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—— Abstract
Given a graph, an edge coloring assigns colors to edges so that no pairs of adjacent edges share the
same color. We are interested in edge coloring algorithms under the W-streaming model. In this
model, the algorithm does not have enough memory to hold the entire graph, so the edges of the
input graph are read from a data stream one by one in an unknown order, and the algorithm needs
to print a valid edge coloring in an output stream. The performance of the algorithm is measured
by the amount of space and the number of different colors it uses.

This streaming edge coloring problem has been studied by several works in recent years. When
the input graph contains n vertices and has maximum vertex degree A, it is known that in the
W-streaming model, an O(A?)-edge coloring can be computed deterministically with O(n) space
[Ansari, Saneian, and Zarrabi-Zadeh, 2022], or an O(A'®)-edge coloring can be computed by a
O(n)-space randomized algorithm [Behnezhad, Saneian, 2024] [Chechik, Mukhtar, Zhang, 2024].

In this paper, we achieve polynomial improvement over previous results. Specifically, we show
how to improve the number of colors to O(A4/ 3+¢) using space O(n) deterministically, for any
constant € > 0. This is the first deterministic result that bypasses the quadratic bound on the
number of colors while using near-linear space.
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1 Introduction

Let G = (V, E) be an undirected graph on n vertices with maximum vertex degree A. An
edge coloring of G is an assignment of colors to edges in F such that no pairs of adjacent
edges share the same color, and the basic objective is to understand the smallest possible
number of colors that are needed in any edge coloring, which is called the edge-chromatic
number of G. It is clear that the total number of colors should be at least A, and a simple
greedy algorithm can always find an edge coloring using 2A — 1 colors. By the celebrated
Vizing’s theorem [43] and Shannon’s theorem [40], (A + 1)-edge coloring and |3A/2]-edge
coloring always exist in simple and multi-graphs respectively, and these two upper bounds
are tight in some hard cases.
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The edge coloring problem has been studied widely from the algorithmic perspective.
There have been efficient algorithms for finding good edge coloring in various computational
models, including sequential [2, 30, 41, 3, 9, 12, 4], dynamic [6, 10, 26, 21, 11, 20], online [22,
13, 38, 36, 14, 15, 27], and distributed [37, 28, 29, 31, 5, 16, 8, 21, 24] models. In this paper,
we are particularly interested in computing edge coloring under the streaming model where
we assume the input graph does not fit in the memory of the algorithm and can only be
accessed via one pass over a stream of all edges in the graph. Since the output of edge coloring
is as large as the graph size, the algorithm cannot store it in its memory. To address this
limitation, the streaming model is augmented with an output stream in which the algorithm
can write its answers during execution, and this augmented streaming model is thus called
the W-streaming model.

Edge coloring in the W-streaming model was first studied in [7], and improved by follow-up
works [17, 1] which led to a deterministic edge coloring algorithm using O(A?) colors and
O(n) space, or O(A?%/s) colors and O(ns) space as a general trade-off. In [32], the authors
improved the trade-off to O(A?/s) colors and 'O(ny/s) memory, yet it does not break the
quadratic bound in the most natural O(n) memory regime; this algorithm is randomized
but can be derandomized in exponential time. The quadratic upper bound of colors was
subsequently bypassed in [39, 19] where it was shown that an O(A!-%)-edge coloring can be
computed by a randomized algorithm using O(n) space. Furthermore, in [39] the authors
obtained a general trade-off of O(A'® /s+A) colors and O(ns) space which is an improvement
over [32].

1.1 Our Results

In this paper, we focus on the basic O(n)-memory setting and improve the recent A!-5
randomized upper bound to A%/3+¢,

» Theorem 1. Given a simple graph G = (V, E) on n vertices with mazimum vertex degree A,
for any constant € > 0, there is a randomized W-streaming algorithm that outputs a proper edge
coloring of G using O ((log A)O(l/g)n) space and O ((log A)O(l/E)A4/3+E) different colors;
both upper bounds hold in expectation.

Furthermore, we also show that our algorithm can be derandomized using bipartite
expanders based on error correcting codes at the cost of slightly worse bounds, as stated
below. The deterministic algorithm and proof can be found in the full version [18].

» Theorem 2. Given a simple graph G = (V,E) on n wvertices with mazimum vertex
degree A, for any constant € > 0, there is a deterministic W-streaming algorithm that

outputs a proper edge coloring of G using O ((log A)C0/e) . (1/6)0(1/63) . A4/3+6> colors and
0 (n - (log A)O(1/64)) space.

1.2 Technical Overview
Previous Approaches

Using a deterministic general-to-bipartite reduction from [32], we can assume the input graph
G = (LU R, E) is bipartite. Also, it suffices to color only a constant fraction of all edges
in G, because we can recurse on the rest 1 — (1) fraction of G which only incurs an extra
factor of O(log A) on the total number of different colors.

L O(f) hides log f factors.
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Let us begin by recapping the randomized O(A1'5)—edge coloring from [39]. Since the
algorithm has O(n) bits of memory, we can assume that input graph is read from stream in
batches of size ©(n). If the subgraph formed by every batch has maximum degree at most

A'/2 ] then we can allocate O(A'/2) new colors for each batch, using O(A!-%) colors in total.

Thus, the main challenge arises when some batches contain subgraphs with maximum degree
exceeding A'/2.

