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—— Abstract

Scarf’s algorithm — a pivoting procedure that finds a dominating extreme point in a down-monotone
polytope — can be used to show the existence of a fractional stable matching in hypergraphs. The
problem of finding a fractional stable matching in hypergraphs, however, is PPAD-complete. In
this work, we study the behavior of Scarf’s algorithm on arborescence hypergraphs, the family of
hypergraphs in which hyperedges correspond to the paths of an arborescence. For arborescence
hypergraphs, we prove that Scarf’s algorithm can be implemented to find an integral stable matching
in polynomial time. En route to our result, we uncover novel structural properties of bases and
pivots for the more general family of network hypergraphs. Our work provides the first proof of
polynomial-time convergence of Scarf’s algorithm on hypergraphic stable matching problems, giving
hope to the possibility of polynomial-time convergence of Scarf’s algorithm for other families of
polytopes.
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1 Introduction

Scarf [32] proved the existence of a core allocation in a large class of cooperative games
with non-transferable utility. Key ingredients in this proof include a lemma — Scarf’s
lemma — that asserts the existence of a dominating extreme point in certain polytopes,
and a pivoting procedure — Scarf’s algorithm — to find one. Scarf’s results have profoundly
influenced subsequent research in combinatorics, theoretical computer science, economics,
and game theory: Scarf’s lemma has been used to show the existence of fair allocations
such as cores and fractional cores [8, 32|, strong fractional kernels [2], fractional stable
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solutions in hypergraphs [1] and fractional stable paths [20]. Although Scarf’s results are
employed in many applications, it is not known how to efficiently construct these desirable
allocations/solutions. It is widely believed that Scarf’s algorithm is unlikely to be efficient for
arbitrary applications [22]. In this work, we investigate the possibility of efficient convergence
of Scarf’s algorithm for finding a stable matching in hypergraphs.

The stable matching problem in bipartite graphs (also known as the stable marriage
problem) is a classic and well-studied problem. It is well-known that a stable matching in a
bipartite graph with preferences always exists [19] and can be found in polynomial time via
multiple algorithms, including Gale and Shapley’s deferred acceptance algorithm [19], linear
programming [4, 30, 31, 35] and other combinatorial algorithms [5, 15]. A stable matching
in a bipartite graph can also be found using fixed-point approaches [17], which in general
do not translate to polynomial-time algorithms. Scarf’s algorithm belongs to the class of
fixed point approaches, and it has been recently shown to converge in polynomial time for
the stable marriage problem [16]. To the best of our knowledge, this is the first proof of
polynomial-time convergence of Scarf’s algorithm on any application. This result motivated
us to address the possibility of efficient convergence of Scarf’s algorithm for hypergraph
stable matching problems.

In contrast to graphs, the problem of finding a stable matching in hypergraphs is
significantly more challenging. Even in the special case of tripartite 3-regular hypergraphs, it
is NP-complete to find a stable matching [24] (this is also known as the stable family problem
proposed by Knuth [23]). Despite the hardness results of finding (integral) stable matchings
in hypergraphs, Aharoni and Fleiner [1] used Scarf’s lemma to show that a fractional stable
matching exists in every hypergraph. However, this general implication from Scarf’s result
comes at a computational price: the problem of computing a fractional stable matching on
hypergraphs is PPAD-complete [22]. The latter problem remains PPAD-complete even in
extremely restrictive cases, for example, even if the hypergraph has node degree/hyperedge
size at most 3 [21, 13].

While these results suggest that Scarf’s algorithm is unlikely to converge in polynomial-
time for arbitrary hypergraphs, investigating the behavior of Scarf’s algorithm in special
classes of hypergraphs remains an interesting question, also because of real-world applications.
For instance, a sequence of works [26, 27, 25] employed Scarf’s algorithm as a subroutine to
find a fractional stable matching in hypergraphs, then iteratively rounds it to an integral
solution which indicates a meaningful allocation. Such allocations provide solutions when
complementarities and externalities appear in stable matching problems [29]. One of the
most important such problems is the hospital/resident problem with couples (HRC) [10, 26].
HRC can equivalently be formulated as the problem of finding a stable matching in certain
hypergraphs. It is shown in [9] that Scarf’s algorithm empirically outperforms all other known
heuristics when the proportion of couples is high. However, finding a fractional solution of
HRC is also known to be PPAD-complete [13]. Such computational gaps between theory
and practice regarding Scarf’s algorithm are not well understood.

In this paper, we focus on a class of hypergraphs called arborescence hypergraphs (in which
the hyperedges are paths in an arborescence), and design a polynomial-time algorithm to find
a (integer) stable matching in this class. The class of arborescence hypergraph lies between
hypergraphs represented by interval matrices [18] and network matrices [33]. In particular,
we design a pivoting rule for Scarf’s algorithm and show that it terminates in a polynomial
number of iterations on the fractional matching polytope of arborescence hypergraphs. The
node-hyperedge incidence matrix of an arborescence hypergraph is totally unimodular and
consequently, every extreme point of the associated fractional matching polytope is integral.
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Thus, every dominating extreme point is also integral. This observation and Aharoni and
Fleiner’s results [1] imply that the extreme point found by Scarf’s algorithm for arborescence
hypergraphs corresponds to an integral stable matching. Our pivoting rule can be repurposed
to apply to the more general family of network hypergraphs (of which the incidence matrix is
a network matrix!). This pivoting rule can also be repurposed to implement the simplex
algorithm on a linear program whose constraint matrix is a network matrix, which includes
the incidence matrix of digraphs [34, chapter 13.3]; thus, it reduces to a pivoting rule of
choosing the leaving arc for the network simplex algorithm proposed by Cunningham [14]. If
we do not impose any restrictions on the entering variables, network simplex algorithm under
this rule can still perform an exponentially long sequence of degenerate pivots [3]. In contrast,
we show that Scarf’s algorithm under our pivoting rule always performs non-degenerate pivots.
Currently, we are not able to obtain a proof of polynomial convergence of Scarf’s algorithm
implemented with our pivoting rule for the more general family of network hypergraphs.
Nevertheless, understanding Scarf’s algorithm on arborescence hypergraphs is a natural first
step in this direction.

