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—— Abstract

We study the general norm optimization for combinatorial problems, initiated by Chakrabarty and
Swamy (STOC 2019). We propose a general formulation that captures a large class of combinatorial
structures: we are given a set U of n weighted elements and a family of feasible subsets F. Each
subset S € F is called a feasible solution/set of the problem. We denote the wvalue vector by
v = {vi}ic[n], where v; > 0 is the value of element i. For any subset S C U, we use v[S] to denote
the n-dimensional vector {ve - 1[e € S]}ecus (i-e., we zero out all entries that are not in S). Let
f:R"™ — Ry be a symmetric monotone norm function. Our goal is to minimize the norm objective
f(v[S]) over feasible subset S € F. The problem significantly generalizes the corresponding min-sum
and min-max problems.

We present a general equivalent reduction of the norm minimization problem to a multi-
criteria optimization problem with logarithmic budget constraints, up to a constant approximation
factor. Leveraging this reduction, we obtain constant factor approximation algorithms for the norm
minimization versions of several covering problems, such as interval cover, multi-dimensional knapsack
cover, and logarithmic factor approximation for set cover. We also study the norm minimization
versions for perfect matching, s-t path and s-t cut. We show the natural linear programming
relaxations for these problems have a large integrality gap. To complement the negative result, we
show that, for perfect matching, it is possible to obtain a bi-criteria result: for any constant €, > 0,
we can find in polynomial time a nearly perfect matching (i.e., a matching that matches at least
1 — e proportion of vertices) and its cost is at most (8 4+ §) times of the optimum for perfect matching.
Moreover, we establish the existence of a polynomial-time O(loglogn)-approximation algorithm
for the norm minimization variant of the s-t path problem. Specifically, our algorithm achieves an

Olloglogn/a) " where 9 < a < log log n.

a-approximation with a time complexity of n
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1 Introduction

In many optimization problems, a feasible solution typically induces a multi-dimensional value
vector (e.g., by the subset of elements of the solution), and the objective of the optimization
problem is to minimize either the total sum (i.e., 1 norm) or the maximum (i.e., £o, norm)
of the vector entry. For example, in the minimum perfect matching problem, the solution
is a subset of edges and the induced value vector is the weight vector of the matching (i.e.,
each entry of the vector is the weight of edge if the edge is in the matching and 0 for a
non-matching edge) and we would like to minimize the total sum. Many of such problems
are fundamental in combinatorial optimization but require different algorithms for their
min-sum and min-max variants (and other possible variants). Recently there have been a
rise of interests in developing algorithms for more general objectives, such as ¢, norms [4, 24],
top-¢ norms [22], ordered norms [9, 12] and more general norms [13, 14, 31, 19, 1, 33|, as
interpolation or generalization of min-sum and min-max objectives. The algorithmic study of
such generalizations helps unify, interpolate and generalize classic objectives and algorithmic
techniques.

The study of approximation algorithm for general norm minimization problems is initiated
by Chakrabarty and Swamy [13]. They studied two fundamental problems, load balancing
and k-clustering, and provided constant factor approximation algorithm for these problems.
For load balancing, the induced value vector is the vector of machine loads and for k-clustering
the vector is the vector of service costs. Subsequently, the norm minimization has been
studied for a variety of other combinatorial problem such as general machine scheduling
problem [19], stochastic optimization problems [31], online algorithms [38], parameterized
algorithms [1] etc. In this paper, we study the norm optimization problem for a general set
of combinatorial problems. In our problem, a feasible set is a subset of elements and the
multi-dimensional value vector is induced by the subset of elements of the solution. Our
problem is defined formally as follows:

» Definition 1 (The Norm Minimization Problem (MinNorm)). We are given a set U = [n] of
n weighted elements and a family of feasible subsets F. Each subset S € F is called a feasible
solution/set of the problem. We denote the value vector by v = {v;}ic[n), where v; > 0 is
the value of element i. We say a subset S C U feasible if S € F. For any subset S C U, we
use v[S] to denote the n-dimensional vector {v. - 1[e € S|}ecu (i.e., we zero out all entries
that are not in S), and we call v[S] the value vector induced by S. Let f : R" — Ry be
a symmetric monotone norm function. Given the norm function f(-), our goal is to find
a feasible solution in F such that the norm of the value vector induced by the solution is
minimized, i.e., we aim to solve the following optimization problem

MinNorm: minimize  f(v[S)]) subject to SelF.

Note that the case f(v[S]) = > cg
call the corresponding problem the original optimization problem. Other interesting norms

Ve is the most studied min-sum objective and we

include ¢, norms, Top-¢ norms (the sum of top-¢ entries), ordered norms (see its definition
in Section 3). Note that our general framework covers the k-clustering studied in [13]: in the
k-clustering problem, the universe U is the set of edges and each feasible solution in F is
a subset of edges that corresponds to a k-clustering. The load balancing problem does not
directly fit into our framework, since one needs to first aggregate the processing times to
machine loads, then apply the norm.

Before stating our results, we briefly mention some results that are either known or very
simple to derive.
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1. (Matroid) Suppose the feasible set F is a matroid and a feasible solution is a basis of
this matroid. In fact, the greedy solution (i.e., the optimal min-sum solution) is the
optimal solution for any monotone symmetric norm. This is a folklore result and can be
easily seen as follows: First, it is easy to establish the following observation, using the
exchange property of matroid: We use TOP;(.S) to denote the sum of largest ¢ elements of
S. For any ¢ € Z>, and any basis S € F, TOP¢(Sgreedy) < TOP¢(S) where Sgreedy is the
basis obtained by the greedy algorithm. Then using the majorization lemma by Hardy,
Littlewood and Polya (Lemma 3), we can conclude Sgreeay is optimal for any monotone
symmetric norm.

2. (Vertex Cover) We first relax the problem to the following convex program:

min. f(vizi,...,va%,) st.  x; +x; > 1 for any (4,5) € E.

