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Abstract
We revisit the simultaneous approximation model for the correlation clustering problem introduced
by Davies, Moseley, and Newman [21]. The objective is to find a clustering that minimizes given
norms of the disagreement vector over all vertices.

We present an efficient algorithm that produces a clustering that is simultaneously a 63.3-
approximation for all monotone symmetric norms. This significantly improves upon the previous
approximation ratio of 6348 due to Davies, Moseley, and Newman [21], which works only for ℓp-norms.

To achieve this result, we first reduce the problem to approximating all top-k norms simul-
taneously, using the connection between monotone symmetric norms and top-k norms established
by Chakrabarty and Swamy [11]. Then we develop a novel procedure that constructs a 12.66-
approximate fractional clustering for all top-k norms. Our 63.3-approximation ratio is obtained by
combining this with the 5-approximate rounding algorithm by Kalhan, Makarychev, and Zhou [26].

We then demonstrate that with a loss of ϵ in the approximation ratio, the algorithm can be
adapted to run in nearly linear time and in the MPC (massively parallel computation) model with
poly-logarithmic number of rounds.

By allowing a further trade-off in the approximation ratio to (359 + ϵ), the number of MPC
rounds can be reduced to a constant.
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1 Introduction

Clustering is a classic problem in unsupervised machine learning. It aims to classify a given
set of data elements based on their similarities, with the goal of maximizing the similarity
between elements within the same class and minimizing the similarity between elements in
different classes. Among the various graph clustering problems, correlation clustering stands
out as a classic model. Initially proposed by Bansal, Blum, and Chawla [4], the model has
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40:2 Approximating All Norms for Correlation Clustering

numerous practical applications, including automated labelling [10, 1], community detection
and mining [15, 31, 30], and disambiguation task [25], among others.

The input of the standard correlation clustering problem is a complete graph over a set
V of n vertices, where edges are partitioned into the set E+ of +edges and the set E− of
−edges. The output of the problem is a clustering (or a partition) C of V that minimizes
the number of edges in disagreement: an edge uv ∈

(
V
2
)

is in disagreement if uv ∈ E+ but
u and v are in different clusters in C, or uv ∈ E− but u and v are in a same cluster in C.
Throughout the paper, we shall use a graph G = (V, E) to denote a correlation clustering
instance, with E being E+ and

(
V
2
)
\ E being E−.

This problem is known to be APX-Hard [13]. There has been a long stream of O(1)-
approximation algorithms for the problem [4, 13, 2, 14, 19, 18, 8], with the current best
approximation ratio being 1.437 [8]. In the same paper, the authors presented an improved
hardness of 24/23 for the problem, which also made the constant explicit.

Besides the standard setting, other objectives have been studied recently, with the goal
of minimizing some norm of the disagreement vector of the clustering C over vertices. For a
clustering C of V , the disagreement vector of C is defined as costC ∈ Zn

≥0, where costC(u) for
every u ∈ V is the number of edges incident to u that are in disagreement with respect to C.
Given some norm f : Rn

≥0 → R≥0
1, the goal of the problem is to minimize f(costC). Notice

that the standard correlation clustering problem corresponds to the case where f is the ℓ1
norm.

Puleo and Milenkovic [29] initiated the study of correlation clustering with the goal
of minimizing the ℓp norm of the disagreement vector, where p ∈ [1,∞]. They proved
that the problem is NP-hard for the ℓ∞-norm objective. Given a fixed p ∈ [1,∞], for the
ℓp-norms objective, they gave a 48-approximation algorithm. The approximation ratio was
subsequently improved by Charikar, Gupta, and Schwartz [12] to 7 for the ℓ∞-norm, and
by Kalhan, Makarychev and Zhou [26] to 5 for the ℓp-norm with any fixed p ∈ [1,∞]. Very
recently, Heidrich, Irmai, and Andres [24] improved the approximate ratio to 4 for the
ℓ∞-norm.

Davies, Moseley and Newman [21] introduced the concept of simultaneous approximation
for all ℓp-norms. They developed an efficient algorithm that outputs a single clustering C,
which is simultaneously an O(1)-approximation for the ℓp norm for all p ∈ [1,∞]. This
is rather surprising, as it was not known a priori whether such a clustering C even exists.
To achieve the goal, they first construct a fractional clustering x that is simultaneously an
O(1)-approximation for all ℓp norms and then use the 5-approximate rounding algorithm of
Kalhan, Makarychev, and Zhou [26] to round x into an integral clustering C. Crucially, the
algorithm of [26] guarantees a per-vertex 5-approximation, meaning that costC(u) is at most
5 times the fractional number of edges in disagreement incident to u, for every u ∈ V . This
strong property is used to obtain the final simultaneous O(1)-approximation in [21].

In light of the growing networks, it is imperative to develop efficient parallel algorithms.
This urgency is particularly pronounced in machine learning and data mining applications,
where timely and efficient processing is essential for extracting meaningful insights from
vast datasets. Many works in the literature aim to design efficient parallel algorithms
[5, 16, 28, 23, 6, 17, 3, 7, 9]. The MPC model, as a theoretical abstraction of several real-
world parallel models such as MapReduce [22], is a prevalent methodology employed in these
works.

1 This means f satisfies f(αx) = αf(x) for every real α ≥ 0 and x ∈ Rn
≥0, and f(x + y) ≤ f(x) + f(y) for

every x, y ∈ Rn
≥0
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1.1 Our results
In this paper, we revisit and generalize the simultaneous approximation model for the
correlation clustering that was introduced by [21]. Instead of considering only ℓp norms, we
consider all monotone symmetric norms. We say a norm f : Rn

≥0 → R≥0 is monotone if for
every x, y ∈ Rn

≥0 with x ≤ y, we have f(x) ≤ f(y). We say f is symmetric if f(x) = f(x′) for
every x, x′ ∈ Rn

≥0 such that x′ is a permutation of x. Such norms were considered in [11] in
the context of load balancing and clustering. Our first result is that there exists simultaneous
O(1)-approximation for all monotone symmetric norms for correlation clustering and it can
be constructed in polynomial time.

▶ Definition 1. Given a correlation clustering instance G = (V, E) and α ≥ 1, we say a
clustering C over V is simultaneously α-approximate, or a simultaneous α-approximation, for
a family F of norms, if we have f(costC) ≤ α · f(costOPTf

) for every f ∈ F , where OPTf is
the optimum clustering for G under norm f .

▶ Theorem 2. Given a correlation clustering instance G = (V, E), in polynomial time we can
construct a simultaneous 63.3-approximate clustering C for the family of monotone symmetric
norms.

Next, we are concerned with the running time of the algorithm and its implementation
under the MPC model. To state the result, we need a formal description of the MPC model.

The MPC model. In the MPC model, data is distributed across a set of machines, and
computation proceeds in synchronous rounds. During each round, each machine first receives
messages from other machines, then performs computations based on this information and
its own allocated memory, and finally sends messages to other machines to be received at
the start of the next round. Each machine has limited local memory, restricting the total
number of messages it can receive or send in a round. The efficiency of the algorithm is
measured by the number of rounds, the memory used by each machine, the total memory
used by all machines, and the running time over all machines, also known as the total work.

In this paper, we consider the MPC model in the strictly sublinear regime: Each machine
has O(nδ) local memory, where n is the input size and δ > 0 is a constant that can be made
arbitrarily small. Under this model, we assume the input received by each machine has size
O(nδ).

