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Abstract
We consider the problem of maintaining a proper (∆+1)-vertex coloring in a graph on n-vertices and
maximum degree ∆ undergoing edge insertions and deletions. We give a randomized algorithm with
amortized update time Õ(n2/3) against adaptive adversaries, meaning that updates may depend on
past decisions by the algorithm. This improves on the very recent Õ(n8/9)-update-time algorithm
by Behnezhad, Rajaraman, and Wasim (SODA 2025) and matches a natural barrier for dynamic
(∆ + 1)-coloring algorithms. The main improvements are on the densest regions of the graph, where
we use structural hints from the study of distributed graph algorithms.
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1 Introduction

In the (∆ + 1)-coloring problem, we are given a graph with maximum degree ∆ and must
assign to each vertex v a color φ(v) ∈ {1, 2, . . . , ∆ + 1} such that adjacent vertices receive
different colors. Despite its simplicity in the classical RAM model, this problem is surprisingly
challenging in more constrained models such as distributed graphs [22, 3, 19, 8], sublinear
models [1, 7, 10, 2], dynamic graphs [5, 20, 6, 4] and even recently communication complexity
[16, 9].

This paper presents a fully dynamic algorithm for the (∆ + 1)-coloring problem. The
vertex set is fixed of size n, while edges can be inserted or deleted as long as the maximum
degree remains at most ∆ at all times. We assume ∆ is known in advance. As the graph
changes, our algorithm must maintain a (∆ + 1)-coloring. The time the algorithm takes to
process an edge insertion or deletion is called the update time and our aim is to minimize it.

The study of dynamic algorithms for (∆ + 1)-coloring was initiated by [5], which provided
a randomized algorithm with O(log n) amortized update time. Independently, the authors of
[6] and [20] provided randomized algorithms with O(1) amortized update time. The caveat
with those algorithms is that they assume updates are oblivious: all edge insertions and
deletions are fixed in advance and may not adapt to the colors chosen by the algorithm.

Maintaining a coloring against an adaptive adversary – that may base the updates on past
decisions by the algorithm – is significantly harder, as the adversary can force the algorithm
to recolor vertices at every update by connecting same-colored vertices. Until very recently,
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79:2 Faster Dynamic (∆ + 1)-Coloring Against Adaptive Adversaries

no o(n) update time algorithm was known for (∆ + 1)-coloring against adaptive adversaries.
In a recent breakthrough, Behnezhad, Rajaraman, and Wasim [4] presented a randomized
algorithm with Õ(n8/9) amortized update time against adaptive adversaries1. In this paper,
we significantly improve the runtime, obtaining the following result.

▶ Theorem 1. There exists a randomized fully dynamic algorithm maintaining a (∆ + 1)-
coloring against adaptive adversaries in Õ(n2/3) amortized update time with high probability.

At its core, our algorithm is based on a structural decomposition of the vertices into
four layers so that vertices of the bottom layer can be colored efficiently by maintaining and
searching small sets. Vertices of higher layers are colored by random color trials enhanced
with a color stealing mechanism. Specifically, when a vertex cannot use a color due to
a lower-level neighbor, our algorithm steals the color and recolors the lower-level vertex
instead. Interestingly, the layers correspond to the order in which streaming and distributed
algorithms build their colorings.

In addition to the runtime improvement, our algorithm approaches a natural barrier for
dynamic coloring algorithms against adaptive adversaries. The algorithm of [4] was primarily
limited by the challenge of efficiently recoloring dense regions of the graph. In contrast, our
algorithm shifts this bottleneck to the recoloring of sparser vertices and the handling of
random color trials in general. We elaborate on this in the following discussion.

1.1 Discussion & Open Problems

Before we explain why n2/3 is a natural barrier, we first establish why n1/2 poses a fundamental
limit for dynamic algorithms based on random color trials. Observe that this limitation
extends to simpler problems, such as 2∆-coloring.

The bottleneck for recoloring a vertex lies in efficiently verifying whether a color is
available. One possibility is to iterate through all neighbors in O(∆) time; another is to
iterate through color classes (i.e., the set of vertices with a given color). At best, all color
classes contain O(n/∆) vertices each. So, any algorithm that checks arbitrary or random
colors using the former method when ∆ is small and the latter when ∆ is large therefore has
O(n1/2) update time at best. Recall that an adaptive adversary can trigger recoloring at
every update, preventing any opportunity for amortization.

To reduce the number of colors to ∆ + 1, the approach of [13, 19, 1, 8, 4] and ours is to
compute a partial coloring in which (sparse) vertices have many pairs of neighbors colored
the same. The randomized argument underlying this approach is fragile, requiring a complete
rerun every Θ(∆) update. Since it is based on random color trials at every vertex, it runs in
O(n2/∆) time. Amortized and balanced with the O(∆) update time for small ∆, we obtain
the n2/3 update time.

▶ Problem 1. Does there exist a fully dynamic (∆ + 1)-coloring with o(n2/3) update time
that remains robust against adaptive adversaries?

1 In this paper, we use Õ(f(n)) := O(f(n) · poly(log n)) to hide polylogarithmic factors.
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1.2 Organization of the Paper
In Section 2, we provide a high-level overview of our algorithm and compare it with [4].
Section 3 introduces the sparser-denser decomposition that forms the foundation of our
approach. The core of our dynamic algorithm, along with the proof of Theorem 1, is
presented in Section 4. Finally, we defer the least novel part of our algorithm – the periodic
recomputation of a fresh coloring of the whole graph – to Section 5.

2 Overview

We present the key concepts underlying Theorem 1, deliberately simplifying certain technical
details for the sake of intuition. We focus on the case where ∆ ⩾ n2/3, as an update time of
O(∆) is straightforward to achieve by examining the adjacency list of the vertices.

The Sparser-Denser Decomposition. We employ a modified version of the structural
decomposition introduced by Reed [24], and further explored in [19, 1], which partitions the
vertices into sparse vertices and dense clusters. We classify vertices into clusters based on
their average density. Vertices in clusters with low average density are designated as sparser,
while those in clusters with higher average density are considered denser (see Definition 4).
This method is based on structural observations about the mean local density within a cluster
(see Lemma 7), and provides a significant efficiency gain compared to the specific form of
decomposition used in [4].

Coloring the Sparser Vertices. The strategy for coloring sparser vertices is essentially the
same as in [4]. Updates are performed in phases of length t = Θ(n2/3), with each phase
beginning by computing a fresh coloring of the graph. This ensures that the adversary
cannot decrease the number of available colors below t because each sparser vertex starts
with 2t available colors (see Proposition 11) and the algorithm recolors at most one vertex
per update. As the adversary updates the graph, we use the observation from [1, 4] that a
vertex with t available colors can be recolored in Õ(n2/3) time by random color trials. Note
that the cost of computing a fresh coloring, amortized over updates of the following phase, is
Õ(n2/3).

Coloring the Denser Vertices. We treat two types of vertices differently in each dense
cluster. We exploit the fact that most vertices have sparsity not much greater than the
average sparsity of their cluster. These vertices – the inliers – have O(n2/3) neighbors outside
their cluster and O(n2/3) anti-neighbors within their cluster. This allows for a compact
representation of the colors available to inliers, and a simple deterministic search suffices to
recolor them. The remaining vertices – the outliers – are recolored using random color trials,
similar to the strategy for sparser vertices. The key idea is that outliers may steal a color
from an inlier neighbor, causing the inlier to be recolored as described above. Since most
colors are available for stealing, only a few random trials are required. (See Lemma 15 for
details.)

Maintaining the Color Balance. To guarantee efficient color trials, we ensure that each
color class contains Õ(n1/3) vertices. This condition holds for the sparser vertices by an
adaptation of [4] (see Lemma 19). For the denser vertices, we maintain a Dense Balance
Invariant: each cluster contains at most two vertices of each color. To ensure that enough
colors are available for inliers, we maintain a second invariant.

