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Abstract
We study a fundamental stochastic selection problem involving n independent random variables, each
of which can be queried at some cost. Given a tolerance level δ, the goal is to find a δ-approximately
minimum (or maximum) value over all the random variables, at minimum expected cost. A solution
to this problem is an adaptive sequence of queries, where the choice of the next query may depend
on previously-observed values. Two variants arise, depending on whether the goal is to find a
δ-minimum value or a δ-minimizer. When all query costs are uniform, we provide a 4-approximation
algorithm for both variants. When query costs are non-uniform, we provide a 5.83-approximation
algorithm for the δ-minimum value and a 7.47-approximation for the δ-minimizer. All our algorithms
rely on non-adaptive policies (that perform a fixed sequence of queries), so we also upper bound the
corresponding “adaptivity” gaps. Our analysis relates the stopping probabilities in the algorithm and
optimal policies, where a key step is in proving and using certain stochastic dominance properties.
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1 Introduction

We study a natural stochastic selection problem that involves querying a set of random
variables so as to identify their minimum (or maximum) value within a desired precision.
Consider a car manufacturer who wants to chose one design from n options so as to optimize
some attribute (e.g., maximum velocity or energy efficiency). Each option i corresponds to
an attribute value Xi which is uncertain and drawn from a known probability distribution.
It is possible to determine the exact value of Xi by further testing – but this incurs some
cost ci. Identifying the exact minimum (or maximum) value among the Xis might be too
expensive. Instead, our goal is to identify an approximately minimum (or maximum) value,
within a prescribed tolerance level. For example, we might be satisfied with a value (and
corresponding option) that is within 10% of the true minimum. The objective is to minimize
the expected cost. In this paper, we provide the first constant-factor approximation algorithm
for this problem.
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8:2 Identifying Approximate Minimizers Under Stochastic Uncertainity

Our problem is related to two lines of work: stochastic combinatorial optimization
and optimization under explorable uncertainty. In stochastic combinatorial optimization, a
solution makes selections incrementally and adaptively (i.e., the next selection can depend
on previously observed random outcomes). An optimal solution here may even require
exponential space to describe. Nevertheless, there has been much recent success in obtaining
(efficient) approximation algorithms for such problems, see e.g., [7, 14, 5, 15, 12, 19, 20, 17, 18].
Optimization problems under explorable uncertainty involve querying values drawn from
known intervals in order to identify a minimizer. Typically, these results focus on the
competitive ratio, which relates the algorithm’s (expected) query cost to the optimum query-
cost in hindsight, see e.g., [21, 6, 10, 9, 22, 8, 4, 23]. In particular, for the problem of
finding an exact minimizer among n intervals, [21] obtained a 2-competitive algorithm in
the adversarial setting and [6] obtained a 1.45-approximation algorithm in the stochastic
setting. The problem we study is a significant generalization of the stochastic exact minimizer
problem [6].

1.1 Problem Definition
In the stochastic minimum query (SMQ) problem, there are n independent discrete random
variables X1, ..., Xn that lie in intervals I1, ..., In respectively. The random variables (r.v.s)
may be negative. We assume that each interval is bounded and closed, i.e., Ij = [ℓj , rj ]
for each j ∈ [n]. We also assume (without loss of generality) that each r.v. has non-zero
probability at the endpoints of its interval, i.e., Pr[Xj = ℓj ] > 0 and Pr[Xj = rj ] > 0 for each
j ∈ [n].1 We will use the terms random variable (r.v.) and interval interchangeably. The
exact value of any r.v. Xj can only be determined by querying it, which incurs some cost
cj ≥ 0. Additionally, we are given a “precision” value δ ≥ 0, where the goal is to identify the
minimum value over all r.v.s up to an additive precision of δ. Formally, if MIN = minn

j=1 Xj

then we want to find a deterministic value VAL such that MIN ≤ VAL ≤ MIN + δ. Such a
value VAL is called a δ-minimum value. The objective in SMQ is to minimize the expected
cost of the queried intervals. Note that it may be sufficient to probe only a (small) subset of
intervals before stopping.

We also consider a related, but harder, problem where the goal is to identify some
δ-minimizer i∗ ∈ [n], i.e., an interval that satisfies Xi∗ ≤ MIN + δ. We refer to this problem
as stochastic minimum query for identification (SMQI). If a δ-minimum value is found then
it also provides a δ-minimizer (see §1.4). However, the converse is not true. So, an SMQI
solution may return an un-queried a δ-minimizer i∗ without determining a δ-minimum value.