The objective is convex since f is norm (in particular the triangle inequality of norm).
Then, we solve the convex program and round all x; > 1/2 to 1 and others to 0. It is
easy to see this gives a 2-approximation (using the property f(ax) = af(x) for a > 0).
3. (Set Cover) The norm-minimization set cover problem is a special case of the generalized
load balancing problem introduced in [19]. Here is the reduction: each element corresponds
to a job and each subset to a machine; if element ¢ is in set S}, the processing time p;; = 1,
otherwise p;; = oo; the inner norm of each machine is the max norm (i.e., ¢»;) and the
outer norm is f(-). Hence, this implies an O(logn)-approximation for norm-minimization
set cover problem using the general result in [19]. The algorithm in [19] is based on a
fairly involved configuration LP. In the full version [17], we also provide a much simpler
randomized rounding algorithm that is also an O(logn)-approximation. Note this is
optimal up to a constant factor given the approximation hardness of set cover [23, 21].
4. (Top; and Ordered Norms) If the min-sum problem can be solved or approximated
efficiently, one can also solve or approximate the corresponding TOP, and ordered norm
optimization problems. This mostly follows from known techniques in [9, 13, 22].

Our Contributions

Our technical contribution can be summarized as follows:

1. (Theorem 5) We present a general reduction of the norm minimization problem to a
multi-criteria optimization problem with logarithmic budget constraints, up to a constant
approximation factor. This immediately implies an O(«alogn)-approximation for the
MinNorm problem if there is a poly-time a-approximation for the corresponding weight
minimization problem (See Theorem 6).

2. Leveraging the reduction in Theorem 5, we obtain constant factor approximation algo-
rithms for the norm minimization versions of several covering problems, such as interval
covering (Theorem 17), multi-dimensional knapsack cover (Theorem 9 and Theorem 10).
These algorithms are based on rounding the natural linear programming relaxation of
the multi-criteria optimization problem, possibly with a careful enumeration of partial
solutions. For set cover, we obtain a simple randomized approximation algorithm with
approximation factor O(logn) (See full version [17]), which is much simpler than the
general algorithm in [19].

3. We also study the norm minimization versions for perfect matching, s-t path and s-¢ cut.
We show the natural linear programming relaxations for these problems have a large
integrality gap (Theorem 21 and a second theorem provided only in the full version [17]).
This indicates that it may be difficult to achieve constant approximation factors for these
problems.
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4. To complement the above negative result, we show that, for perfect matching, it is possible
to obtain a bi-criteria approximation: for any constant € > 0, we can find a nearly perfect
matching that matches at least 1 — € proportion of vertices and the norm of this solution
is at most (8 + §) times of the optimum for perfect matching where § is any positive real
constant (Theorem 24).

5. We present an approximate dynamic programming approach that yields a a-approximation
nOUoglogn/e)_time algorithm for the min-norm s-t path problem for 9 < a < loglogn
(Theorem 22), demonstrating an alternative technique for solving norm minimization
problems beyond LP rounding.

2 Related Work

Top-£ and Ordered Optimization. As a special case of general norm optimization, ordered
optimization for combinatorial optimization problems have received significant attention in
the recent years. In fact, an ordered norm can be written as a conical combination of top-£
norms (see Claim 2). The ordered k-median problem was first studied by Byrka et al. [9]
and Aouad and Segev [2]. Byrka et al. [9] obtained the first constant factor approximation
algorithm (the factor is 38 + ¢€). Independently, Chakrabarty and Swamy [12] obtained an
algorithm with approximation factor 18 for the top-£ norm), which can be combined with the
enumeration procedure of Aouad and Segev [2] to get the same factor for the general ordered
k-median. The current best known approximation is 5, by Chakrabarty and Swamy [13].
Deng and Zhang [20] studied ordered k-median with outliers and obtained a constant factor
approximation algorithm. Maalouly and Wulf [22] studied the top-¢ norm optimization for
the matching problem and obtained an polynomial time exact algorithm (see full version [17]).
Braverman et al. studied coreset construction for ordered clustering problems [7] which was
motivated by applications in machine learning. Batra et al. [5] studied the ordered min-sum
vertex cover problem and obtained the first poly-time approximation approximation with
approximation factor 2 + e.

General Symmetric Norm Optimization. Chakrabarty and Swamy [13] first studied general
monotone symmetric norm objectives for clustering and unrelated machine load balancing
and obtained constant factor approximation algorithms, substantially generalizing the results
for k-Median and k-Center and makespan minimization for unrelated machine scheduling. In
a subsequent paper [14], they obtained a simpler algorithm for load balancing that achieves
an approximation factor of 2 + €. Abbasi et al. [1] studied the parametrized algorithms for
the general norm clustering problems and provided the first EPAS (efficient parameterized
approximation scheme). Deng et al. [19] introduced the generalized load balancing problem,
which further generalizes the problem studied by [14]. In the generalized load balancing
problem, the load of a machine i is a symmetric, monotone (inner) norm of the vector of
processing times of jobs assigned to i. The generalized makespan is another (outer) norm
aggregating the loads. The goal is to find an assignment of jobs to minimize the generalized
makespan. They obtained a logarithmic factor approximation, which is optimal up to constant
factor since the problem generalizes the set cover problem. For the special case where the
inner norms are top-k norms, Ayyadevara et al. [3] showed the natural configuration LP has
a Q(logl/2 n) integrality gap.

Submodular/Supermodular Optimization. Optimizing submodular/supermodular function
under various combinatorial constraints is another important class of optimization problems
with general objectives and has been studied extensively in the literature. See e.g., [10, 35,
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15, 8] and the survey [34]. However, note that results for submodular functions does not
imply results for general symmetric monotone norms, since a general symmetric monotone
norm is not necessarily a submodular function (see e.g., [19]).

Patton et al. [38] studied submodular norm objectives (i.e., norms that also satisfies
continuous submodular property). They showed that it can approximate well-known classes
of norms, such as £, norms, ordered norms, and symmetric norms and applied it to a variety

of problems such as online facility location, stochastic probing, and generalized load balancing.

Recently, Kesselheim et al. [33] introduced the notion of p-supermodular norm and showed
that every symmetric norm can be approximated by a p-supermodular norm. Leveraging
the result, they obtain new algorithms online load-balancing and bandits with knapsacks,
stochastic probing and so on.

Multi-budgeted Optimization. There is a body of literature in the problem of optimizing
linear or submodular objectives over a combinatorial structure with additional budget
constraints (see e.g., [39, 11, 26, 27, 16, 6, 25]). For a single budget constraint, randomized or
deterministic PTASes have been developed for various combinatorial optimization problems
(e.g. spanning trees with a linear budget [39]). Assuming that a pseudopolynomial time
algorithm for the exact version of the problems exists, Grandoni and Zenklusen showed
that one can obtain a PTAS for the corresponding problem with any fixed number of linear
budgets [27]. More powerful techniques such as randomized dependent rounding and iterative
rounding have been developed to handle more general submodular objectives and/or other

combinatorial structures such as matroid or intersection of matroid (e.g., [26, 27, 16, 25]).

