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—— Abstract

We study the relative-error property testing model for Boolean functions that was recently introduced
in the work of [10]. In relative-error testing, the testing algorithm gets uniform random satisfying
assignments as well as black-box queries to f, and it must accept f with high probability whenever
f has the property that is being tested and reject any f that is relative-error far from having the
property. Here the relative-error distance from f to a function g is measured with respect to | f~*(1)|
rather than with respect to the entire domain size 2" as in the Hamming distance measure that is
used in the standard model; thus, unlike the standard model, relative-error testing allows us to study
the testability of sparse Boolean functions that have few satisfying assignments. It was shown in [10]
that relative-error testing is at least as difficult as standard-model property testing, but for many
natural and important Boolean function classes the precise relationship between the two notions is
unknown.

In this paper we consider the well-studied and fundamental properties of being a conjunction
and being a decision list. In the relative-error setting, we give an efficient one-sided error tester for
conjunctions with running time and query complexity O(1/¢).

Secondly, we give a two-sided relative-error O(l /€) tester for decision lists, matching the query
complexity of the state-of-the-art algorithm in the standard model [4, 19].

2012 ACM Subject Classification Theory of computation — Streaming, sublinear and near linear
time algorithms

Keywords and phrases Property Testing, Relative Error
Digital Object Identifier 10.4230/LIPIcs.ICALP.2025.52
Category Track A: Algorithms, Complexity and Games
Related Version Full version: https://arxiv.org/abs/2504.08987

Funding Xi Chen: Supported by NSF awards CCF-2106429 and CCF-2107187.
Toniann Pitassi: Supported by NSF award CCF-2212136.
Rocco A. Servedio: Supported by NSF awards CCF-2106429 and CCF-2211238.

1 Introduction

Background. Over the past few decades, property testing of Boolean functions has grown
into a rich and active research area (see e.g. the extensive treatment in [23, 2]). Emerging
from the study of program testing and self-correction [3, 21], the field has developed strong
connections to many other topics in theoretical computer science including complexity
theory, Boolean function analysis, and computational learning theory, see e.g. [24, 34, 36].
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In the “standard” model of Boolean function property testing, the algorithm for testing
an unknown Boolean function f : {0,1}"™ — {0,1} has black-box oracle (also known as
“membership query” and will be referred to as MQ(f) in this paper) access as its only mode
of access to f. The goal of a tester in this standard model is to distinguish between the
two alternatives that (a) f has some property of interest, versus (b) f is “far” (in the sense
of disagreeing on at least an e-fraction of all the 2™ inputs) from every function with the
property. A wide range of properties (or equivalently, classes of Boolean functions) have
been studied from this perspective, including but not limited to monotone Boolean functions
[25, 20, 6, 7, 14, 11, 1, 16, 30], unate Boolean functions [31, 8, 32, 15, 16, 17, 15], literals [35],
conjunctions [35, 27], decision lists [19, 4], linear threshold functions [33], s-term monotone
DNF [35, 19, 9, 4], s-term DNF, size-s decision trees, size-s branching programs, size-s
Boolean formulas, size-s Boolean circuits, functions with Fourier degree at most d, s-sparse
polynomials over Fy [19, 9, 4], and many others (see e.g. Figure 1 of [4]).

As the field of Boolean function property testing has grown more mature, an interest
has developed in considering alternative variants of the “standard” property testing model
discussed above. One early variant was the distribution-free property testing model [26, 28],
inspired by Valiant’s distribution-free PAC learning model [37]. In this model the distance
between two functions f and g is measured according to Pry~p[f(x) # g(x)], where D
is an unknown and arbitrary distribution over the domain {0,1}". In addition to making
black-box oracle queries, distribution-free testing algorithms can also draw i.i.d. samples
from the unknown distribution D. The motivation behind this model was to align property
testing more closely with the influential distribution-free PAC learning model and to capture
scenarios of interest in which there is an underlying non-uniform distribution over the domain.
Unfortunately, many of the results that have been established for the distribution-free PAC
model are negative in nature [29, 22, 18, 13, 12], often showing that almost as many oracle
calls are needed for distribution-free testing a class C as would be required for PAC learning
C. (As shown in [26], the PAC learning complexity of any class C gives an easy upper bound
on its distribution-free testing complexity.)

Relative-error testing. Very recent work [10] introduced a new model of Boolean function
property testing, called relative-error testing. The motivation for the model comes from the
observation that the standard testing framework is not well suited for testing sparse Boolean
functions, i.e., functions f : {0,1}" — {0,1} that have |f~1(1)| = p2™ where p is very small’
— perhaps as small as 1/n“(1) or even 2-9(" — simply because any such function will be
p-close to the constant-0 function. (This is closely analogous to the well-known fact that
the standard dense graph property testing model, where error € corresponds to adding or
deleting en? potential edges in an n-vertex graph, is not well suited to testing sparse graphs,
because any sparse graph trivially has small distance from the empty graph on n vertices.)

Motivated by the above considerations, the relative-error property testing model of [10]
defines the distance between the unknown f : {0,1}" — {0,1} and another function g to be

rel-dist(f, g) := If~ (ch)_lﬁ(f)' (1)|;

so relative distance is measured at the scale of |f~'(1)| rather than at the “absolute” scale
of 2™ = |{0,1}"|. In addition to the black-box oracle MQ(f), the model also allows the

1 Such functions can be of significant interest for practical as well as theoretical reasons; since Boolean
functions correspond to classification rules, a sparse Boolean function corresponds to a classification
rule which outputs 1 only on positive examples of some rare but potentially desirable phenomenon.



