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Abstract
The k-center problem is a fundamental optimization problem with numerous applications in machine
learning, data analysis, data mining, and communication networks. The k-center problem has
been extensively studied in the classical sequential setting for several decades, and more recently
there have been some efforts in understanding the problem in parallel computing, on the Massively
Parallel Computation (MPC) model. For now, we have a good understanding of k-center in the case
where each local MPC machine has sufficient local memory to store some representatives from each
cluster, that is, when one has Ω(k) local memory per machine. While this setting covers the case
of small values of k, for a large number of clusters these algorithms require undesirably large local
memory, making them poorly scalable. The case of large k has been considered only recently for the
fully scalable low-local-memory MPC model for the Euclidean instances of the k-center problem.
However, the earlier works have been considering only the constant dimensional Euclidean space,
required a super-constant number of rounds, and produced only k(1 + o(1)) centers whose cost is a
super-constant approximation of k-center.

In this work, we significantly improve upon the earlier results for the k-center problem for the
fully scalable low-local-memory MPC model. In the low dimensional Euclidean case in Rd, we
present the first constant-round fully scalable MPC algorithm for (2 + ε)-approximation. We push
the ratio further to (1 + ε)-approximation albeit using slightly more (1 + ε)k centers. All these
results naturally extends to slightly super-constant values of d. In the high-dimensional regime, we
provide the first fully scalable MPC algorithm that in a constant number of rounds achieves an
O(log n/ log log n)-approximation for k-center.
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1 Introduction

Clustering and the k-Center Problem. Clustering is a fundamental task in data analysis
and machine learning. We consider a well-known clustering problem, called k-Center, in
Euclidean spaces. In this problem, given an integer parameter k ≥ 1 and a dataset P ⊂ Rd,
the goal is to find a center set C ⊂ Rd of k points, such that the following clustering objective
is minimized

cost(P, C) := max
p∈P

dist(p, C). (1)

Here, dist(x, y) := ∥x− y∥2 for any two points x, y ∈ Rd, and dist(p, C) := minc∈C dist(p, c)
for any point p ∈ Rd and any set of points C ⊂ Rd.

Solving k-Center on massive data sets introduces outstanding scalability issues. To
meet this scalability challenge, practical approaches usually use several interconnected
computers to solve the problem, i.e., they resort to distributed computing. Accordingly,
there has been significant recent interest in scalable algorithms with provable guarantees
for k-Center [1, 5, 7, 9, 11, 14, 20, 31, 37, 44, 46], primarily in the Massively Parallel
Computing (MPC) model, which has nowadays become the de-facto standard theoretical
model for such large-scale distributed computation settings (see, e.g., [6, 29, 36]).

Massively Parallel Computation (MPC) Model. The MPC model, introduced in [43],
provides a theoretical abstraction for widely-used practical frameworks such as MapRe-
duce [19], Hadoop [52], Spark [53], and Dryad [38]. In this model, we are given a set of
machines, each with some given memory of size s (also known as local memory). At the
beginning of computation, the input (which in our case is a set of n data points from Rd)
is arbitrarily distributed among these machines, with the constraint that it must fit within
each machine’s local memory. (Hence we will require that the number of machines is Ω(n/s),
for otherwise the input would not fit the system.) The MPC computation proceeds in
synchronous rounds. In each round, first, each machine processes its local data and performs
an arbitrary computation on its data without communicating with other machines. Then, at
the end of each round, machines can communicate by exchanging messages, subject to the
constraint that for every machine, the total size of the messages it sends or receives is O(s).
When the algorithm terminates, MPC machines collectively output the solution. The goal is
to finish the computational task using as small as possible number of rounds.

Local Memory Regimes and Full Scalability. The central parameter determining the
computational model is the size of the local memory s. Unlike the input size n, local memory
is defined by the hardware provided and as such, one would like the relation between s and
n to be as flexible as possible. Therefore an ideal MPC algorithm should be fully scalable,
meaning that it should work with s = nσ for any constant σ ∈ (0, 1). The importance of
designing fully scalable MPC algorithms has been recently observed (cf. [8]) for clustering
problems like k-Center (and also k-means and k-median), where the prior research (see
below) demonstrates that the problem’s difficulty changes radically depending on whether
s = Ω(k) or not, i.e., whether one machine can hold the entire set of proposed centers or not.
It is furthermore desirable for the algorithm to use a near-linear total memory.

Prior Work with High Local Memory Requirements. In the non-fully scalable regime,
when s = Ω(k), a classical technique of coresets [32, 33] can be applied to reduce the n input
points into a (1 + ε)-approximate proxy with only O(k) points (ignoring f(d) · poly(log n)



A. Czumaj, G. Gao, M. Ghaffari, and S.-H.-C. Jiang 64:3

factors). For k-Center, provided that s = Ω(knγ) for some constant γ ∈ (0, 1) [7], this small
proxy can be computed in O(1) MPC rounds and moved to a single machine. The clustering
problem (in fact, its approximate version because of the approximation caused by the use of
coresets) can then be solved locally without further communication in a single MPC round.
However, the coreset approach is not applicable when s = o(k), because coresets suffer a
trivial size lower bound of Ω(k) making the approach sketched above unsuitable. Hence, new
techniques must be developed for fully scalable algorithms when local memory is sub-linear
in k.

Several other works for k-Center, although not using a coreset directly, also follow a
similar paradigm of finding a sketch of poly(k) points in each machine [1, 20, 31, 46], and
therefore they still require s = Ω(k). We remark that these results work under general
metrics with distance oracle, which is a setting very different from our Euclidean setting. This
fundamental difference translates to different flavor of studies: in general metrics not much
more can be done than using the triangle inequality, whereas in Rd we need to investigate
what Euclidean properties are useful for fully scalable algorithms.

Toward Fully Scalable MPC Algorithms. To combat these technical challenges, several
recent works have designed fully scalable MPC algorithms for k-Center and for related
clustering problems, including k-Median and k-Means [5, 8, 12, 13, 14, 17]. These MPC
algorithms are fully scalable in the sense that they can work with s = nσ for any constant
σ ∈ (0, 1). Indeed, they usually work with any s ≥ f(d) poly log n regardless of k (albeit
many of these results output more than k centers, only achieving a bi-criteria approximation).
Therefore, in particular, despite the inspiring recent progress, fully scalable MPC algorithms
for k-Center are poorly understood. The state-of-the-art algorithm (for geometric k-Center
and only for d = O(1)) is by Coy, Czumaj, and Mishra [14]: it achieves a super-constant
approximation ratio of O(log∗ n) (improving over an O(log log log n)-rounds bound from
an earlier work of Batteni et al. [5]), using k + o(k) centers; this violates the constraint of
using at most k centers and works in a super-constant O(log log n) number of rounds. These
bounds, which are stated for the standard regime of s = nσ with a constant σ ∈ (0, 1), show
a drastic gap to the above-mentioned bounds achieved in the fully scalable s = Ω(k) regime.