To simplify the problem, let us assume that in each batch of O(n) edges, every vertex in
R has degree d > A'/2. To assign colors to edges, organize a table of colors of size A x (A/d),
represented as a matrix C/[i, 7] with indices 1 <7 < A and 1 < j < A/d. Then, for every
vertex u € L, draw a random shift r, uniformly at random from [A]. During the algorithm,
each vertex u € L keeps a counter ¢, of its degree in the stream so far, and each vertex
v € R keeps a counter b, of the number of batches in which it has appeared so far. Then, to
color a single batch, for edge (u,v), the algorithm tentatively assigns the color C[r, + ¢, b,]
(indices are under modulo A).

Clearly, edges incident on the same vertex u € L receive different colors, because the
counter ¢, is incremented for each edge (u,v); also edges incident on the same vertex v € R

but arriving in different batches are different, because the values of counter b, are different.

Randomization ensures that edges incident on v € R within the same batch receive mostly
different colors from the same column in C[*,b,]. Consider all the d neighbors of v in a single
batch wy,us, ..., uq. Since all the random shifts r,, are independent and all the counters c,,
are deterministic (they only depend on the input stream), with high probability, most row
indices (ry,; + ¢y,;) mod A will be different.

Bypassing the A'-° Bound

To better understand the bottleneck in the approach of [39], consider the following case. If
every batch forms a regular subgraph with uniform degree d, then we can reduce the size of
the color table from A x (A/d) to (A/d) x (A/d), since each vertex u € L could only appear
in A/d different batches. So the main difficult case is when the batches are subgraphs of
unbalanced degrees. As an extreme example, consider when vertices in L have degree 1,
while the vertices in R have degree d. For the rest, our main focus will be on this extreme
case, and show how to obtain a A'*¢-edge coloring which is almost optimal.

The flavor of our approach is similar to [19]. Divide all A batches into A/d phases, each
phase consisting of d consecutive batches. Let D be a parameter which upper bounds the
number of batches in which any vertex v € R could appear during a single phase. Then, the
maximum degree of a single phase would be bounded by Dd, so in principle we should be able
to color all edges within this phase using O(Dd) different colors. To implement the coloring
procedure, at the beginning of each phase, prepare D fresh palettes Cy,Cs,...,Cp, each of
size d, and assign each batch in this phase a palette C; where ¢ is chosen from [D] uniformly
at random. To keep track of the colors already used around each vertex, we maintain the
following data structures.

Each vertex v € R keeps a list U, C {C1,Cs,...,Cp} of used palettes.

Each vertex u € L initializes a random shift r, € [d] at the beginning of the algorithm.

When a batch of edges F' C E arrives, we will use the assigned palette C; to color this
batch. For every edge (u,v) € F, if C; ¢ U,, then tentatively assign the color (r, + ¢;) mod d
in C; to edge (u,v), where ¢; denotes the number of times that palette C; has been assigned
to previous batches. If C; € U,, we mark the edge as uncolored. Since the palettes are
assigned to batches randomly, in expectation, a constant fraction of edges will be successfully
colored. In the case that multiple edges incident on v are assigned the same color, we retain
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only one such edge and mark the remaining edges as uncolored. Since all the random shifts
ry’s are uniformly random and independent of the randomness of counters c;, most tentative
colors around any vertex v € R in this batch should be different. Once the batch F' is
processed, add C; to all lists U,, v € R such that degp(v) = d.

To reason about the space usage, we can argue that the total size of the lists U,,Vv € R
does not exceed O(n), because a palette C; appears in the list U, only when v receives d
edges in a batch which uses palette C;. Since the total number of edges in a phase is O(dn),
the total list size should be bounded by O(n). In this way, we are able to store all the used
palettes of vertices in R; this is not new to our approach, and a similar argument was also
used in [19]. The new ingredient is the way we store the used colors around vertices in L.
Here we have exploited the fact that vertices in L have low degrees in each batch, so their
progress in every palette C; is synchronized; that is, we only need to store a single counter
¢; which is the number of times that C; appears, and then the next tentative color of u € L
would be (7, + ¢;) mod d.

The above scheme would use O(Dd) different colors in a single phase, so O(AD) colors
across all A/d phases. When D < A/, this bound would be much better than A'®. So,
what if D > A/4? To deal with this case, we will apply a two-layer approach. Specifically,
let us further group every D consecutive phases as a super-phase, so there are at most
A/Dd < A'* super-phases in total (recall that we were assuming d > A'/2). Within a
super-phase, we will allocate A fresh colors which are divided into A/Dd different color
packages P1, Ps, ..., Pa/pq, where each color package P; is further divided into D palettes of
size d as P; = C; 1 UC;2U---UC; p. In this way, the total number of colors would be A5/4,

Then, like what we did before, for each phase in a super-phase, assign a color package P;
from Py, Py, ..., Pa/pq uniformly at random. Within each phase, we will stick to its assigned
color package P; and reuse the algorithm within a phase we have described before. Since
a color package is shared by multiple phases, each vertex v € R needs to store a list U, 2
which stores all the packages P; it has used so far, and in any phase where P; is assigned but
P; is already contained in U, 2, we would not color any edges incident on v in this particular
phase. By repeating the same argument, we can argue that the total size of all the lists
Uy,2,Yv € R is bounded by O(n) as well.

We can further generalize this two-layer approach to multiple layers and reduce the
total number of colors to A'T¢. However, this only works with the most unbalanced setting
where vertices on L always have constant degrees in each batch of input. In general, when
low-degree side has degree d’, our algorithm needs d’ - A'*€ colors. If d' is large, then we
would switch to the color table approach from [39]. Balancing the two cases, we end up with
A*/3%¢ colors overall.

