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—— Abstract

We present a dynamic algorithm for maintaining (1 + €)-approximate maximum eigenvector and

eigenvalue of a positive semi-definite matrix A undergoing decreasing updates, i.e., updates which
may only decrease eigenvalues. Given a vector v updating A < A — vv', our algorithm takes
O(nnz(v)) amortized update time, i.e., polylogarithmic per non-zeros in the update vector.

Our technique is based on a novel analysis of the influential power method in the dynamic setting.
The two previous sets of techniques have the following drawbacks (1) algebraic techniques can
maintain exact solutions but their update time is at least polynomial per non-zeros, and (2) sketching
techniques admit polylogarithmic update time but suffer from a crude additive approximation.

Our algorithm exploits an oblivious adversary. Interestingly, we show that any algorithm with
polylogarithmic update time per non-zeros that works against an adaptive adversary and satisfies
an additional natural property would imply a breakthrough for checking psd-ness of matrices in
O(n?) time, instead of O(n*) time.
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1 Introduction

Computing eigenvalues and eigenvectors of a matrix is predominant in several applications,
including principle component analysis, clustering in high-dimensional data, semidefinite
programming, spectral graph partitioning, and algorithms such as Google’s PageRank
algorithm. In the era of massive and dynamic datasets, developing algorithms capable of
efficiently updating spectral information with changing inputs has become indispensable.

The study of the change in the spectrum of a matrix undergoing updates spans over five
decades, with [13] providing the first algebraic characterization of the change for positive
semi-definite matrices via the secular equation. This result offered an explicit formula for
exactly computing all new eigenvalues when a matrix undergoes a single rank-one update,
assuming knowledge of the entire eigen-decomposition of the initial matrix. Subsequently,
[12] showed how to additionally compute eigenvectors explicitly, and handle the case of
repeated eigenvalues of the initial matrix. A decade later, [5] extended the works of [13, 12]
to compute all new eigenvalues and eigenvectors of a positive semi-definite matrix undergoing
an update of the form of a small-rank matrix, or a single batch update. Further works extend
these techniques to computing singular values [27], as well as computing new eigenvalues
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and eigenvectors when only the partial eigen-decomposition of the initial matrix is known
[21]. However, all these works require a full eigen-decomposition of the initial matrix and
only handle a single update to the matrix.

Another independent line of work aims at finding a small and sparse matrix that has
eigenvalues close to the original matrix. A recent work in this direction by [10] provides a
universal sparsifier S for positive semi-definite matrices A, such that S has at most n/e?
non-zero entries and |4 — A o S|| < en. [28] give an alternate technique by using gaussian
sketches with O(1/€%) rows to approximate all eigenvalues of A to an additive error of €| A| p.
The algorithms that find sparse matrices approximating the eigenvalues in these works may
be extended to handle updates in the initial matrix quickly. However, the approximation of
the eigenvalues achieved is quite crude, i.e., at least en additive factor. This approximation
is also shown to be tight for such techniques.

Now consider the simpler task of only maintaining the maximum eigenvalue and eigenvector
of a matrix A as it undergoes updates. As we have seen above, known methods based on
algebraic techniques require full spectral information before computing the new eigenvalues,
and maintaining the entire eigen-decomposition can be slow. Sparsification-based algorithms
are fast but only achieve large additive approximations of at least en, which is not quite
satisfactory. Works on streaming PCA, which have a similar goal of maintaining large
eigenvectors focus on optimizing the space complexity instead of runtimes [2]. Previous works
based on dynamically maintaining the matrix inverse can maintain (1 4 €)-multiplicative
approximations to the maximum eigenvalues of an n X n symmetric matrix undergoing single-
entry updates with an update time of O(n'4*7 /poly(€)) [26]. This was further improved to
O(n*4%7 /poly(e€))[32]. The update time is even slower for row, column, or rank-one updates.
In any case, it takes polynomial time per non-zeros of the updates. This leads to the following
natural question:

Is there a dynamic algorithm that can maintain a multiplicative approzimation of the
mazimum eigenvalue of a matrix using polylogarithmic update time per non-zeros in the
update?

In this paper, we study the problem of maintaining a (1 + €)-multiplicative approximation
to the maximum eigenvalue and eigenvector of a positive semi-definite matrix as it undergoes
a sequence of rank-one updates that may only decrease the eigenvalues. We note that this
is equivalent to finding the minimum eigenvalue and eigenvector of a positive semi-definite
matrix undergoing rank-one updates that may only increase the eigenvalues. We now formally
state our problem.

» Problem 1 (Decremental Approximate Maximum Eigenvalue and Eigenvector). We are given
a size parameter n, an accuracy parameter € € (0,1), a psd matriz Ag »= 0 of size n X n, and
an online sequence of vectors vi,vs,...,vr that update Ay + Ay 1 — vtv;'— with a promise
that Ay = 0 for all t. The goal is to maintain an e-approximate eigenvalue Ay € R and
e-approzrimate eigenvector wy € R™ of Ay for all time t. That is Ay and unite vector w;
satisfying,

max ' Ayu > )\ > (1 —€) max u' Ayu, (1)
w:unit w:unit

and
w; Ayw; > (1 —¢) max u' A;u. (2)

wunit
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1.1 Our Results

We give an algorithm for the Decremental Approximate Maximum Eigenvalue and Eigenvector
Problem that has an amortized update time of ~ O(nnz(v;)) < O(n)!. In other words, the

total time required by our algorithm over T" updates is at most O(nnz(Ao) + ZiT:1 nnz(v;)).