Iterative rounding technique [26, 37] has been used in general norm minimization problems
[13, 14]. Our algorithms for matching (Section 9) and knapsack cover (Section 5) also adopt
the technique.

3 Preliminaries

Throughout this paper, for vector v € R}, define vt as the non-increasingly sorted version
of v, and v[S] = {v; - 1[j € S|} ¢}y for any S C [n]. Let Topr, : R® — R, be the top-k

norm that returns the sum of the k largest absolute values of entries in any vector, k < |n|.

Denote [n] as the set of positive integers no larger than n € Z, and o™ = max{a, 0}, a € R.

We say function f : R” — Ry is a norm if: (i) f(v) = 0 if and only if v = 0, (ii)
flu+v) < f(u) + f(v) for all u,v € R”, (iii) f(6v) = |0|f(v) for all v € R, € R. A
norm f is monotone if f(v) < f(w) for all 0 < v < w, and symmetric if f(v) = f(v') for any
permutation v’ of v. We are also interested in the following special monotone symmetric
norms.

Top-£ norms. Let ¢ € [n]. A function is a Top-¢ norm, denoted by Top, : R™ — R, if for

each input vector v € R™ it returns the sum of the largest ¢ absolute values of entries in wv.

For non-negative vectors, it simply returns the sum of the largest £ entries. We notice that
by letting ¢ € {1,n}, ToP, recovers the L, and £; norms, respectively, thus it generalizes
the latter two.

Ordered norms. Let v € R} be a non-increasing non-negative vector. For each vector
v € R, let v+ € RI? denote its non-increasingly sorted version and define |v| = {|v,| :
i € X} € RY. A function is a w-ordered norm (or simply an ordered norm), denoted by
ORDy, : RY — R, if for each input vector v € RY it returns the inner product of w and
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|v[*; we obtain ORD,, (v) = w ' v+ whenever v € RY. It is easy to see that, by having v as a
vector of £ 1s followed by (|X'| — £) 0s, ORD,, recovers TOP,. On the other hand, it is known
that each ordered norm can be written as a conical combination of Top-£ norms, as in the
following claim.

> Claim 2. (See, e.g., [13]). For each v € Rff and another non-increasing vector w € R‘f‘,
one has

|X]

ORDy, (v) =Y (wy — wey1)TOP, (v),
/=1

where we define vy 41 = 0.
The following lemma is due to Hardy, Littlewood and Polya. [29].

» Lemma 3. (/29)). If v,u € RY and o > 0 satisfy ToP, (v) < a - Top, (u) for each
0 € [|X]|], one has f(v) < a- f(u) for any symmetric monotone norm f: RY — R

4 A General Reduction to Multi-Budgeted Optimization Problem

In this section, we provide an equivalent formulation for the general symmetric norm
minimization problem MinNorm (up to constant approximation factor). Recall that as defined
in Section 1, we are given a set U of n elements, and F represents a family of feasible subsets
of U. The goal of MinNorm is to find a feasible subset S € F to minimize f(v[S]), where
f is a symmetric monotone norm function. We say that we find a c-approximation for the
problem for some ¢ > 1, if we can find an S such that f(v[S]) < c¢- f(v[S*]), where S* is
the optimal solution. Since a general norm function is quite abstract and hard to deal with,
we formulate the following (equivalent, up to constant approximation factor) optimization
problem which is more combinatorial in nature.

» Definition 4 (Logarithmic Budgeted Optimization (LogBgt)). The input of a Logarithmic
Budgeted Optimization Problem is a tuple n = (U; S1,Sa, ..., S;F), where:
U is a finite set with n elements.
S1,82,-+, St are disjoint subsets of U, where T = [logn] is the number of sets. For
1<i<T, We refer to S; as the i-th group, and for any u € S;, we call i the group index
of u.
F is a family of feasible subsets of U. The size of | F| may be exponentially large in n,
but we ensure that there exists a polynomial-time algorithm to decide whether D € F for
a subset D CU.
For any ¢’ > 0, we say a subset D CU is a ¢’'-valid solution if and only if:
1. D satisfies the feasibility constraint, i.e., D € F, and
2. |DNS;| < x2 foralll <i<T.
For any ¢ > ¢o > 1, we define (¢, co)-LogBgt problems as follows: Given an input n, the goal
is to find a c-valid solution or certify that there is no co-valid solution. In particular, we
denote (¢, 1)-LogBgtas c-LogBgt.

Notice that the structure of a problem is defined by ¢ and F (for example, the vertex cover
problem is given by vertex set U and F contains all subsets of U corresponding to a vertex
cover), each problem corresponds to a MinNorm version and an LogBgt version. We show
that solving LogBgt is equivalent to approximating MinNorm, up to constant approximation
factors. In fact, the reduction from norm approximation to optimization problem with
multiple budgets has been implicitly developed in prior work [13, 32]. For generality and
ease of usage, we encapsulate the reduction in the following general theorem.
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» Theorem 5. For any ¢ > 1 (¢ can depend on n) and € > 0, if we can solve c-LogBgt
in polynomial time, we can approximate the MinNorm problem within a factor of (4c + ¢)
in polynomial time. On the other hand, if we can find a c-approximation for MinNorm in
polynomial time, we can solve the 47c?-LogBgt in polynomial time.

We defer the full details to the full version [17] and now outline the main ideas behind
the proof.

Reducing MinNorm to LogBgt. Suppose we are given an instance of the MinNorm problem
and have access to an algorithm for LogBgt. Let S* denote an optimal solution for MinNorm,
and let v*+[S*] be the vector of values sorted in nonincreasing order. Our strategy is to “guess”
an approximation of v+[S*] by enumerating candidate threshold vectors (each threshold vector
is of the form {t;}scpos, i.e., we guess the values at positions POS = {min{2%,n} : s > 0}.)
One can show (The details can be found in the full version [17]) that this enumeration can
be done in poly-time and is guaranteed to include a candidate that is “close” to the true
vector v+[S*].