Derandomization using Bipartite Expanders

Randomization is used both in the unbalanced case and in the regular case. To replace the
choices of the random shifts r,, and random color package assignments, we will show one
can apply unbalanced bipartite expanders [42, 34, 35] in a black box manner. However, for
the random shifts used in the regular case where we apply the color table idea from [39], it
would not be enough to use an arbitrary bipartite expander, because the counters ¢,’s could
be different and possibly damage the expansion guarantee; for example, it is not clear to us
how to apply the bipartite expander construction based on Parvaresh-Vardy Codes [34]. To
fix this issue, it turns out that it would be most convenient to use the bipartite expander
construction based on multiplicity codes [35].
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2 Preliminaries

Basic Terminologies

For any integer k, let us conventionally define [k] = {1,2,...,k}. For any set S and integer
k, let £ ® S be the multi-set that contains exactly k copies of each element in S.

Let G = (V, E) denote the simple input graph on n vertices and m edges with maximum
degree A. For any subset of edges F' C F and any vertex u € V, let degp(u) be the number
of edges in F incident on u. Sometimes we will also refer to the subgraph (V| F') simply as F'.

Problem Definition

In the edge coloring problem, we need to find an assignment of colors to edges such that
adjacent edges have distinct colors, and the objective is to minimize the total number of
different colors.

In the W-streaming model introduced by [25, 33], all edges of the graph G arrive one by
one in the stream in an arbitrary order, and the algorithm makes one pass over the stream
to perform its computation. For the task of edge coloring, since the algorithm has much less
space than the total size of the graph, it cannot store all the edge colors in its memory. To
output the answer, the algorithm is given a write stream in which it can print all colors.

Next, to set the stage in a convenient way, we will state several reductions for the problem.

General-to-Bipartite Reduction

Let us first simplify the problem by a deterministic reduction from edge coloring in general
graphs to bipartite graphs.

» Lemma 3 (Corollary 3.2 in [32]). Given an algorithm A for streaming edge coloring
on bipartite graphs using f(A) colors and g(n,A) space, there is an algorithm B using
O(f(A)) colors and O (g(n, A)logn + nlognlog A) space in general graphs. Furthermore,
this reduction is deterministic.

Reduction to Fixed Degree Pairs

By the above reduction, we focus on edge coloring for bipartite graphs G = (V, E'), where
V = LU R. Since the algorithm has space (n), we can divide the input stream into at most
O(m/n) = O(A) batches, each batch containing n edges. For any vertex u € V and any
batch F, let degp(u) be the number of edges in F incident on u. For every pair of integers
0 <l,r <logy A and every batch F, let Fy . = {(u,v) € F | degp(u) € [2},2!!), degp(v) €
[27,27F1)} and define E;, = p Fy,» over all batches F' in the stream and my,, = |Ej ,|.

In the main text, we will devise an algorithm to handle edges in Fj , for any fixed pair of
(I,7). The final coloring is obtained by taking the union of the colors over all (I,r), which
will blow up the number of colors and space by a factor of O(log2 A).

Adapting to an Unknown A

So far we have assumed that the maximum vertex degree A in G is known in advance. Our
algorithm can be adapted to an unknown value A in a standard way. Specifically, we can
maintain the value A; which is the maximum degree of the subgraph containing the first ¢
edges in the input stream. Whenever A; € (2871, 2¥] we apply our algorithm with A = 2F
to color all the edges. When k increments at some point, we restart a new instance of
the algorithm with a new choice A = 2¥ and continue to color the edges with fresh colors.
Overall, the total number of colors will not change asymptotically.
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3 Randomized A%/3t¢ Edge Coloring

This section is devoted to the proof of Theorem 1.

Reduction to Partial Coloring

To find an edge coloring of a graph, it was shown in [19] that it suffices to color a constant
fraction of edges in E if we do not care about O(log A) blow-ups in the number of colors.
Roughly speaking, for the uncolored edges, we can view them as another instance of edge
coloring, and solve it recursively. The following statement formalizes this reduction.

» Lemma 4 (implicit in [19]). Suppose there is a randomized streaming algorithm A with
space g(n, A) space, such that for each edge in e € E, it assigns a color from [f(A)] or marks
it as L (uncolored) and print this information in the output stream, with the guarantee that
there are at least dm edges in expectation which receive actual colors, for some value § > 0.
Then, there is a randomized edge coloring algorithm B which uses at most O (%f(A))
colors and O (%Q(n, A)) space in expectation.

Proof sketch. The idea is to recursively apply the streaming algorithm on all edges marked
with L (uncolored). In expectation, each time we reapply the algorithm, the number of
uncolored edges decrease by a factor of 1 — . So the expected recursion depth would be
O(%) before all uncolored edges fit in memory. <

According to the reductions in the preliminaries, we will focus on partial edge coloring
in bipartite graphs with fixed degree pairs. More specifically, our algorithm consists of the
following two components.

» Lemma 5. Fiz a parameter ¢ > 0. Given an graph G = (V, E) on n vertices with mazimum
vertex degree A, for any constant € > 0, and fix an integer pair (I,r), there is a randomized
W-streaming algorithm that outputs a partial coloring of edges Fy, such that least omy
edges receive colors in expectation; here § = 290/ s also a constant. The algorithm uses

O ((log A)°1/9) . Al+<. 21} colors and O ((log A)°1/9) . n) space.

» Lemma 6. Given an graph G = (V, E) on n vertices with mazimum vertex degree A, and
fix an integer pair (I,7), there is a randomized W-streaming algorithm that outputs a partial
coloring of edges Fy , such that least my /2 edges receive colors in expectation. The algorithm
uses O (A + A?/2'%7) colors and O(n) space.