Observe that our algorithm only requires time that is O(1) x (time required to read the input)
and can handle any number of decremental updates. Our algorithm works against an oblivious
adversary, i.e., the update sequence is fixed from the beginning. This is the first algorithm
that can handle a sequence of updates while providing a multiplicative approximation to the
eigenvalues and eigenvectors in a total runtime of < 6(712 +n-T) and an amortized update

Q(1)

time faster than previous algorithms by a factor of n**\*). Formally, we prove the following:

» Theorem 2. There is an algorithm for Problem 1 under a sequence of T decreasing updates,
that given parameters n, Ag, and € > 1/n as input, with probability at least 1 — 1/n works
against an oblivious adversary in total time,

log® nlog® 2 log 7/’\\mj:((£;)) ( T >

o nnz(Aop) —I—Znnz('vi)
i=1
Our algorithm is a novel adaptation of the classical power method (see, e.g., [29]) to the
dynamic setting, along with a new analysis that may be of independent interest.
Our work can also be viewed as the first step towards generalizing the dynamic algorithms

for solving positive linear programs of [11] to solving dynamic positive semi-definite programs.

We discuss this connection in detail in Section A.

1.2 Towards Separation between Oblivious and Adaptive adversaries

We also explore the possibility of removing the assumption of an oblivious adversary and
working against adaptive adversaries. Recall that update sequences are given by adaptive
adversaries when the update sequence can depend on the solution of the algorithm.

We show that if there is an algorithm for Problem 1 with a total running time of at most
6(712) such that the output w,’s satisfy an additional natural property (which is satisfied by
the output of the power method, but not by our algorithm), then it contradicts the hardness
of a well-known barrier in numerical linear algebra, therefore ruling out such algorithms.

We first state the barrier formally, and then state our result for adaptive adversaries.

MaXg . unit | Az||

Recall that, given a matrix A, the condition number of A is — _ .
ing:unit [[Az||

» Problem 3 (Checking psdness with certificate). Given 6 € (0,1), parameter k, and a
symmetric matriz A of size n X n with condition number at most k, either
Compute a matriz X where |A — XX"|| < S miny, =, || Az||, certifying that A is a psd
matriz, or

Report that A is not a psd matriz.

Recall that A is a psd matrix iff there exists X such that A = XX T. The matrix of X is
called a vector realization of A, and note that X is not unique. The problem above asks to
compute a (highly accurate) vector realization of A. Both eigendecomposition and Cholesky

1 O hides polynomials in logn.
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decomposition of A give a solution for Problem 3.2 Banks et al [7] showed how to compute
with high accuracy an eigendecomposition of a psd matrix in O(n“*") time for any constant
n > 0, where w > 2.37 is the matrix multiplication exponent. Hence, a vector realization
of A can be found in the same time. Observe that, when § < k, Problem 3 is at least as
hard as certifying that a given matrix A is a psd matriz. It is a notorious open problem
whether certifying the psd-ness of a matrix can be done faster than o(n“) even when the
condition number is polynomial in n. Therefore, we view Problem 3 as a significant barrier
and formalize it as follows.

» Hypothesis 4 (PSDness Checking Barrier). There is a constant n > 0 such that, every
randomized algorithm for solving Problem 3 for instances with § < poly(n), correctly with
probability at least 2/3 requires n*T" time.

Our negative result states that, assuming Hypothesis 4, there is no algorithm for Problem 1
against adaptive adversaries with sub-polynomial update time that maintains w; satisfying
an additional property stated below.

» Property 5. For every t let u;(A:) denote the eigenvectors of Ay and \;(A) denote the
eigenvalues. For all i such that Ni(Ay) < A\1(A,)/2,

1 M4

(thUi(At))2 = n? A (A,)

» Theorem 6. Assuming Hypothesis 4, there is no algorithm for Problem 1 that maintains

wy s additionally satisfying Property 5, and given parameters n and € = min{l — ﬁ, %}

as input, works against an adaptive adversary in time n°™) - (nnz(AO) + ZZ;I nnz(vz))

Let us motivate Property 5 from several aspects below. First, in the static setting,
this property can be easily satisfied since the static power method strongly satisfies it (see
Lemma 14). Second, the statement of the property itself is a natural property that we might
expect from an algorithm. Consider a “bad” eigenvector u; whose corresponding eigenvalue is
very small, i.e., less than half of the maximum one. It states that the projection of the output
w; along u; should be very small, i.e., a polynomial factor smaller than the projection along
the maximum eigenvector. This is intuitively useful because we do not want the output w;
to direct to the “bad” direction. It should mainly direct along the approximately maximum
eigenvector. Third, we formalize this intuition and crucially exploit Property 5 to prove a
reduction in Theorem 6. Specifically, Property 5 allows us to decrease eigenvalues of a psd
matrix while maintaining the psd-ness, which is crucial for us. See Section 4 for more details.
Lastly, our current algorithm from Theorem 2, a dynamic version of the power method,
actually maintains w,’s that satisfy this property for certain snapshots, but not at every
step. Unfortunately, we do not see how to strengthen our algorithm to satisfy Property 5 nor
how to remove it from the requirement of Theorem 6. We leave both possibilities as open
problems.

Understanding the power and limitations of dynamic algorithms against an oblivious
adversary vs. an adaptive adversary has become one of the main research programs in the
area of dynamic algorithms. However, finding a natural dynamic problem that separates

2 Given an eigendecomposition A = QAQT where A is a non-negative diagonal matrix and @ is an
orthogonal matrix, we set X = QA1/2. Given a Cholesky decomposition A = LL" where L is a lower
triangular matrix, we set X = L.
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oblivious and adaptive adversaries is still a wide-open problem.? In this paper, we suggest
the problem of maintaining approximate maximum eigenvectors as a natural candidate for
the separation and give some preliminary evidence for this.