For each candidate enumeration {¢;}scpos, we construct an associated LogBgt instance
as follows. For each index i and for each candidate threshold indexed by ¢ (with £ = 27 < n),
if max{tminf2e,n}, st{/n} < v; < tg, we assign index i to a set ;1. Additionally, every
index ¢ for which v; < max{t,, 6t% /n} is placed in the last set Sp. With this construction,
when the guessed threshold vector is “close” to v+[S*], solving the resulting LogBgt instance

produces a solution that is within a constant factor of the optimal MinNorm value.

Reducing LogBgt to MinNorm. In the reverse direction, suppose we are given an instance
of the LogBgt problem and a c-approximation algorithm for MinNorm. In this case, we
construct a corresponding MinNorm instance by setting, for each element i, a value that
reflects its membership in one of the sets S; (or its exclusion from all such sets). The
idea is that the structure of the LogBgt instance is encoded in the chosen values {v;} so
that a c-approximation for the resulting MinNorm instance yields a solution for the original
LogBgt problem. In particular, one can show that a c-approximation for MinNorm leads to a
47c%-approximation for LogBgt.

A Logarithmic Approximation. Based on Theorem 5, we can easily deduce the following
general theorem. We use 2 to denote a general combinatorial optimization problem with the
min-sum objective function minge 7 v(S), where we write v(S) = > .5 v. and F is the set
of feasible solutions.

» Theorem 6. If there is a poly-time approximation algorithm for the min-sum problem 2A
(with approximation factor a > 1), there is a poly-time factor (4da[logn] + €) approxzimation
algorithm for the corresponding MinNorm problem for any fixed constant € > 0.

Proof. By Theorem 5, we just need to find a poly-time O(logn) approximation algorithm
for the LogBgt version. Consider the input U, F, S, ,Sr where T' = [logn| (recall the
definitions in Section 4). Then we construct v, for each e € U by:

1. Ve =0 ife€51752,-~- ,ST;

2. v, =1/2"ife € S,.

Then, if there is a 1-valid solution for the LogBgt problem, we can see that there is a feasible
set S* € F with v(S*) < T. Then, by the assumption of the theorem, the approximation
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algorithm for 2 can output a feasible solution S € F with v(S) < oT. This further implies
that S is a aT-valid solution, because

1SN S| =v(SNS;) 2" <aT-2% for each i € [T].

This means that the aT-LogBgt problem can be solved in polynomial time. By Theorem 5,
we complete the proof. <

5  Multi-dimensional Knapsack Cover Problem

In this section, we consider the multi-dimensional knapsack cover problem defined as follows.

» Definition 7 (Min-norm d-dimensional Knapsack Cover Problem (MinNorm-KnapCov)). Let
d be a positive integer. We are given a set of items U = {1,2,...,n}, where each item i € U
has a weight vector w; € RY. The feasible set F is defined as:

]—‘:{Dgu: > wyi>1 Vz‘e{l,Q,...,d}}.

veD

Now, given a symmetric monotone norm f and a value vector v € RY, we can define the
norm minimization problem for d-dimensional Knapsack Cover and denote it as MinNorm-
KnapCov.

In light of Theorem 5, we introduce T' = [logn] disjoint sets S1,Ss, ..., St and consider
the LogBgt problem with (U;S1,...,S7;F), which We denote as LogBgt-KnapCov. We
consider LogBgt-KnapCov for two cases: (1) d = O(1) and (2) d = O(y/logn/loglog W)
(W will be defined in Section 5.2). For both cases, we use the following natural linear
programming formulation for LogBgt-KnapCov :

min 0
s.t. vawv,i >1 V1i<i<d
veU
b , (LP-KnapCover-1)
Yow <Y VI<j<T
vES;

0<2, <1 Y0ebs5;,1<;<T

For both cases, we develop a method called partial enumeration. Partial enumeration
lists a subset of possible partial solutions for the first several groups. Here is the complete
definition:

» Definition 8 (Partial Enumeration). For a (c,co)-LogBgt problem with set S1,S2,---St,
the partial enumeration algorithm first determine a quantity Ty (depending on the problem
at hand). The partial enumeration algorithm returns a subset X C 251 % 252 % ... x 2570
FEach element of X is a partial solution (D, Da,--- ,Dr,) (Recall the definition of partial
solution: D; C S;), and this algorithm ensures:

1. If there exists a co-valid solution, then at least one partial solution (D1, Da,--- ,Dr,) € X
satisfies that there exists an c-valid extended solution (A solution D is called an extended
solution of a partial solution (Dy,---,Dg,) if DNS; = D; foralli=1,2,---,Tp).

2. The size of X is polynomial, and this partial enumeration algorithm runs in polynomial
time.
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5.1 An Algorithm for d = O(1)

When d = O(1), for any € > 0, we choose Ty = logd + log(1/e) + O(1) and apply partial
enumeration. Recall that a partial solution can be described as a vector (Dy, Da,- -, Dr,),
where D; C S; fori =1,2,---,Ty. Our partial enumeration algorithm in this section simply
outputs the set of all possible partial solutions (i.e., X = X x Xg! x ... x X%él where
Xl ={X' C S;: |X'| <27}).
For each partial solution, we use it to modify the Linear Program (LP-KnapCover-1) and
perform a rounding algorithm. The rounding algorithm do the following steps:
1. Modify (LP-KnapCover-1) by removing Si, ..., Sz, according to the partial solution.
Then confirm there is no solution or find an extreme point x*.
2. Round all z7; > 0 to 1 for u € Up, _j<7 5

We can prove that the rounding algorithm can obtain a (1 + €)-valid solution based on a
specific partial solution. Ultimately, we obtain a (1 4 ¢)-valid solution or ensure no 1-valid
solution for this enumeration result, and this algorithm runs in exp(O(dlogn/¢c))-time. The
details are provided in the full version [17].

» Theorem 9. If d is a constant, then for any constant € > 0, there exists an polynomial-
time algorithm which can solve (1 + ¢)-LogBgt-KnapCov. Thus we have a polynomial-time
(4 + &)-approzimation algorithm for MinNorm-KnapCov when d = O(1).

5.2 An Algorithm for Larger d

In this subsection, we provide a polynomial-time constant-factor approximation algorithm
ford=0 ( logn )7 where W is defined as

loglog W

maxycyf Way,i

W = max — .
1<i<d MMy eif w,,, ;>0 Wau,i
To ensure there exist valid solutions, {u € U : w, ; > 0} must be a non-empty set.