1.1 Qur Contributions

To formally present our result, we define the stable matching problem on hypergraphs as
follows.

» Definition 1 (Hypergraphic preference system). A hypergraph H = (V,E) is defined
by a verter set V and a hyperedge set E, where every hyperedge e € E is a subset of
V. A hypergraphic preference system is given by a pair (H,>), where H = (V,E) is a
hypergraph and =:= {>;: i € V} is the preference profile, »=; being a strict order over
d(i) ={e€ E:i€e} foreachi € V. Fore,e € (i), we write e =; e if either e =; €'
or e = €. In addition, we assume that (i) for every i € V, the singleton hyperedge
e; = {i} € 6(i) and for every ¢’ € 6(3), €' =; e; and (ii) {1} is the only hyperedge incident to
node 1, that is, (1) = {{1}}2.

» Definition 2 (Stable matching). A stable matching for a hypergraphic preference system is
a vector z € {0,1}F so that for every e € E, there exists a vertex i € e such that

Z Lot — 1. (1)

e'€d(i), e’ =;e

Equation (1) with e = e; imposes that x is the characteristic vector of a matching. Moreover,
for every hyperedge e, there exists a verter i € e and a hyperedge ¢ in the matching
(i.e., T = 1) so0 that ¢’ =; e. Correspondingly, if a fractional vector x € [0,1]F satisfies (1),
then we call such a fractional vector x a fractional stable matching.

We remark here that the standard combinatorial definition of stable matching is a
hypergraph matching that does not contain blocking hyperedges (see, e.g., [1]), which reduces
to the classical stable matching when the hypergraph is a bipartite graph. Definition 2 is
equivalent to the combinatorial definition, and helps us define the fractional generalization
more naturally.

The node-hyperedge incidence matrix of such a hypergraph is also totally unimodular [34] and con-
sequently there is always an integer stable matching.

The first assumption corresponds, in the bipartite setting, to the usual hypothesis that an agent prefers
to be matched rather than being unmatched. The second assumption is without loss of generality and
we include it for the sake of simplifying the presentation.
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» Definition 3 (Arborescence hypergraph). An arborescence is a directed graph that contains
a vertex v (called the root) such that every vertex v # r has a unique directed path from
r. A hypergraph H = (V| E) is an arborescence hypergraph if there exists an arborescence
T = (U, Ap) such that V = Ay and each hyperedge e € E is a subset of arcs in Agy that forms
a directed path. Such T is called a principal arborescence of H.

» Example 4. We present an example of an arborescence and the corresponding arborescence
hypergraph in Figure 1.

2 1
® ®
V2 V1
s T
,
3 6 A
V4 @ é

U7

Figure 1 On the left we present an arborescence 7 with the root v7 using gray arcs. On the
right we have a hypergraph H with principal arborescence 7, V = [6] and 8 hyperedges (6 of them
are singletons). Each circle in the hypergraph is a singleton hyperedge. Thus, each node in H
corresponds to a gray arc in 7, and each hyperedge in H corresponds to a black arc in 7.

As our main result, we show that Scarf’s algorithm can be implemented to run in
polynomial time for every arborescence hypergraphic preference system.

» Theorem 5. Let (H = (V,E),>) be a hypergraphic preference system where H is an
arborescence hypergraph. There exists a pivoting rule such that Scarf’s algorithm terminates
in at most |V| iterations and outputs a stable matching on (H = (V, E), =) in time O(|V||E|).

A few remarks on this result are in order. To the best of our knowledge, this is the first result
showing polynomiality of Scarf’s algorithm beyond the case of stable marriage [16]. We note
that the pivoting rule used to show polynomiality of Scarf’s algorithm in stable marriage [16]
was heavily inspired by Gale and Shapley’s classical deferred acceptance mechanism, which is
a purely combinatorial algorithm. In contrast, the pivoting rule developed in this work does
not seem to have a combinatorial counterpart and is substantively different from the one
from [16]. In Section 6, we provide evidence suggesting that classical approaches to stable
marriage problems, such as linear programming with an exact description of the convex hull
of all stable matchings [35], cannot even extend to a subclass of arborescence hypergraphic
preference systems.

Secondly, while most of the known results related to polynomiality of stable matching
on hypergraphic preference system usually restricts either the degree of nodes [21] or the
size of hyperedges [13], we do not assume any condition on them or on the preference lists
of agents. Thirdly, a recent work [7] shows that there is a polynomial time algorithm for
finding a stable matching on subtree hypergraphs. They reduce the problem of finding a
stable matching on such instances to finding a kernel in the clique-acyclic superorientation of
a chordal graph, which can be solved in polynomial time [28]. This reduction indeed implies
that there exists a polynomial time algorithm that finds a stable matching in an arboresence
hypergraphic system. We remark that the algorithm from [28] is substantially different from
Scarf’s algorithm and does not generalize to network hypergraphs, while, in our investigation,
we uncover novel properties of bases and pivots in network hypergraphs, which may be of
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independent interest and could lead to polynomial-time convergence proofs for this more
general class of hypergraphs.