Challenges of High Dimensionality. Apart from the fully-scalability, the high dimensionality
of Euclidean spaces is another challenge in designing MPC algorithms. Indeed, there has
been emerging works that address high dimensionality in MPC [4, 8, 12, 13, 17, 21, 39].
Unfortunately, all previous fully-scalable MPC algorithms for k-Center only work for low-
dimensional regime since it requires exp(d) dependence in d in local space, and fully-scalable
MPC algorithms suitable for high dimension, especially those with poly(d) dependence,
constitutes an open area of research. Overall, there has been a large gap in fully-scalable
algorithms for k-Center under both low- and high-dimensional regime.

1.1 Our Results

We give new fully scalable MPC algorithms for Euclidean k-Center and we systematically
address both the low-dimensional and high-dimensional regimes. Our results in low dimension
significantly improve previous results simultaneously in various aspects (i.e., approximation
ratio, round complexity, etc.). We also obtain the first results for high dimension, and our
approximation ratio bypasses several natural barriers.

ICALP 2025
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Low-Dimensional Regime. In low dimension, we provide the first fully scalable MPC
algorithm that achieves a constant approximation to k-Center, running in a constant
number of rounds (Theorem 1.1). This result significantly improves the previous fully
scalable algorithms for k-Center [5, 14] in several major aspects: by achieving constant
round complexity, better approximation factor, and true approximation (without bi-criteria
considerations that allow slightly more than k centers).

▶ Theorem 1.1. There exists an MPC algorithm that given ε ∈ (0, 1), k ≥ 1, and a
dataset P ⊂ Rd of n points distributed across MPC machines with local memory s ≥
(Ω(dε−1))Ω(d) poly log n, with probability at least 1 − 1/n computes a (2 + ε)-approximate
solution to k-Center, using O(logs n) rounds and O(n · poly log n · (O(dε−1))O(d)) total
memory.

Furthermore, we can improve the (2 + ε) approximation bound if we allow bi-criteria
approximations: we design a (1 + ε)-approximation k-Center algorithm that uses (1 + ε)k
centers (Theorem 1.2). This bi-criteria approximation is almost optimal, and is the first of
its kind in the literature.

▶ Theorem 1.2. There exists an MPC algorithm that given ε ∈ (0, 1), k ≥ 1, and a
dataset P ⊂ Rd of n points distributed across MPC machines with local memory s ≥
(Ω(dε−1))Ω(d) poly log n, with probability at least 1−1/n computes a (1+ε, 1+ε)-approximate
solution1 to k-Center, using O(logs n) rounds and O(n · poly log n · (O(dε−1))O(d)) total
memory.

Observe that for the memory regime of s = nσ with a constant σ ∈ (0, 1), both Theor-
ems 1.1 and 1.2 run in a constant number of rounds. Moreover, Θ(logs n) is the complexity
of far more rudimentary tasks, e.g., outputting the summation of n numbers (see, e.g., [49]).
The dependence on d in the memory bounds is 2Θ(d log d). Thus, for any constant δ ∈ (0, 1),
if d = o(log n/ log log n), then the algorithms work in a constant number of rounds with local
memory s ≥ nδ and total memory n1+o(1), which is the regime studied in the previous works on
fully scalable algorithms for k-Center [5, 14]. Furthermore, if d = o(log log n/ log log log n),
then the total memory is in the desirable regime of O(n poly log(n)).

High-Dimensional Regime. Next, we go beyond the low-dimensional regime and explore
the high dimension case where d can be as large as O(log n).2 For this regime, we provide
the first fully scalable MPC algorithm for k-Center, and it achieves an O(log n/ log log n)-
approximation, running in a constant number of rounds (Theorem 1.3).

▶ Theorem 1.3. There exists an MPC algorithm that given ε ∈ (0, 1), k ≥ 1, and a dataset
P ⊂ Rd of n points distributed across MPC machines with local memory s ≥ poly(d log n),
with probability at least 1− 1/n computes an O(ε−1 log n/ log log n)-approximate solution to
k-Center, using O(logs n) rounds and O(n1+ε poly(d log n)) total memory.

We are not aware of any earlier fully scalable MPC algorithms for k-Center in high
dimension that we could compare with. In fact, fully scalable MPC algorithms for clustering
problems in high dimension are generally less understood, and the only known result is

1 An (α, β)-approximate solution to k-Center (also called a bi-criteria solution) is a center set C ⊂ Rd

that has at most βk centers and has cost at most α times the optimal cost of using at most k centers.
2 As also observed in e.g., [12, 17], one can assume d = O(log n) without loss of generality by a Johnson-

Lindenstrauss transform.
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an O(log2 n)-approximation for k-Median [12] (and in fact this ratio may be improved to
O(log1,.5 n) using the techniques from [2] although it is not explicitly mentioned), and as
far as we know, nothing is known for k-Center and k-Means. These existing results for
k-Median rely on the tree embedding technique, and currently only an O(log1.5 n)-distortion
is known [2] (which translates to the ratio). As a result, even if these techniques could be
adapted for k-Center, it would only provide an O(log1.5 n)-approximation, which falls short
of the O(log n/ log log n)-approximation achieved by our method; in fact, our bound is even
better than the fundamental lower bound of Ω(log n)-approximation of tree embedding. This
is not to mention the added technical difficulty of using the tree embedding: its expected
distance distortion guarantee is too weak to be useful for the “max” aggregation of distances
in k-Center.

1.2 Technical Overview
Our algorithms for k-Center rely on variants of the classic reductions to geometric versions
of the ruling set (RS) and minimum dominating set (MDS) problems, which are fundamental
problems in distributed computing. We briefly describe the reductions in Section 1.2.1,
particularly to mention our exact setup of RS and MDS, and state the results we obtain for
each. Then in Section 1.2.2 and Section 1.2.3, we provide a technical overview of our proposed
MPC algorithms for these results, focusing on the key challenges and core techniques. While
the relation between k-Center and RS/MDS is well-known and has also been used in MPC
algorithms for k-Center in general metrics [1, 31], it has not been studied for Euclidean
k-Center in the fully scalable setting. This is a key technical difference to previous fully
scalable algorithms for Euclidean k-Center [5, 14] which employ successive uniform sampling
to find centers.

Both our low dimension and high dimension results rely on geometric hashing techniques
(in Section 3), through which we utilize the Euclidean structure. For low dimension, our
algorithms are based on natural parallel algorithms where similar variants were also considered
in graph MPC algorithms, and the geometric hashing is the key to achieve the new bounds.
For high dimension, our algorithm is a variant of the one-round version of Luby’s algorithm.
It has been known that the one-round Luby’s algorithm yields a Θ(log n) bound for RS
in general graphs (see e.g. [24, Exercise 1.12]). However, our new variant crucially makes
use of the Euclidean structure via geometric hashing, and it breaks the mentioned Θ(log n)
bound in general graphs, improving it by an O(log log n) factor in the Euclidean setting; See
Section 1.2.3 for a more formal discussion. Due to the space limit, proofs for claims made in
this section may be omitted in this version and can be found in the full version [16].

1.2.1 Reductions and Results for Geometric RS and MDS
To establish Theorems 1.1–1.3, we begin with introducing the definitions and reductions for
RS and MDS. Let τ, α > 0 be parameters, and let OPT be the minimum cost of the solution
for k-Center.