We then describe the correlation clustering problem under the MPC model in the strictly
sublinear regime. We use n = |V | and m = |E| to denote the number of vertices and edges
respectively in the input graph G = (V, E). The edges E are distributed across the machines,
where each machine has O(nδ) memory for a constant δ > 0 which can be made arbitrarily
small. At the end of the algorithm, each machine needs to store in its local memory the IDs
of the clusters for all the vertices incident to its assigned edges.

Our main result regarding MPC algorithm is given as follows,

▶ Theorem 3. Let ϵ ∈ (0, 1). There exists a randomized MPC algorithm in the strictly
sublinear regime that, given a correlation clustering instance G = (V, E), in O(log3 n) rounds
outputs a simultaneous (63.3 + O(ϵ)) clustering for G for all monotone symmetric norms.
This algorithm succeeds with high probability. It uses Õ(m/ϵ6) total memory and Õ(m/ϵ6)
total work.2

2 As usual, we use Õ(·) to hide a poly-logarithmic factor in the input size.

ICALP 2025
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In particular, the algorithm can be converted into a nearly linear time algorithm that
with high probability outputs a (63.3 + O(ϵ))-simultaneous approximation for all monotone
symmetric norms.

Along the way, we develop an MPC rounding algorithm with a per-vertex (5 + 55ϵ)
approximation guarantee, based on the sequential algorithm due to [26]. Given its potential
independent interest, we state it here for future references.

▶ Theorem 4. Let ϵ ∈ (0, 1) be a constant. Given a graph G = (V, E) and a set of LP values
(xuv)u,v∈V satisfying the approximate triangle inequality, that is, for any u, v, w ∈ V , we have
xuv + xuw + ϵ ≥ xvw. Let yu =

∑
uv∈E xuv +

∑
uv∈(V

2 )\E(1− xuv) be the LP disagreement
for node u. There exists an MPC algorithm that computes a clustering C such that for any
node u, we have

costC(u) ≤ (5 + 55ϵ)yu.

This algorithm always succeeds but terminates in O(log3 n/ϵ) rounds with high probability
and requires O(nδ) memory per machine. Moreover, let K = E ∪ {uv ∈

(
V
2
)
\ E | xuv < 1}

be the set of +edges and −edges whose LP value is less than 1. The algorithm uses a total
memory of O(|K| log n) and a total work of O(|K| log3 n/ϵ).

The O(log3 n) round in the above theorem might not be desirable for many applications.
Our next result shows that we can reduce the number of rounds to O(1), albeit with a worse
O(1) approximation ratio:

▶ Theorem 5. Let ϵ ∈ (0, 1) be a constant. There exists a randomized MPC algorithm in
the strictly sublinear regime that, given a correlation clustering instance G = (V, E), in O(1)
rounds outputs a clustering that is simultaneously a (359+ϵ)-approximation, for all monotone
symmetric norms. This algorithm succeeds with high probability, and uses a total memory of
Õ(m/ϵ2) and a total work of Õ(m/ϵ2).

Overall, relative to [21], our algorithms demonstrate the following improvements.
1. We generalize the family of norms for the simultaneous approximation from ℓp norms to

all monotone symmetric norms.
2. We obtain a simpler construction, which leads to a much smaller approximation ratio.

Using a result from [11], to simultaneously approximate all monotone symmetric norms,
it suffices to approximate all top-k norms: the top-k norm of a non-negative vector is the
sum of its largest k coordinates. Though being more general mathematically, the top-k
norms are more convenient to deal with compared to ℓp norms.

3. We can make our algorithm run in nearly linear time. This is the first nearly-linear time
simultaneous O(1)-approximation algorithm for the problem, even when we restrict to ℓp

norms. In contrast, the algorithm of [21] runs in nearly linear time only when the graph
G has O(1) maximum degree.

4. We can make our algorithm run in the MPC model with O(1) rounds. Our work is the
first to consider the problem in the MPC model.

1.2 Overview of Techniques

We then discuss our techniques for each of our main results.
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Polynomial Time Construction of Simultaneous O(1)-Approximation for All Symmetric
Norms. By [11], we can reduce the problem of approximating all monotone symmetric
norms to approximating all top-k norms. We then construct a fractional solution x, which is
a metric over V with range [0, 1], such that the fractional disagreement vector for x has top-k
norm at most 12.66 · optk for any k ∈ [n], where optk is the cost of the optimum clustering
under the top-k norm. Then, we can use the 5-approximate rounding algorithm of KMZ
[26], to obtain a simultaneous 63.3-approximation for all top-k norms. The KMZ rounding
algorithm has two crucial properties that we need: it does not depend on k and it achieves a
per-vertex guarantee.

We elaborate more on how to construct the metric x :
(

V
2
)
→ [0, 1]. A natural idea

to assign the LP values, that was used by [21], is to set xuv based on the intersection of
the neighborhood between u and v. Intuitively, the more common neighbors two nodes
share, the closer they should be. A straightforward approach to implementing this idea is
to set xuv = 1 − |N(u)∩N(v)|

max(d(u),d(v)) , where N(u) denotes the neighboring nodes of u in G and
d(u) = |N(u)| denotes the degree of u; it is convenient to assume u ∈ N(u). This approach
works for the top-1 norm (i.e., the ℓ∞ norm) as discussed in [20], but fails for the top-n
norm (i.e., the ℓ1 norm). Consider a star graph, where the optimal clustering under the
top-n norm has a cost of n− 2. This approach will assign xuv = 1− 1

2 = 1/2 for all −edges,
leading to an LP cost of Θ(n2) and a gap of Ω(n). [21] addressed the issue by rounding up
LP values to 1 for −edge, if for a given node, its total −edges LP disagreement is larger
than the number of its +edges. After the transformation, the triangle inequalities are only
satisfied approximately, but this can be handled with O(1) loss in the approximation ratio.

We address this issue using a different approach, that is inspired by the pre-clustering
technique in [17]. We first preprocess the graph G by removing edges uv ∈ E for which
|N(u) ∩ N(v)| is small compared to max{d(u), d(v)}. Let the resulting graph be H. We
then set our LP values as xuv = 1 − |NH (u)∩NH (v)|

max{d(u),d(v)} if u ≠ v, where NH(u) is the set of
neighbors of u in H. We show that this solution is a 12.66-approximation for all top-k norms
simultaneously. When compared to [21], in addition to the improved approximation ratio,
we obtain a considerably simpler analysis.

Implementation of Algorithm in Nearly-Linear Time and in MPC Model. We then proceed
to discuss our techniques to improve the running time of the algorithm to nearly-linear. The
algorithm contains two parts: the construction of the fractional solution x and the rounding
procedure. We discuss the two procedures separately.

Constructing x in nearly linear time poses several challenges. First, the construction of
the subgraph H requires us to identify edges uv ∈ E with small |N(u) ∩N(v)|. Second, we
can not explicitly assign x values to all −edges. Finally, to compute xuv, we need to compute
|NH(u) ∩NH(v)|.

The first and third challenges can be addressed through sampling, with an O(log n) factor
loss in the running time. To avoid considering too many −edges, we only consider −edges
with length at most 1 − ϵ. Consequently, we only need to consider −edges whose other
endpoints share at least an ϵ fraction of neighbors with u. Given that each neighbor of u in
H has degree similar to u, we demonstrate that there will be at most O(d(u)/ϵ) −edges to
consider for each node u. Overall, there will be Õ(m · poly(1/ϵ)) −edges for which we need
to explicitly assign x values. Moreover, the nearly-linear time algorithm for the construction
of x can be naturally implemented in the MPC model, with O(1) number of rounds.