Organization

In the following sections, we begin with some preliminaries required to prove our results
in Section 2, followed by our algorithm and its analysis in Section 3, and our conditional
lower bound in Section 4. In Section 5, we present some open problems. In the appendix
(Section A), we show connections with positive semi-definite programs.

2 Preliminaries

Let Ag denote the initial matrix. Let Ag = Amax(Ao) = || Ao|| denote the maximum eigenvalue
of the initial matrix Ag. The following are the key definitions we use in our analysis.

» Definition 7 (e-max span and dimension). We define span(e, A) to denote the space spanned
by all eigenvectors of A corresponding to eigenvalues A satisfying A > (1—¢€)Ng. Let dim(e, A)
to denote the dimension of the space span(e, A).

We emphasize that A\g depends only on Ag. So, it is a static value that does not change
through time. We will use the following linear algebraic notations.

» Definition 8. Let S and Sy be two subspaces of a vector space S. The sum Sy + So is the
space,

Sl+52:{5251+52581651752652}.

The complement S of S is the vector space such that S+ S = R", and SN S = {0}. The
difference, S1 — Sy is defined as,

81— Sy =81N8,.
Next, we list standard facts about high-dimensional probability needed in our analysis.

» Lemma 9 (Chernoff Bound). Let 1, -z, be independent random variables such that
a<z; <b foralli. Let x =), x; and let p = Elz]. Then for all § > 0,

Prlz > (1+0)y] < exp (—M)

Prlz < (1= 0)u] < exp (‘M)

» Lemma 10 (Norm of Gaussian Vector). A random vector v € R™ with every coordinate
chosen from a normal distribution, N(0,1) satisfies,

Prf||lv]|? = n| <2(1+6)5-n] >1— e

3 Beimel et al. [9] gave the first separations for artificial problems assuming a strong cryptographic
assumption. Bateni et al. [8] shows a separation between the adversaries for the k-center clustering
problem, however, their results are based on the existence of a black box which the adaptive adversary
can control.
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Proof. The vector v has entries that are from N (0,1). Now, every v? follows a x? distribution.
From Lemma 1 of [18] we have the following tail bound for a sum of x? random variables,

Pr]| Z v —n| > 2ynx +2z] < e 7.

Choosing z = ndé? gives,
P]f[|||v||2 —n|<26(1+d)n]>1-— eﬂszn’
as required. .

» Lemma 11 (Distribution of x? Variable). Let z ~ N(0,1) be a gaussian random variable.
Then,

It is known that I'(1) = /7. Now,

Nl=

, 1 et . e Ut 2 1 1
Priz- < —| = P — e 2dy < / “ady =4/= . — < —. <
{ - n‘J 0 \/ﬁf(%)y v= V2 Jo v T n2 = n?

3 Algorithms against an Oblivious Adversary

To prove Theorem 2, we first reduce Problem 1 to solving a normalized threshold version
of the problem where we assume that initially, the maximum eigenvalue is not much bigger
than one. Then we want to maintain a certificate that the maximum eigenvalue is not much
less than one until no such certificate exists. This is formalized below.

» Problem 12 (DecMaxEV(e, Ag, v1,--- ,vr)). Let Ap be an n x n symmetric PSD matriz
such that Apax(Ao) < 14 —=. The DECMAXEV (¢, Ay, vy, -+ ,vr) problem asks to find

logn
for every t, a vector w; such that

lwel| =1 and w, A;w; > 1 — 40¢,

or return FALSE indicating that Apax(Ay) <1 — ==

logn *

We defer the proof of the standard reduction stated below to the appendix.

» Lemma 13. Given an algorithm A that solves the decision problem
DECMAXEV (¢, Ag, v1,- -+ ,vr) (Definition 12) for any ¢ > 0, Ay = 0

and wvectors wi,---,vr in time T, we can solve Problem 1 in total time
log® nlog 2 1 Amax (4
O<7E -nnz(Ag) + 222 log 7Amax((A;)) )

Next, we describe Algorithm 1 which can be viewed as an algorithm for Problem 12 when
there are no updates. Our algorithm essentially applies the power iteration, which is a
standard algorithm used to find an approximate maximum eigenvalue and eigenvector of a
matrix. In the algorithm, we make R = O(logn) copies to boost the probability. Below, we
state the guarantees of the power method.
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Algorithm 1 DECMAXEV with no update.

procedure POWERMETHOD (¢, A)

R+ 10logn,rg + 1

4log &
K+ =<

1:
2
3
4 forr=1,--- ,Rdo

5: v(®7) « random vector with coordinates chosen from N(0, 1)
6 for k=1: K do

7

8

,U(k,r) — A,U(kfl.,r)
(K,r)

(r) o o
W ]

9: W = [w®, ... w)]

10 if (w)T Aw") < 1 — ¢ for all r < R then

11: return FALSE

12: else

13: ro < smallest r such that (w(™)T Aw() > 1 — 5e
14: return [ro, W]

» Lemma 14. Let ¢ > 0 and A = 0. Let W be as defined in Line 9 in the execu-
tion of POWERMETHOD (¢, A). With probability at least 1 — 1/n'°, for some w € W, it
holds that w' Aw > (1 — §)Anax(A). The total time taken by the algorithm is at most
O(nnz(A) logn log &

€
Furthermore, let \; and u; denote the eigenvalues and eigenvectors of A. For all i such
that \;(A) < A‘““T"(A), with probability at least 1 —2/n10, [wTui]z < n—ls . /’\\—;

We note that the last line of the above lemma is saying that the vectors returned by the
power method satisfy Property 5, which we state for completeness but is not required by our
algorithm. The following result is a direct consequence of Lemma 14.