1.2 Organization of the paper

In Section 2, we give more details on Scarf’s results and the origin of arborescence hypergraphs,
and formally define notation. Scarf’s algorithm can be seen as alternating between two
operations, cardinal pivot and ordinal pivot. In Section 3, we discuss the cardinal pivots,
while in Section 4, we introduce ordinal pivots. In Section 5, we present the key technical
part of the proof of polynomiality of Scarf’s algorithm on arborescence hypergraphs. In
Section 6, we present an (counter)example that shows non-integrality of the fractional stable
matching polytope on interval hypergraphs. Lastly, we give conclusion with open questions
in Section 7. Some proofs, generalizations, and extended discussions are omitted and can be
found in the full version [11].

2 Preliminaries

While the original idea of Scarf’s algorithm [32] applies to more general settings, we review
here only its implementation for hypergraphic preference systems, as proposed by Aharoni
and Fleiner [1]. In the following, we let (H = (V, E), =) be a hypergraphic preference system
with V' = [n] and E = {e1,...,em}.

2.1 Scarf’s lemma and hypergraphic stable matchings

» Definition 6 (Fractional matching polytope, cardinal basis). Let A = (a;;) € {0,1}"*™
be the incidence matrix of H such that a; j = 1 iff e; € 6(i). The matriz A is in standard
form if A has the form A = (I,|A") where I,, is the n x n identity matriz®. The polytope
P ={z € RY, : Ax = 1} is called the fractional matching polytope. A set B C [m] of n
linearly independent columns of A is called a cardinal basis. Every feasible cardinal basis
corresponds to an extreme point x € P.

We note that, if x is a fractional stable matching, then = € P (i.e., x is a fractional
matching). Conversely, given a fractional matching = € P, one needs more conditions that
involve the preference orders to claim that x is a fractional stable matching, which leads to
the next definition.

» Definition 7 (Ordinal matrix, ordinal basis, utility vector). Let C' = (¢;;) € R™*™ be a
matriz. The matriz C is an ordinal matrix if it satisfies c;; < cip < ¢ 5 for every distinct
i,j € [n], k€ m]\ [n]. Let O be a set of columns of C. For every row i € [n], the utility of
the row i (w.r.t. O) is

o .
O . — e 2
Uy 5%1£Cm (2)
The set O is called an ordinal basis of C' if |O| = n and for every column j € [m], there is at
least one row i € [n] such that u¢ > ¢; ;. The associated vector u® € R™ is called the utility

vector of the ordinal basis O.

3 This means e; = {i} for i € [n], i.e., the first n columns of A correspond to singletons.
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» Example 8. The matrix C below is an ordinal matrix. One can verify that O; = {2, 8,5}
is an ordinal basis with u?* = (3,0,0)7, and Oy = {4, 5,6} is an ordinal basis with
u® = (1,1,1)T. We observe that O3 = {1, 2,6} with u?? = (0,0, 2)7 is not an ordinal basis
since ¢; ; > u&? for every i € [3].

C:

Tt Ot © N~
=~ O ot e
O =k
W = DN B
=N W O
N W~ D

» Definition 9 (Dominating basis, dominating extreme point). A feasible cardinal basis B that
is also an ordinal basis is called a dominating basis for (A,C), and the extreme point of P
corresponding to B is called a dominating extreme point for (A4, C).

Scarf’s lemma shows the existence of a dominating extreme point under mild conditions on
(A, C). In the following, we state a version of it that pertains to our setting, which connects
dominating extreme points and fractional stable matchings.

» Theorem 10. Let (H = (V, E), ) be a hypergraphic preference system. Let P = {x €
RZ, : Az = 1} be the fractional matching polytope of H where A is in standard form. Then,
there exists an ordinal matriz C € R™ ™ such that

1. (Scarf’s lemma [32]) A dominating extreme point for (A,C) exists.

2. ([1]) Every dominating extreme point for (A,C) is a fractional stable matching for
(H = (V. E), -).

2.2 Scarf’s algorithm

Scarf [32] provided a general pivoting algorithm to compute a dominating extreme point.
The algorithm involves two operations, namely cardinal pivot and ordinal pivot.

2.2.1 Cardinal Pivot

Let B={j1,...,jn} be a feasible cardinal basis and let j; € [m]\ B. A cardinal pivot from
B with entering column j; returns a feasible cardinal basis B’ := BU {j;} \ {j¢}, where the
column j, = B — B’ is known as the leaving column. Cardinal pivot is exactly the operation
used in the simplex algorithm when a column j; enters the basis B and one wants to choose
a leaving column j, to reach an adjacent basis. When P is degenerate, in each iteration
there may exist multiple candidates to be chosen as a leaving column j,, thus a pivoting rule
under which column is leaving needs to be specified. For a fixed pivoting rule, the choice of
leaving column j, is unique. Unlike the simplex algorithm, the other half of the pivoting
procedure and the pivoting rule generating the entering column is obtained via an operation
on the ordinal matrix.

2.2.2 Ordinal Pivot

Let O be an ordinal basis and j, € O. An ordinal pivot from O with leaving column j,
returns an ordinal basis O’ := O U {j*} \ {j,}, where j* € [m] — O is chosen by a series of
number comparisons. We give the formal description in Algorithm 1, and provide an example
to illustrate this opertaion in Example 11. For correctness of Algorithm 1, we refer to [32].
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Algorithm 1 Ordinal Pivot.