ICALP 2025



79:4 Faster Dynamic (∆ + 1)-Coloring Against Adaptive Adversaries

The Matching Invariant ensures that enough colors are repeated within each cluster.
These repeated colors form a colorful matching [1], which can be maintained efficiently (again)
using random color trials. With the Matching Invariant in place, we can ensure that inliers
receive a color that is unique within their cluster, thereby preserving the Dense Balance
Invariant.

It is noteworthy how extensively our algorithm employs color stealing: sparser vertices
can steal colors from matched vertices, which can steal from outliers, and outliers can steal
from inliers.

Comparison with [4]. The parameter used in [4] to distinguish between sparser and denser
vertices is the ε of the structural decomposition [24, 19], ultimately set to ε = ∆1/5

n2/5 . While
this choice allows for a uniform treatment of dense vertices, it is costly due to its quadratic
dependence on (local) sparsity. Specifically, sparse vertices have Ω(ε2∆) available colors,
which limits the length of each phase and increases the amortized cost of recomputing fresh
colorings. Additionally, maintaining the decomposition itself incurs an update time of Õ(ε−4).
In contrast, we keep ε constant and instead use the average sparsity of dense clusters directly
as a parameter to classify vertices as sparser or denser. Our method employs a two-pronged
approach to recoloring denser vertices (inliers vs. outliers), with both steps relatively simple.
While [4] reasons about dense vertices through perfect matchings in the palette graph of [1],
we work directly with vertices and colors. The augmenting paths in their palette graph are
similar to our color-stealing mechanism.

A notable technical difference concerns the colorful matching: while [4] maintains a
maximal matching, we find that a sufficiently large matching suffices, allowing for simpler
updates.

Recent years have seen a number of exciting results on (∆ + 1)-coloring across models,
all made possible by the power of random color trials and, in most cases, with the help of
Reed’s structural decomposition [24]. We find particularly interesting that analyzing the
average sparsity/density of its clusters (inspired by [18, 14]) enabled us to improve on [4]
down to a natural barrier. In particular, the inliers/outliers dichotomy for balancing the cost
of coloring dense and sparse vertices may be of independent interest.

2.1 Notation
For an integer k ⩾ 1, we write [k] = {1, 2, . . . , k}. Throughout the paper, the input graph
has a fixed vertex set V = [n]. The neighborhood of v is N(v) and we write deg(v) = |N(v)|
its degree. For a set S ⊆ V , let NS(v) = N(v) ∩ S be the set of neighbors in the set. We
assume that ∆ is known in advance and that, at all time, every vertex has degree at most ∆.
A non-adjacent pair of nodes u, v is said to be an anti-edge.

A partial coloring is a function φ : V → [∆ + 1] ∪ {⊥}, where φ(v) = ⊥ indicates that v

is not colored. For a set S of nodes, let φ(S) = {φ(v) : v ∈ S}. A coloring is total when all
vertices are colored, i.e., when ⊥ /∈ φ(V ). The coloring is proper if, for every edge {u, v},
either φ(u) ̸= φ(v) or ⊥ ∈ {φ(u), φ(v)}. In this paper, all colorings are implicitly proper.
The palette of v is L(v) = [∆ + 1] \ φ(N(v)), i.e., the set of colors not used by neighbors of v.
The colors of the palette are also said to be available (for v).

We say that an event holds “with high probability” – often abridged to “w.h.p.” – when
it holds with probability at least 1− n−c for a desirably large constant c > 0.

The algorithm frequently uses classic sets and operations that can be implemented
efficiently using, say, a red-black tree. They support insertions, deletions, and uniform
sampling in O(log n) worst-case update time.
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3 The Sparser-Denser Decomposition

Our algorithm uses a modified version of the sparse-dense decomposition introduced by [24]
and further extended in [19, 1] for (∆ + 1)-coloring in distributed and streaming models. For
some small ε ∈ (0, 1), these decompositions partition the vertices into a set of Ω(ε2∆)-sparse
vertices and a number of dense clusters called ε-almost-cliques. We introduce now the key
definitions of sparsity and almost-cliques.

▶ Definition 2. Vertex v is ζ-sparse if G[N(v)] contains at most
(∆

2
)
− ζ∆ edges.

▶ Definition 3. A set D ⊆ V of vertices is an ε-almost-clique if
1. |D| ⩽ (1 + ε)∆, and
2. every v ∈ D has |N(v) ∩D| ⩾ (1− ε)∆.

For a vertex v in an almost-clique D, the set of its neighbors outside D and the set of
its non-neighbors inside D play a key role in our algorithm. We denote E(v) = N(v) \D

and A(v) = D \ (N(v) ∪ {v}) the sets of external- and anti-neighbors, respectively. We use
ev = |E(v)| and av = |A(v)| to denote their size.

As explained earlier, we differentiate between sparse and dense vertices differently from
[24, 19, 1, 4]. Namely, it suffices for us that an almost-cliques is dense on average. To
make this precise, let eD =

∑
v∈D ev/|D| and aD =

∑
v∈D av/|D| be the average external-

and anti-degree in D, respectively. We can now state the definition of our sparser-denser
decomposition.

▶ Definition 4. Let ε ∈ (0, 1), ζ ∈ [1, ∆] and G a graph with maximum degree ∆. An
(ε, ζ)-sparser-denser decomposition of G is a partition of its vertices into sets S, D1, . . . , Dr

such that
1. every v ∈ S is ζ-sparse, and
2. every D = Di is an ε-almost-clique such that aD + eD ⩽ O(ζ/ε2).
To compare our decomposition to that of [24, 19, 1], we use their core decomposition with a
constant ε but choose a sparsity parameter ζ and let S be the Ω(ε2∆)-sparse vertices along
with the almost-cliques for which aD + eD ≫ε ζ. This results only in ζ-sparse vertices due
to a structural results on the sparsity of dense vertices (see Lemma 7). Henceforth, we refer
to vertices of S as to the sparser vertices and vertices of D as the denser vertices.

As explained in Section 2, we wish to color most of the denser vertices by iterating over
their external- and anti-neighbors. The vertices for which this is feasible are called inliers:

▶ Definition 5. For each D = Di in an (ε, ζ)-sparser-denser decomposition, define

ID = {v ∈ D : ev ⩽ 8eD and av ⩽ 8aD} and OD = D \ ID .

where vertices of ID (resp. OD) are called inliers (resp. outliers).

Note that by Markov’s inequality, at least three quarters of each Di are inliers.

3.1 Maintaining the Decomposition
In this section, we explain how the fully dynamic algorithm of [4] for maintaining Reed’s
decomposition against an adaptive adversary can be adapted to our needs:

▶ Lemma 6. There exists a universal constant δ ∈ (0, 1) for which the following holds.
Let ε ∈ (0, 1/6) and 1 ⩽ ζ ⩽ ε2 · δ∆. There exists a randomized fully dynamic algorithm
that maintains array part[1 . . . n] that induces a partition of the vertices into sets S = {v :
part[v] = ⊥} and Di = {v : part[v] = i} such that, w.h.p.,

ICALP 2025
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(S, D1, . . . , Dr) is an (ε, ζ)-refined partition,
for each Di ̸= ∅, it maintains the set FDi

of anti-edges in G[Di], and
for each v ∈ Di, it maintains the sets A(v) and E(v).

The amortized update time against an adaptive adversary is O(ε−4 log n) with high probability.