» Corollary 15. Let € > 0,A = 0. Let W be as defined in Line 9 in the execution
of POWERMETHOD (¢, A). If Apax(A) > 1 — ¢, then with probability at least 1 — 1/n1°,
w! Aw > 1 — 5¢ for some w € W. Furthermore, if Amax(A) > 1 — ¢/logn, then with
probability at least 1 —1/n'%, w" Aw > 1 — ¢ for some w € W. The total time taken by the

algorithm is at most O(M).

Observe that, if the algorithm returns [rg, W], then (w()T Aw(™ > 1 — 5¢ for r = rg,
and w("0) is therefore a solution to Problem 12 when there is no update. The power method
and its analysis are standard, and we thus defer the proof of Lemma 14 to the appendix.

Next, in Algorithms 2 and 3 we describe an algorithm for Problem 12 when we have an
online sequence of updates vy,---,vr. The algorithm starts by initializing R = O(logn)
copies of the approximate maximum eigenvectors from the power method. Given a sequence
of updates, as long as one of the copies is the witness that the current matrix A; still has a
large eigenvalue, i.e., there exists r where (w(’"))jAth” > 1 — 40¢, we can just return w(")
as the solution to Problem 12. Otherwise, (w(”)):Atwtr) < 1 —40e¢ for all » < R and none
of the vectors from the previous call to the power method are a witness of large eigenvalues

anymore. In this case, we simply recompute these vectors by calling the power method again.

If the power method returns that there is no large eigenvector, then we return FALSE from
now. Otherwise, we continue in the same manner. Note that our algorithm is very simple,
but as we will see, the analysis is not straightforward.

6:7
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Algorithm 2 Initialization.

1. procedure INIT(e, Ap)
2: W < POWERMETHOD(e, Ag)
3: return W

Algorithm 3 Update algorithm at time ¢ (A;—1,7¢, W1 = [wt“_')l :r=1,--- R], e are maintained).

1. procedure UPDATE(v;)

2 A+ Ay — vv)

3 if (w!"”)TAyw!"”| < 1—40¢ for all r < R then

4 [rt, W] < POWERMETHOD(e, A;)

5: if POWERMETHOD(e, A;) returns FALSE then

6 return FALSE for all further updates

7 else

8 re < smallest 7 such that (w!”)T A,w{"”, > 1 — 40e
9 Wi+ W4

10: return [r;, W]

3.1 Proof Overview

The overall proof of Theorem 2, including the proof of correctness and the runtime depends
on the number of executions in Line 4 in Algorithm 3. If the number of executions of Line 4
is bounded by poly(logn/e), then the remaining analysis is straightforward. Therefore, the
majority of our analysis is dedicated to proving this key lemma, i.e., poly(logn/¢) bound on
the number of calls to the power method:

» Lemma 16 (Key Lemma). The number of executions of Line 4 over all updates is bounded
by O(log n log® L /€?) with probability at least 1 — %

Given the key lemma, the correctness and runtime analyses are quite straightforward. We
now give an overview of the proof of Lemma 16.

Let us consider what happens between two consecutive calls to Line 4, say at A and
A=A- ZZ 1 v;v; . We first define the following subspaces of A and A. Recall Definition 8,
which we use to deﬁne the following subspaces.

» Definition 17 (Subspaces of A and Z) Given ¢ > 0, A, and A define for v =
0,1,---,15log 2 — 1:

(v+1)e ve
Tl, = 7A - 7A ’
span( 5log - span Slog @
. v+ e ~ ve  ~
T,=s — A - — A
bpan( 51og 2 span 5log 2

That is, the space T, and T, are spanned by eigenvectors of A and ;1, respectively, corres-
).

ponding to eigenvalues between (1 - (1/ + 1)5log )/\0 and (1 —v
Let d, = dim(T})) and d,, = dim(T,). Also define,

__€
5log 2

T = span(3e, A), T = span(3e, A),

and let d = dim(T), d = dim(T).



D. Adil and T. Saranurak

15 log 15 log

Observe that T'= >, "7, and similarly 7 = > “''T,. We next define some

indices/levels correspondlng to large subspaces, which we call “important levels”.

» Definition 18 (Important v). We say a level v is important if,

d, dy.
600 1og3 n Z

We will use I to denote the set of v that are important.
The main technical lemma that implies Lemma 16 is the following;:

» Lemma 19 (Measure of Progress). Let € > 0 and let W = [ MW, w)] be as defined in

Line 9 in the execution of POWERMETHOD (e, A) Let vy, -+, v be a sequence of updates

generated by an oblivious adversary and define A=A- Zl L v,

Suppose that Apax(A) > 1 — € and wl Aw < 1 — 40¢ for all w € W. Then, with
5010g

, for some v €T,
3000 logn log =
fdy 2 ———=

probability at least 1 —

dlm(Ty — T) Z m v

dim(T,, — T) > 1 if d,, < 2200l8nlos s

€

, or

We prove this lemma in the full version. Intuitively speaking, it means that, whenever
Line 4 of Algorithm 3 is executed, there is some important level v such that an
Q(e/polylog(n/e))-fraction of eigenvalues of A at level v have decreased in value. This
is the crucial place where we exploit an oblivious adversary.