Then we proceed to the rounding algorithm for x. We are explicitly given the x values
for +edges, and for nearly-linear number of −edges. For other −edges, their x values are 1.

ICALP 2025
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The KMZ algorithm works as follows: in each round, the algorithm selects a node u as the
cluster center and then includes a ball with some radius, meaning the algorithm includes all
nodes v such that xuv ≤ radius into the cluster, removes the clustered nodes, and repeats
the process on the remaining nodes. The rounding algorithm can be easily implemented
in nearly-linear time using a priority queue structure. This leads to a nearly-linear time
simultaneous O(1)-approximation for correlation clustering for all monotone symmetric
norms.

The challenge to implement the algorithm in MPC model is the sequential nature of
the algorithm. [26] observes that in each round, if we select the nodes that maximize
L(u) =

∑
xuv≤r(r − xuv) as cluster center, we can effectively bound each node’s algorithmic

cost, where r is the final ratio. However, choosing a node that maximizes some target
inherently makes the process sequential. Our key observation is that, instead of selecting the
node that maximizes L(u), we can allow some approximation. This strategy still permits
achieving a reasonable approximate ratio with an additional 1+ ϵ overhead while allowing the
selection of multiple nodes as cluster centers, thereby parallelizing the rounding process. In
each round, there might be several candidate cluster centers with conflicts. To resolve these
conflicts, we employ the classical Luby’s algorithm [27, 16] to find a maximal independent
set, ensuring that none of the cluster centers have conflicts.

Organization. We give some preliminary remarks in Section 2. In Section 3, we describe
our simultaneous O(1)-approximation algorithm for correlation clustering for all top-k norms.
The reduction from any monotone symmetric norm to top-k norms is deferred to Appendix A.
Combining the results leads to a simultaneous O(1)-approximation algorithm for all monotone
symmetric norms. Then in Appendix B and C, we show how we can run the algorithm in the
MPC model with nearly linear work. In particular, Appendix B and C discuss how to solve
the LP and round the LP solution in the MPC model, respectively. The constant round
MPC algorithm is described in Appendix D. Theorem 2, 3, 4 and 5 are proved in Section 3,
Appendix C, C and D respectively.

2 Preliminaries

The input to correlation clustering is a complete graph whose edges are partitioned into
+edges and −edges. We shall use the graph G = (V, E) of +edges to denote an instance. Let
n = |V | and m = |E|. For simplicity, we assume E contains all the n self-loops uu, u ∈ V .
So, E is the set of +edges, and

(
V
2
)
\ E is the set of −edges. The graph G is fixed in most

part of the paper.
For any graph H = (VH , EH), and any vertex v ∈ VH , let NH(u) = {v ∈ VH | uv ∈ EH}.

For any vertex u ∈ VH and any subset S ⊆ VH , we define dH(u, S) =
∑

v∈S 1(uv ∈ EH) as
the number of edges between u and S. We simply use dH(u) for dH(u, VH). When the graph
H is the input graph G, we omit the subscript. So we use N(u) for NG(u) and d(u) for
dG(u). Notice that u ∈ N(u) and d(u) = |N(u)| ≥ 1 for every u ∈ U . For the input graph
G = (V, E) and any two vertex u, v ∈ V , we define Muv = max{d(u), d(v)} as the maximum
degree of u and v for simplicity, as this notion will be frequently used. For any two sets X

and Y , we denote their symmetric difference by X∆Y . Algorithms are parameterized by
constants β(0 < β < 1), λ(0 < λ < 1) that will be determined later.

A norm on n-dimensional non-negative vectors is a function f : Rn
≥0 → R≥0 satisfying

f(αx) = αf(x) for every real α ≥ 0 and x ∈ Rn
≥0, and f(x + y) ≤ f(x) + f(y) for every

x, y ∈ Rn
≥0. We say a norm f : Rn

≥0 → R≥0 is monotone if for every x, y ∈ Rn
≥0 with x ≤ y,
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we have f(x) ≤ f(y). We say f is symmetric if f(x) = f(x′) for every x, x′ ∈ Rn
≥0 such that

x′ is a permutation of x. We say f is the top-k norm for an integer k ∈ [n] if f(x) is equal
to the sum of the k largest coordinates of x. Chakrabarty and Swamy [11] showed that any
monotone and symmetric norm can be written as the maximum of many ordered norms.
This leads to the following lemma which reduces the monotone-symmetric norms to top-k
norms. For completeness, we defer its proof to Appendix A.

▶ Lemma 6. For any integer k ∈ [n], if an algorithm returns a single clustering CALG
that is simultaneously a ρ-approximation for all top-k norm objectives, then CALG is a
ρ-approximation for any monotone and symmetric norm f : Rn

≥0 → R+.

For a fixed clustering C, we already defined the disagreement vector of C as costC ∈
Zn

≥0, with costC(u) for every u ∈ V being the number of edges incident to u that are in
disagreement w.r.t C. Given an integer k, and a clustering C, we denote the top-k value
by costk

C = maxT ⊆V,|T |=k

∑
u∈T costC(u). Similarly, for any fractional vector (xuv)u,v∈V , we

denote costx(u) =
∑

uv∈E xuv +
∑

uv∈(V
2 )\E(1− xuv) as the disagreement for u with respect

to x. The top-k value of x is defined as costk
x = maxT ⊆V,|T |=k

∑
u∈T costx(u).

We will use the following theorem from [26]:

▶ Theorem 7. Let G = (V, E) be a correlation clustering instance, and x ∈ [0, 1](
V
2 ) be a

metric over V with range [0, 1]. There is a polynomial time algorithm that, given G and x,
outputs a clustering C of V such that costC(u) ≤ 5 · costx(u) for every u ∈ V .

We will use the following well-known concentration inequalities.

▶ Theorem 8 (Chernoff Bound). Let X1, X2, ..., Xk be independent random variables taking
values in {0, 1}. Let X =

∑
i Xi be the sum of these k random variables. Then the following

inequalities hold:
(a) For any ϵ ∈ (0, 1), if E[X] ≤ U , then Pr[X ≥ (1 + ϵ)U ] ≤ exp(−ϵ2U/3).
(b) For any ϵ ∈ (0, 1), if E[X] ≥ U , then Pr[X ≤ (1− ϵ)U ] ≤ exp(−ϵ2U/2).

3 Simultaneous O(1)-Approximation for Top-k Norms

In this section, we describe our simultaneous 63.3-approximation for correlation clustering
for all top-k norms. The algorithm described in this section runs in polynomial time. It
first constructs an LP solution to the top-k linear program using a combinatorial procedure.
Crucially, the construction does not depend on the value of k. We show that the solution has
cost 12.66 times the optimum cost under the top-k norm, for any integer k ≥ 1. Then we
use the rounding algorithm of [26] to round the LP solution to an integral one. As it gives a
vertex-by-vertex 5-approximation guarantee, this leads to a 63.3-approximation for the top-k
norm for any k.

The LP for minimizing the top-k norm of the clustering is given in LP (1).

min costk
x (1a)

s.t. xuv + xuw ≥ xvw, ∀u, v, w ∈ V, (1b)
xuv ∈ [0, 1], ∀u, v ∈ V, (1c)
xuu = 0, ∀u ∈ V. (1d)

In the correspondent integer program, xuv for every u, v ∈ V indicates if uv is separated
or not. We view uv as an unordered pair and thus xuv and xvu are the same variable. So

ICALP 2025
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Algorithm 1 Construction of norm-oblivious solution x to metric LP.