Our algorithm builds on an ε-almost-clique decomposition, as defined by [1]: a vertex
partition Vsp, C1, C2, . . . where the nodes in Vsp have Ω(ε2∆)-sparsity and the Ci’s are Θ(ε)-
almost-cliques. We filter out the Ci’s with sparsity more than ζ and add them into Vsp to
obtain the set S. The key structural result for our partition is the following lemma:

▶ Lemma 7. Let ε ∈ (0, 1/75) and δ ∈ (0, 1). Suppose Vsp, C1, C2, . . . , Cr is a vertex partition
such that every vertex in Vsp is (ε2 · δ∆)-sparse and each Ci is an ε-almost-clique. Then,
every v ∈ Ci such that eCi + aCi ⩾ 16/(δε2) is δε2

50 (aCi + eCi)-sparse.

Proof. Let v ∈ C = Ci and s := eC + aC such that s ⩾ 16/(δε2). First, we argue that every
v with ev ⩾ 2/(δε2) is max{δε2/4 · ev, (1− 3ε)/2 · av}-sparse. In particular, if ev ⩾ s/8 or
av ⩾ s/24, then v is at least ( δε2

50 · s)-sparse.
It was already proven in [17, Lemma 6.2] that v is at least (1− 3ε)/2 · av-sparse. Our

definition of external degree, counting both sparse and dense neighbors outside C, differs from
[17] so we2 prove that v is at least δε2/4 · ev-sparse. We may assume that G[N(v)] contains
at least

(∆
2
)
− δε2/2 · ev∆ edges, for the claim otherwise trivially holds. By handshaking

lemma, the number of edges in G[N(v)] is

1
2

∑
u∈N(v)

|N(u)∩N(v)| ⩽ 1
2

∑
u∈N(v)

∆−|N(v)\N(u)| ⩽
(

∆
2

)
+ ∆

2 −
∑

u∈N(u)

|N(v)\N(u)| . (1)

So we lower bound |N(v) \N(u)| for each u ∈ E(v). If u ∈ Cj ̸= C, then it has at most ε∆
shared neighbors with v, so |N(v) \N(u)| ⩾ (1 − ε)∆. If u ∈ Vsp, then G[N(u)] contains
at most

(∆
2
)
− δε2∆ many edges by definition. On the other hand, of the edges in G[N(v)],

at most |N(v) \N(u)|∆ are not in G[N(u)]. Using our assumption on the number of edges
in G[N(v)], this means that

(∆
2
)
− δε2/2 · ev∆ ⩽

(∆
2
)
− δε2∆2 + |N(v) \ N(u)|∆, so that

|N(v) \N(u)| ⩾ δε2/2 ·∆. Since all external neighbors contribute at least δε2/2 ·∆ to the
sum in Eq (1), the number of edges in G[N(v)] is at most

(∆
2
)
− (δε2/2 · ev − 1/2)∆. If

ev ⩾ 2/(δε2), this implies that v is (δε2/4 · ev)-sparse.
We henceforth assume that ev ⩽ s/8 and av ⩽ s/24. Now, there are two cases, depending

on which of eC or aC dominates.
If eC ⩾ 2aC , then ev ⩽ s/8 ⩽ eC/4. Since deg(v) + 1 = |C|+ ev−av holds for all vertices

in C, it also holds on average and we get that ∆ + 1 ⩾ |C|+ eC − aC ⩾ |C|+ eC/2. Using
deg(v) + 1 = |C|+ ev−av again, we get deg(v) ⩽ |C|− 1 + ev ⩽ ∆− (eC/2− ev) ⩽ ∆− eC/4.
Since a vertex with degree at most ∆−x is (x/2)-sparse, v is eC/8-sparse, which is s/16-sparse.

If eC ⩽ 2aC , then av ⩽ s/24 ⩽ aC/8. Observe that C contains aC |C|/2 anti-edges, of
which at most av · 2ε∆ may have an endpoint out of N(v) ∩ C. So G[N(v) ∩ C] contains
at least aC |C|/2 − 2avε∆ ⩾ aC∆/8 anti-edges for ε < 1/2. So v is aC/8-sparse which is
s/24-sparse. ◀

To maintain our sparse-denser decomposition, we use the algorithm of [4] for the almost-
clique decomposition.

2 A proof of this fact has already appeared in a technical report by Halldórsson, Nolin and Tonoyan [18,
Lemma 3]. Since it is a short and important proof, we include it here for completeness.
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▶ Proposition 8 ([4, Theorem 4.1]). For every n ≫ 1 and η ∈ (0, 3/50), there exists a
fully dynamic randomized algorithm that maintains a vertex partition Vsp, C1, . . . , Cr of any
n-vertex graph with maximum degree ∆ such that, w.h.p.,
1. vertices of Vsp are Ω(η2∆)-sparse,
2. each Ci is a (10η)-almost-clique,
3. for every vertex it maintains the sets N(v) ∩ Vsp and N(v) ∩ (C1 ∪ . . . ∪ Cr), and
4. for every almost-clique Ci, it maintains the set Fi of anti-edges in Ci.

The amortized update time against an adaptive adversary is O(η−4 log n) with high probability.

We can now prove that a sparser-denser decomposition can indeed be maintained.

Proof of Lemma 6. Define η = ε/10 and let δ be the universal constant such that vertices of
Vsp are (ε2 ·δ∆)-sparse in Proposition 8. We use the algorithm of Proposition 8 with η = ε/10
and define S as the set containing all vertices of Vsp and the vertices from almost-cliques
C = Ci with aC + eC ⩾ 50

δε2 ζ. Since we assume in Lemma 6 that ζ ⩽ ε2 · δ∆, every vertex of
Vsp is ζ-sparse. Every vertex of S \ Vsp is ζ-sparse by Lemma 7. The remaining ε = (10η)-
almost-cliques are renamed Di and verify that aDi

+ eDi
⩽ 50

δε2 ζ = O(ζ/ε2) by construction.
So the resulting decomposition is indeed an (ε, ζ)-sparser-denser decomposition.

The algorithm of Proposition 8 already maintains the set of anti-edges in each Di, so
it only remains to explain how we maintain sets of external- and anti-neighbors for each
denser vertex. Every time the algorithm of Proposition 8 modifies an element in N(v) ∩ Vsp

or N(v) ∩ (C1 ∪ . . . ∪ Cr), we inspect the change and modify E(v) accordingly. Similarly,
when the algorithm modifies a set of anti-edges Fi by inserting or deleting some anti-edges
{u, v}, we modify the sets A(v) and A(u) accordingly. Since each inspection (and possible
modification) takes O(log n) time, it does not affect the complexity of the algorithm by more
than a constant factor. ◀

3.2 Clique Palette, Colorful Matching & Accounting Lemma

Similarly to [1, 15], we wish to assign dense vertices colors that are unused by vertices of
their almost-clique. Together these form the clique palette.

▶ Definition 9. For any (possibly partial) coloring φ of G, and almost-clique D, the clique
palette L(D) is the set of colors unused by vertices of D. More formally, L(D) = [∆+1]\φ(D).

To ensure the clique palette always contains colors, we give the same color to a pair of
vertices in the almost-clique. We say a color is repeated or redundant in D ⊆ V when at
least two vertices of D hold it. Assadi, Chen, and Khanna [1] introduced the notion of a
colorful matching: if M colors are repeated in D, there exists an M -sized anti-matching in
G[D] where the endpoints of a matched anti-edge have the same color.

Each redundant color in D gives its vertices some slack, while using the clique palette
forbids at most one color for each anti-neighbor. Accounting for both, we obtain the following
bound on the number of colors in the clique palette available for each vertex:

▶ Lemma 10 (Accounting Lemma). Let φ be a (possibly partial) coloring and D an almost-
clique with a colorful matching of size M . For every v ∈ D, the number of colors available
for v in the clique palette is at least

|L(D) ∩ L(v)| ⩾ ∆− deg(v) + M − av + [#uncolored vertices in D ∪ E(v)] .