Given Lemma 19, the remaining proof of Lemma 16 follows a potential function analysis
which is presented in detail in the full version. We consider potentials ®; = Z,{:o d,
for j = 0,---,15log? — 1. The main observation is that ®; is non-increasing over time
for all j, and whenever there exists vy € Z that satisfies the condition of Lemma 19,
®,, decreases by dim(T,, — T). Since dim(T,, — T) > Q(e/polylog(n/e))d,, and vy € T,
e, @y = Y, dy +dyy < dVU(M
multiplicative factor of Q(1 — €?/polylog(n/e)). As a result, every time our algorithm
executes Line 4, ®; decreases by a multiplicative factor for some j, and since we have at
most 15log 2 values of j, we can only have poly(logn/e) executions of Line 4.

+ 1), we can prove that ®,, decreases by a

It remains to describe how we prove Lemma 19 at a high level. We can write w' Aw for
any w € W as

wAw=w' Aw—w' Vw,
for V= ZZ 1 viv; . Our strategy is to show that:

If dim(T, — T) does not satisfies the inequalities in Lemma 19 for all v € Z,
then w' Vw < 35¢ for all w € W. (%)

Given (%) as formalized in the full version, we can conclude Lemma 19 because, from the
definition of A and Z, we have that for some w € W, w' Aw > 1 — 5e by Corollary 15 and
w' Aw < 1 — 40e. As a result for this w, w' Vw > 35¢. Now, by contra-position of (x), we
have that dim(7},, — T) is large for some v € Z.

To prove (%), we further decompose w' Vw as

15log 2 —1
T TV - T ) Tv_
w Vw=w Viw+ E w Vp jw+w Vyw.
v=0

6:9

ICALP 2025



6:10

Dynamic Power Method

In the above equation, V3 = Il VIl§, Vi 7 =11, VII,, and V7 = ll7 V17 where
I17,II,, II7 denote the projections matrices that project any vector onto the spaces T,T,—T,
and T respectively?. Refer to the full version for proof of why such a split is possible. Our
proof of (x) then bounds the terms on the right-hand side. Let us consider each term
separately.

1. w' Vzw: We prove that this is always at most 10€(1 + ¢€). From the definition of V,
w' Viw=w T Allzw — wTHTZHT'w.

Since Il w is the projection of w along the large eigenspace of Zi, the second term on
the right-hand side above is large, i.e. > (1 —10€)\o||ILzw||?. The first term on the right-
hand side can be bounded as, w Il ATlzw < [|A|||Ilzw|? < Ao||TL;w||?. Therefore
the difference on the right-hand side is at most 10eXo||ILzw||? < 10eo||w||? = 10eXg <
10e(1 + €).

2. w' Vz=w: Observe that this term corresponds to the projection of w along the space
spanned by the eigenvalues of A of size at most 1 — 3e. Let u; and A; denote an
eigenvector and eigenvalue pair with A; < 1 — 3e. Since the power method can guarantee
that w'u; ~ A, we have A?X < (1 — 3¢)*( < poly(£) is tiny. So we have that

w’ Vzw < e

Before we look at the final case, we define a basis for the space T,.

» Definition 20 (Basis for T,). Let T, be as defined in Definition 17. Define indices a,
and b, with b, —a, +1 = d,, such that the basis of T, is given by u,,,--- ,up,, where
uy, o, - , Uy are the eigenvectors of A in decreasing order of eigenvalues.

3. w' V1 _pw: For this discussion, we will ignore the constant factors and assume that the
high probability events hold. Let II, denote the projection matrix for the space T, — T.
Observe that w' Vi _zw = w'II, VIL,w < || V|||I, w|?* < (1 + €)[[IL,w||?, where the
last inequality is because A = A — V = 0, and therefore, || V| < ||| < (1 + €). Hence,
it suffices to bound ||IL, w||? = O(e).

Dy Maiui
Doy Mo

A and a; ~ N(0,1). Define z =Y.' | z;u; where z; = A\Xq;. That is, w = ﬁ Since

[T, w|| = ||IT, 2| /|| ||, it suffices to show that ||IT, z||* < O(e)||z||*. We show this in two

separate cases. In both cases, we start with the following bound

We can write w = where \;, u;’s are the eigenvalues and eigenvectors of

I, 2|* < A2 - dim(T), — T),

which holds with high probability. To see this, let g, ~ N(0,1) be a gaussian vector in
the space T, — T. We can couple g, with II, z so that II, z is dominated by )\fu -g,. So
11, z[|> < A2%||g, ||>. By Lemma 10, the norm square of gaussian vector is concentrated
to its dimension so ||g, ||? < dim(7}, —T) with high probability, thus proving the inequality.
Next, we will bound dim(7}, — T') in terms of ||z|| in two cases.

4 Suppose a subspace S is spanned by vectors w1, ..., uy. Let U = [u1,...,ug]. Recall that the projection
matrix onto S'is U(UT U)"'UT.
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Whenv ¢ T

From the definition of the important levels, we have

dim(T, = T) < dy < 3 - Z dy.

g ?V<l/

by
Now, we have Y, _, d = > ;" " a? because o; ~ N(0,1) is gaussian and the norm

square of gaussian vector is concentrated to its dimension (Lemma 10). Since o; = z;/ )\i ,
we have that

1/ 1 2

Zd’NZO‘ _Z)\zx

V' <v =1

2| /N5

Therefore, we have

2K
. Aa 0
T, 2[|* < A2Kdim(T,, — T) < <A> log(?’e)” Iz]> < O(e)| 2]

by—1 €

where the last inequality is trivial because Ay, _, > A4, by definition.

