let Yo =D cp Tuv + Zuve(\;)\E(l — ZTyy) be the LP disagreement
for node u. There exists an MPC algorithm that computes a clustering C such that for any
node u, we have

coste(u) < (54 55€)yy.

This algorithm always succeeds but terminates in O(log3 n/e) rounds with high probability
and requires O(n®) memory per machine. Moreover, let K = E U {uv € (‘2/) \E | Zyy < 1}
be the set of +edges and —edges whose LP value is less than 1. The algorithm uses a total
memory of O(|K|logn) and a total work of O(|K|log®n/e).

The O(log® n) round in the above theorem might not be desirable for many applications.
Our next result shows that we can reduce the number of rounds to O(1), albeit with a worse
O(1) approximation ratio:

» Theorem 5. Let e € (0,1) be a constant. There exists a randomized MPC' algorithm in
the strictly sublinear regime that, given a correlation clustering instance G = (V, E), in O(1)
rounds outputs a clustering that is simultaneously a (3594 €)-approzimation, for all monotone
symmetric norms. This algorithm succeeds with high probability, and uses a total memory of
O(m/e?) and a total work of O(m/e).

Overall, relative to [21], our algorithms demonstrate the following improvements.

1. We generalize the family of norms for the simultaneous approximation from ¢, norms to
all monotone symmetric norms.

2. We obtain a simpler construction, which leads to a much smaller approximation ratio.
Using a result from [11], to simultaneously approximate all monotone symmetric norms,
it suffices to approximate all top-k norms: the top-k norm of a non-negative vector is the
sum of its largest k coordinates. Though being more general mathematically, the top-k
norms are more convenient to deal with compared to ¢, norms.

3. We can make our algorithm run in nearly linear time. This is the first nearly-linear time
simultaneous O(1)-approximation algorithm for the problem, even when we restrict to ¢,
norms. In contrast, the algorithm of [21] runs in nearly linear time only when the graph
G has O(1) maximum degree.

4. We can make our algorithm run in the MPC model with O(1) rounds. Our work is the
first to consider the problem in the MPC model.

1.2 Overview of Techniques

We then discuss our techniques for each of our main results.
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Polynomial Time Construction of Simultaneous O(1)-Approximation for All Symmetric
Norms. By [11], we can reduce the problem of approximating all monotone symmetric
norms to approximating all top-k norms. We then construct a fractional solution x, which is
a metric over V with range [0, 1], such that the fractional disagreement vector for « has top-k
norm at most 12.66 - opt,, for any k € [n], where opt,, is the cost of the optimum clustering
under the top-k norm. Then, we can use the 5-approximate rounding algorithm of KMZ
[26], to obtain a simultaneous 63.3-approximation for all top-k norms. The KMZ rounding
algorithm has two crucial properties that we need: it does not depend on k and it achieves a
per-vertex guarantee.

We elaborate more on how to construct the metric z : (Z) — [0,1]. A natural idea
to assign the LP values, that was used by [21], is to set x,, based on the intersection of
the neighborhood between u and v. Intuitively, the more common neighbors two nodes
share, the closer they should be. A straightforward approach to implementing this idea is
to set Ty =1 — %, where N(u) denotes the neighboring nodes of v in G and
d(u) = |[N(u)| denotes the degree of u; it is convenient to assume u € N(u). This approach
works for the top-1 norm (i.e., the ¢, norm) as discussed in [20], but fails for the top-n
norm (i.e., the ¢; norm). Consider a star graph, where the optimal clustering under the
top-n norm has a cost of n — 2. This approach will assign x,, =1 — % =1/2 for all —edges,
leading to an LP cost of ©(n?) and a gap of (n). [21] addressed the issue by rounding up
LP values to 1 for —edge, if for a given node, its total —edges LP disagreement is larger
than the number of its +edges. After the transformation, the triangle inequalities are only
satisfied approximately, but this can be handled with O(1) loss in the approximation ratio.

We address this issue using a different approach, that is inspired by the pre-clustering
technique in [17]. We first preprocess the graph G by removing edges uv € E for which
|N(u) N N(v)| is small compared to max{d(u),d(v)}. Let the resulting graph be H. We
then set our LP values as x,, = 1 — % if u # v, where Ng(u) is the set of
neighbors of v in H. We show that this solution is a 12.66-approximation for all top-k norms
simultaneously. When compared to [21], in addition to the improved approximation ratio,
we obtain a considerably simpler analysis.

Implementation of Algorithm in Nearly-Linear Time and in MPC Model. We then proceed
to discuss our techniques to improve the running time of the algorithm to nearly-linear. The
algorithm contains two parts: the construction of the fractional solution z and the rounding
procedure. We discuss the two procedures separately.

Constructing x in nearly linear time poses several challenges. First, the construction of
the subgraph H requires us to identify edges uwv € E with small |N(u) N N(v)|. Second, we
can not explicitly assign x values to all —edges. Finally, to compute x,,, we need to compute
[Np () O Nig (v).

The first and third challenges can be addressed through sampling, with an O(logn) factor
loss in the running time. To avoid considering too many —edges, we only consider —edges
with length at most 1 — e. Consequently, we only need to consider —edges whose other
endpoints share at least an e fraction of neighbors with w. Given that each neighbor of w in
H has degree similar to u, we demonstrate that there will be at most O(d(u)/€) —edges to
consider for each node u. Overall, there will be O(m - poly(1/e)) —edges for which we need
to explicitly assign x values. Moreover, the nearly-linear time algorithm for the construction
of x can be naturally implemented in the MPC model, with O(1) number of rounds.