Input: Graph G = (V, E)
Output: (xuv)u,v∈V

1: function AllNormCC(G = (V, E))
2: let EH = {uv ∈ E : |N(u)∆N(v)| ≤ β ·Muv} and H = (V, EH)
3: let xuv ← 1− |NH (u)∩NH (v)|

max(d(u),d(v)) for every uv ∈
(

V
2
)

and xuu = 0 for every u ∈ V

4: end function

(xuv)u,v∈V is a metric with distances in {0, 1}, which is relaxed to [0, 1] in the linear program.
This is captured by constraints (1b), (1c) and (1d). Notice that costx(u) for any u ∈ V is a
linear function of the x variables. The top-k norm of the fractional clustering is defined by
costk

x = maxS⊆V :|S|=k

∑
u∈S costx(u). This could be captured by introducing a variable z

and constraints z ≥
∑

u∈S costx(u) for any S ⊆ V of size k, and setting z to be the objective
to minimize. For simplicity, we use the form as described. Despite having an exponential
number of constraints, the LP can be solved efficiently as there is a simple separation oracle.
Moreover, we use a combinatorial algorithm to construct a solution x, and thus the algorithm
does not solve the LP.

3.1 Algorithm
The algorithm for constructing the LP solution x is given in Algorithm 1. It depends on the
parameter β ∈ (0, 1), whose value will be specified later. During the process, we construct
a subgraph H by removing any edge uv ∈ E where u and v have significantly different
neighbors. We then set xuv as 1 − |NH (u)∩NH (v)|

Muv
if u ̸= v and xuv = 0 otherwise. Recall

that Muv = max{d(u), d(v)} is the maximum degree for any nodes u and v in graph G.
Intuitively, we treat +edges as indicators of whether two nodes belong to the same cluster.
The first step is to remove edges that should not be in the same cluster. The second step
ensures that the more common neighbors two nodes have, the closer their distance should be.

In the remaining part of this section, we will show

▶ Lemma 9. Let k be any integer in [n]. Algorithm 1 outputs a feasible solution (xuv)u,v∈V

for (1) such that for any k, we have

costk
x ≤ 12.66 · optk,

where optk is the cost of the optimum solution under the top-k norm.

Proof of Theorem 2. Once we obtain Lemma 9, [26] provides a rounding algorithm for any
feasible solution. Assume the final clustering is CKMZ. [26] ensures that for any node u,
we have costCKMZ(u) ≤ 5costx(u), meaning the disagreement for CKMZ is at most 5 times
the disagreement in the LP solution. We can apply the KMZ rounding algorithm to xuv as
output by Lemma 9. For any integer k ∈ [n], let U ′ be the set of k vertices with the largest
disagreement values with respect to CKMZ. Then we have:

costk
CKMZ

≤ 5 ·
∑

u∈U ′

costx(u) ≤ 5 · costk
x ≤ 5 · 12.66 · optk = 63.3 · optk.

By Lemma 6, we know that CKMZ is a simultaneous 63.3-approximate clustering for all
monotone symmetric norms. ◀

We will first show that our x is feasible in Section 3.2, then we will bound the approximate
ratio in Section 3.3.
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3.2 The validity of x to LP (1)

To show that x is a valid solution to LP (1), it suffices to prove that it is a metric over V

with range [0, 1]. Moreover, (1c) and (1d) hold trivially. Therefore, it remains to show that
the triangle inequality (i.e., constraint (1b)) is satisfied:

▶ Lemma 10. For any u, v, w ∈ V , we have xuv + xuw ≥ xvw.

Proof. We can assume u, v, w are distinct since otherwise the inequality holds trivially. We
assume that d(v) ≥ d(w) wlog.

xuv + xuw − xvw

=
(

1− |NH(u) ∩NH(v)|
Muv

)
+

(
1− |NH(u) ∩NH(w)|

Muw

)
−

(
1− |NH(v) ∩NH(w)|

d(v)

)
= 1 + |NH(v) ∩NH(w)|

d(v) − |NH(u) ∩NH(v)|
Muv

− |NH(u) ∩NH(w)|
Muw

≥ 1 + |NH(v) ∩NH(w)|
Muv

− |NH(u) ∩NH(v)|
Muv

− |NH(u) ∩NH(w)|
Muw

≥ 1− |NH(u) \NH(w)|
Muv

− |NH(u) ∩NH(w)|
Muw

≥ 1− |NH(u) \NH(w)|+ |NH(u) ∩NH(w)|
d(u) = 1− |NH(u)|

d(u) ≥ 0.

The first inequality used that d(v) ≤Muv, the second one follows from |NH(u) ∩NH(v)| −
|NH(v)∩NH(w)| ≤ |(NH(u)∩NH(v))\ (NH(v)∩NH(w))| = |(NH(v)∩ (NH(u)\NH(w))| ≤
|NH(u) \NH(w)|, and the third one used d(u) ≤Muv and d(u) ≤Muw. ◀

3.3 Bounding the Top-k Norm Cost of x

In this section, we compare the top-k norm cost of x to optk.

Notations. We fix the integer k ∈ [n]. Let C be the clustering that minimizes the top-k
norm of disagreement vector, but our analysis works for any clustering. For every v ∈ V , let
C(v) be the cluster in C that contains v.

For every u ∈ V , let cost+
C (u), cost−

C (u) and costC(u) respectively be the number of
+edges, −edges and edges incident to u that are in disagreement in the clustering C. Recall
costk

C = maxS⊆V :|S|=k

∑
u∈S costC(u) is the top-k norm cost of the clustering C, thus we

have optk = costk
C .

Let U be the set of k vertices u with the largest costx(u) values. So, costk
x =∑

u∈U costx(u). In order to provide a clear demonstration, we divide all of the edges
in G into five parts. First, we separate out the parts that are easily constrained by costk

C.
Let φ+

1 be the set of +edges that are cut in C, and φ−
1 be the set of −edges that are not

cut in C. For the remaining +edges in E that are not cut in C, it is necessary to utilize the
properties of +edges in EH . To this end, let φ+

2 be the set of +edges in E \EH that are not
cut in C, and φ+

3 be the set of +edges in EH that are not cut in C. Finally, we define φ−
2 as

ICALP 2025
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the set of −edges that are cut in C. Formally, we set

φ+
1 := {uv | uv ∈ E, C(u) ̸= C(v)}, φ+

2 := {uv | uv ∈ E \ EH , C(u) = C(v)},

φ+
3 := {uv | uv ∈ EH , C(u) = C(v)}, φ−

1 := {uv | uv ∈
(

V

2

)
\ E, C(u) = C(v)},

and φ−
2 := {uv | uv ∈

(
V

2

)
\ E, C(u) ̸= C(v)}.

For every (i, j) ∈ {(1, +), (2, +), (3, +), (1,−), (2,−)} and u ∈ V , we let φj
i (u) be the set

of pairs in φj
i incident to u. Notice that φ+

3 contains all the self-loops. We use ϕj
i (u) =

{v : uv ∈ φj
i (u)} to denote the end-vertices of the edges in φj

i (u) other than u; so |ϕj
i (u)| =

|φj
i (u)|. We let yj

i (u) denote the cost of edges in φj
i (u) in the solution x. For every

(i, j) ∈ {(1, +), (2, +), (3, +), (1,−), (2,−)}, we define f j
i =

∑
u∈U yj

i (u). Therefore, the top-k
norm cost of x is f+

1 + f+
2 + f+

3 + f−
1 + f−

2 .