Let O be an ordinal basis with u© being its utility vector. Suppose that j, € O is the
leaving column.

iy + the unique row i € [n] for which u{ = ¢; j,.

Jr ¢ argmin;co_;,{ci, 5} > Reference column
i, +— the unique row i € [n] for which uf =¢; ;.

K+ {kem\O:c> u?_”, for all 4 # 4, }.

J¥ < argmax;cg Ci, k- > Entering column

O« OU{j "} \{j}-

» Example 11. In this example, we show how an ordinal pivot proceeds. Consider the
ordinal matrix C' in Example 8, and its submatrix Co:

1 2 8 4 5 6 2 8 5
05 42 3 1 5 4 3
c=|5 0 4|1 2 3], Co=10 4 2
5 4 03 1 2 4 0 1

corresponding to an ordinal basis O = {2, 3, 5} with utility vector u® = (3,0,0)7. If we
want to remove column 2 from O, and perform an ordinal pivot, we let j, = 2. The row i, is
defined as the row index of the common entry in both the utility vector u© and the column
vector Cg = (5,0, 4)T, thus we have i, = 2, since u20 = cg,2 = 0. In the remaining columns
O — jo = {3, 5}, the minimum entry in row iy = 2 is ¢ 5 = 2, thus we define the reference
column 7, = 5. Similarly, by finding the common entry between v and C5 = (3,2,1)T, we
find the row index i, = 1 as u{ = ¢; 5 = 3. Now, the goal is to find the columns k in [6]\ O
such that ¢; , > ul{g"g} for all i # 1, i.e., to find columns that dominates the vector (x,2,0)7,
where * means we do not have any restrictions. One can observe that such columns can be
C; = (0,5,5)T or Cs = (1,3,2)T. Thus, in Algorithm 1, K = {1,6}. We need to choose
one column k from K that maximizes c¢;, , i.e., the row 4, = 1 is maximized. Therefore, we
have j* = 6 as ¢1,6 > c1,;. This ordinal pivot returns a new ordinal basis O’ = {3, 5,6}
with the new utility vector v’ = (1,2,0)7.

In contrast to the cardinal pivot, the ordinal pivot reverses the order of entering and
leaving. Moreover, the ordinal pivot operation is unique.

» Lemma 12 ([32]). Let O be an ordinal basis and let jo € O be an arbitrary column. Then
there exists a unique column j* & O such that O U {j*} \ {je} is an ordinal basis, and such a
j* is determined by Algorithm 1.

In the following, we will see that an iteration of Scarf’s algorithm is the combination of a
cardinal pivot and an ordinal pivot (in order). Recall that the simplex algorithm also chooses
an entering column/variable and a leaving column/variable in order, but there a pivoting
rule R is usually specified by a pair (R¢"", R!¢®¢) [6] and these two rules should cooperate
in some way to avoid cycling. In comparison, by Lemma 12, Scarf’s algorithm defines a
unique rule R°"**" when the ordinal matrix C' is fixed?, and we can only control R'*%¥¢ on
cardinal pivots. This observation distinguishes the pivoting rule of Scarf’s algorithm from it
of the simplex algorithm.

4 One can of course design a specific ordinal matrix C' and a cardinal pivoting rule R!%¥¢ to let (C, R'¢4v¢)
cooperate and see if Scarf’s algorithm converges in polynomial time. However, we need to also care
about the dominating basis obtained by Scarf’s algorithm with C' — if such C' does not respect to the
preference order given by certain applications, such dominating basis does not have a meaning.
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2.2.3 Initialization, Iteration, and Termination

Scarf’s algorithm is initialized with a pair (Bg, Op), where By = {1,2,...,n} and Oy =
{2,3,...,n,n 4+ 1}. The algorithm iteratively starts with a pair (B,0) where 1 € B is a
feasible cardinal basis, 1 ¢ O is an ordinal basis, and |[BNO| = n — 1. It alternates a cardinal
pivot and an ordinal pivot. In particular, it goes through a sequence

(Bo,0o) = (B1,00) = (B1,01) = - -+, (3)

where for every i > 0, we have that (B;,0;) — (B;+1, O;) is a cardinal pivot from the feasible
cardinal basis B; with entering column j; = O; — B; using the cardinal pivoting rule, and
(Bit+1,0;) = (Bit1,0;41) is an ordinal pivot from the ordinal basis O; with leaving column
je = Bit1 — 0.

» Definition 13 (Scarf pair, iteration). A pair (B;,O;) in the sequence (3) with B; # O;
is called a Scarf pair. We denote a consecutive pair of cardinal pivot and ordinal pivot
(Bi, Oi) — (Bi+1, Ol) — (Bi+1a Oi—l—l) as an iteration.

The algorithm terminates if either (i) 1 = B; — O; happens to leave B;, then B; 11 = Oy;
or (ii) 1 = B;11 — O; happens to enter O, 1, in which case O;41 = B;11. Otherwise, the
algorithm starts the next iteration with a new Scarf pair (B;11,0;4+1). Scarf [32] showed
that when the polytope P is non-degenerate, sequence (3) does not cycle. Thus, the sequence
stops at a basis B = O, both cardinal and ordinal, thus dominating. A dominating extreme
point x can be deduced from B.