X. Chen, W. Pires, T. Pitassi, and R. A. Servedio

testing algorithm to sample i.i.d. uniform random satisfying assignments of f via a sampling
oracle Samp(f): each call to Samp(f) returns a uniformly random sample from f~1(1) (see
Section 2.2 and Remark 4 for a detailed description of the model and comparison with the
distribution-free testing model).

The initial work [10] established some relations between the query complexity of standard-
model testing and relative-error testing. In more detail, letting gsta(g, ) and gre1(g,m) denote
the number of oracle calls needed to test a property C in the standard model and the
relative-error model, respectively, they showed (as Facts 8 and 9 in [10]) that

qstd(€7 n) é Qrel(Ev ’I”L)/€ and Qrel(ga n) é qstd(p(C:? ’fl) (1)

The first inequality shows that standard-model testing is never significantly harder than

relative-error testing, but since the value of p = |f~1(1)|/2" can be extremely small, the

second inequality leaves open the possibility that relative-error testing can be much harder

than standard-model testing. Indeed, [10] gave an example of an property which is constant-

query testable in the standard model but requires exponentially many queries for relative-error

testing. However, the class of functions exhibiting this separation? is arguably contrived.
This leads to the following question, which is the motivation for our work:

What is the complexity of relative-error testing
for natural and well-studied properties of Boolean functions?

Progress in this direction was made by [10], which give a relative-error tester for mono-
tonicity which makes at most quadratically more queries than the best standard-model
tester.

The problems we consider. We attack the above broad question by studying the relative-
error testability of two basic and natural classes of Boolean functions, namely conjunctions
and decision lists.

Conjunctions and decision lists have been thoroughly studied in both the standard model
of Boolean function property testing and the distribution-free model [35, 19, 22, 18, 27, 4, 12].
For the standard model, unlike monotonicity, both problems belong to the regime of “efficiently
testable” properties, where the number of queries needed depends on € only but not the
dimension n:

[35, 27] gave O(1/e)-query algorithms for testing conjunctions and [4] gave an O(1/¢)-
query algorithm for testing decision lists (improving on an earlier O(1/2)-query algorithm
of [19]). In contrast, distribution-free testing is provably much more difficult: improving on
[22], [18] gave an Q(n'/3) lower bound for conjunctions (and a matching upper bound); [12]
gave an Q(n!/2) lower bound for decision lists (and an O(n''/!?) upper bound).

One intuitive reason for this disparity between the standard model and the distribution-
free model is that, under the uniform distribution, (i) every conjunction is either e-close to
the constant-0 function or else is a log(1/e)-junta, and (ii) every decision list is e-close to
a log(1/e)-junta. * In the distribution-free setting, though, these facts fail, and notably,

2 The class consists of all functions g for which [g71(1)| is a multiple of 22™/% (see Appendix A of [10]).

3 Recall that a conjunction is an AND of literals ¢1 A --- A £j, where each ¢; is either some Boolean
variable x; or its negation T;. A decision list is a sequence of nested “if (condition) holds, then output
(bit), else ...” rules, where each (condition) is a Boolean literal (see the beginning of Section 4 for the
formal definition of decision lists).

4 A k-junta is a function that only depends on at most k of its variables.
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they fail in the relative-error setting as well. Given this, it is a priori unclear whether one
should expect the relative-error testability of conjunctions and decision lists to be more like
the standard setting, or more like the distribution-free setting. Resolving this is one of the
motivations of the present work.

1.1 Our results and techniques

Results. As our main results, we show that both classes of conjunctions and decision lists are
efficiently testable in the relative-error model; indeed we give relative-error testing algorithms
that have the same query complexity as the best standard-model testing algorithms.

For conjunctions we prove the following theorem:

» Theorem 1 (Relative-error testing of conjunctions). There is a one-sided non-adaptive
algorithm which is an e-relative-error tester for conjunctions on {0,1}"™. The algorithm
makes O(1/€) calls to the sampling oracle Samp(f) and the membership query oracle MQ(f).

Readers who are familiar with the literature on testing conjunctions in the standard
setting may have noticed that the algorithm above is one-sided and uses O(1/¢) queries,
while only two-sided algorithms are known for testing conjunctions in the standard model
with O(1/¢) queries [35] and the current best one-sided algorithm needs O(1/¢) queries [27].
It was posed as an open problem in [4] whether there exists a one-sided, O(1/e)-query tester
for conjunctions in the standard model. We resolve this question by giving such a tester as a
corollary of Theorem 1:

» Theorem 2. There is a one-sided, adaptive algorithm which is an e-error tester for
conjunctions over {0,1}™ in the standard setting. The algorithm makes O(1/e) calls to

MQ()-

Note that combining the first part of Equation (1) and Theorem 1 will only lead to a
one-sided upper bound of O(1/£2) for the standard model, where the extra 1/¢ factor comes
from the natural fact that whenever f has density at least e, it takes 1/e uniformly random
samples to simulate one sample from f~1(1). To prove Theorem 2, we obtain a more efficient
reduction from relative-error testing to standard testing which, informally, states

QStd(gan) é 1/5+Qre1(5/2an)7 (2)

from which Theorem 2 follows. The reduction is presented in Section 2.3.
Our second, and more involved, main result obtains an efficient relative-error testing
algorithm for decision lists:

» Theorem 3 (Relative-error testing of decision lists). There is an algorithm which is an
e-relative-error tester for decision lists on {0,1}"™. The algorithm makes O(1/¢e) calls to

Samp(f) and MQ(f).

We remark that the algorithm of Theorem 3 crucially uses the relative-error testing
algorithm for conjunctions, i.e. Theorem 1, as a subroutine; this is explained more below and
a more detailed overview of the algorithm can be found in Section 4.2.

We also note that the algorithm of Theorem 3 is adaptive. However, an easy variant of
our algorithm and analysis yields a non-adaptive e-relative-error tester for decision lists that
makes O(1/¢) calls to Samp(f) and O(1/£?) calls to MQ(f) (see the full version).