ICALP 2025



79:8 Faster Dynamic (∆ + 1)-Coloring Against Adaptive Adversaries

Proof. For succinctness, let k denote the number of uncolored vertices in D ∪E(v). Observe
how the number of vertices in D ∪ E(v) relates to the size of the colorful matching by
partitioning vertices according to their colors:

|D ∪ E(v)| = k +
∑

χ∈[∆+1]

|{v ∈ D ∪ E(v) : φ(v) = χ}| ⩾ k + |φ(D ∪ E(v))|+ M , (2)

where the last inequality comes from the fact that at least M colors are used by at least two
vertices in D. Comparing the number of colors in the clique palette available to v to the size
of D shows the contribution of redundant colors and uncolored vertices:

|L(D) ∩ L(v)| = ∆ + 1 − |φ(D ∪ E(v))| = ∆ + 1 − (|D| + ev) + |D ∪ E(v)| − |φ(D ∪ E(v))|
⩾ ∆ + 1 − |D| − ev + k + M . (by Eq (2))

To complete the proof, observe that deg(v) + 1 = |D|+ ev − av, so that ∆ + 1− |D| − ev

simplifies to (∆− deg(v))− av. Hence, the lemma. ◀

4 The Dynamic Algorithm

In this section, we prove Theorem 1. We begin with the definition of phases and describe the
properties of the coloring at the beginning of each phase. We then explain how the algorithm
maintains a proper coloring over one phase. The analysis has three parts: first, we show
that the algorithm maintains some invariants throughout the phase (Section 4.1); second,
we prove that recoloring denser vertices is efficient (Section 4.2); finally, we analyze the
re-coloring of sparser vertices (Section 4.3). Together, they imply Theorem 1 (Section 4.4).

When ∆ ⩽ O(n2/3), the naive deterministic algorithm that scans the entire neighborhood
of vertices before recoloring them (when necessary) has worst-case update time O(∆) ⩽
O(n2/3). We henceforth assume that ∆ ⩾ Ω(ζ/ε2) = Ω(n2/3), for a sufficiently large constant
where ε := 1/110 and ζ := n2/3 are the parameters of the sparser-denser decomposition.

Phases & Fresh Coloring. We divide updates into phases of t insertions and deletions and
analyse the algorithm phase by phase. At the beginning of each phase, we compute a fresh
coloring of the graph.

A phase is t := γ · ζ updates long, where γ is the constant from Proposition 11.

The algorithm recolors at most one vertex in S per update, so the adversary can only remove
one color per update from LS(v) := [∆ + 1] \ φ[NS(v)]. By recomputing a fresh coloring
every t updates, we ensure that sparser vertices always have t = γ · ζ colors available, as they
start the phase with more than 3t available colors.

▶ Proposition 11. There exists a universal constant γ ∈ (0, 1) such that the following holds.
For ζ ⩾ Ω(log n) for some large hidden constant, let S, D1, . . . , Dr be a (ε, ζ)-decomposition
of an n-vertex graph with maximum degree ∆. W.h.p., RefreshColoring runs in Õ(n+n2/ζ)
time, producing a total coloring φ such that

(Sparse Slack) every sparse vertex v has |LS(v)| ⩾ 3γ · ζ,
(Sparse Balance) |Φ[χ] ∩ S| = O(n/ζ + log n) for every χ ∈ [∆ + 1],
(Dense Balance) in each Di, every color is used at most twice, and
(Matching) each Di has at least ⌊8aDi

⌋ redundant colors.
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The description of RefreshColoring and the proof of Proposition 11 are deferred to Section 5
to preserve the flow of the paper. Henceforth, we say that “RefreshColoring succeeded” if
it ends and the coloring it produces has all the aforementioned properties. Throughout each
phase, we maintain the Dense Balance and Matching properties given by RefreshColoring
as invariants – and refer to them as the Dense Balance Invariant and Matching Invariant.

During a phase, it helps to keep the sparser-denser partition fixed. A simple adaptation of
the algorithm from Lemma 6 allows us to make this assumption. We emphasize that during a
phase, the adversary may increase or decrease external- and anti-degrees of vertices and their
averages. However, given the phase length, it does not materially affect the decomposition.

▶ Lemma 12. Let δ, ε and ζ be as in Lemma 6. There is an algorithm with O(ε−4 log n)
amortized update time that maintains a vertex partition such that

at the beginning each phase, the partition is an (ε, ζ)-decomposition,
the vertex partition does not change during phases,
at all times, denser vertices have ev ⩽ 2ε∆ and av ⩽ 3ε∆, and
for each D = Di, the values of aD and eD increase or decrease by at most one within a
phase.

Proof. Use Lemma 6 to maintain a sparser-denser decomposition with O(ε−4 log n) update
time except that, during phases, instead of processing updates, we store them in a stash.
When a new phase begins, we process all updates stored in the stash and obtain an (ε, ζ)-
refined partition of the graph at that time. Clearly the vertex partition is fixed during phases.
Now, observe that at the beginning of a phase, since every D = Di is an ε-almost-clique, the
denser vertices have ev ⩽ ε∆ and av ⩽ 2ε∆. Since the adversary can insert/delete at most
t ⩽ ζ ⩽ ε∆ edges per phase, we always have that ev ⩽ ε∆+ t ⩽ 2ε∆ and av ⩽ 2ε∆+ t ⩽ 3ε∆.
Similarly, the adversary may increase/decrease the sums of external- and anti-degrees by
at most t ⩽ ε∆, hence the values of aD and eD increase/decrease by up to an additive
t/|D| ⩽ 2ε term over the course of each phase. ◀

The Dynamic Algorithm. Updates are triggered by calls to Insert and Delete. They
maintain the sparser-denser partition as described in Lemma 12 and, when a new phase begins,
recompute a coloring from scratch using RefreshColoring. During phases, Insert and
Delete update the data-structures and respectively call RecolorInsert and RecolorDelete
to handle color conflicts.

Upon insertion of {u, v}, RecolorInsert verifies if it creates a color conflict (line 4),
in which case it uncolors u. In most cases, it suffices to recolor u using RecolorSparse or
RecolorDense depending on whether v ∈ S or not (lines 10 to 13). The one exception to
this concerns matched vertices. A denser vertex is matched if and only if its color is repeated
by another vertex of its almost-clique. Maintaining sufficiently many matched vertices in
each almost-clique (see Matching Invariant) is necessary for RecolorDense. If, after an
update, there are not enough matched vertices – either because the almost-clique lost an
anti-edge (line 6) or because aD increased (line 2) – we call IncrMatching(D), which creates
a new redundant color in D. To same-color pairs of (non-adjacent) vertices in D, we use
RecolorMatching. It proceeds similarly in recoloring sparse vertices and outliers: random
color trials in [∆ + 1] and possibly stealing a color from an inlier in D.

Let us list the data-structures we use. The coloring is stored as an array φ[1 . . . n] such
that φ[v] is the color of v. We also maintain the color class Φ[χ] = {v ∈ V : φ[v] = χ} for
each χ ∈ [∆ + 1]. When we change the color of a vertex, we use the function Color(v, χ)
that sets φ[v] to χ and updates color classes accordingly. To keep track of redundant colors,
we maintain:
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Algorithm 1 Updates handlers during a phase, when ∆ ⩾ Ω(n2/3).

1 function RecolorDelete(u,v):
2 if part[u] = part[v] = i and |MDi | < ⌊8aDi⌋ then IncrMatching(Di)
3 function RecolorInsert(u,v):
4 if φ[u] = φ[v] then
5 Color(u, ⊥) // uncolor u

6 if matched[u] = w ̸= ⊥ then
7 matched[u], matched[w]← ⊥ // unmatch vertices
8 MD ←MD − φ[w] // remove the color from the matching
9 if part[u] = part[v] = i and |MDi

| < ⌊8aDi
⌋ then IncrMatching(Di)

10 if φ[u] = ⊥ then
11 if u ∈ S then RecolorSparse(u)
12 else if matched[u] = w ̸= ⊥ then RecolorMatching(u, w)
13 else RecolorDense(u)

an array matched[1 . . . n] such that matched[u] = v ̸= ⊥ if u and v are in the same
almost-clique and colored the same, otherwise matched[u] = ⊥;
for each almost-clique Di, the set MDi

of repeated colors in Di.