2.3 Arborescence hypergraphs

To describe our implementation of Scarf’s algorithm, it will be useful to describe arborescence
hypergraphs through digraphs. Let D = (U,.A) be a directed graph. Let F' C A, and
P = (a1,a2,...,ap) be an ordering of F' C A.

We say F' (or P) is a D-path (or path) if P forms an undirected path in D.

An arc a; € F' is forward in P if following the order P we visit the tail of a; before visiting

its head, otherwise a; is backward in P.

We say F (or P) is a D-directed path if every arc in P is a forward arc in P.
Recall that an arborescence 7 is a directed graph with a root r such that for every vertex
v # r there is a unique 7-directed path from r.

Suppose that an arborescence 7 = (U, Ag) is a subgraph of D = (U, A). Then, for every
a = (v,v") € A, there exists a unique 7-directed path P(v,v’) from v to v'. An arc-path
incidence matriz of (D, T) is defined as M = (m; ;) € {0,1}40*A such that m; ; = 1 iff the
j-th arc in A is (v,v’), and the unique 7-directed path P(v,v’) from v to v passes the i-th
arc in Ag.

» Definition 14 (Arborescence Hypergraph). A hypergraph H = (V, E) is an arborescence
hypergraph if there exists a directed graph D = (U, A) with an arborescence subgraph
T = (U, Ao) such that the node-hyperedge incidence matriz of H is the arc-path incidence
matriz of (D, T). If H is an arborescence hypergraph, we say that D = (U, A) is the principal
network of H and T = (U, Ap) is the principal arborescence of H.

A subclass of the arborescence hypergraphs is the interval hypergraphs [18].

» Definition 15 (Interval Hypergraph). Let H = (V, E) be an arborescence hypergraph with
principal arborescence T = (U, Ap). If T is a chain, then H is called an interval hypergraph.
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Let H = (V, E) be an arborescence hypergraph with principal network D = (U, .A), where
U ={vy,va,...,0p41}, A={ai,...,am}. Its principal arborescence 7 = (U, Ay) has the
form Ag = {f1,..., fn}. Notice that Ay C A and hence, we assume a; = f; for i € [n]. The
node-hyperedge incidence matrix A = (a; ;) € {0,1}"*™ of H is equivalently defined as:
a;; = 1 iff the hyperedge e; contains node 4.
a; ; = 1 iff the T-path formed by a; passes f;.

We also assume that 7T is depth-first, defined as follows. This order is a common topological
order on trees. Details can be found in [12].

» Definition 16. Let T = (U, Ag) be an arborescence with root r. We define a partial order

>7 over U such that v > v if the T -directed path from r to v’ passes through v. We say

that T is depth-first if

1. U={wv,...,vn41}, and for i,j € [n+ 1], v; > v; implies i > j. In particular, v,41 s
the unique Toot of T .

2. Ao ={f1,---, fn}, and for every i € [n], the head of f; is v;.

3 Cardinal pivot on arborescence hypergraphs

In this section, we describe cardinal pivots of Scarf’s algorithm as operations on principal
network D = (U, A). In Section 3.1, we first show a structural result that maps the cardinal
basis to directed trees on D, then we translate the change of basis operation in cardinal
pivot into a cycle elimination operation. In Section 3.2, we define a pivoting rule called
first-forward-leaving rule, which is interpreted as a choice of arcs that can be removed to
form a new tree (basis).

3.1 Cardinal pivot in a digraph

We use the notation in Definition 6, where H is specified as an arborescence hypergraph
with principal network D = (U, .A) and principal arborescence T = (U, Ap). We first observe
that there is a bijection between cardinal bases (not necessarily feasible) of P and directed
trees on D. We note that, the results present in this section can be generalized to the case
when A is a network matrix.

» Theorem 17 ([33]). Consider a subset B C [m] of n columns. Denote the corresponding
arc set by Ag. Then the following statements are equivalent:

1. B is a cardinal basis.

2. Tp = (U, Ap) is a directed tree.

Next, we give a combinatorial interpretation of the cardinal pivot. Let B be a feasible cardinal
basis with j; € [m]\ B. By Theorem 17, they correspond to a directed tree T = (U, Ap) and
an arc a;, € A. Let a;, = (v,v’), then we can find the unique 7p-path denoted by Pg(v,v’).
The path Pg(v,v') along with the additional arc a;, form a cycle, from which a leaving
column jy is chosen, since T = (U, Ap/) has to be a directed tree where B’ = BU{j;} \ {J¢}-
Recall that we also need to take feasibility of B’ into consideration, since eliminating an
arbitrary arc from the above cycle only guarantees that B’ is a cardinal basis. By computing
the dynamics of how each variable is changing between a cardinal pivot, we give a graphic
characterization of cardinal pivot in Lemma 19. For this, we need the notion of augmenting
and descending paths.
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» Definition 18 (Augmenting and Descending Paths). Let D = (U, A), x € RA, and P =

(aj,,-..,a;,) be a D-path.

1. The path P is x-augmenting if every forward arc afyq in P has z4,,, = 1 and every
backward arc apwq in P has xq,,, = 0.

2. The path P is x-descending if every forward arc agya in P has z4,,, = 0 and every
backward arc apwq in P has xq,,, = 1.

» Lemma 19. Consider a cardinal pivot from B to B’ with j; as the entering column
where a;, = (v,v") € A. Let z,x' be the extreme points corresponding to B, B’, respectively.
Let Pp(v,v") be the unique Tp-path from v to v' (unique by Theorem 17). The following
statements are equivalent:

1. The cardinal pivot is non-degenerate.

2. zj, =0 and 2}, = 1.