Then we proceed to the rounding algorithm for z. We are explicitly given the = values

for +edges, and for nearly-linear number of —edges. For other —edges, their x values are 1.
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The KMZ algorithm works as follows: in each round, the algorithm selects a node u as the
cluster center and then includes a ball with some radius, meaning the algorithm includes all
nodes v such that z,, < radius into the cluster, removes the clustered nodes, and repeats
the process on the remaining nodes. The rounding algorithm can be easily implemented
in nearly-linear time using a priority queue structure. This leads to a nearly-linear time
simultaneous O(1)-approximation for correlation clustering for all monotone symmetric
norms.

The challenge to implement the algorithm in MPC model is the sequential nature of
the algorithm. [26] observes that in each round, if we select the nodes that maximize
L(u) =), <.(r—xyy) as cluster center, we can effectively bound each node’s algorithmic
cost, where r is the final ratio. However, choosing a node that maximizes some target
inherently makes the process sequential. Our key observation is that, instead of selecting the
node that maximizes L(u), we can allow some approximation. This strategy still permits
achieving a reasonable approximate ratio with an additional 1+ e overhead while allowing the
selection of multiple nodes as cluster centers, thereby parallelizing the rounding process. In
each round, there might be several candidate cluster centers with conflicts. To resolve these
conflicts, we employ the classical Luby’s algorithm [27, 16] to find a maximal independent
set, ensuring that none of the cluster centers have conflicts.

Organization. We give some preliminary remarks in Section 2. In Section 3, we describe
our simultaneous O(1)-approximation algorithm for correlation clustering for all top-k norms.
The reduction from any monotone symmetric norm to top-k norms is deferred to Appendix A.
Combining the results leads to a simultaneous O(1)-approximation algorithm for all monotone
symmetric norms. Then in Appendix B and C, we show how we can run the algorithm in the
MPC model with nearly linear work. In particular, Appendix B and C discuss how to solve
the LP and round the LP solution in the MPC model, respectively. The constant round
MPC algorithm is described in Appendix D. Theorem 2, 3, 4 and 5 are proved in Section 3,
Appendix C, C and D respectively.

2 Preliminaries

The input to correlation clustering is a complete graph whose edges are partitioned into
+edges and —edges. We shall use the graph G = (V, E) of +edges to denote an instance. Let
n = |V| and m = |E|. For simplicity, we assume E contains all the n self-loops uu,u € V.
So, E is the set of +edges, and (}) \ E is the set of —edges. The graph G is fixed in most
part of the paper.

For any graph H = (V, Ey), and any vertex v € Vi, let Ny (u) = {v € Vi | uv € Eg}.
For any vertex u € Vg and any subset S C Vi, we define dg(u,S) =) g 1(uv € Eg) as
the number of edges between u and S. We simply use dg(u) for dg (u, V). When the graph
H is the input graph G, we omit the subscript. So we use N(u) for Ng(u) and d(u) for
de(u). Notice that w € N(u) and d(u) = |N(u)| > 1 for every u € U. For the input graph
G = (V, E) and any two vertex u,v € V, we define M,,, = max{d(u),d(v)} as the maximum
degree of u and v for simplicity, as this notion will be frequently used. For any two sets X
and Y, we denote their symmetric difference by XAY. Algorithms are parameterized by
constants 3(0 < 5 < 1),A(0 < A < 1) that will be determined later.

A norm on n-dimensional non-negative vectors is a function f : RY; — R>( satisfying
flax) = af(x) for every real a > 0 and = € R%, and f(z +y) < f(z) + f(y) for every
z,y € RE,. We say anorm f: R%; — Ry is monotone if for every z,y € RY, with z <y,
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we have f(z) < f(y). We say f is symmetric if f(z) = f(a') for every z,2’ € RZ, such that

2’ is a permutation of x. We say f is the top-k norm for an integer k € [n] if f(z) is equal
to the sum of the k largest coordinates of 2. Chakrabarty and Swamy [11] showed that any

monotone and symmetric norm can be written as the maximum of many ordered norms.

This leads to the following lemma which reduces the monotone-symmetric norms to top-k
norms. For completeness, we defer its proof to Appendix A.

» Lemma 6. For any integer k € [n], if an algorithm returns a single clustering Carg
that is simultaneously a p-approximation for all top-k norm objectives, then Carg is a
p-approzimation for any monotone and symmetric norm f:R%5 — Ry.

For a fixed clustering C, we already defined the disagreement vector of C as coste €
Z%,, with costc (u) for every u € V being the number of edges incident to u that are in
disagreement w.r.t C. Given an integer k, and a clustering C, we denote the top-k value
by costl = maxrcv, 7=k _ucr 0Ste(u). Similarly, for any fractional vector (Zuy)uwev, We
denote costy(u) = D, cp Tuv + Zuve(g)\E(l — Zyy) as the disagreement for u with respect

to 2. The top-k value of z is defined as cost? = maxpcv, )=k D uer cOSts (w).

We will use the following theorem from [26]:
» Theorem 7. Let G = (V, E) be a correlation clustering instance, and x € [0, 1](‘2/) be a
metric over V with range [0,1]. There is a polynomial time algorithm that, given G and z,
outputs a clustering C of V' such that coste(u) < 5 - cost,(u) for every u € V.