Whenv € 7

In this case, according to (%), we can assume

dim(T, — T) < ed,.

Again, by Lemma 10, we have that d, ~ ZLZ a? because o; ~ N(0,1) is gaussian.

i=a,
Since a; = 2;/A\K, we have

o 2 o z 2 1\ 2K
PEDIED D E
i=a, i=a, i

Therefore,

A
A

2K
L, 2] < N3 dim(T,, — T) < ( “”) ellzl* < O(e)ll=|?

by

v 1—

2K
L\ 2K 1-en 2K
where the last inequality is because ( o ) < — (1 + 570w cT ) ~ O(1).

5log %
From these three cases, we can conclude that if dim(7}, — T') is small for all v € Z, then
w! Vw < 35¢, proving our claim.

We defer the formal proofs of the claims made in this section to the full version.

4 Conditional Lower Bounds for an Adaptive Adversary

In this section, we will prove a conditional hardness result for algorithms against adaptive
adversaries. In particular, we will prove Theorem 6. Consider Algorithm 4 for solving

Problem 3. The only step in Algorithm 4 whose implementation is not specified is Line 8.

We will implement this step using an algorithm for Problem 1.

6:11
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Algorithm 4 Algorithm for Checking PSDness.
1: procedure CHECKPSD(4, k, A)
2: € mm{l —n=°MW (1 -8)/(1+6)}
3 T 6(1—5)2 log &
4: AO +— A

5: Mo = 0,wp =0
6

7

8

fort=1,2,--- ,Tdo
Ay = 10
(i, wy) € approxnnate maximum eigenvalue and eigenvector of A; (Equa-
tions (1),(2))

9: if p; < 0 then
10: return FALSE: A is not PSD
11: 02 «PowerMethod(e, AJ. A7)
122 if 0 <o < U0 thep
13: return X = \/%[,/,ulwl Vizwy - ‘/uT'wT]
14: else
15: return FALSE: A is not PSD
High-level idea

Overall for our hardness result, we use the idea that an adaptive adversary can use the
maximum eigenvectors returned to perform an update. This can happen n times and in the
process, we would recover the entire eigen-decomposition of the matrix, which is hard. Now
consider Algorithm 4. We claim that Algorithm 4 solves Problem 3. At the first glance,
this claim looks suspicious because the input matrix for Problem 3 might not be PSD, but
the dynamic algorithm for Problem 1 at Line 8 has any guarantees only when the matrices
remain PSD. However, the reduction does work by crucially exploiting Property 5. The
high-level idea is as follows.
If the input matrix A is initially PSD, then we can show that A; remains PSD for all
t by exploiting Property 5, (see Lemma 21). So, the approximation guarantee of the
algorithm at Line 8 is valid at all steps. From this guarantee, || Ar|| must be tiny since
we keep decreasing the approximately maximum eigenvalues (see Lemma 22). At the end,
the reduction will return X.
If the input matrix A is initially not PSD, there must exist a direction v such that
v! Av < 0. Since in the reduction, we update Ay = A — W for some W > 0, we must
have that v’ Arv < v Av. That is, this negative direction remains negative or gets
even more negative. It does not matter at all what guarantees the algorithm at Line 8
has. We still have that ||Ar|| cannot be tiny. We can distinguish whether || Ar|| is tiny
or not using the static power method at Line 11, and, hence, we will return FALSE in this
case (see Lemma 22).

Analysis
We prove the guarantees of the output of Algorithm 4 when w;’s satisfy Property 5 for all t.

» Lemma 21. In Algorithm 4, let wy’s, t = 1,--- T be generated such that they additionally
satisfy Property 5. If Ag = 0, then A; = 0 for all t.
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We would like to point out that our parameter € is quite large. This just implies that our
reduction can work even if we find crude approximations to the maximum eigenvector as long

as this is along the directions with large eigenvalue, since w also has to satisfy Property 5.

We defer the proof of the above to the Appendix.

» Lemma 22. In Algorithm 4, let wy’s, t =1,--- T be generated such that they additionally
satisfy Property 5.

If A =0, then Algorithm j returns X such that |A — XX || < dming—; [|[Azl.

If A is not psd, then Algorithm 4 returns FALSE.

Proof of Theorem 6

We are now ready to prove our conditional lower bound.

Proof. Let M(e, Ag,v1, -+ ,vr) denote an algorithm for Problem 1 that maintains an
e-max eigenvalue (1), s, and eigenvector (2), w;, for matrices A; = Ay 1 — v;v] such
that w,’s satisfy Property 5. We will show that if the total update time of M is n°() .
(nnz(AO) + Z;‘ll nnz(m)), then there is an n?>T°(!)-time algorithm for Problem 3 which
contradicts Hypothesis 4.

Given an instance (6,x, A) of Problem 3, we will run Algorithm 4 where Line 8 is
implemented using M. We will generate the input and the update sequence for M as
follows. Set Ay < A. Set € and T according to Algorithm 4. For 1 < t < T, we
set vy = \/% - /Hi—1w;_1 according to Line 7 of Algorithm 4. We note that this is a
valid update sequence for Problem 1 when A > 0 since from Lemma 21, if A = 0 then,
A, =A— Zf;é %wiw;r = 0.

Now, we describe what we return as an answer for Problem 3. From Lemma 22 if A is
not PSD, then Algorithm 4 returns FALSE and reports the matrix is not PSD. Additionally
if A > 0, the algorithm returns X = J%*o [\/plel Vizws e \//TTwT] as a certificate
that A is PSD. This completes the reduction from Problem 3 to Problem 1.