Geometric RS and MDS. A subset S ⊆ P is called a τ -independent set (τ -IS) for P , if
for every x ≠ y ∈ S, dist(x, y) > τ , and we say S ⊆ Rd is a τ -dominating set (τ -DS) for P ,
if for every x ∈ P , dist(x, S) ≤ τ . A subset S ⊆ P is a (τ, α)-ruling set ((τ, α)-RS) for P if
S is both a τ -IS and α-DS for P . A τ -MDS is a τ -DS with the minimum size, denoted as
MDSτ (P ). A related well known notion is maximal independent set (MIS), where a τ -MIS
is (τ, τ)-RS.

ICALP 2025
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Table 1 RS and MDS results, where Õ hides poly(d log n) factor, all run in O(logs n) rounds.

guarantee local space total space reference

(τ, (1 + ε)τ)-RS (ε−1d)O(d) · Õ(1) Õ(n) · (ε−1d)O(d) Lemma 4.1
(1 + ε)τ -DS of size (1 + ε)| MDSτ (P )| (ε−1d)O(d) · Õ(1) Õ(n) · (ε−1d)O(d) Lemma 4.2
(τ, O

(
ε−1 log n

log log n

)
τ)-RS Õ(1) Õ(n1+ε) Lemma 4.3

Reductions. It is known (see, e.g., [35]) that any τ -IS of P for τ ≥ 2 OPT must have at
most k points. Therefore, an MPC algorithm that computes a (2 OPT, α)-RS of P would
immediately yield α-approximation for k-Center on P . On the other hand, for MDS, since
the optimal solution for k-Center itself is a candidate for a τ -MDS and has at most k

points for τ = OPT, a (1 + ε)-approximation to τ -MDS would yield (1 + ε)k centers. This
relation helps to obtain the desired bi-criteria approximation. Compared with the setting
of RS which could only leads to some O(1)-approximation, MDS operates on the entire Rd.
This is necessary for the (1 + ε) ratio since centers need to be picked from Rd instead of only
from P .

Results for RS and MDS. We obtain the following results for RS and MDS, in both low and
high dimension. Combining with the above-mentioned reductions, these results readily imply
Theorems 1.1–1.3. All results run in O(logs n) rounds which is constant in the typical setup of
s = nσ for constant 0 < σ < 1. In low dimension, we obtain (τ, (1+ε)τ)-RS and a (1+ε)τ -DS
whose size is at most (1+ε) times the τ -MDS (which in a sense is a “bi-criteria” approximation).
Both results use (ε−1d)O(d) · poly(log(n)) local space, and n poly(d log n) · (ε−1d)O(d) total
space. In high dimension, we obtain (τ, (ε−1 log n/ log log n)τ)-RS, using (ideal) poly(d log n)
local space and n1+ε poly(d log n) total space. These results are summarized in Table 1.

We remark that MIS, RS, and MDS are fundamental yet notoriously challenging problems
in MPC. Existing studies on these problems are mostly under (general) graphs or general
metric spaces, and they achieve worse bounds than ours, e.g., they need to use a super-
constant number of rounds [25, 26, 27, 30, 40, 47], and/or are not fully scalable [10, 27, 31].
However, our results seem to suggest that these problems in Euclidean spaces behave very
differently than in graphs/general metrics. On the one hand, we obtain fully-scalable
algorithms in both low and high dimension, but on the other hand, our algorithms are only
“approximations” to MIS and MDS; for instance, in low dimension, both our RS and MDS
results have (1 + ε) factor off in the dominating parameter to MIS and MDS. For RS/MIS
and MDS without violating dominating parameter, we are only aware of a line of research in
distributed computing for growth-bounded graphs, see Schneider and Wattenhofer [51], which
indirectly lead to O(log∗ n)-rounds fully scalable algorithms for MIS/MDS in Rd for constant
d. It is still open to design fully scalable algorithms for MIS, even in 2D, in constant number
of rounds. In fact, this problem is already challenging on a 2D input set with diameter O(τ).
Nevertheless, our RS and MDS results suffice for approximations for k-Center.

1.2.2 RS and MDS in Low Dimension
The RS and MDS in low dimension starts with a rounding to a ετ/

√
d-grid. Specifically, we

move each data point to the nearest ετ/
√

d-grid point, whose coordinates are multiples of
ετ/
√

d, denoted as P ′.3 Then we show that any (τ, ατ)-RS to P ′ yields a (τ, (1 + ε)ατ)-RS

3 In our proof we actually need to use a slightly different rounding to make sure the image also belongs to
P .
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𝜏

𝜏

Figure 1 A space partition in 2D with T = 3 and α = 5. The first group is squares with
side-length 5τ/

√
2 (the blank space), the second is the red-shaded rectangles, and the third is the

cross-like structures in blue shades.

to the original dataset P , and similarly, any τ -DS to P ′ yields a (1 + ε)τ -DS to P . Hence,
we can assume without loss of generality that P is a subset of the said grid, and find RS and
MDS on it. This rounding is useful, since it ensures that in any subset of Rd of diameter γ · τ
(γ ≥ 1), the number of the grid points is at most (O(dγ/ε))d. Hence, as long as s ≥ Ω(d/ε)d,
we can afford to bring all grid points in a small area to a single machine and solve RS/MDS
on it locally.

An Overview for the Proof of RS. In fact, on the rounded dataset P , we find a (τ, τ)-RS
which is as well τ -MIS on P . A standard way of finding MIS in a graph is a greedy algorithm:
start with the entire vertex set, and if the current vertex set is nonempty, then find any
vertex x, add it to the output (MIS) set, remove all vertices that are adjacent to x from the
current vertex set, and repeat. In the geometric setting, we can use an improved version
where in each iteration we identify a large number of vertices that are independent, instead
of only one. Specifically, we partition the entire Rd into some T groups W1, . . . ,WT , such
that each group consists of regions that are τ apart from each other. Furthermore, each
region has a bounded diameter ατ for some α ≥ 1.4 For d = 2, there is a simple way to
partition with T = O(1) and α = O(1), as illustrated in Figure 1. For general d, we give a
partition that achieves T = O(d) and α = O(d1.5). See Lemma 3.1 for the precise statement.

A key property of this decomposition is that the MIS computation in each region can be
done independently within each group, as regions are τ -separated. This yields an O(T logs n)-
round MPC algorithm: iterating over the T groups W1, . . . ,WT , computing an MIS in each
region in parallel, and removing points within τ from selected MIS points before proceeding to
the next group. Since each region in any group is of diameter ατ which is at most d1.5τ , there
are at most O(ε−1d)O(d) data points in each region, using the assumption of the rounded
instance. Hence, as long as s ≥ Ω(ε−1d)Ω(d), the data points in each region can be stored in
a single machine. Each such iteration can be implemented in O(logs n) MPC rounds, and
thus the overall scheme which has T iterations takes O(T logs n) MPC rounds.