We will use the following well-known concentration inequalities.

» Theorem 8 (Chernoff Bound). Let X1, X3, ..., Xk be independent random variables taking
values in {0,1}. Let X =", X; be the sum of these k random variables. Then the following
inequalities hold:

(a) For any e € (0,1), if E[X] < U, then Pr[X > (1 + €)U] < exp(—€2U/3).

(b) For any e € (0,1), if E[X] > U, then Pr[X < (1 — €)U] < exp(—€2U/2).

3 Simultaneous O(1)-Approximation for Top-k Norms

In this section, we describe our simultaneous 63.3-approximation for correlation clustering
for all top-k norms. The algorithm described in this section runs in polynomial time. It
first constructs an LP solution to the top-k linear program using a combinatorial procedure.
Crucially, the construction does not depend on the value of k. We show that the solution has
cost 12.66 times the optimum cost under the top-k norm, for any integer £ > 1. Then we
use the rounding algorithm of [26] to round the LP solution to an integral one. As it gives a
vertex-by-vertex 5-approximation guarantee, this leads to a 63.3-approximation for the top-k
norm for any k.
The LP for minimizing the top-k norm of the clustering is given in LP (1).

min  cost® (1a)
S.t. Tuw + Tuw > Tow, Yu,v,w €V, (1b)
ZTuw € 10, 1], Yu,v €V, (1c)
Ty = 0, Yu € V. (1d)

In the correspondent integer program, x,, for every w,v € V indicates if uv is separated
or not. We view uv as an unordered pair and thus x,, and z,, are the same variable. So
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Algorithm 1 Construction of norm-oblivious solution x to metric LP.

Input: Graph G = (V, E)

OutPUt: (xuv)u,vEV

: function ALLNORMCC(G = (V, E))

let Eg ={uv e E: [N(u)AN@W)| < - My} and H = (V, Ey)

let xy, < 1 — % for every uv € (‘2/) and x,, = 0 for every u € V

e o

end function

(Tyw)u,wev is @ metric with distances in {0, 1}, which is relaxed to [0, 1] in the linear program.
This is captured by constraints (1b), (1c) and (1d). Notice that cost,(u) for any uw € V is a
linear function of the x variables. The top-k norm of the fractional clustering is defined by
costt = Maxgcv:|s|=k 2 _ucg 08tz (u). This could be captured by introducing a variable z
and constraints z > ) g cost,(u) for any S C V of size k, and setting 2 to be the objective
to minimize. For simplicity, we use the form as described. Despite having an exponential
number of constraints, the LP can be solved efficiently as there is a simple separation oracle.
Moreover, we use a combinatorial algorithm to construct a solution z, and thus the algorithm
does not solve the LP.

3.1 Algorithm

The algorithm for constructing the LP solution z is given in Algorithm 1. It depends on the
parameter 5 € (0,1), whose value will be specified later. During the process, we construct
a subgraph H by removing any edge uv € FE where u and v have significantly different

[N @ONa @)l ¢, # v and x,, = 0 otherwise. Recall

neighbors. We then set x,, as 1 — L.
that M,, = max{d(u),d(v)} is the maximum degree for any nodes u and v in graph G.
Intuitively, we treat 4+-edges as indicators of whether two nodes belong to the same cluster.
The first step is to remove edges that should not be in the same cluster. The second step
ensures that the more common neighbors two nodes have, the closer their distance should be.

In the remaining part of this section, we will show

» Lemma 9. Let k be any integer in [n]. Algorithm 1 outputs a feasible solution (Tyy)uvev
for (1) such that for any k, we have

costﬁ < 12.66 - opt®,
where opt” is the cost of the optimum solution under the top-k norm.

Proof of Theorem 2. Once we obtain Lemma 9, [26] provides a rounding algorithm for any
feasible solution. Assume the final clustering is Ckmyz. [26] ensures that for any node wu,
we have coste,,, (u) < 5cost,(u), meaning the disagreement for Cxpyz is at most 5 times
the disagreement in the LP solution. We can apply the KMZ rounding algorithm to x,, as
output by Lemma 9. For any integer k € [n], let U’ be the set of k vertices with the largest
disagreement values with respect to Cknyz. Then we have:

COSthMz <5 Z costy(u) <5- cost’; < 5-12.66 - opt® = 63.3 - opt*.
ueclU’
By Lemma 6, we know that Cxyyz is a simultaneous 63.3-approximate clustering for all

monotone symmetric norms. |

We will first show that our x is feasible in Section 3.2, then we will bound the approximate
ratio in Section 3.3.
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3.2 The validity of x to LP (1)

To show that x is a valid solution to LP (1), it suffices to prove that it is a metric over V'
with range [0, 1]. Moreover, (1c) and (1d) hold trivially. Therefore, it remains to show that
the triangle inequality (i.e., constraint (1b)) is satisfied:

» Lemma 10. For any u,v,w € V, we have Ty, + Tyw > Tyw-

Proof. We can assume u, v, w are distinct since otherwise the inequality holds trivially. We
assume that d(v) > d(w) wlog.