Proof of Theorem 1. Basically, Lemma 5 deals with the case when min{2!, 2"} is small, and
Lemma 6 deals with the case when min{2!,2"} is large. For any (I,7), if min{2!,2"} < AY/3
then by Lemma 5, the number of colors is at most O ((log A)91/¢) - A%/3+€) "and otherwise
by Lemma 6 the number of colors would be O (A*/3). Either way, the total number of colors
over all (I,7) is bounded by O ((log A)O(/€) A%/3+¢), <

3.1 Proof of Lemma 5
3.1.1 Data Structures

Before presenting the details of the data structures we will use in the main algorithm, let us
start with a brief technical overview. The data structures consist of three components.
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Forest structures on batches. This part organizes edge input batches into parameter-
ized forests in a way similar to B-trees. The height of the forests will be O(1/¢), and the
branch size of each level will be an integer power of 2 in the range [A€, A], and so the
total number of different forests will be bounded by (log A)°(/€).

Color allocation on forests. Each forest will be associated with a separate color set of
size roughly A'*¢. On each level of a forest, we will randomly partition the color set of
this forest into color subsets (packages) and assign them to the tree nodes on this level.
We will also make sure that the color packages on tree nodes are nested; that is, the color
package of a node is a subset of the color package of its parent node.

Each vertex will choose colors for its incident edges according to its own frequencies
of accumulating edges in the stream. For example, when a vertex is gathering a large
number of incident edges in a short interval of batches, it would use color packages on
tree nodes with large branch sizes.

Vertex-wise data structures. To ensure that we never assign the same color to
adjacent edges, each vertex needs to remember which colors it has already used around it.
To efficiently store all the previously used colors, we will show that the used colors are
actually concentrated in color packages, so each vertex only needs to store the tree nodes
corresponding to those color packages, instead of storing every used colors individually.

Next, let us turn to the details of the data structures we have outlined above.

Forest Structures on Batches

Without loss of generality, assume [ < r, 2" > A€, and A€ is an integer power of two; note
that if 2" < A€, then the maximum degree inside each batch F}, is at most A€, so we can
use a fresh palette of size O(A€), so the total number of colors would be O(A!*€).

As we have done in the preliminaries, partition the entire input stream into at most
m/n < A batches of size n. We will create at most (log A)®1/€) different forest structures,
where each leaf represents a batch, and the internal tree nodes represent consecutive batches.
Each forest is parameterized by an integer vector f = (f1, fo, ..., fn) such that:

fi is an integer power of two;

2t = fo> f1 > fo >0 > fr= A% and 27 T[T fi <m/n

We can assume the total number of batches in the input stream is an integer multiple of
2rtl. H;:ll fi < m/n by padding empty batches. Given such a vector f = (f1, fa,..., fn),
we will define a forest structure 7¢ with h 4+ 1 levels by a bottom-up procedure; basically
we will build a forest on all the batches with branching factors 2”1, fi,..., fu bottom-up.
More specifically, consider the following inductive procedure.

All the batches will be leaf nodes on level 0. Partition the sequence of all batches into

groups of consecutive fy = 271 batches. For each group, create a tree node at level-1

connecting to all leaf nodes in that group.

Given any 1 < i < h — 1, assume we have defined all the tree nodes on levels 1 < j <.

List all the tree nodes on level i following the same ordering of the batches, and partition

this sequence of level-i nodes into groups of size f;. For each group, create a tree node at

level-(i 4 1) that connects to all nodes in the group.
According to the definition, in general, tree levels up to k have the same topological structure
for all frequency vectors which share the same first k — 1 coordinates fi, fa,..., fx—1. For
any node N € V(Tg), let T¢(N) be the subtree rooted at node N. By the above definition,
for any 1 < k < h, for any level-k node N, the set of all leaf nodes contained in the subtree
T¢(N) form a sub-interval of the batch sequence with length 27+1 . Hf;ll fi.
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Color Allocation on Forests

Next, we will allocate color packages at each tree node of each forest 7¢. By construction,
each forest structure Tz is a tree of h + 1 levels (from level-0 to level-h), and each tree is
rooted at a level-h node. Go over each tree T' C T and we will allocate color packages to
tree nodes in a top-down manner.
Basis. At the root N of the tree T, allocate a color package CN with 25-2/+7+2 -H?:1(5fi)
new colors. Divide package C*V evenly into 5f;, = 5A¢ smaller packages (colors are ordered
alphabetically in a package):

cN=chucyu---uc.

Here, symbol LI means disjoint union. By construction of tree T, N has f;_; different
children N1, N, ..., Ny, . Let sequence (i1,42,...,i57, ,) be a random permutation of
(fn_1/A°) ® [5A€]. For each 1 < j < fj,_1, define color package CVi = Cf;[

Induction. In general, suppose we have defined color packages for tree nodes on
levels k,k 4+ 1,...,h. Go over all tree nodes on level k. Inductively, assume |CV| =
25 . 2T +2. Hf:1(5 fi). Divide color package CV into 5f) smaller packages (colors are
ordered alphabetically in a package):

cV=clucu---uch,

Let 41,992, ...,i5f,_, be a random permutation of (fx—1/fx) ® [6f%]. For each such level-

k node N, by construction, it has f;_1 children Ny, Na,...,Ng¢, .. Then, for each

1 < j < fi_1, define color package CVi = Cf;’
By the above construction, each leaf node is allocated a color package of size 25 - 27712, We
will call each such smallest color package a palette. Notice that, by definition, the same
palette may appear at multiple leaf nodes (which represent input batches). For any leaf node
N (or equivalently, a batch), let cnt(C™V) count the total number of times that palette CV is
also allocated to previous leaf nodes (batches). Note that the counters cnt(x) do not depend
on the input stream and can be computed in advance.