Finally, we give a lower bound of §2(1/¢) for any two-sided, adaptive algorithm for the
relative-error testing of both conjunctions and decision lists, thus showing that Theorem 1 is
optimal and Theorem 3 is nearly optimal (see the full version).



X. Chen, W. Pires, T. Pitassi, and R. A. Servedio

Techniques. We give a brief and high-level overview of our techniques, referring the reader
to Section 3.2 and Section 4.2 for more details. Our relative-error testing algorithm for
conjunctions begins with a simple reduction to the problem of relative-error testing whether
an unknown f is an anti-monotone conjunction ®. We solve the relative-error anti-monotone
conjunction testing problem with an algorithm which, roughly speaking, first checks whether
f71(1) is close to a linear subspace (as would be the case if f were an anti-monotone
conjunction), and then checks whether f is close to anti-monotone (in a suitable sense to
meet our requirements). This is similar, at a high level, to the approach from [35], but as
discussed in Section 3.2 there are various technical differences; in particular we are able
to give a simpler analysis, even for the more general relative-error setting, which achieves
one-sided rather than two-sided error.

For decision lists, our starting point is the simple observation that when f is a sparse
decision list then f can be written as C' A L where C' is a conjunction and L is a decision list
(intuitively, since f is sparse, a large prefix of the list of output bits of the decision list must
all be 0, which corresponds to a conjunction C'); this decomposition plays an important role
for us. Another simple but useful observation is that all of the variables in the conjunction

’ in the sense that each one of them must always take the same

C must be “unanimous,’
value across all of the positive examples. Our algorithm draws an initial sample of positive
examples from Samp(f) and then works with a restriction of f which fixes the variables
which were seen to be “unanimous” in that initial sample. Intuitively, if f is a decision
list, then it should be the case that the resulting restricted function is close to a non-sparse
decision list, so we can check that the restricted function is non-sparse, and, if the check
passes, apply a standard-model decision list tester to the restricted function.

This gives some intuition for how to design an algorithm that accepts in the yes-case, but
the fact that we must reject all functions that are relative-error far from decision lists leads
to significant additional complications. To deal with this, we need to incorporate additional
checks into the test, and we give an analysis showing that if a function f passes all of these
checks then it must be close (in a relative-error sense) to a function of the form C’ A L’ where
C" is relative-error close to a conjunction and L’ is relative-error close to a decision list; this
lets us conclude that f is relative-error close to a decision list, as desired. These checks
involve applying our relative-error conjunction testing algorithm (which we show to have
useful robustness properties against being run with a slightly imperfect sampling oracle —
this robustness is crucial for our analysis); we refer the reader to Section 4.2 for more details.

Looking ahead, while our results resolve the relative-error testability of conjunctions and
decision lists, there are many open questions remaining about how relative-error testing
compares against standard-error testing for other natural and well-studied Boolean function
classes, such as s-term DNF formulas, k-juntas, subclasses of k-juntas, unate functions, and
beyond. All of these classes have been intensively studied in the standard testing model, see
e.g. [19,9, 31, 8, 32, 15, 16, 17, 15, 4]; it is an interesting direction for future work to establish
either efficient relative-error testing algorithms, or relative-error testing lower bounds, for
these classes.

Organization. Section 2 contains preliminary notation and definitions, and the general
reduction from relative-error testing to standard testing is presented in Section 2.3. We give
an outline of the proof of Theorem 1 in Section 3, and likewise for Theorem 3 in Section 4.
Because of space constraints full proofs are deferred to the full version in the appendix.

5 A conjunction is an anti-monotone conjunction if it only contains negated literals.
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2 Notation, Definitions, and Preliminaries

2.1 Notation

For x,y € {0,1}", we write y < x to indicate that y; < z; for all ¢ € [n]. We write z @ y to
denote the string in {0, 1}" whose i-th coordinate is the XOR of z; and y;. Given S C [n]
and z € {0,1}", we denote by zg the string in {0,1}* that agrees with z on every coordinate
in S.

We use standard notation for restrictions of functions. For f : {0,1}" — {0,1} and
u € {0,1}% for some S C [n], the function f1,, : {0, 1}"\S — {0,1} is defined as the function

u; ifi €S,

ulw) = f(2),  where :{ ifi€n]\S.

We write Ug to denote the uniform distribution over a finite set S, and we write U,, to denote
the uniform distribution over {0, 1}"; we usually skip the subscript n when it is clear from
context.

When we refer to vector spaces/subspaces, we will always be talking about the vector
space FJ, and we will frequently identify {0, 1}" with the vector space F%.

Finally, we write DL to denote the class of all decision lists over {0,1}", and Conj to
denote the class of all conjunctions over {0,1}™.

2.2 Background on property testing and relative-error testing

We recall the basics of the standard property testing model. In the standard testing model
for a class C of n-variable Boolean functions, the testing algorithm is given oracle access
MQ(f) to an unknown and arbitrary function f : {0,1}" — {0,1}. The algorithm must
output “yes” with high probability (say at least 2/3; this can be amplified using standard
techniques) if f € C, and must output “no” with high probability (again, say at least 2/3) if
dist(f,C) > ¢, where

) A g )]

dist(f,C) := min dist(f,g) and dist(f,g):=
geC on

As defined in [10], a relative-error testing algorithm for C has oracle access to MQ(f) and
also has access to a Samp(f) oracle which, when called, returns a uniform random element
x ~ f71(1). A relative-error testing algorithm for C must output “yes” with high probability
(say at least 2/3; again this can be easily amplified) if f € C and must output “no” with high
probability (again, say at least 2/3) if rel-dist(f,C) > ¢, where

. . . . 1) A g™t ()]
rel-dist(f,C) := min rel-dist( f, and rel-dist(f,g) :=
(F.€) i= min rel-dist(f, ) (f.9) =
Finally, recall that a property testing algorithm for a class of functions C (in either the
standard model or the relative-error model) is said to be one-sided if it returns “yes” with
probability 1 when the unknown function belongs to C.