3. Pg(v,v’) is x-augmenting.

4. Pg(v,v") is x’-descending.

Moreover, if the cardinal pivot is non-degenerate, then B’ = B U {j;:} \ {je} is a feasible
cardinal basis, where jy corresponds to an (arbitrary) forward arc in Pg(v,v’). If the cardinal
pivot is degenerate, then B’ = BU{j:} \ {j¢} is a feasible cardinal basis, where j; corresponds
to an (arbitrary) forward arc in Pg(v,v") such that z;, = 0.

3.2 Cardinal pivoting rule

While Lemma 19 gives a characterization of the candidate leaving columns j,, often the
choice of j, that satisfies the theorem is not unique. We will use the following first forward
arc leaving (FFL) rule as the pivoting rule. Roughly speaking, among all the candidate arcs
verified by Lemma 19, we want to eliminate the first arc in Pg(v,v’).

» Definition 20 (First forward arc leaving rule). Let B be a feasible cardinal basis. Let
a;, = (v,v") be the arc corresponding to the entering column and Pg(v,v") = (@1, -- ,a,) be
the unique Tp-path from v to v'. If there exists a forward arc ay in Pg(v,v') with x5, =0,
choose the one with smallest subscript k as the arc corresponding to the leaving column. If
all forward arcs ayya in Pp(v,v') have xa,,, =1, then let k be the smallest index such that
ay, is forward on Pg(v,v'), and let ay, be the arc corresponding to the leaving column.

The FFL rule is well-defined, meaning that, for every entering column j; ¢ B, the leaving
column defined above exists and is unique. We summarize the cardinal pivot operation with
FFL rule in Algorithm 2.

4  The design of ordinal matrix and ordinal pivot

Unlike cardinal pivots, an ordinal pivot is uniquely defined by the ordinal matrix. However,
we do have some degree of flexibility® to design an ordinal matrix C that satisfies Theorem 10.
In Section 4.1, we construct a block partitioned ordinal matrix C' which we use to prove the
polynomiality of Scarf’s algorithm. Then, we discuss some properties of the ordinal pivots
under C in Section 4.2. Throughout this section, let (H = (V, E),>) be a hypergraphic
preference system with V = [n] and e; = {i} for i € [n] being the singleton hyperedges®.

5 The ordinal matrix that makes Theorem 10 valid may not be uniquely defined. Fixing one of them is in
a sense the same as specifying an ordinal pivoting rule.
6 This section assumes no restriction on H. In particular, H can be any hypergraph.
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Algorithm 2 Cardinal Pivot with FFL Rule.

Let B be the current feasible cardinal basis, associated with basic feasible solution .
Suppose that j; ¢ B is the entering column.
Find a;, = (v,v’) and the Tg-path Pg(v,v’) = (a1,...,ap)
I + {i € [p],a; is forward and x5, = 0}
J < {i € [p], a; is forward}
if I # () then
k< min{i: i eI}
else
k <+ min{i:ie J}
end if
Let the leaving column j, be such that a;, = ax.

B BU{ji} \ {je}

4,

1 Block structure of the ordinal matrix

In our implementation of Scarf’s algorithm, we design a block-partitioned ordinal matrix,
defined as follows.

>

1.
2.

>

Definition 21. We say that an ordinal matriz C is block-partitioned if:

For each i € V, we define the i-th block S; ;== {e € E\ {e;} : i = maxje. j}.

Let C be a V x E matrix whose columns are ordered as follows: The columns corresponding
to the singleton hyperedges are the first n columns of C. Next, we group the other
hyperedges into n blocks Sy, ..., S,, with the i-th block S; ordered in decreasing order of
preference from left to right according to »;. The i-th block appears to the left of the
i + 1-th block for every i € [n —1].

Denote by E = {e1,...,€en,€nt1,...,em}, where e; corresponds to the j-th column of C
defined in part 2.

Assign the entries in C' as follows. For each i € [n],j € [m] such that e; € 6(i), we set
ci; = |0(3)| — £ if e; is the £-th best hyperedge with respect to ;. The remaining entries
in row i are assigned integers that are no less than |6(i)| and in decreasing order from
left to right.

Example 22 (Block-partitioned matrix). Let H = (V, E) be a hypergraph with V =

{1,2,3,4} in Figure 2 and the following preference list:

1:{1,3} =1 {1,3,4} > {1},

2:{2,3} =5 {2},

3:{2,3} =3 {1,3} =3 {3,4} =3 {1,3,4} >3 {3},
4:4{1,3,4} =4 {3,4} =4 {4}.

The blocks are S; = 0,52 = 0,53 = {{2,3},{1,3}}, 5S4 = {{1,3,4},{3,4}}. The block-

partitioned incidence matrix and ordinal matrix are as follows:

{1 {20 88 {4 {23) {1,3} {134} {3,4}
1 0 o o0 0 1 1 0

1
2l o 1 0 o
A=5l0 0 1 o0
4\0 0 0 1

O = =

0 0 0
1 1 1 ’
0 1 1
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2

Figure 2 The hypergraph in Example 22. The circles around the nodes are singleton hyperedges.
Line segments represent hyperedges with cardinality 2. Other hyperedges (only {1,3,4} in this
example) are indicated by splinegons.