The second algorithm employs the same rounding procedure but modifies the partial
enumeration method. The new algorithm choose Ty = [logd]. For 1 < j < Ty, it partitions
S; into multiple subsets based on vectors of size d, which represent the logarithms of weights.
Instead of enumerating all subsets, we only enumerate the number of elements within each
subset and then take double the number of any elements in this subset. Further details are
provided in the full version [17].

We ensure that this partial enumeration algorithm runs in polynomial time if d =

0] ( o l‘ig "W>. In addition, the rounding procedure can find a 2-valid solution based on at
g log

least one partial solution. The complete details are presented in the full version [17].

» Theorem 10. There exists a poly(n,log(W)) algorithm that can solve 2-LogBgt-KnapCov

when d = O ( loé‘ig)gnw). Thus we have a (4 + €)-approximation algorithm for MinNorm-

KnapCov with d = O ( logn )

loglog W

6 Interval Cover Problem

In this section, we study the norm minimization for the interval cover problem, which is
defined as follows:
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» Definition 11 (Min-norm Interval Cover Problem (MinNorm-IntCov)). Given a set U™ of
intervals and a target interval I' on the real axis, a feasible solution of this problem is a
subset D C U™ such that D fully covers the target interval T (i.e., T C Uren ). Suppose
v e R@‘O” is a value vector and f(-) is a monotone symmetric norm function. Our goal
is to find a feasible subset D such that f(v[D]) is minimized. We denote the problem as
MinNorm-IntCov.

In light of Theorem 5, we can focus on obtaining a constant-factor approximation
algorithm for (c, cg)-LogBgt-IntCov. The input of a LogBgt-IntCov problem is a tuple 7"t =
(Uint; Sint - Sint: ) which is the LogBgt problem with input (/™% Sint ... Gint, Fint)
where the set of feasible solutions is 7™ = {D C U™ : T C J,.p I}

In this section, we begin by transforming the interval cover problem into a new problem
called the tree cover problem. The definitions of both problems are provided in Section 6.1.
These transformation results in only a constant-factor loss in the approximation factor (i.e.,
if a polynomial-time algorithm can solve c-LogBgt-TreeCov for some constant ¢, then there
exists a polynomial-time constant-factor approximation algorithm for LogBgt-IntCov).

Next, we focus on LogBgt-TreeCov. We first employ the partial enumeration algorithm,
as defined in Section 5, to list partial solutions for the first Ty = |logloglogn| sets. The
details of this process are provided in Section 6.2. Following partial enumeration, we apply a
rounding algorithm to evaluate each partial solution. The entire rounding process is detailed
in Section 6.3.

6.1 From Interval Cover to Tree Cover

We first introduce some notations for the tree cover problem. Denote a rooted tree as
G = (V, E,r), where (V, E) forms an undirected tree and r is the root. For each node u € V,
let Ch(u) be the set of children of u, and Des(u) be the set of all descendants of u (including
u). It is easy to see that Des(u) = {u}UDes(Ch(u)). For a subset of vertices P C V', we define
Des(P) = J,cp Des(u). We also define Par(u) as the parent node of u and define Anc(u) as
the set of ancestors of u (Anc(r) = {r}, and for any v € V\{r}, Anc(u) = {u}UAnc(Par(u))).
In addition, we define the set of leaves Leaf(G) = {u € V : Ch(u) = (}.

» Definition 12 (LogBgt Tree Cover Problem (LogBgt-TreeCov)). We are given a tuple n'* =
Ur; Syt . S G), where G = (V, E,r) is a rooted tree and U™ =V \ {r}. T = [logn],
and S§*, S8, -+ - SE is a partition of V\{r} (and S{* is called the ith group), and r is not
in any group. The partition Si*, S5, - S satisfies the following property: For any node
u € S and an arbitrary child v of u, v belongs to group S}r with j > i. For eachuw € V\ {r},
we define 1d(u) = j if u € S{*. In particular, we denote 1d(r) = 0. So Id(u) > Id(Par(u))
for all u € U*r.

A feasible solution for the tree cover problem is a subset D C U' such that the descendants
of D covers all leaves. Formally, the feasible set is defined as

tr — C tr . C —
F% = {D CU™ : Leaf(G) C Des(D) UUGD Des(u)}.
We prove the following theorem to reduce the interval cover problem to the tree cover
problem. The proof of the theorem can be found in the full version [17].

» Theorem 13. If there exists a polynomial-time algorithm for the (c,8cy)-LogBgt-TreeCov
problem, then there exists a polynomial-time algorithm for the (3¢, co)-LogBgt-IntCov problem.

Based on this theorem, we mainly need to deal with the tree cover problem in the following
subsections.
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6.2 Partial Enumeration Method for Tree Cover Problem

In this subsection, we present a partial enumeration algorithm for the LogBgt-TreeCov
problem. Recall that we introduced the concept of partial enumeration in Section 5. For
a LogBgt-TreeCov problem with input (U";Si", Sy, ..., S%;G), where G = (V,E,r) is a
rooted tree, and n = |U™ |. we set Ty = |logloglogn]| and perform partial enumeration for
the first T sets. The goal is to find a set X C 251" % 255 % ... x 257, such that there exists
a partial solution (Dy, Da,...,Dr,) € X satisfying: at least one of the partial solution can
be extended to a c-valid solution for some constant c.

In this subsection, we define Id(u) as the group index of u for u € U*. Now we focus on
the LogBgt-TreeCov problem. For each u € U™, define the first type of cost Cy(u) =
We then define the second type of cost:

C1(u) if u € Leaf(G)
Ca(u) = min{C (u Z Cs(v if u ¢ Leaf(G)

1)ECh(u)

Intuitively, the cost Cq(u) represents the “cost” of selecting w, as it indicates the proportion
of the group that u occupies. Meanwhile, Co(u) denotes the minimum cost required to cover
u using its descendants.

We now present the partial enumeration algorithm. The pseudo-code can be found in the

full version [17]. Here, we briefly describe the main idea of the partial enumeration algorithm.

We employ a depth-first search (DFS) strategy to explore most of the states in the search
space. During the search process, we maintain two sets:

P C U', representing the set of candidate elements that can still be explored, i.e., Des(P)

contains all uncovered leaves.