With the notations defined, we can proceed to the analysis. Prior to this, several
propositions are presented, which will prove useful in the following analysis. We start with
the property of edges in E \ EH .

▶ Lemma 11. For every uv ∈ φ+
2 , we have costC(u) + costC(v) ≥ β ·Muv.

Proof. Since C(u) = C(v), there are at least |N(u)∆N(v)| disagreements incident to u and
v. For every uv ∈ φ+

2 , we have costC(u) + costC(v) ≥ |N(u)∆N(v)| ≥ β ·Muv. ◀

Then, we show that edges in EH have similar degrees.

▶ Lemma 12. For every uv ∈ EH , we have (1− β) · d(v) ≤ d(u) ≤ 1
1−β · d(v).

Proof. For every uv ∈ EH , we have |N(u)∆N(v)| ≤ β ·Muv. Therefore,

min{d(u), d(v)} ≥ |N(u) ∩N(v)| = |N(u) ∪N(v)| − |N(u)∆N(v)|
≥ (1− β) ·max{d(u), d(v)},

which gives us (1− β) · d(v) ≤ d(u) ≤ 1
1−β · d(v) since β ∈ (0, 1). ◀

As we are about to analyze the top-k norm objective, we can bound the cost in the
solution x using coefficients of costC . This key observation can be formally demonstrated as
follows:

▷ Claim 13. Let c ∈ Rn
≥0 be a vector and α > 0 satisfying that |c|∞ ≤ α and |c|1 ≤ αk.

Then we have∑
r∈V

c(r) · costC(r) ≤ α · costk
C .

Proof. We have |c/α|1 ≤ k and |c/α|∞ ≤ 1. It is well known that c/α is a convex combination
of {0, 1}-vectors, each of which has at most k 1’s. For each {0, 1}-vector d in the combination,
we have

∑
r∈V d(r)costC(r) ≤ costk

C. Taking the convex combination of these inequalities
gives

∑
r∈V

c(r)
α · costC(r) ≤ costk

C , which is equivalent to the inequality in the claim. ◁

From the definitions of f+
1 and f−

1 , we can see that it can be constrained by costk
C .

▷ Claim 14. f+
1 + f−

1 ≤ costk
C .
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Proof.

f+
1 + f−

1 =
∑
u∈U

(y+
1 (u) + y−

1 (u)) =
∑

u∈U,uv∈φ+
1 ∪φ−

1

xuv

≤
∑
u∈U

(|φ+
1 (u)|+ |φ−

1 (u)|) ≤
∑
u∈U

costC(u) ≤ costk
C . ◁

To bound the cost of the remaining +edges, we separately analyze the cost coefficients of
vertices in f+

2 and f+
3 .

▶ Lemma 15. There exists a vector c+
2 ∈ Rn

≥0 with the following properties:
(a) f+

2 ≤
∑

r∈V c+
2 (r) · costC(r).

(b) c+
2 (r) ≤ 2

β ·
|φ+

2 (r)|
d(r) , for every r ∈ V .

(c) |c+
2 |1 ≤ 2

β

∑
u∈U

|φ+
2 (u)|
d(u) .

Proof. We bound f+
2 as follows:

f+
2 ≤

∑
u∈U,uv∈φ+

2

1 ≤
∑

u∈U,uv∈φ+
2

costC(u) + costC(v)
β ·Muv

=:
∑
r∈V

c+
2 (r) · costC(r).

The second inequality used Lemma 11. Therefore, Lemma 15(a) holds.
To show Lemma 15(b), we bound the coefficients for costC(u) and costC(v) respectively.

If u ∈ U , the coefficient for costC(u) is
∑

uv∈φ+
2

1
β·Muv

≤ |φ+
2 (u)|

β·d(u) ; if u /∈ U , the coefficient is 0.

The coefficient for costC(v) is
∑

u∈U∩ϕ+
2 (v)

1
β·Muv

≤ |φ+
2 (v)|

β·d(v) . Therefore, c+
2 (r) ≤ 2·|φ+

2 (r)|
β·d(r) .

To bound |c+
2 |1, we can replace costC(u) and costC(v) with 1.

Then |c+
2 |1 =

∑
u∈U,uv∈φ+

2

2
β·Muv

≤ 2
β

∑
u∈U

|φ+
2 (u)|
d(u) . This proves Lemma 15(c). ◀

Following the analysis of the cost coefficients c+
2 of f+

2 , we analyze the cost coefficients of
f+

3 in edge set EH .

▶ Lemma 16. There exists a vector c+
3 ∈ Rn

≥0 with the following properties:
(a) f+

3 ≤
∑

r∈V c+
3 (r) · costC(r).

(b) c+
3 (r) ≤ 2

(
|φ+

2 (r)|·|φ+
3 (r)|

β·d2(r) + |φ+
2 (r)|

β·d(r) + |φ+
3 (r)|
d(r)

)
, for every r ∈ V .

(c) |c+
3 |1 ≤ 2

∑
u∈U

(
|φ+

2 (u)|·|φ+
3 (u)|

β·d2(u) + |φ+
3 (u)|

β·d(u) + |φ+
3 (u)|
d(u)

)
.

Proof. Fix some uv ∈ φ+
3 ⊆ EH with u ̸= v. We let ũ = arg maxw∈{u,v} d(w), and ṽ be the

other vertex in {u, v}. Notice that d(ũ) = Muv. Then we have

xuv = 1− |NH(u) ∩NH(v)|
d(ũ) (2)

= d(ũ)− |NH(u) ∩NH(v)|
d(ũ) = |φ

+
1 (ũ)|+ |φ+

2 (ũ)|+ |φ+
3 (ũ)| − |NH(ũ) ∩NH(ṽ)|

d(ũ)

≤
cost+

C (ũ) + |φ+
2 (ũ)|+ |φ+

2 (ṽ)|+ cost−
C (ṽ)

d(ũ) ≤ |φ
+
2 (u)|+ |φ+

2 (v)|+ costC(u) + costC(v)
Muv

.

(3)

We prove the first inequality in sequence (3). Notice NH(ũ) ⊇ ϕ+
3 (ũ). Therefore,

|φ+
3 (ũ)| − |NH(ũ) ∩NH(ṽ)| ≤ |ϕ+

3 (ũ)| − |ϕ+
3 (ũ) ∩NH(ṽ)|

= |ϕ+
3 (ũ) \NH(ṽ)| ≤ |ϕ+

2 (ṽ) ∪ ϕ−
1 (ṽ)|

= |φ+
2 (ṽ) ∪ φ−

1 (ṽ)| ≤ |φ+
2 (ṽ)|+ cost−

C (ṽ).
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Above, we used that ϕ+
3 (ũ) \NH(ṽ) ⊆ C(ũ) \NH(ṽ) = C(ṽ) \NH(ṽ) ⊆ ϕ+

2 (ṽ) ∪ ϕ−
1 (ṽ). Also

(3) holds trivially when u = v; this holds for every uv ∈ φ+
3 .

Therefore,

f+
3 =

∑
u∈U

y+
3 (u) ≤

∑
u∈U,uv∈φ+

3

|φ+
2 (u)|+ |φ+

2 (v)|+ costC(u) + costC(v)
Muv

≤
∑

u∈U,uv∈φ+
3 ,uw∈φ+

2

1
Muv

+
∑

u∈U,uv∈φ+
3 ,vw∈φ+

2

1
Muv

+
∑

u∈U,uv∈φ+
3

costC(u) + costC(v)
Muv

≤
∑

u∈U,uv∈φ+
3 ,uw∈φ+

2

costC(u) + costC(w)
β ·MuvMuw

+
∑

u∈U,uv∈φ+
3 ,vw∈φ+

2

costC(v) + costC(w)
β ·MuvMvw

+
∑

u∈U,uv∈φ+
3

costC(u) + costC(v)
Muv

=:
∑
r∈V

c+
3 (r) · costC(r).