We now explain how the recoloring procedures used in Algorithm 1 work for sparser,
denser and matched vertices.

Sparser Vertices. For recoloring a vertex in S, we sample random colors in [∆ + 1] and
recolor the vertex with the first color that is not used by neighbors of S and used by at most
one denser neighbor. As we shall see, there are at least γ ·ζ such colors with high probability3,
so Õ(∆/ζ) color tries suffice with high probability. To verify if a color is available, the
algorithm loops through its color class (line 4). Finally, if the color was used by a unique
denser neighbor w (line 6), we steal the color from w and recolor the denser vertex using
RecolorDense.

Algorithm 2 For a sparse vertex v.

1 function RecolorSparse(v): // φ[v] = ⊥ and v ∈ S

2 Sample χ ∈ [∆ + 1] and w ← ⊥
3 for u ∈ Φ[χ] do
4 if u ∈ NS(v) or (u ∈ NV \S(v) and w ̸= ⊥) then go back to line 2
5 else if u ∈ NV \S(v) and w = ⊥ then w ← u

6 if w ̸= ⊥ then
7 Color(w, ⊥), Color(v, χ) // steal from w

8 if matched[w] = ⊥ then RecolorDense(w)
9 else RecolorMatching(w, matched[w])

10 else Color(v, χ)

3 For convenience, if no available color exist, the algorithm loops forever. As we explain later, this
occurs with probability 1/poly(n). If one wishes the algorithm to have finite expected update time, the
algorithm can be modified to restart a phase if no available color was found after Õ(n1/3) samples.
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Denser Vertices. We now explain how we recolor denser unmatched vertices. Recall that
inliers are such that av ⩽ 8aC and ev ⩽ 8eC (Definition 5). Note that the algorithm does not
maintain those sets explicitly, as it can simply test for those inequalities. Importantly, inliers
always have colors available in the clique palette by the Accounting Lemma (Lemma 10). We
therefore color them by computing the set of colors used by external neighbors and searching
for an available color in L(D) (line 8).

We color outliers like the sparser vertices (lines 2 to 7): by sampling colors in [∆ + 1].
We allow outliers to steal the color of an unmatched inlier and then recolor the inlier instead
(line 6).

Algorithm 3 For a denser v ∈ D (which needs recoloring) and is unmatched.

1 function RecolorDense(v): // φ[v] = ⊥ and matched[v] = ⊥
2 if v /∈ ID then // color an outlier
3 Sample χ ∈ [∆ + 1]
4 if χ ∈MD then go to line 3
5 for u ∈ Φ[χ] if u ∈ N(v) but u /∈ ID then go to line 3
6 if ΦD[χ] ∩ ID = {u} then Color(u, ⊥), Color(v, χ), RecolorDense(u)
7 else Color(v, χ)
8 else Color(v, χ) with any χ ∈ L(D) \ φ[E(v)] // v ∈ ID

To implement RecolorDense efficiently, for each almost-clique D, we maintain
the set of unused colors L(D) = [∆ + 1] \ φ[D], a.k.a. the clique palette,
the set of vertices ΦD[χ] in D with color χ.

Those data-structures are easy to maintain with O(log n) worst-case update time because
each update affects at most two vertices – thus at most two almost-cliques – and each set
changes by at most one element.

Recoloring a Matched Anti-Edge. For a pair u, v ∈ D, RecolorMatching(u,v) colors –
or recolors – u and v the same. As we cannot ensure they share many available colors in
the clique palette, we allow u and v to pick any color that is used by neither a matched
vertex (line 4) nor external neighbors (line 5). Since we only need few repeated colors, they
always have Ω(∆) colors to choose from and we can find one using O(log n) random samples.
However, when doing so, we might have to – in fact, most likely will – recolor an unmatched
vertex (line 8).

RecolorMatching is used whenever matched vertices need to get recolored (line 12 in
Algorithm 1) or when the matching size needs to be increased (line 12 in Algorithm 4). To
increase the size of the matching, IncrMatching needs to find a pairs {u, v} of unmatched
anti-neighbors to same-color. Since we maintain a matching of size Θ(aD) while D contains
Θ(aD∆) and anti-degrees are at most O(ε∆), a random anti-edge in FD has both endpoints
unmatched with constant probability.

4.1 Dense Invariants
We begin by showing that our recoloring algorithm maintains the dense invariants (Lemma 13).
More interestingly, we show in Lemma 14 that when the Matching Invariant is broken by an
update, one call to IncrMatching suffices to fix it.
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Algorithm 4 Same-colors a pair u, v ∈ D.

1 function RecolorMatching(u, v):
2 if matched[u] = matched[v] = ⊥ then matched[u]← v, matched[v]← u

3 Sample χ ∈ [∆ + 1]
4 if χ ∈MD then go to line 3
5 for w ∈ Φ[χ] if w ∈ E(v) ∪ E(u) then go to line 3
6 MD ←MD + χ

7 if ΦD[χ] = {w} then // steal the color of an unmatched vertex
8 Color(w, ⊥), Color(u, χ), Color(v, χ) and RecolorDense(w)
9 else Color(u, χ) and Color(v, χ)

10 function IncrMatching(D):
11 Sample {u, v} ∈ FD uniformly at random
12 if matched[u] = matched[v] = ⊥ then RecolorMatching(u, v)
13 else go to line 11

▶ Lemma 13. Suppose the invariants hold before a call to RecolorDense(v) with
matched[v] = ⊥ or RecolorMatching(u,v) or RecolorSparse(v). If the call ends, it
maintains the invariants.

Proof. First, consider a call to RecolorDense(v). If v ∈ ID, since v is unmatched, recoloring
v does not affect the Matching Invariant; it maintains the Dense Balance Invariant because
v gets a color from L(D), i.e., a color that is unused in D. If v /∈ ID, again since v is
unmatched it maintains the Matching Invariant. RecolorDense(v) colors v with a color
which is either unused in D or used by an unmatched inlier (lines 4-5). If the color is free,
the Dense Balance is maintained; if the color is used by an unmatched inlier w, we uncolor w

and call RecolorDense(w) (line 6). As we explained before, recoloring an unmatched inlier
preserves invariants.

Consider now a call to RecolorMatching(u,v). Observe that it can only increase the
number of matched vertices, so it maintains the Matching Invariant. It colors u and v with
some χ /∈MD. So χ is either free or used by a unique vertex in D. If a vertex w uses χ, the
algorithm uncolors w and calls RecolorDense(w) (line 6), which maintains the invariants as
we previously explained.

Finally, a call to RecolorSparse(v) where v ∈ S recolors v, which does not affect the in-
variants. It may steal a color to one denser neighbor w. If w is unmatched RecolorDense(w)
maintains the invariant. If w is matched, the algorithm calls RecolorMatching(w,
matched[w]) which can only end if w and its matched vertex are same-colored. So the
call to RecolorSparse maintains the invariants. ◀

Lemma 13 shows that RecolorInsert and RecolorDelete maintain the Dense Balance
Invariant since it is only affected when vertices are recolored. On the other hand, the
Matching Invariant depends on the values of |MD| and aD, which are affected by insertions
or deletions of edges.

▶ Lemma 14. Consider a fixed update RecolorInsert(u,v) or RecolorDelete(u,v) before
which the invariant holds. When RecolorDelete(u,v) ends or when RecolorInsert(u,v)
reaches line 10, the invariants holds.