{1y {2} {3} {4 {23} {13} {1,3,4} {3,4}
0 7 6 ) 4 2 1 3

1
072 7 0 6 5 1 4 3 2
3 7 6 0 5 4 3 1 2
4\ 7 6 5 0 4 3 2 1

We remark that given a hypergraphic preference system, a block-partitioned matrix is unique
and satisfies Theorem 10.

4.2 Controlling node and separator
4.2.1 Controlling node

When implementing Scarf’s algorithm, the first row/column of A,C' can be seen as a
controlling row/column in Scarf’s algorithm (see [32]). Recall that we assume 6(1) = {e1},
which means node 1 is incident only to the singleton hyperedge by itself. This assumption
is without loss of generality: Indeed, we can reduce an arbitrary hypergraphic preference
system to the one that satisfies this assumption, and construct a bijection between the stable
matchings in the two instances. We say node 1 is the controlling node.

4.2.2 Separator

At each iteration of Scarf’s algorithm, we start with a Scarf pair (B, O), where B is a feasible
cardinal basis and O is an ordinal basis. Though not explicitly stated, B indicates a fractional
matching in the hypergraph. The intuition behind the block structure introduced in the
previous section is that we want to separate the nodes that have already been “matched” by
B from the singletons. A separator is the node with the largest index that belongs to the
former set, and every node behind the separator does not participate in the matching. We
define the separator formally below.

» Definition 23. Let (B,0) be a Scarf pair. Let j7 := max{j : j € O} be the column with
the largest index in O. If 7= belongs to the i-th block S;, then we say that i is the separator
of (B,0).
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We show that the separator satisfies the following property, which captures the idea that
every node larger than the separator is matched by the singleton:

» Lemma 24. Let (B, 0) be a Scarf pair and suppose i is the separator of (B,0). Then, for
every i < v <mn, we have i’ € BN O.

We focus on a type of iteration of Scart’s algorithm that increases the separator, which is
triggered by a condition described as follows:

» Lemma 25. Let (B,0) — (B',0) — (B’,0’) be an iteration in Scarf’s algorithm. Let
je € O be the leaving column in the ordinal pivot O — O'. Suppose that j,. and j* are the
reference column and the entering column of the ordinal pivot O — O’ respectively. Let i
be the separator of (B,0). Denote by uC®,u® the utility vector of O,0’, respectively. If
u® = c¢; ;,, then we have

1. j, =max{j:j € O}.

2. uf =c1, and uf = c1,j+ -

3. The separator of (B',0") is i’ for some i’ > i.

5 Polynomiality of Scarf’s algorithm

In this section, we show convergence and bound the run-time of our implementation of Scarf’s
algorithm on arborescence hypergraphic preference systems. We are given a hypergraphic
preference system (H = (V, E), =) as the input, where H is an arborescence hypergraph and
5(1) = {{1}}. Next, we find the principal arborescence T = (U,.Ag) and principal network
D = (U, A) associated with H. Then, we order U = {vy,...,vp41} and Ag = {f1,..., fa}
according to depth-first order on T (consequently, the root of the arborescence T is vy,41).
Next, we construct the block-partitioned ordinal matrix C' with an order of the hyperedges
E ={e1,...,en}, and construct the node-hyperedge incidence matrix A with the rows and
columns ordered as above.

We start with an initial Scarf pair (By, Og) where By = {1,...,n}and Oy ={2,...,n+1}.
Every cardinal pivot follows the FFL rule (c.f. Definition 20). Every iteration of the algorithm
is unambiguously defined and we obtain a unique sequence of Scarf pairs (3). We will show
that the number of iterations, i.e. the length of the sequence (3), is bounded by n = |V|.
Since each iteration can be implemented in O(|F|) time, the total run-time is O(|V||E|).

We define a notion of a well-structured basis and will inductively show that all cardinal
bases visited by the algorithm satisfy it. This structure of the cardinal basis is helpful in
bounding the number of iterations of the algorithm.

» Definition 26. Let B be a feasible cardinal basis and Tp = (U, Ap) be the directed tree
corresponding to B. Let x be the extreme point associated with B. Let i € [n]. We say that
B is an i-nice basis if the following properties hold:

1. Let v € U\ {vp41}, and Pg(vp41,v) be the Tp-path from v,y1 to v. Then, Pp(vpt1,v)
18 x-augmenting.

2. {f,‘, fi+1, ey fn} C .AB.

3. Let f € {fi, fix1s---» fn}. Let T-T = (U, Ao — {f}) be the subgraph of T with ezactly
two connected components (in the undirected sense). Denote by U = RUW the partition
of vertices into two components such that v,+1 € R and v,e1 ¢ W. If an arc a € Ap
has its end vertices in R and W, then a = f. In other words, the removal of each arc
fe{fi, fix1,---, fn} from Tp partitions U into the same sets as the removal of the same
arc from T.
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Figure 3 An example of of a feasible cardinal basis B that is a 12-nice basis. The gray
arcs form an arborescence 7 = (U, Ap) while the black arcs (both solid and dotted) are the
arcs in 7g = (U, Ag) (see Theorem 17). The solid (resp., dotted) circular arcs are associated
to variables in B with z-value 1 (resp., 0). The blue dashed circular arc a;, = (vi3,v11) is
not in 7p. Consider a cardinal pivot from B with j; entering: The 7Tp-path from vz to v11 is
Pgp(v13,v11) = ((v13, v12), (v12,v10), (Vi0,vs8), (V9,vs), (V11,v9)) (see Lemma 19), where the first three
arcs are forward and the last two arcs are backward, and such that Pg(vi3,v11) is z-augmenting.
According to the FFL rule (Definition 20), we should remove the arc fi2, as it stands for the first
forward arc in Pg(v13,v11).