Again, we used Lemma 11 twice to prove the last inequality. Therefore, Lemma 16(a) holds.
To prove Lemma 16(b), we consider the coefficients for costC(u), costC(v) and costC(w)

respectively. For a u ∈ U , the coefficient for costC(u) is∑
uv∈φ+

3 ,uw∈φ+
2

1
β ·MuvMuw

+
∑

uv∈φ+
3

1
Muv

≤ |φ
+
3 (u)| · |φ+

2 (u)|
βd2(u) + |φ

+
3 (u)|
d(u) .

The coefficient for costC(v) is∑
u∈U∩ϕ+

3 (v),vw∈φ+
2

1
β ·MuvMvw

+
∑

u∈U∩ϕ+
3 (v)

1
Muv

≤ |φ
+
3 (v)| · |φ+

2 (v)|
βd2(v) + |φ

+
3 (v)|
d(v) .

The coefficient for costC(w) is at most∑
u∈U∩ϕ+

2 (w),uv∈φ+
3

1
β ·MuvMuw

+
∑

vw∈φ+
2 ,u∈U∩ϕ+

3 (v)

1
β ·MuvMvw

≤
∑

u∈U∩ϕ+
2 (w)

d(u)
β · d(u)Muw

+
∑

vw∈φ+
2

d(v)
β · d(v)Mvw

=
∑

u∈U∩ϕ+
2 (w)

1
β ·Muw

+
∑

vw∈φ+
2

1
β ·Mvw

≤ |φ
+
2 (w)|

β · d(w) + |φ
+
2 (w)|

β · d(w) = 2 · |φ+
2 (w)|

β · d(w) .

Therefore, for every r ∈ V , we have c+
3 (r) ≤ 2

(
|φ+

2 (r)|·|φ+
3 (r)|

β·d2(r) + |φ+
2 (r)|

β·d(r) + |φ+
3 (r)|
d(r)

)
.

We then bound |c+
3 |1 as follows:

|c+
3 |1 =

∑
u∈U,uv∈φ+

3 ,uw∈φ+
2

2
β ·MuvMuw

+
∑

u∈U,uv∈φ+
3 ,vw∈φ+

2

2
β ·MuvMvw

+
∑

u∈U,uv∈φ+
3

2
Muv

≤
∑
u∈U

(
2 · |φ+

2 (u)| · |φ+
3 (u)|

β · d(u) · d(u) + 2 · |φ+
3 (u)|

β · d(u) + 2 · |φ+
3 (u)|

d(u)

)

= 2
∑
u∈U

(
|φ+

2 (u)| · |φ+
3 (u)|

β · d2(u) + |φ
+
3 (u)|

β · d(u) + |φ
+
3 (u)|
d(u)

)
.

This finishes the proof of Lemma 16(c) and thus Lemma 16. ◀
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With Lemma 15 and Lemma 16, we can then bound f+
2 + f+

3 :

▶ Lemma 17. f+
2 + f+

3 ≤ 4
β · costk

C.

Proof. We define c(r) = c+
2 (r) + c+

3 (r) for every r ∈ V . Then,

c(r) ≤ 2 · |φ+
2 (r)|

β · d(r) + 2
(
|φ+

2 (r)| · |φ+
3 (r)|

β · d2(r) + |φ
+
2 (r)|

β · d(r) + |φ
+
3 (r)|
d(r)

)
= 2

(
|φ+

2 (r)| · |φ+
3 (r)|

β · d2(r) + |φ
+
3 (r)|
d(r) + 2 · |φ+

2 (r)|
β · d(r)

)
≤ 2

(
|φ+

3 (r)|
β · d(r) + |φ

+
3 (r)|

β · d(r) + 2 · |φ+
2 (r)|

β · d(r)

)
≤ 4

β
,

where the first inequality holds because Lemma 15(b) and Lemma 16(b), the second inequality
holds because |φ+

2 (r)| ≤ d(r) and β < 1, the last inequality holds because |φ+
2 (r)|+ |φ+

3 (r)| ≤
d(r).

Similarly, we have

|c|1 ≤
2
β

∑
u∈U

|φ+
2 (u)|
d(u) + 2

∑
u∈U

(
|φ+

2 (u)| · |φ+
3 (u)|

β · d2(u) + |φ
+
3 (u)|

β · d(u) + |φ
+
3 (u)|
d(u)

)

= 2
∑
u∈U

(
|φ+

2 (u)| · |φ+
3 (u)|

β · d2(u) + |φ
+
3 (u)|

β · d(u) + |φ
+
3 (u)|
d(u) + |φ

+
2 (u)|

β · d(u)

)

≤ 2
∑
u∈U

(
|φ+

2 (u)|
β · d(u) + |φ

+
3 (u)|

β · d(u) + |φ
+
3 (u)|

β · d(u) + |φ
+
2 (u)|

β · d(u)

)
≤ 4

β
· k,

where the first inequality holds because Lemma 15(c) and Lemma 16(c), the second inequality
holds because β < 1 and for any u ∈ U there is |φ+

3 (u)| ≤ d(u), the last inequality holds
because for any u ∈ U there is |φ+

2 (u)|+ |φ+
3 (u)| ≤ d(u).

The lemma follows from Claim 13. ◀

For the cost of the remaining −edges, i.e. f−
2 , we also analyze the cost coefficients of

each vertex.

▶ Lemma 18. There exists a vector c−
2 ∈ Rn

≥0 with the following properties:
(a) f−

2 ≤
∑

r∈V c−
2 (r) · costC(r).

(b) c−
2 (r) ≤ 2

1−β , for every r ∈ V .
(c) |c−

2 |1 ≤ 2k
1−β .

Proof. We have

f−
2 =

∑
u∈U,uv∈φ−

2

(1− xuv) =
∑

u∈U,uv∈φ−
2

|NH(u) ∩NH(v)|
Muv

≤
∑

u∈U,uv∈φ−
2

w∈NH (u)∩NH (v)

1
Muv

.

ICALP 2025



40:14 Approximating All Norms for Correlation Clustering

Given that uv ∈ φ−
2 indicates that C(u) ̸= C(v), we distinguish between two cases:

C(w) = C(u) and C(w) ̸= C(u). For simplicity, in the summations below, we automatically
impose the constraints u ∈ U, uv ∈ φ−

2 and uw, vw ∈ EH when the vertices involved in
constraints are defined. Notice that we have d(v) ≥ (1− β)d(w) from Lemma 12.∑

u,v,w:C(w)=C(u)

1
Muv

≤
∑

u,w:C(w)=C(u)

cost+
C (w)

max(d(u), (1− β)d(w)) . (4)

∑
u,v,w:C(w)̸=C(u)

1
Muv

≤
∑

u,w:C(w) ̸=C(u)

d(w)
d(u) ≤

∑
u,w:C(w) ̸=C(u)

1
1− β

≤
∑

u

cost+
C (u)

1− β
. (5)

Adding (4) and (5), and using that cost+
C (u) ≤ costC(u) for every u ∈ V , we get

f−
2 ≤

∑
u∈U,w∈NH (u):C(w)=C(u)

costC(w)
max(d(u), (1− β)d(w)) +

∑
u∈U

costC(u)
1− β

=:
∑
r∈V

c−
2 (r) · costC(r).