Proof. Assume that |MD| < ⌊8 · aD⌋ when the algorithm reaches line 2 of RecolorDelete
or line 9 of RecolorInsert. It must be that |MD| = ⌊8 · aD⌋ − 1 because the invariant held
before the update and
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inserting an edge cannot increase aD and may decrease MD by one if the edge inserted
was between matched vertices (line 6);
deleting an edge may increase aD by 2/|D|, which means ⌊8aD⌋ increases by at most one,
while MD does not change.

In either case IncrMatching is called before RecolorDelete ends or RecolorInsert reaches
line 10. In order to end, IncrMatching matches a new pair {u, v} of previously unmatched ver-
tices and calls RecolorMatching(u,v) (line 12 in Algorithm 4). Then RecolorMatching(u,v)
ends only after same-coloring u and v (line 8 in Algorithm 4), so the updated matching has
size ⌊8 · aD⌋. The Dense Balance Invariant holds when the algorithms call IncrMatching
(because it held before the update and uncoloring vertices does not affect it) and calls to
RecolorMatching and RecolorDense preserve it (Lemma 13). ◀

4.2 Complexity of Recoloring the Denser Vertices
We investigate the time complexity of our recoloring procedures for dense vertices and express
it in terms of the maximal size of a color class at the time of the update and the sparsity
parameter ζ. Observe that the probabilistic statements of Lemmas 15–17 are only over
the randomness sampled by the algorithm during the corresponding calls to RecolorDense,
RecolorMatching and IncrMatching.

▶ Lemma 15. Suppose that the invariants hold before a call to RecolorDense(v) where
v ∈ D, φ[v] = ⊥ and matched[v] = ⊥. W.h.p. over the random colors it samples, the call
ends in

O

(
max

χ
|Φ[χ]| log2 n + ζ log n

)
time.

Proof. Suppose first that v is an inlier, i.e., such that av ⩽ 8aD and ev ⩽ 8eD. We claim
that every inlier has an available color in L(D) \ φ[E(v)]. Observe that this set is exactly
L(D)∩L(v). Under the Matching Invariant, at least |MD| ⩾ ⌊8aD⌋ colors are repeated in D

and since v is uncolored, the accounting lemma (Lemma 10) implies that

|L(D) ∩ L(v)| ⩾ |MD| − av + 1 ⩾ |MD| − ⌊8aD⌋+ 1 ⩾ 1 ,

where the second inequality uses the assumption that av ⩽ 8aD and av is an integer. To
find this color, the algorithm loops over vertices of E(v) and constructs the set φ[E(v)] in
O(ev log n) ⩽ O(ζ log n) time. Then it loops over L(D) and stops when it finds a color that
is not in φ[E(v)]. If L(D) contains more than 8eD ⩾ ev colors, the algorithm finds a color
after O(eD log n) ⩽ O(ζ log n) time. Otherwise, the algorithm goes over at most 8eD ⩽ O(ζ)
colors; hence ends in O(ζ log n) time.

Suppose now that v is an outlier. The algorithm samples colors in [∆+1] until it finds one
that is not used by (1) a matched vertex, (2) an external neighbor, or (3) an outlier. That is a
color not in MD∪φ[E(v)∪OD] (lines 4-5). We claim that this set contains at most ∆/2 colors.
At most 2ε∆ colors are used by an external neighbors of v. By Markov’s inequality, the number
of vertices with av > 8aD or ev > 8eD is at most |C|/4 ⩽ (1/4+ε)∆. Finally, observe that we
always have |MD| ⩽ 8 ·3ε∆. Indeed, RecolorInsert and RecolorDelete call IncrMatching
only when |MD| < 8aD ⩽ 24ε∆ because aD ⩽ 3ε∆. Calls to RecolorMatching(u,v) where
u and v are already matched do not increase the matching size. Adding these up, at most
(1/4 + 27ε)∆ ⩽ ∆/2 colors are blocked by MD ∪ φ(E(v) ∪ OD) for ε ⩽ 1/108. A random
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color in [∆ + 1] therefore works w.p. 1/2, so the probability that the algorithm tries more
than c log n random colors is n−c. To verify if a random color works, the algorithm iterates
through its color class in O(maxχ |Φ[χ]| log n) time. Then, there might be a additional call
to RecolorDense(u) where u ∈ ID, which results in the claimed runtime. ◀

RecolorMatching colors u and v the same way RecolorDense colors an outlier. The
complexity of recoloring an unmatched denser vertex (line 8) is upper bounded by Lemma 15.
So we obtain the following lemma:

▶ Lemma 16. Suppose all invariants hold before a call to RecolorMatching(u,v). W.h.p.,
the call ends after O

(
maxχ |Φ[χ]| log2 n + ζ log n

)
time.

It remains to bound the time spent on fixing the matching size with IncrMatching.

▶ Lemma 17. Consider a call to IncrMatching(D) before which the Dense Balance Invari-
ants holds but not the Matching Invariant. W.h.p., it ends in O

(
maxχ |Φ[χ]| log2 n + ζ log n

)
time and |MD| has increased by one.

Proof. We may assume that aD > 1/8 since otherwise the Matching Invariant holds even
with an empty matching. In particular, FD is not empty. If |MD| < ⌊8 · aD⌋, at least |FD|/2
anti-edges of FD have both endpoints unmatched because FD contains aD|D|/2 anti-edges
while the current colorful matching is incident to at most |MD| · 6ε∆ < 48ε · aD|D| < |FD|/2
of them for, say, ε ⩽ 1/100. The probability that IncrMatching samples c log n anti-edges in
FD without finding any with both endpoints available is thus n−c. Lemma 16 then implies
the result. ◀

4.3 Recoloring the Sparser Vertices
RefreshColoring ensures vertices of S have sufficiently many colors in their palette at the
beginning of the phase to maintain large palettes over entire phases. Importantly, vertices in
S conflict only with neighbors in S. Recall that LS(v) = [∆ + 1] \ φ[NS(v)] is the palette of
colors v ∈ S can adopt with respect to φ.

▶ Lemma 18. Suppose RefreshColoring succeeded. A call to RecolorSparse(v) where
φ[v] = ⊥ and v ∈ S ends in

O

(
∆/ζ ·max

χ
|Φ[χ]| log2 n + ζ log n

)
time with high probability over the random colors it samples.

Proof. Call R the set of colors used by at least two denser neighbors of v. The algorithm
samples colors in [∆ + 1] until it finds one in LS(v) \R and we claim that this set contains at
least t colors at all time. It is easy to verify that |R| ⩽ |L(v)|, where L(v) := [∆+1]\φ(N(v))
is the set of available colors, hence that |LS(v) \R| ⩾ |R| because L(v) ⊆ LS(v) \R. So we
may assume that |R| ⩽ t. Now, since RefreshColoring succeeded (Proposition 11), we have
|LS(v)| ⩾ 3t when the phase begins. As each update recolors at most one sparser vertex,
after i ⩽ t updates, we have that |LS(v) \R| ⩾ 3t− i− |R| ⩾ t.

Each random color trial (line 2 in Algorithm 2) recolors v with probability at least

|LS(v) \R|
∆ + 1 ⩾

t

∆ + 1 = γ · ζ
∆ + 1 .
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Hence, w.h.p., the algorithm samples O(∆ log n/ζ) colors before finding one that fits. To
verify if a color χ is suitable for recoloring v, the algorithm iterates through vertices of Φ[χ]
and checks if they belong to NS(v) or NV \S(v) in O(log n) time. Overall, finding a suitable
χ takes O

(
∆/ζ ·maxχ |Φ[χ]| log2 n

)
time. Then, if there is a w ∈ NV \S(v) with color χ,

RecolorSparse makes one call to RecolorDense(w) or RecolorMatching(w, matched[w])
which recolors w in O(ζ log n + maxχ |Φ[χ]| log2 n) time by Lemmas 15 and 16. ◀

Overall, our algorithm is efficient only if we can maintain small enough color classes. The
Dense Balance property ensures that denser vertices contribute O(n/∆) to each color class.
The contribution of vertices in S is accounted for separately, using an argument over the
randomness of the entire phase:

▶ Lemma 19. Suppose that RefreshColoring succeeded. With high probability over the
randomness of the whole phase, for every χ ∈ [∆ + 1], its color class contains

|Φ[χ] ∩ S| ⩽ O

(
n

ζ
+ t

ζ
+ log n

)
(3)

sparser vertices before every update of the phase.