The total time required by the reduction is

T
(@) (no(l) - (nnz(A) + Znnz(uu))) < O(no(l) (n?+T- n)) < O(n*°W Jog g),
t=1
which is at most n?T°() when £ < poly(n).
To conclude, we indeed obtain an n?t°(M_-time algorithm for Problem 3. Assuming
Hypothesis 4, the algorithm M cannot have n°() . (nnz(Ao) + 23:1 nnz('uz)) total update
time. <

5 Conclusion and Open Problems

Upper Bounds

We have presented a novel extension of the power method to the dynamic setting. Our
algorithm from Theorem 2 maintains a multiplicative (14¢€)-approximate maximum eigenvalue
and eigenvector of a positive semi-definite matrix that undergoes decremental updates from an
oblivious adversary. The algorithm has polylogarithmic amortized update time per non-zeros
in the updates.
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Our algorithm is simple, but our analysis is quite involved. While we believe a tighter
analysis that improves our logarithmic factors is possible, it is an interesting open problem
to give a simpler analysis for our algorithm. Other natural questions are whether we can
get similar algorithms in incremental or fully dynamic settings and whether one can get a
worst-case update time.

Lower Bounds

We have shown a conditional lower bound for a class of algorithms against an adaptive
adversary in Theorem 6. It would also be very exciting to generalize our lower bound to hold
for any algorithm against an adaptive adversary, as that would imply an oblivious-vs-adaptive
separation for a natural dynamic problem.

Incremental Updates

We believe that the corresponding incremental updates problem, i.e., we update the matrix
as Ay < A;_1 +wvyv/] cannot be solved in polylogarithmic amortized update time, even when
the update sequence v;’s are from an oblivious adversary. At a high level, the incremental
version of our problem seems significantly harder for the following reasons. When we perform
decremental updates to a matrix, the new maximum eigenvector must be a part of the
eigenspace spanned by the original maximum eigenvectors. Furthermore, it is easy to detect
whether the maximum eigenvalue has gone down as we have shown in our paper. For the
incremental setting, it is possible that after an update the maximum eigenvalue has gone up
and the new maximum eigenvector is a direction that was not the previous one or the update
direction and in such cases we cannot really detect this quickly with known information on
previous eigenvectors and update directions. This can also happen n times and in every such
case, we have to compute the eigenvalue and eigenvector from scratch. Therefore, we leave
lower bounds and algorithms for incremental setting as an open problem.

Dynamic SDPs

As discussed in Section A, Theorem 2 can be viewed as a starting point towards a dynamic
algorithm for general positive semi-definite programs. Can we make further progress? The
dynamic semi-definite program problem, even with just two matrix constraints, already seems
to be challenging.

One promising approach to attack this problem is to dynamize the matrix multiplicative
weight update (MMWU) method for solving a packing/covering SDP [23] since the corres-
ponding approach was successful for linear programs — the near-optimal algorithms of [11]
are essentially dynamized multiplicative weight update methods for positive linear programs.
However, in our preliminary study exploring this approach, we could only obtain an algorithm
that solves Problem 24, which has a single matrix constraint, and solves Problem 1 partially,
i.e., maintains an approximate eigenvalue only. The main barrier in this approach is that the
algorithm requires maintaining the exponential of the sum of the constraint matrices, and to
do this fast, we require that for any two constraint matrices A and B, e4t8 = e4eB which
only holds when A and B commute i.e., AB = BA. Note that when A and B are diagonal,
this is true; therefore, we can obtain the required algorithms for positive LPs. Even when we
have just two constraint matrices where one of them is a diagonal matrix, this remains an
issue as the matrices still do not commute.
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We first define packing and covering semi-definite programs (SDPs).?

» Definition 23 (Packing/Covering SDP). Let C, A;’s for i =1,2,...,m be n X n symmetric
PSD matrices and b;’s denote positive real numbers. The packing SDP problem asks to find

max Tr[CY] st Tr[A; Y] <b;, Vi=1---,m.
Y0

The covering SDP problem asks to find

I;lg_%TI'[CY] s.t. Tr[A; Y] >0b;, Vi=1,--- ,m.
Note that when the matrices C and A;’s are all diagonal matrices, the packing and covering
SDP problems above are precisely the well-studied packing and covering LP problems,
respectively. Near-linear time algorithms for (1 + €)-approximately solving packing and
covering LPs are very well-studied in a long line of work, some of which are [3, 4, 33, 25],
and these problems have many applications, such as in graph embedding [24], approximation
algorithms [20, 30], scheduling [24], to name a few.

Dynamic LPs

Near-optimal dynamic algorithms for packing and covering LPs were shown in [11]. The
paper studies two kinds of updates — restricting and relaxing updates. Restricting updates can
only shrink the feasible region. In contrast, relaxing updates can only grow the feasible region.
In [11], the authors gave a deterministic algorithm that can maintain a (1 + €)-approximate
solution to either packing and covering LPs that undergo only restricting updates or only
relaxing updates in total time O(N/€® + t/¢), where N is the total number of nonzeros in
the initial input and the updates, and ¢ is the number of updates. Hence, this is optimal up
to logarithmic factors.

A natural question is whether one can generalize the near-optimal dynamic LP algorithms
with polylogarithmic overhead by [11] to work with SDPs since SDPs capture many further
applications such as maximum cuts [15, 17], Sparse PCA [15], sparsest cuts [14], and balanced
separators [22], among many others.