To reduce this to O(logs n) rounds, we exploit the locality of the above procedure. Instead
of iterating sequentially over groups, each region R ∈ Wi for 1 ≤ i ≤ T directly determines
its final subset R′ by identifying the influence from earlier groups

⋃
j<iWj that are within a

4 The reader may notice the reminiscence with the widely-used notion of network decomposition in
graphs [3, 50]. In that notion, the node set V of the graph is partitioned into T = O(log n) groups V1,
. . . , VT , such that in the subgraph induced by each Vi, each connected component has diameter at most
α = O(log n).

ICALP 2025
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bounded range O(iτ + (i− 1)ατ) ≤ poly(d) · τ . Since an MIS selection only affects a τ -radius
per iteration, and each region has a diameter at most ατ , the cumulative affected area over i

iterations remains bounded. Leveraging the rounding property again, the number of relevant
regions remains at most O(ε−1d)O(d), allowing all necessary regions to be replicated locally.
This ensures that each region can compute its MIS in parallel in O(logs n) rounds, provided
s ≥ Ω(ε−1d)Ω(d) poly(log n).

An Overview for the Proof of MDS. We start with a weaker local space bound that
requires a 2Ω(d2) dependence of d in s, instead of the claimed 2Ω(d log d) bound. Our approach
starts with a simple algorithm: partition Rd into hypercubes of side-length ατ , where α ≥ 1
is a parameter to be determined. Then send the data points in each hypercube to a single
machine, and solve locally the exact MDS of each hypercube. Taking the union of these
MDSs forms the final dominating set. Clearly, this returns a dominating set for the entire
dataset, but it may not be of small size. Intuitively, the major gap in this algorithm is when
the optimal solution uses points located at the boundary of the hypercubes to dominate
the adjacent hypercubes, while the algorithm described here only uses a point to dominate
points in a single hypercube.

To address this issue, we observe that bridging the gap between the algorithm’s solution
and the optimal solution requires only bounding the number of points in the outer “τ -extended
region” of each hypercube R, denoted as U∞

τ (R), that intersect with the optimal solution.
Specifically, it suffices to show that this number is at most an ε-fraction of the optimal
solution size. To establish this bound, we apply an averaging argument: If we shift the
entire hypercube partitioning by some multiple of O(τ), there must exist a shift that satisfies
our requirement, provided that the hypercube side-length ατ is sufficiently large. This may
be visualized more easily in 1D: each U∞

τ (R) is simply two intervals of length τ to the left
and right of R (which itself is also an interval, whose length is ατ). Then by shifting a
multiple of O(τ), the two intervals of U∞

τ , after these shifts, form a partition of the entire R.
Unfortunately, this simple shifting of hypercubes only leads to α = 2O(d), which translates
to a 2O(d2) dependence of d in the local space s. The main reason for this α = 2O(d) bound
is that the same point in the optimal solution may belong to up to 2O(d) sets U∞

τ (R) (for
some hypercube R).

To further reduce α = poly(d), which leads to the dO(d) local space bound, we need to
employ a more sophisticated geometric hashing. We state this in Lemma 3.1 and Fact 3.2.
This hash maps each point in Rd into some bucket, and we would replace the hypercubes in
the above-mentioned algorithm with such buckets. An important property of this bucketing
is that any point in Rd (hence any point in the optimal solution) can intersect at most poly(d)
number of sets U∞

τ (R) over all buckets R, instead of 2O(d) as in the simple hypercube partition.
However, the use of this new bucketing also introduces additional issues. Specifically, since
the buckets are of complicated structure, it is difficult to analyze the even more complex
set U∞

τ (R) for the averaging argument. To this end, we manage to show (in Lemma 3.1,
third property) that the union of

⋃
R U∞

τ (R) is contained in the complement of a Cartesian
power of (1D) intervals (e.g., ([1, 2] ∪ [3, 4])d). This structure of Cartesian power is similar
enough to the U∞

τ annulus of hypercubes (which may be handled by projecting to each
dimension), albeit taking the complement. This eventually enables us to use a modified
averaging argument to finish the proof.

1.2.3 RS in High Dimension
Our (τ, O(ε−1 log n/ log log n)τ)-RS in high dimension is a modification of the well-known
Luby’s algorithm. In this discussion, we assume ε = Θ(1) and ignore this parameter. The
first modification is that, unlike the standard Luby’s algorithm which runs for O(log n)
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iterations [45], our algorithm only runs Luby’s for one iteration: for every data point x ∈ P ,
generate a uniform random value h(x) ∈ [0, 1], and then for each x ∈ P , include x in the RS if
x has the smallest h value in BP (x, τ) (the ball centered at x with radius τ , intersecting points
in P ). This one-round Luby’s algorithm achieves (τ, O(log n)τ)-RS (with high probability),
and we also show that this is tight in general graphs.5 However, this is worse than the
O(log n/ log log n) factor that we can achieve.

A New Preprocessing Step Based on Geometric Hashing. Hence, we need to introduce
the second important modification to this one-round Luby’s algorithm in order to bypass
the O(log n) factor. Specifically, before running the one-round Luby’s algorithm, we run
a preprocessing step to map the data points to the buckets of a geometric hashing. The
geometric hashing that we use is the consistent hashing [18] (see Lemma 3.4), and the concrete
guarantee in our context is that, each hash bucket has diameter ℓ := O(log n/ log log n)τ , and
for any subset S ⊆ Rd with diameter at most O(τ), the number of buckets that S intersects
is at most Λ := poly(log n). We pick an arbitrary point in P from each (non-empty) bucket,
denoting the resultant set as P ′, and we run the one-round Luby’s on P ′. Clearly, this
hashing step only additively increases the dominating parameter by ℓ = O(log n/ log log n)τ
which we can afford. At a high level, the use of this rounding is to limit the size of the
O(τ)-neighborhood for every point, which is analogue to the degree of a graph. In a sense,
what we prove is that one-round Luby’s on graphs with degree bound poly(log n) yields an
O(log n/ log log n)-ruling set.

Next, we explain in more detail why this hashing step helps to obtain O(log n/ log log n)τ
dominating parameter. This requires us to do a formal analysis to one-round Luby’s algorithm
(which did not seem to appear in the literature), and utilize the property of hashing that for
every x ∈ P ′, |BP ′(x, τ)| ≤ Λ = poly(log n).

A Re-Assignment Argument. Let R be the resultant set found by running one-round
Luby’s on P ′. Fix a point p ∈ P ′, and we need to upper bound dist(x, R). To this end, we
interpret the algorithm as defining an auxiliary sequence S = (x0 := p, x1, . . . , xT ) (where
T is also random). Specifically, S is formed in the following process: we start with i = 0,
whenever xi is not picked into R we define xi+1 as the point with the smallest h value in
BP ′(x, τ), and we terminate the procedure otherwise. Clearly, dist(x, R) ≤ Tτ , and it suffices
to upper bound T (which is a random stopping time). Indeed, a similar plan of re-assignment
argument has been employed in [17], but the definition and analysis of S is quite different
since they focus on facility location.