LTyv + LTyw — Tyw

_ (1 | Nu(u) ﬂNH(v)I> . (1 B INH(u)ﬂNH(w)I) 3 (1 ~ [Nu(v) ﬂNH(w)I)

M, My d(v)
- 14 |[Nu(v) N Nu(w)|  [Nu(u) "\Nu(v)]  |[Nu(u) N Ny (w)|

d(’U) Muu Muw
> 14 |[Nu(v) N Nu(w)|  [Nu(u) "Nu(v)]  [Nu(u) N Ny (w)|
B MU/U Muv Mu/lﬂ
> 1 WNa@\Ng(w)|  |Nu(u) N N (w)
- Mu'u Muw

[N (u) \ Ng(w)| + [Ng(u) N Ng(w)| [N (u)]

> 1 - () = 1- W > 0.

The first inequality used that d(v) < M,,, the second one follows from |Ng(u) N Ny (v)| —
[N (0) N N (w)] < [(Nar(w) O Ner () \ (Ne (0) O Na(w)] = [(Ne (0) 0 (Na () \ Na (w))] <
|Ng(u) \ Ni(w)|, and the third one used d(u) < My, and d(u) < My,,. <

3.3 Bounding the Top-k£ Norm Cost of =

In this section, we compare the top-k norm cost of = to opt*.

Notations. We fix the integer k € [n]. Let C be the clustering that minimizes the top-k
norm of disagreement vector, but our analysis works for any clustering. For every v € V, let
C(v) be the cluster in C that contains v.

For every u € V, let cost} (u),costy (u) and coste(u) respectively be the number of
+edges, —edges and edges incident to u that are in disagreement in the clustering C. Recall
costh = Maxgcy:|s|=k 2 _ucg C0ste(u) is the top-k norm cost of the clustering C, thus we
have opt® = costk.

Let U be the set of k vertices u with the largest cost,(u) values. So, costt =
> wecv costz(u). In order to provide a clear demonstration, we divide all of the edges

in G into five parts. First, we separate out the parts that are easily constrained by costg.

Let @7 be the set of +edges that are cut in C, and ¢ be the set of —edges that are not
cut in C. For the remaining +edges in F that are not cut in C, it is necessary to utilize the
properties of +-edges in Ey. To this end, let 3 be the set of +edges in E\ Ey that are not
cut in C, and <p§“ be the set of +edges in Ey that are not cut in C. Finally, we define ¢ as
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the set of —edges that are cut in C. Formally, we set
of ={uw |w € E,C(u) # C(v)}, ¢35 ={uwv|w € E\ Ey,C(u) =C(v)},

oF ={uw |w € Ey,C(u) =C(v)}, ¢y == {uw|uw e (‘2/) \E,C(u) =C(v)},
and ¢y = {uv|uwv € (Z) \ E,C(u) # C(v)}.

For every (i,7) € {(1,+), (2,4), (3,4), (1, =), (2, =)} and u € V, we let ¢/ (u) be the set
of pairs in gog incident to u. Notice that gag' contains all the self-loops. We use gbz (u) =
{v:uv € ¢! (u)} to denote the end-vertices of the edges in ¢! (u) other than u; so |¢] (u)| =
|l (u)]. We let y/(u) denote the cost of edges in ¢! (u) in the solution x. For every
(i,5) € {(1,4),(2,+), (3, +), (1, -), (2, )}, we define f/ = 3", ;¥ (u). Therefore, the top-k
norm cost of z is fi" + £ + f5 + i + f5 .

With the notations defined, we can proceed to the analysis. Prior to this, several
propositions are presented, which will prove useful in the following analysis. We start with
the property of edges in E'\ Fpy.

» Lemma 11. For every uv € 3, we have coste(u) + coste(v) > B+ My,.

Proof. Since C(u) = C(v), there are at least |N(u)AN (v)| disagreements incident to u and
v. For every uv € o3, we have coste(u) + coste(v) > [N (u)AN(v)| > B8+ My,. <

Then, we show that edges in EFy have similar degrees.

» Lemma 12. For every uv € Ep, we have (1 — B) - d(v) < d(u) < ﬁ -d(v).

Proof. For every uwv € Ep, we have |[N(u)AN (v)| < 8- My,. Therefore,

min{d(u),d(v)} > [N(u) N N(v)| = [N(u) UN(v)| — [N (u)AN(v)|
> (1 - ) - max{d(u),d(v)},

which gives us (1 — 8) - d(v) < d(u) < -d(v) since 8 € (0,1). <

1
1-p

As we are about to analyze the top-k norm objective, we can bound the cost in the
solution z using coefficients of coste. This key observation can be formally demonstrated as
follows:

> Claim 13. Let ¢ € RZ, be a vector and « > 0 satisfying that |c|ec < o and |c]1 < ak.
Then we have

Z ¢(r) - coste(r) < a - costh.
reVv

Proof. We have |c/al; < k and |¢/a|e < 1. It is well known that ¢/« is a convex combination

of {0, 1}-vectors, each of which has at most k 1’s. For each {0, 1}-vector d in the combination,

we have Y,y d(r)coste(r) < costf. Taking the convex combination of these inequalities
e(r)

gives 3 oy, S - coste(r) < costf, which is equivalent to the inequality in the claim. <

From the definitions of ff' and f; , we can see that it can be constrained by costlcc.

> Claim 14.  ff + f; < costk.
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Proof.
FE+ =) (W) + gy (w) = > Luw
uelU ueU, qu(pTUcpl_
< Z w)| + o7 (u Z coste (u) < costk. <
uelU uelU

To bound the cost of the remaining +edges, we separately analyze the cost coefficients of
vertices in f, and fy .