Vertex-Wise Data Structures

To carry out the streaming algorithm, we will also maintain some data structures for vertices
in V. At the beginning of the streaming algorithm, for each vertex u € L, draw a random shift
7y € [3- 2711 uniformly at random; these random shifts r,,’s will remain fixed throughout
the entire execution of the algorithm.

The main part is to specify the data structures associated with each vertex v € R.
For each forest 7¢, we will maintain a set of marked nodes M, ¢ C V(7¢) throughout the
streaming algorithm.

» Invariant 7. We will ensure the following properties regarding the marked nodes M, ¢

throughout the execution of the streaming algorithm.

(1) No two nodes in M, ¢ lie on the same root-to-leaf path in the forest T¢. Furthermore,
suppose the current input batch corresponds to a leaf F', and let P be the unique tree
path from F' to the tree root. Then, any node N € M, ¢ is a child of some node on P.

(2) For any node N € T¢ on level-k such that M, ¢ NV (Te(N)) # 0, let Fy, Fs,...,F, CE
be all the input batches which correspond to leaf nodes in subtree Tg(N). Take the union
of the batches U = Fy U F, U---U F,. Then, we have degy(v) > 27 Hle fi-



S. Chechik, H. Chen, and T. Zhang

(3) For any previous input batch F’ before F such that:
F and F' are in the same tree component in Tg,
degpi(v) € [27,271),
v used some colors in CF’ during the algorithm,
we guarantee that F' must be contained in some subtree Tg(N) for some N € M, ¢.

(4) The choices of M, ¢ is independent of the randomness of {r,, | uw € L} and the randomness
of color packages C*, and they only depend deterministically on the input stream.

Let us explain the purpose of the above properties. Invariant 7(1)(2) ensures that the
algorithm only uses O(n) space in total. Invariant 7(3) allows us to rule out all colors

used previously, preventing duplicate assignments to edges incident on the same vertex.

Invariant 7(4) will be technically important for the analysis of randomization.

3.1.2 Algorithm Description

Next, let us turn to describe the coloring procedure. At the beginning, all the marked sets
M, ¢ are empty for any v € R and any frequency vector f. Upon the arrival of a new input

batch F', we will describe the procedures that update the marked sets and assign edge colors.

Preprocessing Marked Sets

Since the current input batch has changed due to the arrival of F', we may have violated
Invariant 7(2) as the root-to-leaf tree path may have changed. Therefore, we first need to
update all the marked sets with the following procedure named UPDATEMARKSET(F).

Go over every vertex v € R and every frequency vector f. Consider the position of F’
in the forest 7¢, and let P be the root-to-leaf path in 7¢ ending at leaf F. First, remove all
marked nodes N € M, ¢ which are not in the same tree as P; note that this may happen
when F is the first leaf in a new tree component of 7.

Next, go over every node W lying on the tree path P, for any child node N of W, if (1)
V(T¢(N)) # F and (2) V(Tg(N)) N M, ¢ # 0, then remove all nodes in V(7g(N)) N M, ¢ from
M, ¢ and add N to M, ¢. In other words, we elevate the positions of all the marked nodes in
M, ¢ to their ancestors which are children of P. See Figure 1 for an illustration.

G~ 0

Figure 1 In this picture, it shows an example of a forest 7 where the orange nodes are the
marked ones, and the blue path is the root-to-leaf path ending at the current input batch F. Upon
the arrival of a new input batch F', we need to update the root-to-leaf tree path and the marked
sets accordingly.
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Coloring F; ..

To find colors for edges in Fj ., we first need to find a proper palette for each vertex v € R
such that degp(v) € [27,27F1). We will describe an algorithm FREQVEC(F') which finds a
proper frequency vector f, = (f1, fa,..., fr) for each such v € R and use the palette C¥’
associated with leaf node F' in the forest Tg,. To identify the proper frequency vector f,, we
will figure out each coordinate fi, fa, ..., fn one by one inductively.
Basis. Let N be the unique level-1 node containing F' (recall that level-1 nodes are
defined irrespective of frequency vectors). Find f; € {A€ 2A¢, ..., 2"} which is the
smallest integer such that there exists a frequency vector £ = (f1, f5, f4,...), so that
M, ¢ contains less than f; children of N. Note that such a vector must exist, because
fi = 2"+1! always satisfies this requirement.
If f; = A€, return the 1-dimensional vector f, = (f1).

Induction. In general, assume we have specified a prefix fi, fo,..., fi for some k > 1.
Note that all the forests T¢ share the same topological structures from level 0 up to
k+ 1. Let N be the unique level-(k + 1) node containing F' conditioning on fi, fa,. .., fk.
Check all the frequency vectors f’ that begin with the prefix fi, f2,..., fx, and find
the smallest possible fr11 € {A¢,2A¢ ... fi} such that there exists a frequency vector
" = (f1, f25- -+ fr» frw1, fryg, - - ) under the condition that M, ¢ contains less than fi,1
children of N. Note that such a vector must exist, because fy11 = fi always satisfies
this requirement.

If fr+1 = A€, then return the vector £, = (f1, fo, ..., fr, fet1)-

Choosing palette C,. Once we have finished the above inductive process, we need to
choose a palette C, for v which contains 25 - 2!77+2 different colors. Basically, we will
choose the palette associated with leaf node F' in forest 7¢, as C,, but must ensure that

C, has not been used previously.

To make sure of this, let P denote the root-to-leaf tree path ending at leaf node F in T, .

Travel down the path from root to leaf and enumerate all the encountered tree nodes.

For every such tree node N, if N already contains a sibling W € M, ¢, and CV = CV,

then abort this procedure and assign C, < 0.