Now, a crucial step is to bound the probability of the event that, given the algorithm
picks a prefix (x0, . . . , xi) of sequence S, the algorithm picks some new xi+1 ∈ P ′ instead
of terminating. We call this extension probability. Ideally, if we can give this extension
probability a universal upper bound γ < 1, then for t ≥ 1, the probability that T > t is
at most γt, which decreases exponentially with respect to t. However, this seemingly good
bound may not immediately be sufficient, since one still needs to take a union bound over
sequences of length t, because the sequence S is random. A naïve bound is nt since each
xi may be picked from any point in P ′, and this is positively large (i.e., γt cannot “cancel
it out”.). Moreover, an added difficulty is that the “ideal” case of having universal upper
bound γ for the extension probability may not be possible in the first place.

5 Similar bounds were also mentioned without proof in the literature, see e.g. [24, Exercise 1.12]. We give
a proof (sketch) for this tight bound for completeness.
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Our analysis resolves both difficulties. We show that the extension probability is roughly
upper bounded by |BP ′(xi, τ)|/|

⋃i
j=1 BP ′(xj , τ)| (recalling that (x0, . . . , xi) is given). For

the union bound, since the hashing guarantees that |BP ′(x, τ)| ≤ Λ = poly(log n) for
any x ∈ P ′, we can approximate the size |BP ′(xi, τ)| by rounding to the next power of
2, denoted as ⌈|BP ′(xi, τ)|⌉2, and this yields only O(log log n) possibilities after rounding.
For a (fixed) sequence S′ := (x0, . . . , xm), we define its configuration as the rounded value
of (⌈|BP ′(x1, τ)|⌉2, . . . , ⌈|BP ′(xm, τ)|⌉2). We can do a union bound with respect to the
configuration of the sequences, and there are at most O(log log n)t number of configurations
for length-t sequences.

Finally, given a sequence S′ = (x0, . . . , xt) with a given configuration (for some t), to
upper bound the extension probability, we need to analyze

∏
i

|BP ′ (xi,τ)|
|
∑i

j=1
BP ′ (xj ,τ)|

, and we

show in a key lemma that this is upper bounded by exp(−Ω(t) log(t/ log Λ)). Therefore,
we can pick t = log n/ log log n, apply the union bound and conclude that Pr[T > t] ≤
(log log n)t · exp(−Ω(t) log(t/ log Λ)) ≤ 1/ poly(n).

We also provide a (sketch) of how to slightly modify our analysis to show the one-round
Luby’s algorithm yields O(τ, O(log n)τ)-RS. As mentioned, this did not seem to appear in
the literature. We also provide a tight instance for this one-round Luby’s algorithm.

1.3 Related Work
The k-Center problem, as one of the fundamental clustering problems [28, 34, 35], has
been studied extensively in sequential setting, and more recently, also in parallel setting.
For MPC algorithms for k-Center, most of prior works have focused on non-fully scalable
algorithms that have a dependence of Ω(k) in the local memory s and can generally achieve
O(1) rounds. In general metric space, [20] obtains a large-constant approximation, using
O(1/σ) rounds if the local memory is poly(k)nσ, which offers a tradeoff between the number
of rounds and the local memory. More recent works aim to achieve a smaller constant ratio,
down to factor 2, at the cost of having local memory size with a fixed polynomial dependence
in n and/or a polynomial dependence in the number of machines [1, 31, 37, 46]. There has
been also some k-Center studies on doubling metrics instances (which is a generalization of
Rd) [7, 11], where in the bi-criteria (or with outliers) setting, not only a constant but even a
(1 + ε) ratio can be achieved due to the low-dimensional structure [7].

Fully-scalable MPC algorithms have been also studied for related clustering problems
of k-Median and k-Means in Rd. [12] describes a hierarchical clustering algorithm that
in a constant number of rounds returns a poly log(n)-approximation for k-Median using
s = poly(d) · nσ local memory; we are not aware of any similar approximation for k-Means
(even when d = O(1) and with poly log n ratio). Furthermore, since the techniques used in
[12] rely critically on the approach of hierarchically well-separated trees, they are unlikely to
lead to sub-polylogarithmic approximation ratio algorithms. On the other hand, bi-criteria
approximation are known for both k-Median and k-Means [8, 17], and in a constant number
of rounds and with s = poly(d) · nσ local memory, one can approximate k-median and
k-means with O(1) ratio using (1 + ε)k centers [17]. In the same setting, it is also possible
to achieve a (1 + ε)-approximation for special inputs [13].

2 Preliminaries

For integer n ≥ 1, let [n] := {1, . . . , n}. For a mapping f : X → Y , denote f−1(y) := {x ∈
X : f(x) = y} as the pre-image of f . For some d ≥ 1, a set S ⊆ Rd and x ∈ Rd, write
S + x to denote {x + y : y ∈ S}. For t > 0, let Gt ⊆ Rd be the set of t-grid points, that
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is, points whose coordinates take values as integer multiples of t. For a subset S ⊂ Rd, let
diam(S) := maxx,y∈S dist(x, y) be its diameter. Similarly define dist∞ and diam∞ as the
ℓ∞ version.

Neighborhoods. Let B(x, r) := {y ∈ Rd : dist(x, y) ≤ r} be a ball centered at x ∈ Rd with
radius r ≥ 0. For a point set X ⊆ Rd, let BX(x, r) := B(x, r) ∩X denote a ball inside X.
For a point set S ⊂ Rd and γ > 0, let N∞

γ (S) be the γ-neighborhood of S under the ℓ∞
distance, i.e., N∞

γ (S) := {x ∈ Rd : ∃s ∈ S, ||x− s||∞ ≤ γ}, and let U∞
γ (S) := N∞

γ (S) \ S be
the γ-annulus of S under ℓ∞ distance.

Geometric Independent Set, Ruling Set and Dominating Set. Let τ > 0 be some threshold,
α > 0 be some parameter and P ⊂ Rd be a dataset. A subset S ⊆ P is called a τ -independent
set (τ -IS) for P , if for every x ̸= y ∈ S, dist(x, y) > τ , and we say S ⊆ Rd is a τ -dominating
set (τ -DS) for P , if for every x ∈ P , dist(x, S) ≤ τ . A subset S ⊆ P is a (τ, α)-ruling set
((τ, α)-RS) for P if S is both a τ -IS and α-DS for P . A τ -MDS is a τ -DS with the minimum
size, denoted as MDSτ (P ). A related well known notion is maximal independent set (MIS),
where a τ -MIS for P , denoted as MISτ (P ), is a (τ, τ)-RS for P .

k-Center. Recall that the objective of k-Center is defined in Section 1 as cost(P, C)
for a dataset P and center set C. Let OPT(P ) be the minimum value of the solution for
k-Center, i.e., OPT(P ) := minC⊂Rd cost(P, C). When the context is clear, we simply write
OPT for OPT(P ).

Standard MPC Primitives. In our algorithms we frequently use several basic primitives on
MPC with local memory s ≥ poly log(N) using total memory O(N poly log N) and number of
rounds O(logs N), where N is the size of a generic input. This includes standard procedures
of broadcast and converge-cast (of a message that is of size ≤

√
s), see e.g. [23]. Goodrich et

al. [29] show that the task of sorting N numbers can also be performed deterministically in
the above setting.

▶ Lemma 2.1 (Packing property, cf. [48, Lemma 4.1]). For a point set S ⊂ Rd such that
∀x ̸= y ∈ S, dist(x, y) ≥ ρ, we have that |S| ≤ ( 3 diam(S)

ρ )d.