See Figure 3 for an illustration of an é-nice basis. The following lemma is the key
observation that allows us to bound the number of iterations in the algorithm. The proof of
the third property in the lemma relies on Lemma 25.

» Lemma 27. Let (B,0) be a Scarf pair and consider the iteration (B,0) — (B',0) —
(B',0"). Suppose j; = O — B is the entering column of the cardinal pivot, j, = B’ — B is the
leaving column of the cardinal pivot, and j* = O’ — O s the entering column of the ordinal
pivot. Let i € [n] be the separator of (B,0). Suppose B is an i-nice basis and j* # 1. Then,
we have the following:

1. Let a;, = (vj,vg). Then, f; = (vj,v;) (recall that f; is the unique arc entering v; in T ).
In other words, aj, and f; share the same tail. In addition, f; is the first arc in Py(vj,vg),
where Py(vj,vi) be the T-path from v; to vg.

2. aj, = fz

The separator of (B',0") is i’ for some i’ > i.

4. B’ is an i'-nice basis.

w

We rewrite Scarf’s algorithm as a combination of Algorithm 2 (cardinal pivot) and
Algorithm 3 (ordinal pivot). To prove Theorem 5, we verify that the initial cardinal basis By
an ig-nice basis, where i¢ is the separator of (By, Q). By inductively applying Lemma 27,
we have that every cardinal basis visited by the algorithm is a separator-nice basis, and every
ordinal pivot increases the index of the separator. Since the index of the separator is bounded
by n, the number of iterations is at most n. At a high level, the intuition is the following: The
tree associated with arborescence hypergraphs has a unique source; the potential function
we designed takes advantage of this fact, and the vertices of the hypergraph are organized to
join the matching one by one according to the depth-first order, which only exists when the
tree is an arborescence.

6  Non-integrality of the fractional stable matching polytope

A classical approach to stable matching problem in graphs is to describe the stable matching
polytope [35], that is, find an exact description of the convex hull of all characteristic vectors
of stable matchings. We construct a hypergraphic preference system I = (H = (V, E), >)
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Algorithm 3 Ordinal Pivot with Separator Change.

Let (O,1) be the current ordinal basis with separator i, associated with utility vector u®.
Je 1 > Leaving column is set to correspond to the arc f; (Lemma 27.2)
Tp <1

Jr + max O > Lemma 25.1
iy — 1 > Lemma 25.2

if {j >4, :cry>uP " Vi#1} =0 then
O’ = 0O U{1}\ {je} is a dominating basis for (A,b, C).
else
¥ < min{j > jr ez > u?_i’,‘ﬁ;é 1} >ci>ci2 > > Cim
O« OU{j*}\ {j}
Let j* belong to the block S,/ in matrix C.
R
end if

where H is an arborescence hypergraph, on which the above classical approach does not
succeed. This result provides evidence that the problem we are interested in is challenging
compared to the classical stable matching problems.

We first define

P(I) = conv ({x € {0, 1}F . 2 is a stable matching}), (4)

and

x(6(1) <1, VieV,
QUI)=<ze RF r(eZ)>1, VYe€E, », (5)
0<z. <1, VecF.

where §(i) = {e € E:i € e} and e = {¢/ € E:3Ji € e,e’ =; e} U{e}. We call P(I) the
stable matching polytope of I and Q(I) the fractional stable matching polytope of I. When H
is a bipartite graph, it is shown that P(I) = Q(I) (see, e.g., [35]). We show the following.

» Theorem 28. There is a hypergraphic preference system I = (H = (V, E),>) where H
is an arborescence hypergraph, such that the fractional stable matching polytope Q(I) is not
integral, thus P(I) # Q(I).

€2 €1 €3

g2

Figure 4 The underlying hypergraph. A node belongs to an edge iff the latter covers the former
in this figure.
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» Example 29. Consider the hypergraph in Figure 4: Let [ = (H = (V, E), >) where V =
{1,2,3,4,5,6,7,8,9} and E = {ey, ea,e3, f1, f2, f3,91,92,93}. H is an interval hypergraph.
The preference list is as follows:

Liea =191 =1 f1,
D f1 =2 e2 =2 g1,
1 fa s f1 -3 e,
re1 =4 fo =4 f1,
: f1 =5 e1 =5 fo,
se1 =6 f2 =6 €3 =6 g2,
D[z =7 e -7 e3 -7 g2,
e3 =8 g3 =8 f3,
: f3 =9 €39 g3.

© 0 N O Ot ks W N

Let = be such that z(e1) = z(e2) = z(e3) = 0, z(f1) = z(f2) = z(f3) = 2(g1) = z(g92) =
x(g3) = % Then, z is an extreme point of @Q(I), which is non-integral.

7 Conclusion

We showed that Scarf’s algorithm converges in polynomial time and returns an integral
stable matching on arborescence hypergraphic preference systems. Our result is the first
proof of polynomial-time convergence of Scarf’s algorithm on hypergraphic stable matching
problems. We note that some of our results hold for hypergraphs that are more general
than arborescence hypergraphs. It would be interesting to generalize our approach to show
polynomial convergence of Scarf’s algorithm for more general classes of hypergraphs, such as
network hypergraphs. It would also be insightful to interpret our implementation of Scarf’s
algorithm for arborescence hypergraphs as a purely combinatorial algorithm, if any such
interpretation exists.
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