In the end, if this procedure terminates without abortion, then assign C, + C*'; here C¥'

refers to the palette of size 25 - 2772 associated with leaf node F in forest T, .

In this way, we can select a frequency vector f, for every vertex v € R such that
degp(v) € [27,2"11). Let C, be the palette assigned to leaf node F by forest T¢,. Next, we
are going to color all edges in Fj, using colors from C, for edges incident on v € R. Go
over each vertex u € L, and list its neighbors v, va, ..., v, k < 271 in F} .. For any index
1< <k, if C,, # (), then reserve a tentative color to edge (u,v;), which is the x;-th color in
palette C,, and

ki =5-2%1 (ent(Cy,) + 7)) +4 mod 25 - 217 H2

Recall that cnt(C,) counts the number of times that palette C, has appeared at previous leaf
nodes under 7. Notice that k < 2!+, these tentative colors are different around w.

On the side of v € R, it checks all the tentative colors on all of its edges in Fj,. If a
tentative color is used more than once, then it keeps only one of them, and turns other
tentative colors back to L. Finally, for each edge e € Fj ,, assign e its own tentative color
and print it in the output stream.
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Postprocessing Marked Sets

After processing the input batch F', for every vertex v € R such that degp(v) € [27,27 1),
add node F to M, ¢,; note that we mark F irrespective of whether C, is () or not as will be
important for establishing Invariant 7(4). The whole algorithm is summarized in Algorithm 1.

Algorithm 1 COLORLOWDEG(F).

/* pre-processing marked sets */
1 for v € R and frequency vector f do
2 call UPDATEMARKSET(F) (as described in Section 3.1.2) to remove marked
nodes in previous tree components in Tg,
3 and elevate the positions of all the marked nodes in M, ¢ to their ancestors which
are children of P;
/* select frequency vector f, and palette C, */
4 for v € R such that degp(v) € [27,2"1) do
5 call FREQVEC(F') (as described in Section 3.1.2) to determine the frequency
vector £, = (f1, fo,...) progressively;
6 find palette C,, while ensuring no conflicts with sibling nodes;

/* assign colors for Fj, */
7 for u e L do
8 let v1,vg,...,v; be all of u’s neighbors in Fj ,;
9 assign edge (u,v;) a tentative color which is the k;-th color in palette C,,, where
ki =524 (ent(Cy,) +7u) +i mod 25 - 2072
10 for v € R such that degp(v) € [27,2"!) do
11 discard tentative colors that appear more than once around v in Fj ,;
12 output the unique tentative colors to the output stream;

/* post-processing marked sets */
13 for v € R such that degp(v) € [27,2"!) do
14 ‘ add F to M, ¢,;

3.1.3 Proof of Correctness

To begin with, let us first bound the total number of different colors that we could possibly
use.

» Lemma 8. The total number of colors that the algorithm could use is O((log A)O(/IAl+e.
21,

Proof. By the design of the forest structures, for each frequency vector f, the number of
colors assigned to each tree in the forest T¢ is bounded by 25 - 2!+7+2. Hf:1(5 fi). Since each
tree in T¢ covers 2"+1 . H?;ll fi batches, and there are at most m/n < A batches, the total
number of colors in 7¢ is bounded by

h
95 . ol+r+2 H(5fi) I A ] = O(Al*e . 2l 500/,

h—1
i=1 2rtt. Hi:l fi

Since there are (log A)?1/€) different choices for f, the total number of colors used by the
algorithm is O((log A)P(/€) Al+e . 2h), <
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Let us next state some basic properties of any forest 7g.
» Lemma 9. Each palette is used by at most 2"+t /A€ different batches.

Proof. Consider a palette CV allocated to a leaf node N. By the construction of color
packages:
At the root, exactly one package contains this palette, and f,_1 /A€ children of the root
inherit the palette. Therefore, at level h — 1, the palette CV is used in at most f;_;/A¢
nodes.
Suppose at level k, the palette CV is used in fi/A€ nodes. Each of these nodes has
fr—1/fr children that inherit the palette. Thus, at level k — 1, the palette is used in at
most fr_1/A° nodes.
By induction, the palette C%V is used in at most 2"+! /A€ different batches at level 0, as
required. |

» Corollary 10. During the algorithm, the values of the counters cnt(C) never exceed 271 /A€
for any palette C.

To bound the total space, it is clear that the bottleneck is storing all the marked sets M, ¢,
since all the forest structures and color assignments only require space O ((log Ao/ 6)A).

» Lemma 11. If Invariant 7 is satisfied, then at any point during the execution of the
algorithm, for any given frequency vector £, the total size of marked sets ) _p|M,¢| is
bounded by O(2"n). Consequently, the total space usage is bounded by O((log A)®1/€)n).

Proof. For any level-k vertex N € T¢, the subtree T¢(N) contains exactly 271 . Hi:ll fi
batches, and thus 27! - Hf:_ll fi - m edges. Let U denote the union of all batches in T¢(N).
For any vertex v, if M, ¢ © N, by Invariant 7(2), we have deg (v) > 27" Hle fi- Thus,
the number of vertices v such that M, ¢ > N is bounded by:

k—1
27'+1 . Hi:l fz ‘n - 2k+1 n

o=k 15, f; fx

Suppose the current working batch is F. By Invariant 7(1), any marked vertex is a child
of a node on the root-to-leaf path P. Thus, among all vertices at level k, there are f; vertices

that are candidates for being marked. Taking the summation over all levels, the total size of
> wer | My g| is bounded by

h+1
9k+1 .