» Remark 4 (Relative-error testing versus distribution-free testing). Like the distribution-free
model, the relative-error model gives the testing algorithm access to both black-box oracle
calls to f and i.i.d. samples from a distribution D. In distribution-free testing D is unknown
and arbitrary, whereas in relative-error testing D is unknown but is guaranteed to be
the uniform distribution over f~!(1). However, we remark that relative-error testing is
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not a special case of distribution-free testing, because the distance between functions is
measured differently between the two settings. In the distribution-free model, the distance
Prp.p[f(x) # g(x)] between two functions f,g is measured vis-a-vis the distribution D
that the testing algorithm can sample from. In contrast, in the relative-error setting the
distribution D that the tester can sample from is D = Us-1(1), but rel-dist(f, g) is not equal
to Prou [f(x) # g(x)]; indeed, a function g can have large relative distance from f
because g disagrees with f on many points outside of f~1(1) (which are points that have
zero weight under the distribution D).

We will need the following simple “approximate triangle inequality” for relative distance,
proved in the full version:

» Lemma 5 (Approximate triangle inequality for relative distance). Let f,g,h: {0,1}" — {0,1}
be such that rel-dist(f, g) < ¢ and rel-dist(g, h) < &’. Then rel-dist(f,h) < e+ (1 +¢e)e’.

Finally, we recall two results for testing decision lists in the standard model that we will
use:

» Theorem 6 ([4]). There is an adaptive algorithm A for testing decision lists in the
standard model with query complezity 0(1/5) In particular, if f is a decision list then A
accepts with probability at least 19/20; if dist(f,DL) > & then A rejects with probability at
least 19/20.

» Theorem 7 ([19]). There is a non-adaptive algorithm B for testing decision lists in the
standard model with query complezity 0(1/62). In particular, if f is a decision list then B
accepts with probability at least 19/20; if dist(f,DL) > € then B rejects with probability at
least 19/20.

2.3 From relative-error testing to standard testing

In this section, we use our relative-error tester for conjunctions (see Theorem 1) to give an
optimal one-sided tester for this class in the standard model. Fact 8 of [10] gives a way of
transforming any relative-error tester for a property C into a tester in the standard model
for C. However, this transformation incurs a multiplicative 1/e blowup in the number of
oracle calls made by the tester. We show that if the all-0 function is in C and the number of
oracle calls made by the relative-error tester grows at least linearly in 1/, we can remove
this blowup.

» Lemma 8. Let C be a class of Boolean functions over {0,1}™ that contains the all-0
function. Suppose that there is a relative-error e-testing algorithm A for C that makes q(g,n)
many calls to MQ(f) and Samp(f) such that q(¢/6,n) < 0q(e,n) for every 0 < & < 1.
Then there is an adaptive standard-model e-testing algorithm B for C which makes at most
O(1/e + q(e/2,n)) calls to MQ(f). Furthermore, if A is one-sided, so is B.

Before entering into the formal proof, we give some intuition. To prove Lemma 8, we
want to run A on f to see if f is e-far from the class. For this, we will need uniform samples
from f~1(1); these can be obtained by randomly querying points of the hypercube to find 1s
of f. However if Pr,. .y, [f(2) = 1] =: p; is small, then we would need roughly 1/p; queries
per sample. The following key lemma shows that if f is sparse and e-far from C, then its
relative distance to C is at least €/py. This means we can simulate A on f with the distance
parameter for A set to a higher value . Hence while getting samples is hard, this is canceled
out by the fact we need less of them.
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Algorithm 1 Standard-model testing algorithm for C using a relative-error tester A. Here
both ¢; and cq are sufficiently large absolute constants.

Input: Oracle access to MQ(f) and an accuracy parameter € > 0.
Output: “Reject” or “Accept.”

Phase 1: Estimating |f~1(1)|.

1: Draw ¢; /e many samples z ~ U, and let S be the set of samples.
2: For each z € S query f(z) and let p be the fraction of z € S with f(z) = 1.
3: If p < e/2, then halt and accept f.

Phase 2: Getting samples

4: Draw ¢z - q¢(/2,m) many samples z ~ U,, and let G be set of samples
with f(z) = 1.

5. If |G| < q(e/2p,n), then halt and accept f.

Phase 3: Running the relative error tester

6: Run A using the samples in G to simulate Samp(f) and distance parameter £/2p.
7: Output what A outputs.

» Lemma 9. Ifdist(f,C) > ¢, then rel-dist(f,C) > ¢/p; where ps := |f~1(1)|/2".

Proof. Assume for a contradiction that rel-dist(f, g) < e¢/ps for some g € C. Then we have
that:

AWM AT e

|F71(1) B py2" = ps’

which implies that [f~(1) A g=*(1)] < 2" and thus, dist(f, g) < ¢, a contradiction. <

We now prove Lemma 8.

Proof of Lemma 8. Our goal will be to show that Algorithm 1 is a standard testing algorithm
for C. Without loss of generality, we assume that A is correct with high enough probability,
that is, if rel-dist(f,C) > ¢ the algorithm rejects with probability at least 0.9. Similarly, if
f € C, we assume that A accepts with probability at least 0.9.

First, consider the case where f € C. Note that f can only be rejected if A rejects f.
Since G is a set of uniformly random samples from f~1(1), A must accept with probability
at least 0.9. And if A is one-sided, then f is always accepted, meaning that Algorithm 1 is
also one-sided.