» Lemma 15. There exists a vector ¢ € RY, with the following properties:

(a) fi < 2orev ¢5 (r) - coste(r).
(b) c5(r) < 2 |(sz(r) , for everyr e V.
(©) 65 < § Suew i
Proof. We bound f, as follows:
t t
+ < Z 1< Z cos C(B). —11\—4 coste (v Z et (r) - coste (r).

ueU,uv€py weU,uv€py reV

The second inequality used Lemma 11. Therefore, Lemma 15(a) holds.
To show Lemma 15(b), we bound the coefficients for costc( ) and coste(v) respectively.

If w € U, the coeflicient for coste(u) is Zuva& 7 1< l;ij&j) ; if u ¢ U, the coefficient is 0.

. . v 2- T
The coefficient for coste(v) is ZueUmz)*(u) T Mw < lgilg ;I Therefore, cf (1) < %.

To bound |cg |1, we can replace coste(u) and coste(v) with 1.

2 2 |03 (u)] :
Then |c] |1 = ZueU,uvegoj 7 < 5 2aucU —ary - Lhis proves Lemma 15(c). <

Following the analysis of the cost coefficients c;r of ‘/"2+ , we analyze the cost coefficients of
f;‘ in edge set Ep.

» Lemma 16. There exists a vector c§ € RY, with the following properties:
(a) fi < Y rev e (r) - coste(r).

F ) lot (r
(b) cf(r) <2 (l‘Pz (B)du(‘iﬁj( I led E ;‘ + |“03(( ) for everyr € V.

|()|\()| led ()] | leF (w)]

(€) leg|i < 2> uev ( = ﬁud (23) =+ E?’d(ﬁ) + ‘Pds(u) )
Proof. Fix some uv € 3 C Ex with u # v. We let @ = arg mMax,e{u,0} d(w), and ¥ be the
other vertex in {u,v}. Notice that d(@) = My,. Then we have

[Na(u) N N (v)]

_ d(@) — [Ng(u) N Nu ()| _ |ei (@) + |3 (@)] + |3 (@) — |Nu(@) N N (0)]
d(a) d(a)
 coste (@) + g (@] + |3 (0)] + coste () _ |g ()] + |5 (v)] + coste(u) + coste(v)
B d(ﬂ) N My, .
(3)

We prove the first inequality in sequence (3). Notice Ny (i) 2 ¢3 (). Therefore,

o3 (@)| = [N (@) N N (9)] < |¢3 ()] — |é3 (@) N Np (9)]
=63 (@) \ Nu (0)] < [¢3 (7) U ¢y (9)]
= |3 (0) Uy (9)] < I3 (9)] + coste ().
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Above, we used that ¢5 (@) \ Ng(9) C C(@t) \ Ng(9) = C(9) \ Ng(9) C ¢5 (3) U ¢y (7). Also
(3) holds trivially when u = v; this holds for every uv € 3.

Therefore,

F=Suw< Y |03 (W] + |03 (v)] + coste (u) + coste(v)

M,

uel uEU,u'UEips+ "
< Z 1 + Z 1 + Z COStC ('LL) + COStC ('U)
o M’LL’U M’U/U M’LL’U

uEU,uUE«,o;_r,uuu&go;r uEU,quc,o;r,vwEgosr uEU,qucpér
< Z coste (u) + coste (w) n Z coste (v) + coste(w)
h + + B . MuvMuw + + B : Muvaw

uelU,uv€py ,uwey, uel,uv€py ,vwep,

coste (u) + coste (v
+ E O E cx (1) - coste(r).
. My, oA
uelU,uv€py re

Again, we used Lemma 11 twice to prove the last inequality. Therefore, Lemma 16(a) holds.
To prove Lemma 16(b), we consider the coefficients for coste(u), coste(v) and coste (w)
respectively. For a u € U, the coefficient for coste(u) is

1 |90+(U)|'|%0§(u)| o3 (u)]
> 3 MM,MW+ > o< BE(w) j(u) '

quw;,quWQ qug&s

The coefficient for coste(v) is

3 1 . 3 L _ leg @) les ()] n |03 (v)]
« My My Mo — d? d :
uEUﬂ¢;’(v),vwE¢; ﬂ ueUﬂgﬁ;(v) ﬂ (U) (’U)

The coefficient for coste(w) is at most

1 1
Z B : MuvMuw - Z ﬁ : Mu’quw

uEUﬁ(i);('LU),u'uEga;.r Uw@p;,uEUﬁqﬁ; (v)

<y w5 A
uEUI’T¢2+(w) B . d(U)Muw vweE + B . d(v)M’Uw

oy Ly _ et | ek _ 2 left)l
’uEUﬁd)z (’LU) ’UUJGKPZ

led (M)|-led (D] | leg (D] |ed ()]
Therefore, for every r € V, we have cj (r) < 2 ( 2 ERE ((i3) + ;?d(r + ~im )

We then bound |ci |; as follows:

2 2 2
|C§_|1 - Z 6 : MuvMuw * Z B : Muvaw N Z Muv
uel, uvego; uw»’:‘cpz+ uEU,quap;,vweap; uGU,qucp;
2: |<P2 | leg (@) | 2-]eg ()] | 2- o3 (u)]
<ZU< dw) T Bedw | dw) )
|03 ( )\ o3 (W) o3 (w)] | |ed (u)]
22( P )

This finishes the proof of Lemma 16(c) and thus Lemma 16. <
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With Lemma 15 and Lemma 16, we can then bound f;” + f5
> Lemma 17. fJ + f7 < 5 - costg.