Z | M, ¢] < Z A " - fr = 0(2"n).
k=0

vER

Since the depth of the tree is at most O(1/€), and there are O((log A)?(*/€)) distinct frequency
vectors f, the total space usage is therefore bounded by O((log A)®1/€)p). <

Now, our main focus will be on verifying all the properties in Invariant 7.
» Lemma 12. [nvariant 7 is preserved by the algorithm throughout its execution.

Proof. Property (1) is preserved in a straightforward manner by the way we maintain all
the marked sets M, ¢ in the pre- and post-processing step for each input batch. Property (4)
is also guaranteed because our updates to marked sets only depend on the input stream, not
on the randomness used by the algorithm.
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As for property (3), according to the coloring algorithm, for any previous input batch F’
where deg (v) € [27,27T1), if vertex v € R used some colors associated with leaf node F” in
forest T¢, then the algorithm must have added F’ to M, ¢ back then. Then, according to the
preprocessing rules, F’ would always be contained in the subtree of some marked as long as
the current leaf node F belongs to the same connected tree component as F’ in Ts.

Next, we will focus on property (2). We will prove this by an induction on time. As the
basis, property (2) holds trivially because all the marked sets are empty. Consider the arrival
of any new input batch F and any vertex v € R such that degp(v) € [27,27T1).

First, we argue that the pre-processing step does not harm property (2). This is because
the inequality in property (2) is required for all ancestors of any marked node (including itself),
so if it held right before the arrival of F', then it should also hold after the pre-processing
step as we are only raising the positions of marked nodes to their ancestors.

Next, we consider the coloring step and the post-processing step. According to the
coloring procedure, since v will only use colors and mark nodes in forest 7, , we will only
need to worry about property (2) in forest 7¢,. Before the post-processing step, let P be the
root-to-leaf path ending at leaf node F' in T¢,, and let W be the highest (in terms of levels)
node on P such that V(7g, (W)) N M, ¢, = 0, namely the subtree T¢, (W) does not contain
any marked nodes; this node W always exists because F itself is a possible candidate.

To prove property (2) after we add F' to M, ¢,, we only need to verify the inequality for
all nodes on P between W and F'. List all these nodes as F' = Ny, N1, N, ..., N =W. We
will prove the inequality of property (2) for each index ¢ =0,1,... k.

When ¢ = 0, we already know that degp(v) > 2", so the inequality holds.

For any index 1 < i < k, consider the procedure that chose the coordinate f;. Be-

cause of the minimality of f;, we know that for some alternate frequency vector f’ =

(f1, fas- -y fiz1, fi/2,...), there are at least f;/2 marked children of N (before the post-

processing step), where N/ € V(T¢/) sits at the same topological position as N; (or in

other words, T¢, (NV;) and T¢ (/) are isomorphic). Let U be the union of the batches
which are all leaf nodes of 7¢/(N/). Therefore, by our inductive assumption regarding
property (2), we know that:

i—1 i
degyr(v) > (fi/2)- 2 - TT fi=27""T] %
Jj=1 j=1
This verifies the inequality at node IV;. <

Next, let us turn to the color assignment part. First, we need to verify that the algorithm
never assigns the same color twice around the neighborhood of a single vertex.

» Lemma 13. In the output stream, the algorithm never prints the same color for two
adjacent edges.

Proof. First, let us rule out color conflicts for edges around the same vertex u € L. This is
rather straightforward, because according to the algorithm description, within each batch,
we only assign tentative colors with distinct color indices around each vertex u € L. For
two different batches F, F”, if we happen to use the same color palette C in F, F’ around
the same vertex u, then the counter values cnt(C) must be different in these two batches.
According to Corollary 10 and that r, € [3-271], the value of cnt(C, + 1) is always in the
range [3-27+1 4. 271, Together with the fact that deg(u), degp (u) < 2/+1, the algorithm
must use distinct colors in F, F’ from C.
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Next, let us rule out color conflicts for edges around the same vertex v € R. For any
color palette provided by T¢, which was used before in some previous batch F’; according to
Invariant 7(3), there must be a marked node N’ whose subtree contains F”. According to
our coloring procedure, C, is nonempty only when C¥ is disjoint from all the color packages
of its marked siblings N’, for any node N on the root-to-leaf path to F' in Tg,. Therefore, v
could not reuse any palettes previously assigned. Furthermore, since we discard repeated
colors within a single palette, the assigned colors must be distinct. |

Finally, let us prove that the algorithm successfully colors a good fraction of all edges in
the input stream.

» Lemma 14. The total number of colored edges in the output stream is at least dm in
expectation, where § = 2-91/€),

Proof. Fix any input batch F and any vertex v € R such that deg,(v) € [27,2"T1), it suffices
to lower bound the expected number of colored edges in Fj, incident on v.

First, we need to analyze the probability that the color palette C, is nonempty, based on
the randomness of the distribution of color packages on forest T¢,. As before, let P denote
the root-to-leaf path in 7¢, ending at F', and let F' = Ny, N1, ..., N} be all the nodes on the
tree path. According to the selection of the frequency vector f,, for any 0 < k < h —1, N
has less than fj41 marked siblings. By design, the color packages of Ny are determined
by the length-fj prefix of a random permutation (fx/fr+1) ® [5fx+1]. Therefore, by the
independence guarantee from Invariant 7(4), the probability that CV* does not conflict
with the color packages of any other marked siblings is at least (1 — 1/(5fr1))/*+* > 4/5.
By applying this bound over all levels, the probability that C, is nonempty is at least
(4/5)" > (4/5)V/°.