D C U™, storing the elements that have already been selected as part of the partial

solution.

Initially, P = Ch(r) is the child set of the root, and D = (). At each recursive step,
we select u € P with the smallest group index. The recursion proceeds by exploring two
possibilities:

1. Adding wu to the partial solution, i.e., including v in D and continuing the search.
2. Excluding u from the partial solution, i.e., replacing u with its child nodes while keeping

D unchanged. (If u is a leaf, this option is not applicable.)

The search terminates when (P, D) fails to satisfy at least one of the following conditions:
Ju € P, Id(u) < Ty
Vu € D, Co(u) > -

logn

(ZUGD Ca(v )) (ZueP Ca(u )) < 26T
L V1<i<Ty, |DNSIF|<2c-2
The first and fourth conditions are derived from the objective of the Partial Enumeration
Method. Regarding the second condition, we observe that for all u € U™, it holds that
Id(u) < Ty and Ci(u) Furthermore, if Cy(u) <
negligible.

The third condition is based on the property that for any 2co-valid solution D* C U, it
satisfies:

il

1
> Togn” lo —, the impact of ignoring u is

> Calu) < 2¢T.

ueD*

_1
old(u) *
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Due to these conditions, for each group S; where 1 < j < Tj, we only need to determine
at most 2coT? items. Consequently, we can establish that our partial enumeration algorithm
runs in polynomial time.

We then present the following theorem:

» Theorem 14. There exists a polynomial-time partial enumeration algorithm for the LogBgt-
TreeCov problem with the following guarantee: If the input n'* has a co-valid solution, then
at least one of the output partial solutions has a 2co-valid extended solution.

The complete proof can be found in the full version [17].

6.3 A Rounding Algorithm for Tree Cover Problem

We now focus on the (¢, ¢)-LogBgt-TreeCov problem with input n* = (U™; St ..., S¥; G),
where G = (V, E,r) is a rooted tree. Let L = Leaf(G) be the set of leaves. Recall that
Anc(u) represents the set of ancestors of node u. For sets V, £ CUY™ and ¢ > 1, we express
the formulation of the linear program as follows:

min 0
s.t. Z T, =1 YueLl
vEAnc(u)NY
SAnelw) _ (LP-Tree-Cover(c,V,L))
Y ay <2 VI +1<i<T
vesr Ny

T, >0 YveV

We call Zvesgfnv x, < c-2¢ cardinality constraints, and call ZvEAnc(u)ﬂV x, = 1 feasibility

constraints. Recall that Ty = |logloglogn]. Also, define T} = |loglogn].

The algorithm is as follows, and the pseudocode is provided in the full version [17]:

1. Check if LP-Tree-Cover(2cq, Vy, Lo) has a feasible solution. If so, obtain an extreme
point z*. Otherwise, confirm that there is no such integral solution.

2. Remove the leaves u with z = 0, and delete all the descendants of their parents. Then
Par(u) becomes a leaf. Repeat this process until 2}, # 0 for each leaf u. Let the modified
node set and leaf set be Vi and L, respectively.

3. For u € Vq, attempt to round x. If ¥ > 1/2, round it to 1. If ¥ > 0, and u is not a
leaf in S% ,, U---U S, also round it to 1. In all other cases, round z; to 0. Let D’ be
the set of nodes u for which 7 was rounded to 1. Note that D’ may not cover L;.

4. Remove all descendants in D', and attempt to choose another set from S7% ,, U--- U SH
to cover all leaves. Formalize this objective as LP-Tree-Cover. Specifically,

Vo = (Vi \ Des(D")) N{u e U™ : Ty +1 <Id(u) < Ty}, and

Ly =(VonLi)U{u € Vy:3Fve Ch(u) N (V1 \ Va), (Vo \ Des(D’)) N Des(v) N Ly # 0}
To understand this, observe that V5 consists of the nodes in the (Tp + 1)th to T'th groups
that remain uncovered. The set Lo includes nodes in V5 that are either leaves or have at
least one uncovered child with a group index greater than Tp (i.e., at least one descendant
leaf remains uncovered).
Then solve LP-Tree-Cover(2cy, Va, La). The fact that this problem must have feasible
solutions is proved later, so we do not need to consider the case of no solution.

5. Let 2** be an extreme point of LP-Tree-Cover(2¢g, Va, Lo). For each u € V3, round it to
1 if and only if z}* > 0. Let D" = {u € V5 : z}* > 0}, then D" covers Ls.

6. Combine the three parts of the solution. That is, return (UZTil Di) uD'uD".
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We prove the following lemma for the above algorithm:

» Lemma 15. There exists a polynomial-time algorithm such that, if To = |logloglogn]|
and a partial solution (D1,...,Dr,) has a 2¢o-valid extended solution, then the algorithm
returns a (4co + 1)-valid solution.

By combining Theorem 14 and Lemma 15, we establish the following theorem:

» Theorem 16. For any co > 1, there exists a polynomial-time algorithm for (4co + 1, ¢o)-
LogBgt-TreeCov.

Furthermore, applying Theorem 13 and Theorem 16, we obtain the following result:

» Theorem 17. There exists a polynomial-time algorithm that solves the (3(32co + 1), ¢o)-
LogBgt-IntCov. Consequently, we obtain a polynomial-time constant-factor approximation
algorithm for MinNorm-IntCov.

The complete proofs are provided in the full version [17].

7 Integrality Gap for Perfect Matching, s-t Path, and s-t Cut

In this section, we argue that it may be challenging to achieve constant approximations
for the norm optimization problems for perfect matching, s-t path, and s-t cut just by LP
rounding. We show that the natural linear programs have large integrality gaps.

» Definition 18 (Min-Norm s-t Path Problem (MinNorm-Path)). Given a directed graph
GPath — (ypath gpathy ipere V/Pth s the set of vertices and UPY™ is the set of edges) and
nodes s,t € VP define the feasible set:

FPath — D C YP*™ : D forms a path from s to t}.

For the MinNorm wversion, we are also given a monotone symmetric norm f and a value
vector v € Rggﬂth. The goal is to select an s-t path D € FP*! that minimizes f(v[D]).