3 Geometric Hashing

We present our new geometric hashing in Lemma 3.1. This hashing is crucially used in our
low dimension results. The construction of this hashing is the same as [18, Theorem 5.3],
and the first two properties have also been established in [18]. However, the third property is
new, and is based on a careful analysis that utilizes the structure of this specific construction.

▶ Lemma 3.1. For every β > 0, ℓ ≥ Θ(d1.5β), there is a hash function f : Rd → Rd such
that the following holds.
1. Each bucket has diameter at most ℓ, namely, for every image u ∈ f(Rd), diam(f−1(u)) ≤

ℓ.
2. The bucket set {f−1(u) : u ∈ f(Rd)} can be partitioned into d + 1 groups {Wi}d

i=0, such
that every two buckets S ̸= S′ in the same group Wi (0 ≤ i ≤ d) has dist(S, S′) ≥
dist∞(S, S′) > β.
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3. For every 0 < τ ≤ β,
(⋃

u∈f(Rd) U∞
τ (f−1(u))

)
∩ L(z, 2b)d = ∅,6 where z := ℓ/

√
d,

b := dβ + τ and L(p, q) :=
⋃

a∈Z[ap + q, (a + 1)p− q) for p > 2q.
Furthermore, it takes poly(d) space to store f and to evaluate f(x) for every x ∈ Rd.

Proof. The proof can be found in Section A. ◀

Lemma 3.1 readily implies the following property. Roughly speaking, it ensures that for
any point set S with small enough ℓ∞ diameter, the number of intersected buckets in the
hash is bounded.

▶ Fact 3.2. The second property of Lemma 3.1 implies that for every S ⊂ Rd such that
diam∞(S) ≤ β, it holds that |f(S)| ≤ d + 1.

Geometric hash functions that has similar guarantee as in Fact 3.2 has been studied
under the notion of consistent hashing [18], or sparse partitions which interpret the hashing
as a space partition [22, 41]. Specifically, the definition of consistent hashing is stated as
follows. The consistently guarantee of Fact 3.2 is slightly stronger in the sense that the
diameter bound of S is in ℓ∞ instead of ℓ2.

▶ Definition 3.3 ([18, Definition 1.6]). A mapping φ : Rd → Rd is called a Γ-gap Λ-consistent
hash with diameter bound ℓ > 0, or simply (Γ, Λ)-hash , if it satisfies:

Diameter: for every image z ∈ φ(Rd), we have diam(φ−1(z)) ≤ ℓ; and
Consistency: for every S ⊂ Rd with diam(S) ≤ ℓ/Γ, we have |φ(S)| ≤ Λ.

Lemma 3.4 gives a space-efficient consistent hashing with near-optimal parameter tradeoffs.
We rely on this parameter tradeoff in a preprocessing step of our high dimension ruling set
result.

▶ Lemma 3.4 ([18, Theorem 5.1]). For every Γ ∈ [8, 2d], there exists a (deterministic)
(Γ, Λ)-hash φ : Rd → Rd where Λ = exp(8d/Γ) ·O(d log d). Furthermore, φ can be described
using O(d2 log2 d) bits and one can evaluate φ(x) for any point x ∈ Rd in space O(d2 log2 d).

4 MPC Algorithms for RS and MDS: Formal Statements

In this section, we present the formal statements of our results for RS and MDS. The
proofs for the low-dimensional RS and MDS results (Lemmas 4.1 and 4.2) closely follow the
arguments outlined in the technical overview (see Section 1.2.2) and are therefore omitted
due to space limitation (and can be found in the full version [16]). We nonetheless provide a
proof outline for the high-dimensional RS result (Lemma 4.3) in Section 5.

▶ Lemma 4.1. There is a deterministic MPC algorithm that given threshold τ > 0, constant
ε ∈ (0, 1) and dataset P ⊆ Rd of n points distributed across MPC machines with local memory
s ≥ Ω(ε−1d)Ω(d) · poly(log n), computes a (τ, (1 + ε)τ)-RS for P in O(logs n) rounds, using
O(n poly(d log n)) ·O(ε−1d)O(d) total memory.

▶ Lemma 4.2. There is a deterministic MPC algorithm that given threshold τ > 0, parameter
ε ∈ (0, 1) and dataset P ⊆ Rd of n points distributed across MPC machines with local
memory s ≥ Ω(ε−1d)Ω(d) poly(log n), computes a (1 + ε)τ -DS S ⊂ Rd for P such that
|S| ≤ (1 + ε)|MDSτ (P )| in O(logs n) rounds, using O(n poly(log n)) · O(ε−1d)O(d) total
memory.

6 Recall that the notation L(·, ·)d denotes the d-th Cartesian power of L(·, ·).
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▶ Lemma 4.3. There is an MPC algorithm that given threshold τ > 0, 0 < ε < 1 and a dataset
P of n points in Rd distributed across MPC machines with local memory s ≥ poly(d log n),
with probability at least 1− 1/n computes a (τ, O(ε−1 log n

log log n )τ)-ruling set for P in O(logs n)
rounds, using O(n1+ε poly(d log n)) total memory.

5 Proof Outline of Lemma 4.3: RS in High Dimension

Our algorithm may be viewed as a Euclidean version of one-round Luby’s, with two major
differences. One is an additional preprocessing algorithm Algorithm 1, and this step is
crucially needed to improve the ruling set parameter from O(log n) (which is what one-round
Luby’s algorithm can achieve in general [24]) to (log n/ log log n). The other is that it is not
immediate to exactly simulate the one-round Luby’s in high dimensional Euclidean spaces, as
the neighborhood around a data point can be huge and is not easy to handle in MPC. To this
end, we need to use some approximate ball Aβ

P (p, τ) that is “sandwiched” between BP (p, τ)
and BP (p, βτ) for some β and every point p ∈ P , and an MPC procedure for this has been
suggested in [17] (restated in Lemma 5.7). We would address this inaccuracy introduced by
Aβ

P (·, ·) in the analysis of the offline algorithm. In the remainder of this section, we use the
notations from Algorithms 1 and 2.

Algorithm 1 Preprocessing, with input P ⊆ Rd of n points, β ≥ 1, τ > 0.

1: let φ be a consistent hashing with parameter Γ← O(d/ log log n) Λ← poly(d log n) and
diameter ℓ← O(βΓτ), using Lemma 3.4

2: for every z ∈ φ(P ), pick an arbitrary representative point x ∈ φ−1(z) ∩ P , denoted as
rep(z)

3: return P ′ ← rep(φ(P ))

Algorithm 2 Local algorithm for RS on P ′ resultant from Algorithm 1, same β ≥ 1, τ > 0.

1: for each p ∈ P ′, pick a uniformly random label h(p) ∈ [0, 1]
2: initialize R← ∅ and for every p ∈ P ′, R← R∪{p} if p has the smallest label in Aβ

P ′(p, τ)
3: return R

▶ Lemma 5.1. R is a τ -independent set for P ′ (with probability 1).