Next, conditioning on the event that C, # 0, let us analyze the amount of edges in Fj .
that are colored around v. Let ui, ug, ..., u; be the neighbors of v in graph (V, Fj ), where
k < 27t For any fixed 1 <i < k, as r,, was chosen uniformly at random from [3 - 2"1],
the probability that r,, # ry, for all j # i is at least (1 —1/(3-2""!))% > 2/3. This ensures
that the tentative colors between u; and v survive in the output stream with probability at

least 2/3.
Overall, the expected number of colored edges in F} . would be at least (2/3)-(4/5)/¢-| Fy..|,
which concludes the proof. |

3.2 Proof of Lemma 6

Without loss of generality, assume A is a power of 2.

3.2.1 Data Structures

At the beginning, for each vertex u € L, draw a random number s, € [A/2!] uniformly at
random. For each vertex v € R, draw a random number t,, € [A/2"] uniformly at random.
As in the preliminary steps, the input stream is divided into batches of size n (except
for the last one). For each u € L, let cnt(u) count the number of previous batches F where
degp(u) € [2!,2!*1), and symmetrically let cnt(v) count the number of previous batches F
where degp(v) € [27,2"H1) for v € R.
Ay A

Additionally, we will use a palette matrix C of size 5 X 5,
2l+r+1

corresponds to a distinct palette of size Ag, with Ay = [4 . ( A~ + 1)—‘ All the colors can

where each entry in C[i, j]

be represented as integers in the range [Aﬁff} naturally.
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3.2.2 Algorithm Description

Let us describe the coloring procedure upon the arrival of a new input batch F. For each
vertex u € L, propose a tentative row index z, = (s, + cnt(u)) mod %. For each vertex
v € R, propose a tentative column index y,, = (t,+cnt(v)) mod 5. For each edge (u,v) € F,
we will assign a color from the matrix C[x,, y,] in the following manner.

Let E, , be the set of edges (u,v) € Fy, where (x,,y,) = (z,y), and let G, , be the
subgraph whose edge set is E . To color G, with only A colors, we need to prune it
so that its maximum degree does not exceed Ag, which is done in this way: for each edge
(u,v) € Eyy, if max{degy, (u),degg, (v)} > Ag, mark it as L (uncolored) and remove
it from G, 4. Finally, since G, is a bipartite graph, we can apply the Ag-edge coloring
algorithm [23] to color G , using the palette C[z,y] which has size Ag.

Finally, for each vertex u € L such that degp(u) € [2!,2!*1), increment the counter cnt(u)
by 1; also, increment the counters for v € R in a symmetric way. The whole algorithm is
summarized in Algorithm 2.

Algorithm 2 CoOLORHIGHDEG(F).

1 define z, < s, + cnt(u) mod A/2,Vu € L;
2 define y, < t, +cnt(v) mod A/2",Vv € R;
3 define E, , = {(u,v) € Fi» | (0, ¥0) = (2,9)},V(z, y);
4 for every pair (x,y) and edge (u,v) € E, , do
/* prune G,, to cap its maximum degree */
5 remove edge (u,v) from E, , if max{degp, (u),degg, (v)} > Ao;

6 for every pair (z,y) do
7 ‘ use palette C[z,y] to color Ey ;
8 increment counters cnt(x);

3.2.3 Proof of Correctness
Proper Coloring

To prove that the colored edges form a proper coloring, we need to show that for any two
distinct edges e; = (u,v1) and es = (u,v2) sharing a common vertex u, their colors are
different. Since the algorithm is symmetric for L and R, we can assume u € L. There are
several cases below.
If e; and es use different matrix entries in C, their colors are already distinct.
Suppose both edges use palette C[x,y]. Then, there are two sub-cases below.
If e; and ey belong to different batches F} and Fy with batch counters cnt(l)(u) and
ent® (u), we have © = s, + cnt™® (u) = 5, + ent® (u) (mod A/2Y). Since degp(u) €
[2¢,2!*1), cnt, never exceeds A/2'. Thus, cnt™ (u) = cnt®(u), which leads to a
contradiction.
If e; and es belong to the same batch, they belong to the same subgraph G ,. The
correctness of the offline coloring algorithm guarantees they get distinct colors.

Space Usage

For each vertex u, we maintain its batch counter cnt, and random shift s, for v € L (or ¢,
for v € R), requiring O(n) space in total. During the batch coloring process, we also store
the indices z,, and y,, which require additional O(n) space. Furthermore, each subgraph
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G,y has at most n edges, so the offline coloring algorithm requires O(n) space. These spaces
are reused across different subgraph coloring processes and different batches. Therefore, the
overall space complexity is O(n).

Number of Colors

The total number of colors is given by

A A A2
~QT-A0:O(A+ )

9l ol+r
Next, we show that at least half of the edges get colored in expectation.

» Lemma 15. During the algorithm, at least a 1/2 fraction of the edges are colored in
expectation.

Proof. For any edge (u,v) € F;, such that v € L,v € R, we estimate the probability that
(u,v) is colored. Define x = z,,y = y,. It suffices to lower bound the probability that
deng (U)7deng,y(U) < Ao.

Let (u,v1), (u,va),..., (u,v;) € Fy .k < 241 — 1 be all edges incident on u other than
(u,v). Since G is a simple graph, all the vertices vy, vs, ..., v; are distinct and are different
from v. Since y,, is uniformly distributed in [A/2"], the probability that y,, = y is at most
2" /A. Using Markov’s inequality, we have:

(21 —2).27 /A
Ao

Pr[degg, ,(u) > Ao] < <1/4

Symmetrically, we can argue that Pr[degp,  (v) > Ao] < 1/4. Hence, the probability that

(u,v) remains in E, , after the pruning procedure would be at least 1/2. This concludes the
proof. |
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