Proof. We define ¢(r) = cj (r) + c§ (r) for every r € V. Then,

2 3 ( lo3 ()] - 1e3 ()] | le3 ()] | o3 ()]
=5 2 ”( 2/3 d%:; tEam T )
_ Iso2( |- le3 (M) | o3 ()] | 2-|e3 ()]
‘2( 5 d2<r> T T B~d(r)>
eE ) | e | 2- 1ot ()]
SQ(B-d(T)+ﬂ~d(T)+ B-d(r) )
<4
B

where the first inequality holds because Lemma 15(b) and Lemma 16(b), the second inequality
holds because |¢3 ()| < d(r) and B < 1, the last inequality holds because |¢3 ()| + |¢3 ()| <
d(r).

Similarly, we have

o () e ()l leg )l les ] It ()
—ﬂuer ey (B P )
o (el el | et )
_27;,( g-Bw) T pd(w)

-y <|so;<u>| i ()
U

| |
B-d(w) " Bd(w) 5 d(u)

4 k,
ﬂ
where the first inequality holds because Lemma 15(c) and Lemma 16(c), the second inequality
holds because 3 < 1 and for any u € U there is |¢5 (u)| < d(u), the last inequality holds
because for any u € U there is |¢3 (u)| + |7 (u)| < d(u).
The lemma follows from Claim 13. |

For the cost of the remaining —edges, i.e. f; , we also analyze the cost coefficients of
each vertex.

» Lemma 18. There exists a vector c; € RY, with the following properties:
(@) fy <X ev (1) - coste(r).
(b) 5 (r) < 2,3’ for everyr € V.

(©) legl < 25

Proof. We have

= Y -za)= Y 'NH(“E\ZjVH(”)Is 3 Mlu

v
uelU,uv€py, uelU,uv€p, ueU,uv€p,
wENg (u)NNg (v)
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Given that uv € ¢, indicates that C'(u) # C(v), we distinguish between two cases:
C(w) = C(u) and C(w) # C(u). For simplicity, in the summations below, we automatically
impose the constraints u € U,uv € ¢; and uw,vw € Ey when the vertices involved in
constraints are defined. Notice that we have d(v) > (1 — 8)d(w) from Lemma 12.

1 cost (w)
2 2w, (1- Bdw) @

u,v,w:C(w)=C(u) o w,w:C(w)=C(u)

1 d(w cost
D d((u))< > e P C NG

v w,w:C(w)#C(u) w,w:C(w)#C(u

=
A

IA

(]
s

w,v,w:C(w)#C(u)

Adding (4) and (5), and using that cost} (u) < coste(u) for every u € V, we get

. coste(w) costc
fa < Z max(d(u), (1 — B)d(w)) + Z Z ¢y (1) - coste(r).

u€U,weNg (u):C(w)=C(u) uelU reV

Therefore, Lemma 18(a) holds.
To prove Lemma 18(b), we consider the coefficients for costc(u) and coste(w) respectively.
The coefficient for coste(u) is ﬁ The coefficient for coste(w) is

1 1 1
2 max(d(w), (1~ Bd(w)) 2 = B)dw) ~1-8

weU,weNg (u):C(w)=C(u) weU,weNg (u):C(w)=C(u)

Therefore, for any r € V, we have ¢, (r) < ﬁ

By replacing coste(u) and coste(w) with 1, we then finished the proof of Lemma 18(c) as

follows:
1
511 <
ez < max(d(u), (1 - R 5
uweU,weENg (u):C(w)=C(u) uGU
<
< > T2 1o
uEU,wGNH(u):C(w)—C(u) uelU
N, 2k
<SR sz*ﬁ Siaciy
uelU uelU uelU uelU uelU

With Lemma 18, we can then bound f; .

» Lemma 19. f; < - costl.

> 7 ﬂ
Proof. By Claim 13 and Lemma 18, we have f; < ZTGV 5 (1) - coste(r) < ﬁ -costh. <

So the final ratio for Algorithm 1 is 1 —|— + 775. Let 8 = 0.5858, then the ratio is at
most 12.66. This finishes the proof of Lemma 9.
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A Reduction from All Monotone Symmetric Norms to Top-k Norms

» Definition 20 (Ordered Norms). For any vector x € RY, let xt denote the vector
with its coordinates sorted in non-increasing order. Given weight vector w € R, with

wy > wy > - > Wy, the w-ordered norm of x is defined as order(w;x) = Z?:l wﬂ;f

» Lemma 21 (Lemma 5.2 of [11]). For any monotone and symmetric norm f: R" — R4,
define the set By (f) := {x € R} : f(z) < 1}, and W = {w € R} : wy > wg > --- >
Wy, w 1S a subgradient of

f at some x € BL(f)}. Then we have f(z) = max,ew order(w;z) for every x € RY,,.
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» Lemma 6. For any integer k € [n], if an algorithm returns a single clustering Carg
that is simultaneously a p-approximation for all top-k norm objectives, then Capc is a
p-approzimation for any monotone and symmetric norm f:R%5 — Ry.

Proof of Lemma 6. For any w = (wy,ws, ..., w,) such that wy > wg > -+ > wy > 0, if we

set w’ = (wi,wh,...,w)) as

/
i

_{wi—IUiJrl i€ [l,n—1]

W, t=n

Let top,(z) denote the top-k norm of z. Then we have order(w;z) = Y ;_, w), - topy ().