Proof. Fix i ⩽ t. We show that Eq (3) holds before the i-th update of this phase with high
probability. Fix χ ∈ [∆ + 1] and count the number of sparser vertices to join Φ[χ] during this
phase. Define Xj to indicate if, during the j-th update, a sparser vertex joins Φ[χ]. Observe
that, by the success of RefreshColoring, RecolorSparse colors v with a uniform color from a
set of at least γ ·ζ colors, regardless of the recolorings that occurred earlier in the phase. Hence,
the probability that it recolors v with χ is E[Xj |X1, . . . , Xj−1] ⩽ O(1/ζ). By the Chernoff
bound with stochastic domination (Lemma 24), we have

∑
j∈[i] Xj ⩽ O(i/ζ) + O(log n) with

high probability. So before the i-th update, the set Φ[χ] contains the O(n/ζ) vertices initially
present after RefreshColoring (Sparse Balance property in Proposition 11) and at most
O(i/ζ + log n) new ones. This holds for all i ∈ [t] by union bound and thus implies the
lemma. ◀

4.4 Proof of Theorem 1
Let δ be the universal constant from Lemma 6 and define ε = 1/110 and ζ = n2/3. When
∆ < n2/3/(ε2δ), we use the naive algorithm that scans the neighborhood of the vertices
after each update. When ∆ ⩾ n2/3/(ε2δ), we use Algorithm 1. We consider a fixed phase
and show that the amortized update time is Õ(n2/3) with high probability. Recall that
a phase is a sequence of t = γ · ζ updates, where γ is the universal constant described
in Proposition 11. Moreover, one should bear in mind that the algorithm of Lemma 6
maintains an (ε, ζ)-sparser-denser decomposition with O(log n) update time such that the
vertex partition is fixed throughout the phase.

Correctness & Invariants. RefreshColoring gives a total and proper (∆ + 1)-coloring
and neither RecolorInsert or RecolorDelete introduce color conflicts. By induction, the
invariants hold w.h.p. before every update of the phase. Indeed, by Proposition 11, if
RefreshColoring ends, w.h.p., the invariants hold before the first update of the phase. By
Lemmas 13 and 14, invariants are maintained by RecolorDense, RecolorMatching and
RecolorSparse, and thus are preserved after each update.

Efficiency. By Proposition 11, computing the fresh coloring takes Õ(n + n2/ζ) time.
With high probability, RefreshColoring succeeds and henceforth we condition on its success.
By Lemmas 15, 16, and 18, w.h.p., each update ends in Õ

(
∆
ζ maxχ |Φ[χ]|+ ζ

)
time. On the
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other hand, w.h.p., before every update and for every χ ∈ [∆ + 1], we have that,

|Φ[χ]| = |Φ[χ] ∩ S|+
r∑

i=1
|Di ∩ Φ[χ]| ⩽ |Φ[χ] ∩ S|+ 4n

∆ ⩽ O

(
n

ζ
+ log n

)
because, by the Dense Balance Invariant, each of the at most 2n/∆ almost-cliques contributes
at most two to Φ[χ], and by Lemma 19 for the sparse vertices. With the union bound, the
bounds on the update time and the color class sizes hold with high probability. Overall,
w.h.p., the amortized update time during this phase is

Õ

(
n + n2/ζ

t
+ n∆

ζ2 + ζ

)
= Õ

(
n2

ζ2 + ζ

)
= Õ

(
n2/3

)
for ζ = n2/3 ⩽ O(∆) ⩽ O(n) and t = γ · ζ. ◀

5 Computing a Fresh Coloring

Recall that every t updates, the algorithm recomputes a fresh coloring with nice properties.
In this section, we provide and analyse this algorithm, thus prove the following proposition.

▶ Proposition 11. There exists a universal constant γ ∈ (0, 1) such that the following holds.
For ζ ⩾ Ω(log n) for some large hidden constant, let S, D1, . . . , Dr be a (ε, ζ)-decomposition
of an n-vertex graph with maximum degree ∆. W.h.p., RefreshColoring runs in Õ(n+n2/ζ)
time, producing a total coloring φ such that

(Sparse Slack) every sparse vertex v has |LS(v)| ⩾ 3γ · ζ,
(Sparse Balance) |Φ[χ] ∩ S| = O(n/ζ + log n) for every χ ∈ [∆ + 1],
(Dense Balance) in each Di, every color is used at most twice, and
(Matching) each Di has at least ⌊8aDi

⌋ redundant colors.

RefreshColoring begins by uncoloring every vertex to start from a fresh state. It then
uses a procedure called OneShotColoring in which every vertex of S tries a random color. It
is a well-known fact that the remaining uncolored vertices have “slack” (Proposition 20). The
algorithm colors the remaining vertices in S in a random order, which ensures that the total
number of color trials is Õ(n) [4]. Denser vertices do not participate in OneShotColoring to
ensure that the partial coloring it produced does not hinder the construction of a colorful
matching. This is why the Sparse Slack guarantee is only in terms of LS(v) rather than
L(v) = [∆ + 1] \ φ[N(v)]. RefreshColoring colors almost-cliques sequentially, using the
coloring primitives devised in Section 4.

Generating Slack. To analyse the slack produced by OneShotColoring, we use the following
well-known results in the distributed graph literature (e.g., [8, Lemma 3.3] or [17, Lemma 6.1]
or even [23]). Authors of [1, Lemma A.1] and [4] use a version of this result for ζ ⩾ Ω(ε2∆).

▶ Proposition 20. Suppose G is a graph of maximal degree ∆≫ 1. If φ is the coloring at
the end of OneShotColoring, then a ζ-sparse vertex v with ζ ≫ 1 has that4

|L(v)| ⩾ [#uncolored vertices in N(v)] + 2−22 · ζ

with probability at least 1− exp(−Ω(ζ)).

4 we did not attempt to optimize this constant
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Algorithm 5 Computing a Fresh Coloring.

1 function RefreshColoring:
2 for each v do Color(v, ⊥) // uncolor all vertices first
3 OneShotColoring // generating slack
4 Sample a uniform permutation π of S

5 for every uncolored v ∈ S in the order of π do RecolorSparse(v)
6 for every i = 1, 2, . . . , r do
7 for ⌊8aDi

⌋ times do IncrMatching(Di)
8 for every uncolored v ∈ ODi do ColorDense(v)
9 for every uncolored v ∈ IDi

do ColorDense(v)

10 function OneShotColoring:
11 for every v ∈ S, with probability 1/8 do Color(v, χ) with a random χ ∈ [∆ + 1]
12 for every χ ∈ [∆ + 1] and every pair u, v ∈ Φ[χ] ∩ S do
13 if {u, v} ∈ E then Color (v, ⊥), Color (u, ⊥)

14 function ColorDense(v):
15 Sample χ ∈ L(C)
16 for u ∈ Φ[χ] if u ∈ N(v) then go to line 15
17 Color(v, χ)

Through Proposition 20, OneShotColoring ensures the Sparse Slack property.

▶ Lemma 21. Let ζ and S, D1, . . . , Dr be as described by Proposition 11. With high
probability, we have that

if RefreshColoring reaches line 6, every vertex in S is colored, the Sparse Slack and
Sparse Balance properties hold; and
before every call to RecolorSparse (line 5), the Sparse Balance property holds.