Static SDPs

Unfortunately, the algorithms for solving packing and covering SDPs are much more limited,
even in the static setting. Near-linear time algorithms are known only for covering SDPs
when the cost matrix C = I is the identity [23, 1].

The fundamental barrier to working with general psd matrix C in covering SDPs is
that it is as hard as approximating the minimum eigenvalue of C (consider the program
maxyyo Ir[C Y] such that Tr[Y] < 1). To the best of our knowledge, near-linear time
algorithms for approximating the minimum eigenvalue assume a near-linear-time solver for
C, i.c., to compute C~ 'z in the near-linear time given @. This can be done, for example, by
applying the power method to C~'. When C~' admits a fast solver, sometimes one can
approximately solve a covering SDP fast, such as for spectral sparsification of graphs [19],
and the max-cut problem [6, 31].

For packing SDPs, there is simply no near-linear time algorithm known. An algorithm for
approximately solving packing SDPs and even the generalization to mixed packing-covering
SDPs was claimed in [16], but there is an issue in the convergence analysis even for pure
packing SDPs. Fast algorithms for this problem, hence, remain open.

5 Some papers [16] flip our definition of packing and covering SDPs by considering their dual form.
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Dynamic SDPs

Since near-linear time static algorithms are prerequisites for dynamic algorithms with
polylogarithmic overhead, we can only hope for a dynamic algorithm for covering SDPs when
C is an identity. Below, we will show that our algorithm for Theorem 2 implies a dynamic
algorithm for maintaining the covering SDP solution when there is a single constraint and
the updates are restricting. This follows because this problem is equivalence to Problem 1.

We first define the dynamic covering problem with a single constraint under restricting
updates.

» Problem 24 (Covering SDP with a Single Matrix Constraint under Restricting Updates).
Given Ag = 0, an accuracy parameter € > 0, and an online sequence of vectors vy, va, -+ , Up
that update Ay < A; — vyv, such that Ay = 0. The problem asks to explicitly maintain, for
allt, an (1 + €)-approximate optimal value vy of the SDP, i.e.,

def .
V¢ § (1 + G)OPE = m1nYt07Tr[At Y|>1 TI'[Y]

-
Furthermore, given a query request, return a matric Q(t) where Y = Q(t) Q(t) € R™*™ gs
a (1 + €)-approxzimate optimal solution, i.e.,

Tr[A, Y] > 1 and Te[YP] < (1 + €)OPT;.

Problem 24 is equivalent to Problem 1 in the following sense: given an algorithm for Problem 1,
we can obtain an algorithm for Problem 24 with the same total update time and optimal
query time. Conversely, given an algorithm for Problem 24, we can obtain an algorithm for
Problem 1 in the eigenvalue-only version with the same total update time.

» Proposition 25. The following holds,

1. Given an algorithm for Problem 1 with update time T, there is an algorithm for Problem 2
with update time T and query time O(n), i.e., the time required to query Q(t) at any time
t.

2. Given an algorithm for Problem 24 with update time 7~', there is an algorithm for Problem 1
that only maintains the approximate eigenvalues with update time at most T .

Proof. Let us first characterize the solution to Problem 24 at any ¢ for ¢ = 0. Since any
feasible solution Y is PSD it can be characterized as, ¥ = Y | piy;y; for some unit
vectors y;’s. Now Tr[Y]| =" p; and

L< T[4, Y] =) piTr(Ayy! ] =Y piyl Ay < Anax(40) D pi
i=1 i=1 i=1

The above implies that for any feasible solution Y*| it must hold that S pi > 1/ Amax(Ar),

and equality holds iff y,’s are the maximum eigenvector of A, for all ¢. Since the problem

. . e . n . t) _ 1 T 3
is asking to minimize ) ., p;, the solution must be y® = N (A WU where v is the

maximum eigenvector of A;. Note that here Q(t) = \/%u
Amax (At)

We now show the first part, by proving that at any ¢, given ¢, the solution to Problem 1

gives a solution to Problem 24. Let A; and w; denote an €/2-approximate solution to Problem 1
1

Va—e/2n,

for some t. Consider the solution Q(t) =

Then,

w; which gives Yy = mwtw:.

)\max(At) > 1

Tr[A, Y(t)} _ ;U}IAt'wt > (1-¢/2) (1 —€/2)Amax(A) ~

(1 — 6/2))\,5
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Therefore, Y®) satisfies the constraints of Problem 24. Next we look at the objective value,

vy =Tr[Y®] = (1751/2)& < (176/2)21>\mx(At) < (14 €)OPT;. We can maintain Q) by just

maintaining wy, A¢ which requires no extra time. The time required to obtain Q(t)7 which is
the query time, from w; and A; is at most O(nnz(w;)) = O(n) and the value of v; can be
obtained in O(1) time.

To see the other direction, consider the solution Q(t), v; of Problem 24. We can set
A¢ = - This implies that,

1 )\max(At)
M=—2——"7-—"=2>2(1-¢€¢A Ay),
t vy el (1+€) _( 6) max( t)
as required. In this case, we do not require any extra time. |

By plugging Theorem 2 into Proposition 25, we conclude the following.

» Corollary 26. There is a randomized algorithm for Problem 24 under a sequence of T
restricting updates, that given n, Ag and € > 1/n as input, with probability at least 1 — 1/n
works against an oblivious adversary in total update time

log® nlog® 2 log 7;}{“;*:((2;)) ( T >

7 nnz(Aop) +Znn2(vi)

€
i=1

and query time O(n).
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