In light of Theorem 5, we can define the LogBgt-Path problem with input tuple 7P2th =
(ppath, gpath S?ath; GP*™; 5: 1), which is the LogBgt problem defined in Definition 4 with
input (UP2h; Sfath, o S?ath; Fpathy,

» Definition 19 (Min-Norm Perfect Matching Problem (MinNorm-PerMat)). Given a bipartite
graph GP™ = (L, R,UP™) with |L| = |R|, define the feasible set:

FP ={D CUP™ : D forms a perfect matching in G*™}.

For the MinNorm wversion, we are also given a monotone symmetric norm f and a value
vector v € Rggm. The goal is to select D € FP™ that minimizes f(v[D]).

We define the LogBgt-PerMat problem with nP™ = (UP™; ST™, ..., SP™; G s;t) as the
LogBgt problem with (UP™; ST™, ..., S;™; FPm).

Due to Theorem 5, we establish the equivalence between approximating the MinNorm
problem and the LogBgt problem. Hence, if we can show that the LogBgt version is hard to
approximate, then the same hardness (up to constant factor) also applies to the MinNorm
version.

Now, we consider using the linear programming rounding approach to approximate the
LogBgt problem with n = (U; S1,...,S7; F). Such an algorithm proceeds according to the
following pipeline:
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First, we formulate the natural linear program (for ¢ > 1) as the following:

min 0
s.t. x satisfies relaxed constraints of F,
Z Ty <c- 2 V1<i<T, (LP-LBO-Original(n, ¢))
u€S;
Ty >0 Yu e U.

Then, to solve the (¢, ¢p)-LogBgt problem, we first check whether LP-LBO-Original(n, ¢o)
has feasible solutions. If feasible, we use a rounding algorithm to find an integral solution
for (LP-LBO-Original(n, ¢)).

Since the factor ¢ in LP-LBO-Original(7, ¢) determines the approximation factor, we
study the following linear program.

min z
s.t. x satisfies relaxed constraints of F,
Yo <z 2 V1<i<T, (LP-LBO(n))
u€S;
T, >0 Yu elU.

Clearly, if LP-LBO-Original(n, ¢) has a feasible solution, the optimal value of LP-
LBO(n) is at most ¢. Suppose we can round a fractional solution LP-LBO-Original(n,
¢) to an integral feasible ¢’-valid solution Z for some constant ¢’ (i.e., ¥ satisfies F and
Yues, Tu < ¢ -2 V1 < i < T). Then, we get an integral solution for LP-LBO(7) with
objective value ¢/, contradicting the fact that the integrality gap of LP-LBO(n) is w(1).
Hence, we can conclude that if the integrality gap of LP-LBO(n) is w(1), it would be difficult
to derive a constant factor approximation algorithm for both LogBgt and MinNorm-version
of the problem using the LP LP-LBO-Original(n, ¢).

7.1 Reduction from Perfect Matching to s-t Path

For an LogBgt perfect matching problem with nP™ = (UP™;S7™, ..., S%"; GP™), where
GP™ = (L, R, F) is a bipartite graph, we consider the following LP (on the left). The LP on
the right is for LogBgt-Path with nP¥*h = (gPath; SllDath, ey S:},)«ath; GP*h: 50 t).

min z min z
s.t. > wy=1 Vj € R, s.t. 2y =0 Vi€ VP {5 ¢}
i€L,(i,j)EE jeVpath (i j)cypath
Z Tij = 1 Vie L, z Tsj = 1
JER,(i,j)EE jEVPath (5 j)cyfpath
Soowe<z2 VISi<T, > 2y =1
eest™ i€Vpath (i t)cypath
0<mi; <1 V(ij)eu™. oz <z 2 VI<i<T,
e€S;
0<z. <1 Ve € Yrath

(LP-LBO-PM(;P™))

(LP-LBO-Path(nPath))

We have the following theorem showing that LogBgt-Path problem is not harder than

LogBgt-PerMat problem.
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» Theorem 20. For any arbitrary function a(n) > 1, We have the following conclusions:

(a) If the integrality gap of (LP-LBO-PM(nP™)) is no more than a(n) for all instances n®™
of the LogBgt-PerMat problem, then the integrality gap of (LP-LBO-Path(nP*")) is also
O(a(n)) for all instances of the LogBgt-Path problem.

(b) If we have a polynomial-time a(n)-approzimation algorithm for the MinNorm-PerMat
problem, then we have a polynomial-time O(a(n))-approzimation algorithm for the
MinNorm-Path problem.

7.2 Integrality Gaps for Min-Norm s-t Path and Min-Norm Perfect
Matching

» Theorem 21. For infinitely many n, there exists an instance n°* of size n such that the
integrality gap of (LP-LBO-Path(nP*"h)) can be Q(logn). Thus, the relazations of the natural
linear programming of both LogBgt-Path and LogBgt-PerMat have integrality gaps of Q(logn).

The proof of the above theorem can be found in the full version [17]. Also, we have the
result about the integrality gap for s-t cut, which is also omitted and can be found in the
full version.

Remark. In the example in the proof (see the full version [17] for details), the gap
between any feasible subset of U’ = {e € U : z, > 0} ({xc}ecy is the fractional solution)
and the fractional solution is larger than any given constant. Thus any rounding algorithm
that deletes zero-value variables (including the rounding algorithm we developed in this
paper and the iterative rounding method in [13]) cannot successfully yield a constant-factor
approximation.

8 An Algorithm for Min-Norm s-t Path Problem

Recall that we define the MinNorm-Path problem and prove that the natural linear program
has a large integrality gap in Section 7. In this section, we provide a factor a approximation
algorithm that runs in n@U°81en/a) time for any 9 < a < loglogn. In particular, this
implies an O(log log n)-factor polynomial-time approximation algorithm and a constant-factor
quasi-polynomial n@(oglogn) _time algorithm for MinNorm-Path. Note that this does not
contradict Theorem 21, since we do not use the LP rounding approach in this section.

In light of Theorem 5 with € = 1, we consider O‘Zl—Longt-Path problem, with input tuple
n=(U;S1,852,...,57;G;s;t), where n = [U| and T = [logn], where « is the approximation
factor we aim to achieve.