Proof. RecolorSparse(v) ends only after properly coloring v, so if the algorithm reaches
line 6, all vertices of S must be properly colored. We first prove that the Sparse Slack
properly holds w.h.p. after OneShotColoring, then the claim about the Sparse Balance.
Both hold simultaneously w.h.p. by union bound.

We claim that when OneShotColoring ends, w.h.p., every vertex v ∈ S has

|LS(v)| ⩾ [#uncolored vertices in NS(v) ] + 4γ · ζ where γ = 2−25 . (4)

Indeed, consider a fixed vertex v ∈ S. By definition of S, the vertex v is ζ-sparse in G.
Since we run OneShotColoring in G[S], let us argue that v is (ζ/4)-sparse in G[S]. We may
assume that v has degree at least ∆− ζ, since it otherwise always have ζ available colors. If v

has at least ζ/4 neighbors in V \ S, then Eq (4) holds since LS ignores colors of neighbors in
V \ S. Otherwise, G[N(v)] contains at least (ζ/2)∆ anti-edges, of which at most (ζ/4)∆ are
incident to V \S, so v is at least (ζ/4)-sparse in G[S]. Since we assume that ζ ⩾ Ω(log n) for
some large enough hidden constant, Proposition 20 applies to v and, with probability at least
1−exp(−Ω(ζ)) ⩾ 1−1/poly(n), we obtain that |L(v)| ⩾ [#uncolored vertices in NS(v)]+4γ·ζ
for v. This holds w.h.p. for every vertex in S by union bound over its vertices. This implies
Eq (4) because after OneShotColoring, only vertices of S are colored, thus L(v) = LS(v).
Calls to RecolorSparse colors extends the coloring; thus, when the algorithm reaches line 6,
the Sparse Slack property holds.

ICALP 2025
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Denote by v1, . . . , vk the uncolored vertices of S after OneShotColoring in the order
by which they are colored by RefreshColoring. Consider a fixed χ ∈ [∆ + 1] and let us
now prove that before the i-th call to RecolorSparse for fixed a i ∈ [k], w.h.p. over the
randomness of sampled so far, we have |Φ[χ]| ⩽ O(n/ζ + log n). During OneShotColoring, a
vertex may adopt the color it sampled and, by the classic Chernoff Bound, w.h.p., every color
is sampled by at most O(n/∆ + log n) vertices. Define Xj the random variable indicating
if vj is colored with χ by RecolorSparse. Eq (4) implies RecolorSparse colors v with
a color uniformly distributed in a set of size at least 4γ · ζ. More formally, we have that
E[Xj |X1, . . . , Xj−1] ⩽ 1/(4γζ). So, we expect O(i/ζ) ⩽ O(n/ζ) vertices to be colored with
χ over the first i calls to RecolorSparse. The Chernoff Bound (Lemma 24) shows that,
w.h.p., when the algorithm makes its i-th call to RecolorSparse, the color class contains
O(n/∆ + n/ζ + log n) = O(n/ζ + log n) vertices. This holds w.h.p. for every χ ∈ [∆ + 1] and
i ∈ [k] by union bound. ◀

As [4, Appendix A.1] showed, this algorithm makes Õ(n) color trials (executions of line 2
in RecolorSparse) with high probability. We obtain the following corollary by union bound:
OneShotColoring runs in O(n + ∆ maxχ |Φ[χ]|2) = Õ(n + n2/∆) and each of the Õ(n) color
trials takes O(n/ζ + log n) time by Lemma 21.

▶ Corollary 22. W.h.p., RefreshColoring reaches line 6 in Õ(n + n2/ζ) time, every vertex
in S is colored, the Sparse Slack and Sparse Balance properties hold.

Coloring Denser Vertices. Random color trials in [∆ + 1] according to a random ordering
could also be used for dense vertices, but as we need to ensure the Matching and Dense
Balance invariants, we use a more tailord approach albeit similar.

▶ Lemma 23. Let ζ, S, D1, . . . , Dr be as described by Proposition 11. For any partial coloring
outside of D = Di such that the Sparse Slack, Sparse Balance and Dense Balance hold,
w.h.p., RefreshColoring extends the coloring to D (lines 7 to 9) in Õ(n + n∆/ζ) time and
such that D contains a colorful matching of size ⌊8aD⌋ and the Dense Balance holds.

Proof. Since we begin with all vertices uncolored, IncrMatching never makes a call to
RecolorDense. Using the same argument as Lemma 17, it samples at most O(log n) anti-
edges before finding one with both endpoints unmatched and tries O(log n) colors before
finding one available for both endpoints. The algorithm therefore spends

O(aD)×O

(
max

χ
|Φ[χ]| log2 n

)
= Õ

(
n∆
ζ

)
time computing a colorful matching (line 7) because 8aD ⩽ O(∆). Each call to IncrMatching
increases the size of the colorful matching by one, so the matching and Dense Balance
invariants hold when RefreshColoring reaches line 8.

By Markov’s inequality, D contains at most |D|/4 outliers. Since all inliers 3|D|/4 ⩾ ∆/2
of D are uncolored, the accounting lemma (Lemma 10) shows that at least ∆/2− av ⩾ ∆/3
colors of the clique palette are available for each outlier v. Hence, ColorDense(v) where
v ∈ OD ends in O(maxχ |Φ[χ]| log2 n) = Õ(n/ζ) time with high probability. So the coloring
of outliers in D takes up to Õ(n∆/ζ) time.

Suppose inliers are colored in the order v1, v2, . . . , vk. When the algorithm calls
ColorDense(vi), at least k − i + 1 remain uncolored in D. In particular, a random color is
suitable to color vi with probability at least (k−i+1)/(16c·ζ) where c = Θ(1/ε2) is a constant.
Indeed, recall that an inlier has av ⩽ 8aD and ev ⩽ 8eD while D has that aD + eD ⩽ c · ζ for
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some constant c (Definition 4). If |L(D)| > 16c·ζ, then |L(D)∩L(v)| = |L(D)|−ev ⩾ |L(D)|/2
and a random color in L(D) belongs to L(v) with probability at least 1/2. Otherwise, the ac-
counting lemma (Lemma 10) implies that |L(D)∩L(v)| ⩾ k−i+1, which means that a random
color in L(D) is available to v with probability at least (k−i+1)/|L(D)| ⩾ (k−i+1)/(16c ·ζ).
In any case, after O( ζ log n

k−i+1 ) color tries, ColorDense finds a color for v with high probability.
Searching the color class for each color trial, the total time necessary to color inliers of D is

k∑
i=1

O

(
ζ log n

k − i + 1

)
×O

(
max

χ
|Φ[χ]| log n

)
= O

(
n log3 n

)
because maxχ |Φ[χ]| ⩽ O(n/ζ) from the sparse and Dense Balance and k ⩽ 2∆. So the
time needed to color D is Õ(n + n∆/ζ) as it takes Õ(n∆/ζ) time to color the matching and
outliers and Õ(n) time to color inliers. ◀

Proposition 11 follows trivially from combining Corollary 22 and Lemma 23 for all O(n/∆)
almost-cliques.
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i ∈ [n], then for any δ > 0,

P[Y ⩾ (1 + δ)µ] ⩽ exp
(
− δ2

2 + δ
µ

)
where µ ⩾

n∑
i=1

qi . (5)

Conversely, if there exists q1, . . . , qn ∈ [0, 1] such that E[Yi |X1, . . . , Xi−1] ⩾ qi for every
i ∈ [n], then for any δ ∈ (0, 1),

P[Y ⩽ (1− δ)µ] ⩽ exp
(
−δ2

2 µ

)
where µ ⩽

n∑
i=1

qi . (6)
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