▶ Lemma 5.2. For any α ≥ 1, any (τ, ατ)-ruling set for P ′ is an (τ, (α + βΓ)τ)-ruling set
for P .

▶ Fact 5.3. For every p ∈ P ′, |Aβ
P ′(x, τ)| ≤ Λ.

▶ Lemma 5.4. For every t ≥ Ω(log2 Λ), the set R returned by Algorithm 2 satisfies

∀p ∈ P ′, dist(p, R) ≤ O(βt)τ

with probability at least 1− n · exp(−Ω(t) log(t/ log Λ)).

Proof. It suffices to show that for every p ∈ P ′, with probability 1− exp(−Ω(t) log(t/ log Λ)),
dist(p, R) ≤ O(βt)τ , since one can conclude the proof using a union bound for all points
p ∈ P ′.
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Now, fix a point p ∈ P ′ and consider dist(p, R). In order to analyze dist(p, R), we construct
a sequence S := (x0, x1, . . . , xT ) using an auxiliary algorithm, stated in Algorithm 3, where
the sequence S starts at the point x0 := p and denote the length of S as T ≥ 0 which is
random. We emphasize that Algorithm 3 is defined with respect to the internal states of a
specific (random) run of Algorithm 2, and it does not introduce new randomness.

Algorithm 3 Finding an assignment sequence S = (x0 = p, . . . , xT ), for a given p ∈ P ′.

1: let i← 0, x0 ← p, S ← (x0)
2: while Algorithm 2 does not add xi at line 2 do
3: let xi+1 be the point from Aβ

P ′(xi, τ) with the smallest label
4: let S ← S ◦ xi+1 and i← i + 1
5: end while
6: return S

Observe that in Algorithm 3, for every i ≥ 0, xi+1 ∈ Aβ
P ′(xi, τ). Since for every p ∈ P ′,

Aβ
P ′(p, τ) ⊆ BP ′(p, βτ), then we have that

dist(p, R) ≤
T∑

i=1
dist(xi−1, xi) ≤ Tβτ

by triangle inequality. Hence, it remains to give an upper bound for T , and we show this in
the following Lemma 5.5 which is the main technical lemma. Its proof can be found in the
full version due to space limit.

▶ Lemma 5.5. For t ≥ Ω(log2 Λ), we have Pr[T ≥ t] ≤ exp(−Ω(t) log(t/ log Λ)).

Finally, as mentioned, applying Lemma 5.5 with a union bound finishes the proof of Lemma 5.4.
◀

Proof of Lemma 4.3. Our MPC algorithm for Lemma 4.3 is obtained via an MPC imple-
mentation of the offline Algorithms 1 and 2. However, before we do so, our algorithm requires
to run the Johnson-Lindenstrauss (JL) transform [42] on the dataset as preprocessing to
reduce d to d = O(log n), using parameter ε = O(1), restated as follows with our notations.

▶ Lemma 5.6 (JL transform [42]). For some 0 < ε < 1, let M ∈ Rd′×d be a random
matrix such that every entry is an independent standard Gaussian variable N(0, 1) where
d′ = O(ε−2 log n), then the mapping g : x 7→ 1/

√
d′ · Mx satisfies that with probability

1− 1/ poly(n), ∀x, y ∈ P , dist(g(x), g(y)) ∈ (1± ε) dist(x, y).

This JL transform only needs O(1) rounds to run in MPC, since one can generate the matrix
M in a lead machine, which uses space O(d log n), and then broadcast to every other machines.
Since the pairwise distance between data points is preserved, and that our algorithms only
use the distance between data points, it is immediate that any (τ, ατ)-ruling set on g(P )
is as well a (Θ(τ), Θ(ατ))-ruling set on P . Hence, it suffices to work on g(P ) which is of
dimension d′ = O(log n). Without loss of generality, we can simply assume P is of dimension
O(log n).

Now, we turn to implement Algorithms 1 and 2 in MPC. For Algorithm 1, since the
hash in Lemma 3.4 that we use is data oblivious and only requires poly(d) = poly(log n)
space, all machines can generate the same hash without communication. The other steps
in Algorithm 1 may be implemented using standard MPC procedures including sorting,
broad-casting and converge-casting. For Algorithm 2, the the only nontrivial step is to
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implement Aβ
P ′(·, ·). To this end, we make use of the following lemma from [17]. In particular,

our MPC implementation of Algorithm 2 applies Lemma 5.7 with β = O(ε−1). This finishes
the description of the algorithm for Lemma 4.3.

▶ Lemma 5.7 ([17, Theorem 3.1]). There is a deterministic MPC algorithm that takes as
input 0 < ε < 1, τ ≥ 0, P ⊂ Rd of n points and for each p ∈ P a value h(p) ∈ R, distributed
across machines with local memory s ≥ poly(d log n), computes for every p ∈ P a value
min(h(AP (p, τ))), where AP (p, τ) is an arbitrary set that satisfies

BP (p, τ) ⊆ AP (p, τ) ⊆ BP (p, O(ε−1τ)), (2)

in O(logs n) rounds and O(n1+ε poly(d log n)) total memory.

Now we turn to the analysis. Observe that the assumptions regarding AP ′(·, ·) underlying
the analysis of Algorithms 1 and 2 remain valid. By Lemma 5.1, the found set R is also
an τ -independent for P as R ⊆ P ′ ⊆ P . Moreover, since we assume d = O(log n), the
parameters Γ = log n/ log log n, and Λ = poly(log n). Therefore, applying Lemma 5.4 with
t = O(log n/ log log n), we conclude that ∀p ∈ P ′, dist(p, R) ≤ O(ε−1 log n/ log log n)τ ,
with probability 1 − 1/ poly(n). Combining with Lemma 5.2, we conclude that R is
(τ, O(ε−1 log n/ log log n)τ)-ruling set for P , with probability 1− 1/ poly(n).

Finally, for the round complexity, local memory and total memory, these are dom-
inated by the parallel invocations of Lemma 5.7, which are O(logs n), poly(d log n) and
O(n1+ε poly(d log n)), respectively. Therefore, we complete the proof of Lemma 4.3. ◀
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2. The bucket set {f−1(u) : u ∈ f(Rd)} can be partitioned into d + 1 groups {Wi}d
i=0, such

that every two buckets S ̸= S′ in the same group Wi (0 ≤ i ≤ d) has dist(S, S′) ≥
dist∞(S, S′) > β.

3. For every 0 < τ ≤ β,
(⋃

u∈f(Rd) U∞
τ (f−1(u))

)
∩ L(z, 2b)d = ∅,7 where z := ℓ/

√
d,

b := dβ + τ and L(p, q) :=
⋃

a∈Z[ap + q, (a + 1)p− q) for p > 2q.
Furthermore, it takes poly(d) space to store f and to evaluate f(x) for every x ∈ Rd.

The construction of the hash f : Rd → Rd is the same as that in [15, Theorem 5.3]. Their
proof already implies the space bound, as well as the first two properties; In fact, our second
property is stronger than what they state, but the stronger version was indeed proved in
their paper, albeit implicitly. We would restate their algorithm/construction, briefly sketch
the proof for the first two properties, and focus on the third property.