Let BL(f) == {z € R} : f(z) < 1} and W = {w € R} : w; > wy > -+ >
Wy, w 1S a subgradient of
f at some x € Bo(f)}. We construct a new set W/ = {w'jlw € W : v = (w] =
W1 — Wo,Why = Wy — W3, ..., Wh_1 = Wp_1 — Wp, W), = wy)}. By Lemma 21, we have
f(z) = max,ew order(w; x) = maxy ew: »_peq W}, - top ().

Let y be the disagreement vector for the given clustering Carg. For any symmetric
monotone norm f : RY, — R, define Yy} to be the disagreement vector for the optimal
clustering under the norm f. By the assumption that C 4y is a simultaneous p-approximation
for every top-k norm, we have we have top,(y) < p - topy(y,,) for every k € [n], where
Ytop-k 18 the disagreement vector for the optimal clustering under top-k objective. Now we
bound f(y) in terms of f(y}) for any monotone symmetric norm f:

= max Zwk top(y) < max Zw’f P topk(ytop K)

w'eWw’
. ’ * . ’ A *
= u{;lea;‘;/;wk topy (Yop-k) < P u{}leavg/z_;wk topy,(y}) = p- f(y})- <

B Implementing Algorithm 1 in Nearly Linear Time

In this section, we show how to run Algorithm 1 approximately in nearly linear time. Indeed,
the algorithm can be implemented in MPC model with O(1) rounds. More precisely, we will
show the following theorem:

» Theorem 22. Let € > 0 and § > 0 be small enough constants. Given a graph G = (V, E),
there exists an MPC algorithm that computes a solution {Zyy fuvev such that

1. For any integer k € [n], we have costt < (12.66 + €)opt*.
2. For any u,v,w € V, we have Tyy + Tyw + € > Ty -
The algorithm succeeds with probability at least 1 —1/n. Moreover, the algorithm runs in O(1)

rounds, has a total work of O(m/e®), requires O(n’®) memory per machine and a O(m/e%)
total memory.

We give the nearly linear time implementation of Algorithm 1 in Algorithm 2. Line 2
constructs the graph H efficiently. Line 3-6 find the set K of —edges we want to assign LP
value. For any —edge uwv € K, we will simply set its LP value as 1. Last, Line 7 to Line 14 is
to set up Iy, satisfying the conditions in Theorem 22. The full version of this paper will
contain a complete analysis of Algorithm 2 and proof of Theorem 22.
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Algorithm 2 Nearly Efficient Algorithm for Algorithm 1.
Input: Graph G = (V, E),e € (0,1)
Output: {Z,,}u,vev such that is (12.66 +26¢)-approximate and satisfy approximate triangle
inequality.
1: function ALLNORMCCBYSAMPLING(G = (V, E))
2: Construct subgraph H = (V, Ey C E)

3: for every u € V do > Compute set K
Su 0
5: for every v € dy(u) do: add v to S, with probability min(fdlgg(;l), 1)

6: K+ {uw¢FE:3we S,,vw € Exg or Jw € S,,uw € Ex}

T % > Compute the I, values
for every j € [1,logn| do

10: for v € V do: add v to S(j) with probability min(r/27,1)

11: for every uv € EU K with M,, € [2771,27) do: %, + 1 — 2N (WONg (0)NS()]

T - My

12: for every wv € E do: if %,, < e then Z,, < 0
13: for every uwv € K do: if Z,, > 1 — € then %, + 1
14: for every uv € (‘2/) \(FUK) do: Ty, <1

15: end function

C Rounding

We will present a nearly linear time rounding algorithm. Furthermore, our algorithm only
takes O(1) rounds in the MPC model. The purpose of this section is to show

» Theorem 4. Let e € (0,1) be a constant. Given a graph G = (V, E) and a set of LP values
(Tuw)uwev satisfying the approximate triangle inequality, that is, for any u,v,w € V, we have
Tyy + Tuyw + € > Tpw. Let Yy = cp Tuo + ZUUE(Z)\E(l — Tyy) be the LP disagreement
for node uw. There exists an MPC algorithm that computes a clustering C such that for any
node u, we have

coste(u) < (5 + 55€)y,.

This algorithm always succeeds but terminates in O(log3 n/€) rounds with high probability
and requires O(n’) memory per machine. Moreover, let K = E'U {uv € (‘2/) \E | 2y <1}
be the set of +edges and —edges whose LP wvalue is less than 1. The algorithm uses a total
memory of O(|K|logn) and a total work of O(|K|log® n/e).

We emphasize that even if the LP values satisfy the exact triangle inequality, rather than
an approximate triangle inequality, the € terms in the approximate ratio will still be present.
These € terms arise from two sources: the approximate inequality itself and the inherent
characteristics of our MPC algorithm.

Given Theorem 22 and Theorem 4, we are now able to show the main result of this paper.

Proof of Theorem 3. We first run Algorithm 2, which outputs Z,, as input to Algorithm 3.
Note that by Theorem 22, we know that for any k € [1,n], we have

cost® < (12.66 + €)opt”
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where opt” is the cost of the optimal correlation clustering solution when using the top-k
norm objective. By Theorem 4, we know that the final cluster C satisfies

costh < (5 4 55€)costy < (63.3 + O(e))optF.

By Lemma 6, we know that C is a simultaneous (63.3 + O(¢))-approximate clustering for
all monotone symmetric norms.