Therefore, Lemma 18(a) holds.
To prove Lemma 18(b), we consider the coefficients for costC(u) and costC(w) respectively.

The coefficient for costC(u) is 1
1−β . The coefficient for costC(w) is∑

u∈U,w∈NH (u):C(w)=C(u)

1
max(d(u), (1− β)d(w)) ≤

∑
u∈U,w∈NH (u):C(w)=C(u)

1
(1− β)d(w) ≤

1
1− β

.

Therefore, for any r ∈ V , we have c−
2 (r) ≤ 2

1−β .
By replacing costC(u) and costC(w) with 1, we then finished the proof of Lemma 18(c) as

follows:

|c−
2 |1 ≤

∑
u∈U,w∈NH (u):C(w)=C(u)

1
max(d(u), (1− β)d(w)) +

∑
u∈U

1
1− β

≤
∑

u∈U,w∈NH (u):C(w)=C(u)

1
d(u) +

∑
u∈U

1
1− β

≤
∑
u∈U

|NH(u)|
d(u) +

∑
u∈U

1
1− β

≤
∑
u∈U

1 +
∑
u∈U

1
1− β

≤
∑
u∈U

2
1− β

= 2k

1− β
. ◀

With Lemma 18, we can then bound f−
2 .

▶ Lemma 19. f−
2 ≤ 2

1−β · costk
C.

Proof. By Claim 13 and Lemma 18, we have f−
2 ≤

∑
r∈V c−

2 (r) · costC(r) ≤ 2
1−β · costk

C . ◀

So the final ratio for Algorithm 1 is 1 + 4
β + 2

1−β . Let β = 0.5858, then the ratio is at
most 12.66. This finishes the proof of Lemma 9.
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↓
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▶ Lemma 6. For any integer k ∈ [n], if an algorithm returns a single clustering CALG
that is simultaneously a ρ-approximation for all top-k norm objectives, then CALG is a
ρ-approximation for any monotone and symmetric norm f : Rn

≥0 → R+.

Proof of Lemma 6. For any w = (w1, w2, . . . , wn) such that w1 ≥ w2 ≥ · · · ≥ wn ≥ 0, if we
set w′ = (w′

1, w′
2, . . . , w′

n) as

w′
i =

{
wi − wi+1 i ∈ [1, n− 1]

wn i = n

Let topk(x) denote the top-k norm of x. Then we have order(w; x) =
∑n

k=1 w′
k · topk(x).

Let B+(f) := {x ∈ Rn
+ : f(x) ≤ 1} and W = {w ∈ Rn

+ : w1 ≥ w2 ≥ · · · ≥
wn, w is a subgradient of

f at some x ∈ B+(f)}. We construct a new set W ′ = {w′|w ∈ W : w′ = (w′
1 =

w1 − w2, w′
2 = w2 − w3, . . . , w′

n−1 = wn−1 − wn, w′
n = wn)}. By Lemma 21, we have

f(x) = maxw∈W order(w; x) = maxw′∈W ′
∑n

k=1 w′
k · topk(x).

Let y be the disagreement vector for the given clustering CALG. For any symmetric
monotone norm f : Rn

≥0 → R≥0, define y∗
f to be the disagreement vector for the optimal

clustering under the norm f . By the assumption that CALG is a simultaneous ρ-approximation
for every top-k norm, we have we have topk(y) ≤ ρ · topk(y∗

top-k) for every k ∈ [n], where
y∗

top-k is the disagreement vector for the optimal clustering under top-k objective. Now we
bound f(y) in terms of f(y∗

f ) for any monotone symmetric norm f :

f(y) = max
w′∈W ′

n∑
k=1

w′
k · topk(y) ≤ max

w′∈W ′

n∑
k=1

w′
k · ρ · topk(y∗

top-k)

= ρ · max
w′∈W ′

n∑
k=1

w′
k · topk(y∗

top-k) ≤ ρ · max
w′∈W ′

n∑
k=1

w′
k · topk(y∗

f ) = ρ · f(y∗
f ). ◀

B Implementing Algorithm 1 in Nearly Linear Time

In this section, we show how to run Algorithm 1 approximately in nearly linear time. Indeed,
the algorithm can be implemented in MPC model with O(1) rounds. More precisely, we will
show the following theorem:

▶ Theorem 22. Let ϵ > 0 and δ > 0 be small enough constants. Given a graph G = (V, E),
there exists an MPC algorithm that computes a solution {x̃uv}u,v∈V such that
1. For any integer k ∈ [n], we have costk

x̃ ≤ (12.66 + ϵ)optk.
2. For any u, v, w ∈ V , we have x̃uv + x̃uw + ϵ ≥ x̃vw.

The algorithm succeeds with probability at least 1−1/n. Moreover, the algorithm runs in O(1)
rounds, has a total work of Õ(m/ϵ6), requires O(nδ) memory per machine and a Õ(m/ϵ6)
total memory.

We give the nearly linear time implementation of Algorithm 1 in Algorithm 2. Line 2
constructs the graph H efficiently. Line 3-6 find the set K of −edges we want to assign LP
value. For any −edge uv ̸∈ K, we will simply set its LP value as 1. Last, Line 7 to Line 14 is
to set up x̃uv satisfying the conditions in Theorem 22. The full version of this paper will
contain a complete analysis of Algorithm 2 and proof of Theorem 22.
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Algorithm 2 Nearly Efficient Algorithm for Algorithm 1.

Input: Graph G = (V, E), ϵ ∈ (0, 1)
Output: {x̃uv}u,v∈V such that is (12.66+26ϵ)-approximate and satisfy approximate triangle

inequality.
1: function AllNormCCBySampling(G = (V, E))
2: Construct subgraph H = (V, EH ⊆ E)

3: for every u ∈ V do ▷ Compute set K

4: Su ← ∅
5: for every v ∈ dH(u) do: add v to Su with probability min( 8 log n

ϵdH (u) , 1)

6: K ← {uv /∈ E : ∃w ∈ Su, vw ∈ EH or ∃w ∈ Sv, uw ∈ EH}

7: τ ← 400 log n
ϵ5 ▷ Compute the x̃uv values

8: for every j ∈ [1, log n] do
9: S(j)← ∅

10: for v ∈ V do: add v to S(j) with probability min(τ/2j , 1)
11: for every uv ∈ E ∪K with Muv ∈ [2j−1, 2j) do: x̃uv ← 1− 2j |NH (u)∩NH (v)∩S(j)|

τ ·Muv

12: for every uv ∈ E do: if x̃uv ≤ ϵ then x̃uv ← 0
13: for every uv ∈ K do: if x̃uv ≥ 1− ϵ then x̃uv ← 1
14: for every uv ∈

(
V
2
)
\ (E ∪K) do: x̃uv ← 1

15: end function

C Rounding

We will present a nearly linear time rounding algorithm. Furthermore, our algorithm only
takes Õ(1) rounds in the MPC model. The purpose of this section is to show

▶ Theorem 4. Let ϵ ∈ (0, 1) be a constant. Given a graph G = (V, E) and a set of LP values
(xuv)u,v∈V satisfying the approximate triangle inequality, that is, for any u, v, w ∈ V , we have
xuv + xuw + ϵ ≥ xvw. Let yu =

∑
uv∈E xuv +

∑
uv∈(V

2 )\E(1− xuv) be the LP disagreement
for node u. There exists an MPC algorithm that computes a clustering C such that for any
node u, we have

costC(u) ≤ (5 + 55ϵ)yu.