Now, assume that f is e-far from any function in C. Because the all-0 function is in C we
must have py := |f~!(1)|/2" > £. So on line 2, we have by a Chernoff bound that

—_ L0& 25
Pr [|p — py| > 0.05p;] < 2e 27005 /% < .05,

by picking a suitably large constant ¢;. Below we assume that p € (1 £ 0.05)py.
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Since py > e, this implies p > £/2. So, the algorithm doesn’t accept on line 3. We
also have that Pr,y [f(2) = 1] > 0.9p. Hence, the expected size of |G| is at least
0.9¢2p - q(£/2,n). By our assumption on ¢(-,-) this is at least 0.9¢y - g(¢/2p,n). Again,
by a Chernoff bound and by picking ¢y to be a sufficiently large constant, we have that
|G| < q(g/2p, n) with probability at most 0.05.

It remains to argue that A rejects with high probability on line 6. By Lemma 9, we

have that rel-dist(f,C) > e¢/py. Using p > 0.95p;, we have that rel-dist(f,C) > ¢/2p.

Since we simulate A on line 6 using uniform samples from f~1(1), it must accept f with
probability at most 0.1. As a result, the probability the algorithm accepts f is at most
0.05+0.05+4+ 0.1 <£0.2.

Line 2 uses O(1/e) many queries, line 4 uses O(gq(e/2,n)) many queries, and simulating
A on line 6 uses q(¢/2p,n) = O(q(e/2,n)) queries. So, the overall query complexity is
O(1/e + q(e/2,n)). <

Using the above, we can obtain a one-sided tester for conjunctions in the standard setting
from our one-sided relative-error conjunction tester. The result of [5] implies an (1/¢) lower
bound for this problem, hence this result is tight.

Proof of Theorem 2. Our relative-error tester for conjunctions in Theorem 1 makes O(1/¢)
calls to Samp(f) and MQ(f) and is one-sided. As the all-0 function is a conjunction, the
theorem follows by Lemma 8. <

3 A relative-error testing algorithm for conjunctions

In this section we prove Theorem 1. At the end of the section, we show that the main
algorithm for conjunctions works even when its access to the sampling oracle is not perfect;
this will be important when the algorithm is used as a subroutine to test decision lists in the
next section.

» Remark 10. In the rest of this section, we give a relative-error tester for the class of
anti-monotone conjunctions. That is, for conjunctions of negated variables. Using an

observation from [35] (see also [27]), this implies a relative-error tester for general conjunctions.

Specifically, a slightly modified version of Observation 3 from Parnas et al. [35] states that
for any conjunction f (not necessarily anti-monotone) and for any y € f~%(1), the function

fy(@) = flzay)

is an anti-monotone conjunction. Furthermore, it is easy to see that if f is e-relative-error
far from every conjunction, then f, must be e-relative-error far from every anti-monotone
conjunction.

So to get a relative-error tester for general conjunctions, we simply draw a single y ~ f~1(1)
and then run the tester for anti-monotone conjunctions (Algorithm 2) on f,, where MQ( fy)
and Samp(f,) can be simulated using MQ(f) and Samp(f), respectively; we refer to this
algorithm as CONJ-TEST.

3.1 Preliminaries

» Definition 11 (Subspaces). 4 set W C {0,1}" is an affine subspace over F3' if and only if
W is the set of solutions to a system of linear equations over F3'. That is, iff W is the set
of solutions to Az = b, for some b € {0,1}™. W is a linear subspace over F} iff it is the set
of solutions to Ax = b where b is the all-0 vector. A well-known equivalent characterization
states that W is an affine subspace if and only if for all x,y,z e W, z®dyd 2z € W. And for
linear subspaces, we have that W is linear if and only if for allx,y e W, x dy e W.
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We will need the following fact about the intersection of linear subspaces.

» Fact 12. Let H, H' be two linear subspaces of {0,1}" with H ¢ H'. Then IH‘(;fII/l <

» Definition 13 (Anti-monotone set). A set H C {0,1}" is said to be anti-monotone if and
only if whenever x € H, we have y € H for all y < x.

We record the following simple result about anti-monotone conjunctions, which will be
useful for understanding and analyzing Algorithm 2:

» Lemma 14. A function f:{0,1}™ — {0,1} is an anti-monotone conjunction if and only
if f~1(1) is anti-monotone and is a linear subspace of {0,1}™.

Proof. The “if” direction follows immediately from the following easy result of [35]:

> Claim 15 (Claim 18 of [35]). If H is a monotone and affine subspace of {0,1}", then H =
{x €{0,1}": (x;;, = 1)A...A(x;, = 1)} for some k and some iy,...,i € [n]. Similarly if H
is an anti-monotone and linear subspace, then H = {x € {0,1}" : (x;; =0)A...A(z;, =0)}
for some k and some i1, ..., € [n].

For the other direction, suppose that f(z) = x;, A---Ax;, is an anti-monotone conjunction.
Then clearly f~1(1) is an anti-monotone set. Moreover, for z,y € f~1(1), f(x ®y) =
(2, ®Yi,) A .. A=(x, ®y;,). Since z,y are both in f=1(1), Ty, ooy Tips Yiy» - - -, Yip, aTE
all zero, and thus f(z @ y) = 1. Recalling Definition 11, we have that f~!(1) is a linear
subspace, so the only-if direction also holds. <

3.2 Intuition: the tester of [35] and our tester

We begin with an overview of our algorithm and its proof. At a bird’s eye view, our
algorithm has two phases: Phase 1 tests whether f~1(1) is close to a linear subspace, and
Phase 2 tests whether f is anti-monotone. (Note that, while [10] already gave a general tester
for monotonicity in the relative error setting, its complexity has a dependence on 2"/|f~*(1)]
which is necessary in the general case. Here we want a much more efficient tester that is
linear in 1/e, so we cannot use the monotonicity tester of [10].)