For the number of rounds, Algorithm 1 takes O(1) rounds, and Algorithm 3 takes
O(log® n/e€) rounds, resulting in a total of O(log® n/e) rounds.

Algorithm 1 requires a total memory of O(m/e%) and a total work of O(m/e®) in the MPC
model. By analyzing Algorithm 2, we know that |K| = O(mlogn/e). Therefore, Algorithm
3 requires a total memory of O(m/e?) and a total work of O(m/e) in the MPC model, as
established by Theorem 4. In total, it requires a total memory of O(m/e%) and a total work
of O(m/e%) in the MPC model. <

Rounding Algorithm

Assume that we are given an instance graph G = (V, E) and a LP solution (Zyy)u,vev Such
that Ty, + Tyw + € > Ty for any u,v,w € V3. Given a subgraph V; and node w, radius r,
define the ball centering at w with radius r as Bally, (w, ) = {u | u € Vi, &y < 7}. Define
Li(w) = zueBanvt(w’T) (r — Zyw). Note that L;(w) > r since w itself is in Bally, (w, r).

Algorithm Description. Our algorithm works as follows: in each round, we choose a set
of cluster centers and choose the ball with radius % as a cluster. More precisely. At step t,
V; is the set of unclustered vertices. We first compute L{"** to ensure that for each u € V¢,
we have Li(u) < (14 €)LP**. For any node w, if L;(u) > LP**, we will add u to the set
of candidate cluster centers M; (Line 6-10). Then, we compute cluster centers by adding
vertices in the M; set to the S; set with probability p;, where the more vertices in M; are
in Ball(radius = 2) with each other, the smaller the probability (Line 11-14). After that,
to avoid conflicts, we remove some cluster centers in S; if they are too close to each other,
and derive the final cluster center set H; (Line 15). Let F, = Bally, (Hy, ) be the nodes
clustered at step t. Then we add each u € F; to the cluster from H; with minimum ID. We
will remove the clustered nodes and repeat the above process until all vertices are clustered.
Complete analysis of Algorithm 3 and proof of Theorem 4 appear in the full version.

D A Constant Round MPC Algorithm

We will show Theorem 5 in this section. We repeat for convenience,

» Theorem 5. Let e € (0,1) be a constant. There exists a randomized MPC algorithm in
the strictly sublinear regime that, given a correlation clustering instance G = (V, E), in O(1)
rounds outputs a clustering that is simultaneously a (359 + €)-approzimation, for all monotone

symmetric norms. This algorithm succeeds with high probability, and uses a total memory of
O(m/€e?) and a total work of O(m/e?).

Algorithm

Theorem 3 gives us an O(log® n) rounds MPC algorithm. The bottleneck is the rounding
procedure. To achieve a constant rounds MPC algorithm, instead of setting up the LP
and rounding, we use the pre-clustering algorithm from [17], which is very useful for ¢;-
norm correlation clustering. We show that the pre-clustering algorithm can also provide an
O(1)-approximate ratio for all monotone symmetric norms simultaneously.
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Algorithm 3 The Rounding Algorithm.

Input: Graph G = (V, E), LP solution (Zuy)u,vev Satisfying Ty +Zuw+€ > T for any u, v, w € V3
Output: A function of clustering C; i.e., C(u) = C(v) iff u and v belongs to the same cluster.
1: function PARALLELROUNDING(G = (V, E), (Tuv))

2: V1 +~— V.
3: C(v) « P forallveV.
4: t<+ 1.
5: while V; # () do
6: M+ 0,5 0
7 L = max{r(1 + €)?|r(1 4 ¢)? < maxyev, L+(w), where j is an integer}
8: for u € V; do > Find cluster center candidate
9: if Li(u) > LY then.
10: Mt — Mt U {u}
11: At + maxyuen, |Bally, (u, %) N M.
12: Pt < 1/(2At)
13: for u € M; do
14: Add u to S¢ with probability p: > Choose cluster centers in parallel.
15: Hy={uesS:| 591) € Sy NV, such that z,, < %} > remove cluster centers that conflict.
16: F < H: U Bally, (H, %) > the set of settled vertices in round ¢.
17: for u € F; do
18: Let v be the vertex with minimum ID among Bally, (u, 2) N Hy.
19: C(u) v > adding u to the cluster of v.
20: ‘/,5+1(—‘/;/\Ft,t<—t+1
21: return C

22: end function

Algorithm Description. The algorithm from [17] is parameterized by 8 and A. It has three

steps:

1. The first step is the same as the first step of Algorithm 1, where we compute the graph
H (Line 2).

2. The algorithm marks a node as light if it loses more than a A fraction of its neighbors in
the first step. Otherwise, it marks the node as heavy. The algorithm removes all edges
between two light nodes in H (Line 3 - Line 6).

3. The last step is to output the connected components F' of the final graph.

Algorithm 4 Pre-clustering — Algorithm 1 in [17].

Input: Graph G = (V, E)
Output: Clustering F.
1: function PRECLUSTERING(G = (V, E))
Let Eg = {uv € E: [N(u)AN(v)| < - max(d(u),d(v))} and H = (V, Ex)
for v € V do
if dg(v) < (1 = A)d(v) then Mark it as light
else Mark it as Heavy
Let Eg = {uv € Eg : u or v is heavy} and G = (V, Eg)
Compute its connected components on G, denoted as F, return F.
end function

A detailed analysis of Algorithm 4 along with the formal proof of Theorem 5 is deferred
to the full version.
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