We first provide an overview of our main ideas. A natural approach to solve LogBgt-Path
is to employ dynamic programming, in which the states keep track of the number of edges
used from each group. However, since we have T = [logn] groups, the number of states
may be as large as n©(T).
programming, in which we only approximate the number of edges in each group. In particular,

To resolve this issue, we perform an approximation dynamic

the numbers are rounded to the nearest power of p after each step, for carefully chosen value
p > 1 (to ensure that we do not lose too much in the rounding). This rounding technique
is inspired by a classic approximation algorithm for the subset sum problem [30] Now, the
dynamic programming state is a vector that approximates the number of edges used from

each group in a path from x to y with at most 2 edges, where z,y € V and 0 < i < [logn].

The dynamic programming process involves storing the number of selected items in each
group and rounding them to the nearest power of p at each iteration. However, this method
results in a state space of size (log,n)” = n2(°61°6™) which is better than n®™), but still
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super-polynomial. To resolve the above issue, we need the second idea, which is to trade
off the approximation factor and the running time. In particular, we introduce an integer
parameter (5, defined as 8 = 4(0‘17115) for some ¢ € [%, 2}. We then partition the original T'
groups into T'/8 supergroups, each containing 8 groups. This reduces the number of states
to (log, n)OT/A) but incurs a loss of O(B) in the approximation factor.

Now, we present the details of our algorithm. Let K = [T'/f3], and B; = min(7,4 - 3) for
all0<i< K. For1<i< K and D CU, define C;(D) = Z“]B;Bi—1+1 %\DHSJW (specifically,
C;(0) = 0). Furthermore, we define the vector C(D) = (Cy(D),...Ck(D)) € RE. It is
important to notice that:

If D CU is a c-valid solution (¢ > 0), then C;(D) < ¢f forall1 <i < K.

If C;(D) < c¢Bforalll <i< K, then D CU is a ¢f-valid solution.

In iteration ¢ (1 < i < [logn]), for each pair of vertices =,y € V, we define @Q; 5, as a
set of vectors in R¥ that encodes information about paths from z to y containing at most 2*
edges. Specifically, for any path D C U from z to y with at most 2° edges, the set @Q; . 4
includes a corresponding vector that approximates C(D).

Initially, Qo 2o = {C(0)}. For Qo.z,y, it is set to {C({(z,y)})} if (z,y) is an edge, and @
if (x,y) is not an edge.

In the i-th iteration (1 < ¢ < [logn]), we begin by initializing Q; ., = 0 for all z,y.
Then, for each pair z,y, we enumerate all vertices z and add the sum of Q;_; . . and
Qi—1,2y to Q; 4. Here, the sum of two sets is defined as the set of all pairwise sums of
elements from the two sets.

To reduce the size of @, , we round the components of these vectors in ;4. to 0 or
powers of p =1+ /2 (recall that § € [1/2,2]).

logn

Our main result in this section is the following theorem:

» Theorem 22. For any 9 < a < loglogn, there exists a n®(°818n/®) time algorithm
for O‘Zl-Longt—Path. Thus we have an approximation approximation which runs in
pOUoglogn/a) _time and achieves an approzimation factor of a for MinNorm-Path.

The details of the proof are provided in the full version [17].

9 A Bi-criterion Approximation for Matching

In this section, we consider the matching problem. While we do not know how to design
a constant factor approximation algorithm for the MinNorm version of perfect matching
problem yet, we demonstrate that it is possible to find a nearly perfect matching within
a constant approximation factor — a bi-criterion approximation algorithm. In particular,
for any given norm, we can find a matching that matches 1 — € fraction of nodes and its
corresponding norm is at most ¢ (a constant) times the norm of the optimal integral perfect
matching. Note that a constant factor approximation algorithm (without relaxing the perfect
matching requirement) is impossible using the natural linear program, due to Theorem 21.

First, we introduce some notations. We are given a bipartite graph G = (L, R, E), where
L is the set of nodes of the first color class, R is the set of node of the other color class, and
E is the set of edges. Let m = |L| = |R|. We define Y = E,n = |U|. We also study the
LogBgt version and we let S1,55 -, St be the disjoint subsets of U.

» Definition 23 (e-nearly Matching). Let 0 < € < 1. We define the following problem as
e-nearly matching. Given a bipartite graph G = (L, R, E), a set S C E is a nearly matching
if it is a matching with at least (1 — €)m edges.
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Again, we use the natural linear program for the LogBgt version of the problem. Through
an iterative rounding method (similar to that in [13]), we can obtain the following bi-criterion
approximation result.

» Theorem 24. [f there exists a 1-valid solution for a LogBgt-PerMat problem, then there
exists an O(n )-time algorithm to obtain a (2 + 6)-valid solution for the corresponding
LogBgt e-nearly matching problem for any 6,e < 1.

This theorem implies the following result for MinNorm-PerMat.

» Theorem 25. Given a MinNorm-PerMat problem with a monotone symmetric norm f(-)
and a value vector v, let D* be an optimal solution for this problem. For any constants

€,0 < 1, there exists a polynomial-time algorithm to obtain a e-nearly matching D such that

D)
oy < (8+9).

The details and variants of the problem are omitted and can be found in the full
version [17].

10 Concluding Remarks

In this paper, we propose a general formulation for general norm minimization in combi-
natorial optimization. Our formulation captures a broad class of combinatorial structures,
encompassing various fundamental problems in discrete optimization. Via a reduction of the
norm minimization problem to a multi-criteria optimization problem with logarithmic budget
constraints, we develop constant-factor approximation algorithms for multiple important
covering problems, such as interval cover, multi-dimensional knapsack cover, and set cover
(with logarithmic approximation factors). We also provide a bi-criteria approximation algo-
rithm for min-norm perfect matching, and an O(log logn)-approximation algorithm for the
min-norm s-t path problem, via a nontrivial approximate dynamic programming approach.

Our results open several intriguing directions for future research. First, one can explore
other combinatorial optimization problems, such as Steiner trees and other network design
problems, within our general framework. Additionally, our formulation could be extended to
encompass the min-norm load balancing problem studied in [13] (where job processing times
are first summed into machine loads before applying a norm), and even the generalized load
balancing [19] and cascaded norm clustering problems [18, 1] (which allow for two levels of
cost aggregation via norms). Second, obtaining a nontrivial true approximation algorithm
for perfect matching — rather than a bi-criterion approximation — remains an important open
problem. Third, it is an important open problem whether a polynomial-time constant-factor
approximation exists for the min-norm s-t path problem. Lastly, it would be interesting to
study other general objective functions beyond symmetric monotone norms and submodular
functions (such as general subadditive functions [28] and those studied in [36]).
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