If f is an anti-monotone conjunction then both Phase 1 and Phase 2 tests will clearly pass;
the hard part is to prove soundness, showing that when f is far from every anti-monotone
conjunction, then the algorithm will reject with high probability. The crux of the analysis is to
show that if f is close to a linear subspace but far from all anti-monotone conjunctions, then
the Phase 2 anti-monotonicity test will fail with high probability. As in [35], we accomplish
this with the aid of an intermediate function, g; that we will use in the analysis. In Phase 1
of the algorithm, we will actually prove something stronger: if f passes Phase 1 with good
probability, we show that f is close to a particular function, g (that is defined based on f),
where g;l(l) is a linear subspace. The function gy is chosen to help us downstream in the
analysis, to argue that if Phase 2 passes, then g; is anti-monotone with good probability; since
g;l(l) is a linear subspace, by Lemma 14 this implies g; is an anti-monotone conjunction,
thereby contradicting the assumption that f is far from every anti-monotone conjunction.

Finally, we remark that as described in Section 2.3, our relative-error tester yields an
O(1/e)-query one-sided tester in the standard model. This strengthened the result of [35],
which gave an O(1/e)-query algorithm with two-sided error. Comparing our analysis with
[35], while we borrow many of their key ideas, our analysis is arguably simpler in a couple of
ways. First since we are forced to create a tester that doesn’t have the ability to estimate the
size of the conjunction, this eliminates the initial phase in the [35] which does this estimation,
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Algorithm 2 Relative-error Anti-monotone Conjunction Tester. Here ¢; and ¢z are two
sufficiently large absolute constants.

Input: Oracle access to MQ(f), Samp(f) and an accuracy parameter € > 0.
Output: “Reject” or “Accept.”

Phase 1:

1: Repeat the following ¢ /e times :
2: Draw x,y ~ Samp(f).
3: If MQ(f)(z @ y) = 0, halt and reject f.

Phase 2:

4: Repeat the following co times :

5 Draw @ ~ Samp(f).

6 Draw a uniform random y < .

7: Draw u ~ Samp(f).

8 If MQ(f)(y @ u) = 0, halt and reject f.
9: Accept f.

giving a more streamlined argument and enabling us to give an O(1/¢)-query algorithm with
one-sided error. Second, by a simple transformation (see Remark 10), we test whether f is
close to a monotone linear subspace rather than close to a monotone affine subspace, which
makes both the test and analysis easier.

3.3 The relative-error anti-monotone conjunction tester
It remains to establish the following theorem, which implies Theorem 1 via Remark 10:

» Theorem 16 (Relative-error anti- monotone conjunction tester). Algorithm 2 is a one-sided
non-adaptive algorithm which, given MQ(f) and Samp(f), is an e-relative-error tester for
anti-monotone conjunctions over {0,1}", making O(1/¢) oracle calls.

The O(1/¢) bound on the number of oracle calls is immediate from inspection of Al-
gorithm 2, so it remains to establish correctness (including soundness and completeness).
These are established in Theorem 17 and Theorem 18 respectively, which are proved in the
full version.

» Theorem 17. If f: {0,1}™ — {0, 1} is any anti-monotone conjunction, then Algorithm 2
accepts f with probability 1.

» Theorem 18. Suppose that f : {0,1}" — {0,1} satisfies rel-dist(f, f') > & for every
anti-monotone conjunction f'. Then Algorithm 2 rejects f with probability at least 0.9.

We can now prove Theorem 1 about CONJ-TEST:

Proof of Theorem 1. Recall that CONJ-TEST first samples y ~ F' and then runs Algorithm 2
on fy. When f is a conjunction, f, is an anti-monotone conjunction and thus, by Theorem 17
ConNJ-TEST accepts with probability 1. When f is far from any conjunction, f, must be far
from any anti-monotone conjunction. So by Theorem 18, CONJ-TEST rejects with probability
at least 0.9. <
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3.4 Robustness of CONJ-TEST to faulty oracles

ConJ-TEST will play a crucial role in the relative-error tester for decision lists in the next
section. As will becomes clear there, CONJ-TEST will be run on a function f to test whether
it is relative-error close to a conjunction when it can only access a “faulty” version of the
Samp(f) oracle. For later reference we record the following two explicit statements about the
performance of CONJ-TEST; we show that as long as the faulty version of Samp(f) satisfies
some mild conditions, CONJ-TEST still outputs the correct answer with high probability.
In both statements, we write D to denote the distribution over {0,1}" underlying the
faulty sampling oracle Samp*(f), which is not necessarily uniform over F = f~!(1) (and in
Theorem 20 need not even necessarily be supported over F'). Both statements are proved in
the full version of the paper.

» Theorem 19. Let f:{0,1}™ — {0,1} be a conjunction. Assume that the oracle Samp*(f)
always returns some string in F (i.e., the distribution D is supported over F'). Then CONJ-
TEST, running on MQ(f) and Samp*(f), accepts f with probability 1.

» Theorem 20. Suppose that f : {0,1}" — {0,1} satisfies rel-dist(f, f') > e for any
conjunction f'. Let Samp*(f) be a sampling oracle for f such that the underlying distribution
D satisfies

1

mlill‘)[w:z] Zm, for any z € F.

Then CoNJ-TEST, running on MQ(f) and Samp*(f), rejects f with probability at least 0.9.

4 A relative-error testing algorithm for decision lists

Let’s first recall how a decision list is represented and some basic facts about decision lists.