This algorithm always succeeds but terminates in O(log3 n/ϵ) rounds with high probability
and requires O(nδ) memory per machine. Moreover, let K = E ∪ {uv ∈

(
V
2
)
\ E | xuv < 1}

be the set of +edges and −edges whose LP value is less than 1. The algorithm uses a total
memory of O(|K| log n) and a total work of O(|K| log3 n/ϵ).

We emphasize that even if the LP values satisfy the exact triangle inequality, rather than
an approximate triangle inequality, the ϵ terms in the approximate ratio will still be present.
These ϵ terms arise from two sources: the approximate inequality itself and the inherent
characteristics of our MPC algorithm.

Given Theorem 22 and Theorem 4, we are now able to show the main result of this paper.

Proof of Theorem 3. We first run Algorithm 2, which outputs x̃uv as input to Algorithm 3.
Note that by Theorem 22, we know that for any k ∈ [1, n], we have

costk
x̃ ≤ (12.66 + ϵ)optk
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where optk is the cost of the optimal correlation clustering solution when using the top-k
norm objective. By Theorem 4, we know that the final cluster C satisfies

costk
C ≤ (5 + 55ϵ)costk

x̃ ≤ (63.3 + O(ϵ))optk.

By Lemma 6, we know that C is a simultaneous (63.3 + O(ϵ))-approximate clustering for
all monotone symmetric norms.

For the number of rounds, Algorithm 1 takes O(1) rounds, and Algorithm 3 takes
O(log3 n/ϵ) rounds, resulting in a total of O(log3 n/ϵ) rounds.

Algorithm 1 requires a total memory of Õ(m/ϵ6) and a total work of Õ(m/ϵ6) in the MPC
model. By analyzing Algorithm 2, we know that |K| = O(m log n/ϵ). Therefore, Algorithm
3 requires a total memory of Õ(m/ϵ2) and a total work of Õ(m/ϵ) in the MPC model, as
established by Theorem 4. In total, it requires a total memory of Õ(m/ϵ6) and a total work
of Õ(m/ϵ6) in the MPC model. ◀

Rounding Algorithm
Assume that we are given an instance graph G = (V, E) and a LP solution (xuv)u,v∈V such
that xuv + xuw + ϵ ≥ xvw for any u, v, w ∈ V 3. Given a subgraph Vt and node w, radius r,
define the ball centering at w with radius r as BallVt(w, r) = {u | u ∈ Vt, xwu ≤ r}. Define
Lt(w) =

∑
u∈BallVt (w,r)(r − xuw). Note that Lt(w) ≥ r since w itself is in BallVt

(w, r).

Algorithm Description. Our algorithm works as follows: in each round, we choose a set
of cluster centers and choose the ball with radius 2

5 as a cluster. More precisely. At step t,
Vt is the set of unclustered vertices. We first compute Lmax

t to ensure that for each u ∈ Vt,
we have Lt(u) < (1 + ϵ)Lmax

t . For any node u, if Lt(u) ≥ Lmax
t , we will add u to the set

of candidate cluster centers Mt (Line 6-10). Then, we compute cluster centers by adding
vertices in the Mt set to the St set with probability pt, where the more vertices in Mt are
in Ball(radius = 2

5 ) with each other, the smaller the probability (Line 11-14). After that,
to avoid conflicts, we remove some cluster centers in St if they are too close to each other,
and derive the final cluster center set Ht (Line 15). Let Ft = BallVt(Ht,

2
5 ) be the nodes

clustered at step t. Then we add each u ∈ Ft to the cluster from Ht with minimum ID. We
will remove the clustered nodes and repeat the above process until all vertices are clustered.

Complete analysis of Algorithm 3 and proof of Theorem 4 appear in the full version.

D A Constant Round MPC Algorithm

We will show Theorem 5 in this section. We repeat for convenience,

▶ Theorem 5. Let ϵ ∈ (0, 1) be a constant. There exists a randomized MPC algorithm in
the strictly sublinear regime that, given a correlation clustering instance G = (V, E), in O(1)
rounds outputs a clustering that is simultaneously a (359+ϵ)-approximation, for all monotone
symmetric norms. This algorithm succeeds with high probability, and uses a total memory of
Õ(m/ϵ2) and a total work of Õ(m/ϵ2).

Algorithm
Theorem 3 gives us an O(log3 n) rounds MPC algorithm. The bottleneck is the rounding
procedure. To achieve a constant rounds MPC algorithm, instead of setting up the LP
and rounding, we use the pre-clustering algorithm from [17], which is very useful for ℓ1-
norm correlation clustering. We show that the pre-clustering algorithm can also provide an
O(1)-approximate ratio for all monotone symmetric norms simultaneously.
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Algorithm 3 The Rounding Algorithm.

Input: Graph G = (V, E), LP solution (xuv)u,v∈V satisfying xuv+xuw+ϵ ≥ xvw for any u, v, w ∈ V 3

Output: A function of clustering C; i.e., C(u) = C(v) iff u and v belongs to the same cluster.
1: function ParallelRounding(G = (V, E), (xuv))
2: V1 ← V .
3: C(v)← ∅ for all v ∈ V .
4: t← 1.
5: while Vt ̸= ∅ do
6: Mt ← ∅, St ← ∅
7: Lmax

t = max{r(1 + ϵ)j |r(1 + ϵ)j ≤ maxw∈Vt Lt(w), where j is an integer}
8: for u ∈ Vt do ▷ Find cluster center candidate
9: if Lt(u) ≥ Lmax

t then.
10: Mt ←Mt ∪ {u}
11: ∆t ← maxu∈Mt |BallVt (u, 2

5 ) ∩Mt|.
12: pt ← 1/(2∆t).
13: for u ∈Mt do
14: Add u to St with probability pt ▷ Choose cluster centers in parallel.
15: Ht = {u ∈ St | ∄ v ∈ St ∩ Vt such that xuv ≤ 2

5} ▷ remove cluster centers that conflict.
16: Ft ← Ht ∪ BallVt (Ht,

2
5 ) ▷ the set of settled vertices in round t.

17: for u ∈ Ft do
18: Let v be the vertex with minimum ID among BallVt (u, 2

5 ) ∩Ht.
19: C(u)← v ▷ adding u to the cluster of v.
20: Vt+1 ← Vt \ Ft, t← t + 1
21: return C
22: end function

Algorithm Description. The algorithm from [17] is parameterized by β and λ. It has three
steps:
1. The first step is the same as the first step of Algorithm 1, where we compute the graph

H (Line 2).
2. The algorithm marks a node as light if it loses more than a λ fraction of its neighbors in

the first step. Otherwise, it marks the node as heavy. The algorithm removes all edges
between two light nodes in H (Line 3 - Line 6).

3. The last step is to output the connected components F of the final graph.

Algorithm 4 Pre-clustering – Algorithm 1 in [17].

Input: Graph G = (V, E)
Output: Clustering F .
1: function PreClustering(G = (V, E))
2: Let EH = {uv ∈ E : |N(u)∆N(v)| ≤ β ·max(d(u), d(v))} and H = (V, EH)
3: for v ∈ V do
4: if dH(v) < (1− λ)d(v) then Mark it as light
5: else Mark it as Heavy
6: Let EG̃ = {uv ∈ EH : u or v is heavy} and G̃ = (V, EG̃)
7: Compute its connected components on G̃, denoted as F , return F .
8: end function

A detailed analysis of Algorithm 4 along with the formal proof of Theorem 5 is deferred
to the full version.
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