Hash Construction. We start with reviewing their algorithm/construction of f . Partition
Rd into hypercubes of side length z of the form×d

i=1[aiz, (ai + 1)z) where a1, . . . , ad ∈ Z.
Notice that each of hypercubes is of diameter ℓ. Let ℓi := (d− i)β where i ∈ {0, . . . , d− 1}.
For every i ∈ {0, . . . , d}, let Fi be the set of i-dimensional faces of the above-mentioned
hypercubes, and let Ai be the set of points that belong to these faces, i.e., Ai :=

⋃
Q∈Fi

Q.
For each i ∈ {0, . . . , d− 1}, let Bi := N∞

ℓi
(Ai) be ℓi-neighborhood of Ai (with respect to ℓ∞

distance). Let B−1 := ∅ and B≤i :=
⋃

j≤i Bj . The main procedure for the construction of f

goes as follows.
For every i ∈ {0, . . . , d− 1}, for every Q ∈ Fi, let Q̂ := N∞

ℓi
(Q) \ B≤i−1, and for every

x ∈ Q̂ assign f(x) = q where q ∈ Q̂ is an arbitrary but fixed point. Observe that Q̂ ⊆ Bi

and thus x ∈ Q̂ will not be assigned again in later iterations.
For every Q ∈ Fd, let Q̂ := Q \ B≤d−1 be the remaining part of Q whose f(x) has not
been assigned, and assign f(x) = q for every x ∈ Q̂, where q ∈ Q̂ is arbitrary but fixed
point.

First Two Properties. The first property is immediate from this construction since every
bucket is a subset of a hypercube of side-length z whose diameter is

√
dz = ℓ. To establish

the second property, we need to define the d + 1 groups. For 0 ≤ i ≤ d − 1, define
Wi := {N∞

ℓi
(Q) \ B≤i−1 : Q ∈ Fi} and let Wd := {Q \ B≤d−1 : Q ∈ Fd}. Then by the

construction of f , {f−1(u) : u ∈ f(Rd)} =
⋃d

i=0Wi, hence the Wi is a proper partition of
buckets. These Wi’s are implicitly analyzed in [15, Lemma 5.5 and Lemma 5.8], restated
and adapted (as Lemma A.1) to our notation as follows. This lemma readily implies our
second property.

▶ Lemma A.1 ([15, Lemma 5.5 and Lemma 5.8]). For every 0 ≤ i ≤ d and every S ̸= S′ ∈ Wi,
dist(S, S′) ≥ dist∞(S, S′) > β.

Third Property. We proceed to prove the third property. The third property, particularly
L(z, 2b) is well-defined, since by the choice of parameters it can be verified that z > 4b. The
proof starts with the following claim. It relates the complicated

⋃
u U∞

τ (f−1(u)) to a much
simpler object N∞

b (Ad−1), which is merely the b-neighborhood of (d− 1)-dimensional faces.

▷ Claim A.2.
⋃

u∈f(Rd) U∞
τ (f−1(u)) ⊆ N∞

b (Ad−1).

7 Recall that the notation L(·, ·)d denotes the d-th Cartesian power of L(·, ·).
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Proof. Recall that {f−1(u) : u ∈ f(Rd)} =
⋃d

i=0Wi. Therefore, it suffices to prove that for
every i ∈ {0, . . . , d} and for every S ∈ Wi, U∞

τ (S) ⊆ N∞
b (Ad−1). We prove this separately

for the case of i ≤ d− 1 and i = d.
Case I: i ≤ d − 1. We first analyze the case that 0 ≤ i ≤ d−1. Fix some 0 ≤ i ≤ d−1 and
some S := N∞

ℓi
(Q) \B≤i−1 ∈ Wi (for some Q ∈ Fi). Observe that S = N∞

ℓi
(Q) \B≤i−1 ⊆

N∞
ℓi

(Q) ⊆ N∞
ℓi

(Ai). Then we have that N∞
τ (S) ⊆ N∞

τ (N∞
ℓi

(Ai)) = N∞
ℓi+τ (Ai). Observe that

ℓi = (d− i)β ≤ dβ. Hence, U∞
τ (S) = N∞

τ (S) \ S ⊆ N∞
τ (S) ⊆ N∞

ℓi+τ (Ai) ⊆ N∞
dβ+τ (Ad−1) =

N∞
b (Ad−1). This finishes the case of i ≤ d− 1.

Case II: i = d. Next, we analyze the case that i = d. By Lemma A.1, for every S ̸= S′ ∈ Wd,
dist∞(S, S′) > β ≥ τ , and this implies

N∞
τ (S) ∩ S′ = ∅, (3)

as ℓ∞ distance between any two points is at most their ℓ2 distance. Now fix some S ∈ Wd.
By the construction, Ad = Rd and B≤d−1∩

⋃
S∈Wd

S = ∅. By (3), N∞
τ (S) has no intersection

with Wd other than on S. Hence,

U∞
τ (S) = N∞

τ (S) \ S ⊆ B≤d−1. (4)

To further relate B≤d−1 with Ad−1, we have

B≤d−1 =
d−1⋃
j=0

Bj =
d−1⋃
j=0

N∞
ℓj

(Aj) ⊆
d−1⋃
j=0

N∞
dβ(Aj) ⊆ N∞

dβ(Ad−1),

where the last step follows from Aj ⊆ Aj+1 for every j. Combining this with (4), we conclude
that U∞

τ (S) ⊆ N∞
dβ(Ad−1) ⊆ N∞

b (Ad−1). This finishes the proof of Claim A.2. ◁

By Claim A.2, it remains to prove N∞
b (Ad−1) ∩ L(z, 2b)d = ∅. Since N∞

b (Ad−1) =
N∞

b (
⋃

Q∈Fd−1
Q) =

⋃
Q∈Fd−1

N∞
b (Q) =

⋃
x∈Q,Q∈Fd−1

N∞
b (x), it suffices to show ∀x ∈ Q

(for Q ∈ Fd−1), N∞
b (x) ∩ L(z, 2b)d = ∅. Now fix some Q ∈ Fd−1 and x ∈ Q. Since Q is a

(d− 1)-dimensional face, it has d− 1 dimensions spanning an entire interval of length z, and
has exactly one dimension taking a value of the form az (a ∈ Z). Formally, x ∈ Q if and
only if there exists 0 ≤ j ≤ d and {ai ∈ Z}d

i=0 such that for 0 ≤ i ≤ d,

xi ∈

{
[aiz, (ai + 1)z) i ̸= j

{aiz} i = j
. (5)

Let j be that as in (5). Then for every y ∈ L(z, 2b)d,

∥x− y∥∞ ≥ |xj − yj | ≥ 2b,

where the last inequality follows from the definition of L(z, 2b) and recall that L(z, 2b) =⋃
a∈Z[az+2b, (a+1)z−2b). This further implies ∀x′ ∈ N∞

b (x) and y ∈ L(z, 2b)d, ∥x′−y∥∞ ≥ b,
by the triangle inequality of ℓ∞. Therefore, we conclude that N∞

b (x) ∩ L(z, 2b)d = ∅, and
this finishes the proof of Lemma 3.1. ◀
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