4.1 Basics about decision lists

A decision list f: {0,1}" — {0,1} can be represented as a list of rules:
(xil ’ bla Ul)y Tty (:EZ)C ) bka Uk); Vdefault

where i1,...,i; € [n] are indices of variables and by, ..., bk, v1, ..., V%, Udefaut € {0,1}. For
each x € {0,1}", f(x) is set to be v; with the smallest j such that z;;, = b;, and is set to
be vgefaue if i, # b; for all j € [k]. Without loss of generality, we will make the following
assumptions:
Each variable appears at most once in the list of rules (i.e., no two i;’s are the same).
Indeed if two rules of the form (z;;,b;,v;) and (x;,,be, ve) with j < £ and i; = i, are
present, then either b; = by, in which case the latter rule can be trivially deleted, or
b, = 1—0b;, in which case the latter rule and all rules after it can be replaced by vgefault = Ve,
without changing the function f represented.
There exists at least one rule (;,,b;,v;) with v; = 1. This is because if vy = --- = vx =0,
then either (1) vgefaur = 0, in which case f is the all-0 function; (2) vgefaur = 1 and at
least one variable z; does not appear in the list, in which case we can insert (z;,1,1)
before vgefault, which does not change the function and makes sure at least one v; is 1;
or (3) Udefauit = 1 but all variables appear in the list, in which case we have |f~1(1)| = 1.
Functions f with [f~1(1)] < 1 are easy to recognize with the sampling oracle.
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In the rest of the section, whenever we talk about decision lists, the function f is assumed to
satisfy | f~1(1)] > 1 so it can be represented by a list of rules that satisfies the two conditions
above.

Let f: {0,1}™ — {0, 1} be a decision list represented by (x;,,b1,v1), -+ (T4, , Dy Vi )5 Vdefault-
The following decomposition of the list plays a crucial role both in the algorithm and its
analysis:

Let p € [k] be the smallest index with v, = 1. We will call p the pivot.

The prefix before (2;,,bp,vp), i€, (zi;,01,0),...,(2s,_,,bp—1,0) will be called the head.

The key insight is that we can view the head as a conjunction C : {0,1}" — {0, 1}, where

Clx)=(zi, =1=b)) A A(xs, , =1—by1).

And we write H¢ := {i1,...4p—1} to denote the set of p — 1 variables in the conjunction.

The part after (z;,,bp,vp), 1.6, (T4, 1, 0p11,Vp11), -, (Ty,, b, Uk ), Vdefaure Will be called
the tail. Let L: {0,1}™ — {0,1} denote the decision list represented by the pivot and
tail:

(T4, 0p,vp = 1), (Tiy 15 bpt1,Vpi1), -+ 5 (Tiy, by Vi), Vdefault-
Then it is easy to verify that f(x) = C(z) A L(x) for all x € {0,1}™.
We record the following simple fact about the decomposition f = C' A L:
» Observation 21. All z € f~1(1) satisfy C(z) =1, i.e., z;;, =1 —b; for allij € Hc.

We will need the following lemma about the decomposition f = C' A L of a decision list,
which says that coordinates in the tail are fairly unbiased. The intuition is that at least half
the points in f~1(1) are accepted by the rule (wi,,bp,1), and for these points the coordinates
x;, with j > p, do not matter, and thus are distributed uniformly.

» Lemma 22. Let f be a decision list represented by (x;,,b1,v1), -, (T, bky V), Vdefault,
and let p be its pivot. Then we have

zNJRI;u) [zi, =by] >1/2 and zN?};u) [zi, =1] € [1/4,3/4], forallj:p<j<k.

Proof. Using the decomposition f = C' A L, we have
{z€{0,1}":C(z) =land z;, =b,} C f'(1) C {2 €{0,1}": C(2) = 1}. (3)

Given that the LHS is exactly half of the size of the set on the RHS, the first part follows.

Furthermore, consider any i; with p < j < k. Exactly half of the strings z in the set on
the LHS of Equation (3) have z;; = 1 and exactly half of them have z;, = 0. Thus, we have
for any b € {0,1},

{2:C(2) =1,zi, =bpand z;; =b}| [{2:C(z)=1}] _ 1
= ) T

P =0
gL [z, = b]

where the last inequality used the second inclusion of Equation (3). This finishes the
proof. |
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4.2 The Algorithm

Our main algorithm for testing decision lists in relative distance is presented in Algorithm 3
of the full paper which uses two subroutines described in Algorithm 4 of the full paper
and Algorithm 5 of the full paper, respectively. A complete description and analysis of
Algorithm 3 of the full paper is given in the full paper; here we give an overview of the
algorithm in this subsection, to give some intuition behind it about why it accepts functions
that are decision lists and rejects functions that are far from decision lists in relative distance
with high probability.

We will start with the case when f: {0,1}"™ — {0, 1} is a decision list, and explain how
the algorithm extracts information about the underlying decomposition C'A L of f so that f
passes all the tests in Algorithm 3 of the full paper with high probability. Towards the end
of this subsection, we will switch to the case when f is far from any decision list in relative
distance, and discuss why passing all the tests in Algorithm 3 of the full paper gives evidence
that f is close in relative distance to some decomposition C' A L of a decision list, which
should not happen given the assumption that f is far from every decision list in relative
distance.

The case when f is a decision list. Let f be a decision list represented by (z;,,b1,v1), ...,
(i, bky Uk )5 Vdefault- Let p be the pivot and f = C'A L be the decomposition, where C' is a
conjunction over variables in H¢ = {i1,...,i,—1} and L is a decision list formed by the
pivot and the tail of the list.

The first step of Algorithm 3 of the full paper draws samples from Samp(f) to partition
variables into U U R:

2: Draw O(1/¢) samples z ~ Samp(f), and call the set of samples S. Let
U={icn:3b€{0,1}st. z;=bforallz€ S} and R=[n]\U

and u € {0,1}Y be the unique string such that u; = z; foralli € U and z € S.

So U is the set of unanimous coordinates of samples in S and thus, we always have Ho C U
and u;; = 1 —b; for all i; € Hc by Observation 21. Ideally, we would hope for R to
contain all variables in the tail, i.e., ip41,...,%k; however, this won’t be the case in general,
unfortunately, since k can be much bigger than p (e.g., ¥ — p could be polynomial in n). But
by Lemma 22 and given that S contains O(1/¢) samples from Samp(f), it is easy to show
that with high probability, the variables occurring in the beginning part of the tail (excluding
those variables that are hidden too deep in the tail) all lie in R with high probability, and it
turns out that this is all we will need for the proof of completeness to go through.

Now, the pivot variable z;, can go either way, since it may be highly biased towards b,.
However, if it is too biased towards b, so that none of the samples z in S have z, =1 —b,,
then one can argue that f must be very close to a conjunction over {0,1}™ in relative distance.
Because of this, Step 0 of Algorithm 3 of the full paper (which consists in running CONJ-TEST
on f with distance €) will accept f with high probability.

Proceeding to Step 2, assume without loss of generality that Algorithm 3 of the full paper
has found U and R such that Ho C U and R contains variables in the beginning part of L,
including ip, and the string u € {0,1}V satisfies u;, = 1 — b; for all i; € H¢. This implies
the following properties:
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1. The function f1,, over {0,1}% is a “dense” decision list, where “dense” means the number
of its satisfying assignments is at least half of 2/El and it is a decision list because the
restriction of any decision list remains a decision list.

2. For any a € {0,1}Y, f1, is either the all-0 function (because a does not satisfy the
conjunction C'), or very close to f1,, (because R contains the beginning part of the tail)
and thus, both f1,, and f1, are close to L (when viewed as a decision list over R) under
the uniform distribution.

Given these properties of U, R and wu, it is easy to see that f passes both tests in Step 2
with high probability:

3: Draw O(1) points w ~ {0,1}%; halt and reject f if less than 1/4 of the
sampled w’s have f(uow) = 1.
4: Run the algorithm of Theorem 6 on f1, with £/100; halt and reject f if it rejects.

since line 3 checks whether f1, is “dense,” and line 4 checks if f1,, is close to a decision list
under the uniform distribution. The function f would also pass the tests in Step 3 with high
probability:

5: Repeat O(1/¢) times:
6: Draw z ~ Samp(f) and w ~ {0, 1}2, if f(2y o w) # f(u o w), halt and reject f.

as for any z € f71(1), zu satisfies C and thus, f1.,, is close to f], under the uniform
distribution.
For step 4, let T': {0,1}Y — {0,1} be defined as follows:

Flay= 11 HPruye [flaow) =1] > 1/16
0 otherwise

Now, observe that for any « € {0,1}Y, either o does not satisfy C, in which case f1, is the
all-0 function, or « satisfies C, in which case f1, is close to f1,, and thus I'(«) = 1 (because
flu is “dense”). As a result, I is indeed the same as C' and thus it is a conjunction over
{0,1}Y. From this, it may seem straightforward to conclude that T' always passes the test in
Step 4 below:

7: Run CoNJ-TEST with Samp(T') <—(Algorithm 5 of the full paper),
MQ(T") <—(Algorithm 4 of the full paper) to test if I" is (¢/100)-close to a
conjunction in relative distance; halt and return the same answer.

except that we don’t actually have direct access to sampling and query oracles of I'. They

are simulated by Algorithm 5 of the full paper and Algorithm 4 of the full paper, respectively.

We show in the proof that (1) Algorithm 5 of the full paper (for the sampling oracle of T")
only returns samples in I'"1(1); and (2) with high probability, Algorithm 4 of the full paper
returns the correct answer to all O(1/¢) membership queries made by CONJ-TEST. From
this we can apply Theorem 19 to conclude that CONJ-TEST accepts with high probability.
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The case when f is far from every decision list. Let’s now switch to the case when f is
e-far from any decision list in relative distance. Because conjunctions are special cases of
decision lists, Step 0 (which consists in running CONJ-TEST on f) does not accept f with
high probability and Algorithm 3 of the full paper goes through Step 1 to obtain U, R and
u € {0,1}Y. Let’s consider what conditions f needs to satisfy in order for it to pass tests in
Steps 2 and 3 with high probability:

1. To pass Step 2, f1u over {0,1}® needs to be “dense:” |f1, 71 (1)] > 2I®!/8, and must
also be (£/100)-close to a decision list under the uniform distribution.

2. To understand the necessary condition posed on f to pass Step 3, let’s introduce the
following function g : {0,1}" — {0, 1}, which is closely related to I" defined earlier and
will play a crucial role in the analysis:

g(z) =T(zu) A f(uozr).

We show that to pass Step 3 with high probability, it must be the case that rel-dist(f, g)
is small. This means that for each o € {0,1}Y, one can replace f1,, by the all-0 function if
I'(a) = 0 (which means that f1, is not dense enough), and replace f1, by f1. otherwise,
and this will only change a small number of bits of f (relative to |f~1(1)|). Note that g
is getting closer to the decomposition of a decision list since we know f1,, is close to a
decision list over {0, 1}%.

Assuming all the necessary conditions summarized above for f to pass Steps 2 and 3 and
using the assumption that f is far from decision lists in relative distance, we show that I’
must be far from conjunctions in relative distance. Finally, given the latter, it can be shown
that CONJ-TEST in Step 4 rejects with high probability, again by analyzing performance
guarantees of Algorithm 5 of the full paper and Algorithm 4 of the full paper as simulators
of sampling and query oracles of T', respectively, so that Theorem 20 for CONJ-TEST can be
applied.
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