Although our formulation above uses additive precision (we aim to find a value that is
at most MIN + δ), we can also handle multiplicative precision where the goal is to find a
value that is at most α ·MIN. This just requires a simple logarithmic transformation; see
Appendix A. We can also handle the goal of finding the maximum value by working with
negated r.v.s {−Xi}n

i=1.
Throughout, we use N := [n] = {1, 2, . . . , n} to denote the index set of the r.v.s.

Adaptive and Non-adaptive policies. Any solution to SMQ involves querying r.v.s sequen-
tially until a δ-minimum value is found. In general, the sequence of queries may depend on
the realizations of previously queried r.v.s. We refer to such solutions as adaptive policies.
Formally, such a solution can be described as a decision tree where each node corresponds to

1 Otherwise, we can just work with a smaller interval representing the same r.v.
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the next r.v. to query and the branches out of a node represent the realization of the queried
r.v. Non-adaptive policies are a special class of solutions where the sequence of queries is
fixed upfront: the policy then performs queries in this order until a δ-minimum value is
found. A central notion in stochastic optimization is the adaptivity gap [7], which is the
worst-case ratio between the optimal non-adaptive value and the optimal adaptive value. All
our algorithms produce non-adaptive policies and hence also bound the adaptivity gap.

1.2 Results
Our first result is on the SMQ problem with unit costs, for which we provide a 4-approximation
algorithm. Moreover, we achieve this result via a non-adaptive policy, which also proves an
upper bound of 4 on the adaptivity gap. This algorithm relies on combining two natural
policies. The first policy simply queries the r.v. with the smallest left-endpoint. The second
policy queries the r.v. that maximizes the probability of stopping in the very next step.
When used in isolation, both these policies have unbounded approximation ratios. However,
interleaving the two policies leads to a constant-factor approximation algorithm.

We also consider the (harder) unit-cost SMQI problem and show that the same policy
leads to a 4-approximation algorithm: the only change is in the criterion to stop, which is now
more relaxed. While the algorithm is the same as SMQ, the analysis for SMQI is significantly
more complex due to the new stopping criterion, which allows us to infer a δ-minimizer i∗

even when it has not been queried. Specifically, we prove a stochastic dominance property
between r.v.s in our algorithm and the optimum (conditioned on the SMQ stopping criterion
not occurring), and use this in relating the SMQI stopping-probability in the algorithm and
the optimum.

Our next result is for the SMQ problem with non-uniform costs. We obtain a constant-
factor approximation again, with a slightly worse ratio of 5.83. This is based on combining
ideas from the unit-cost algorithm with a “power-of-two” approach. In particular, the
algorithm proceeds in several iterations, where the ith iteration incurs cost roughly 2i. In
each iteration i, the algorithm selects a subset of r.v.s with cost O(2i) based on the following
two criteria (i) smallest left-endpoint and (ii) maximum probability of stopping in one step.
In order to select the r.v.s for criterion (ii) we need to use a PTAS for an appropriate version
of the knapsack problem.

Finally, we consider the SMQI problem with non-uniform costs. Directly using the
SMQ algorithm for SMQI (as in the unit-cost case) does not work here: it leads to a poor
approximation ratio. However, a modification of the SMQ algorithm works. Specifically,
we modify step (i) above: instead of just selecting a prefix of intervals with the smallest
left-endpoints, we select an “almost prefix” set by skipping some expensive intervals. We
show that this approach leads to an approximation ratio of 7.47, which is slightly worse than
what we obtain for SMQ. The analysis combines aspects of unit-cost SMQI and SMQ with
non-uniform costs.

1.3 Related Work
Computing an approximately minimum or maximum value by querying a set of random
variables is a central question in stochastic optimization. Most of the prior works on this
topic have focused on budgeted variants. Here, one wants to select a subset of queries of
total cost within some budget so as to maximize or minimize the value among the queried
r.v.s. The results for the minimization and maximization versions are drastically different.
A 1− 1

e approximation algorithm for the budgeted max-value problem follows from results

ICALP 2025



8:4 Identifying Approximate Minimizers Under Stochastic Uncertainity

on stochastic submodular maximization [3]; more complex “budget” constraints can also be
handled in this setting [1, 16]. These results also bound the adaptivity gap. In addition,
PTASes are known for non-adaptive and adaptive versions of budgeted max-value [11, 24].
For the budgeted min-value problem, it is known that the adaptivity gap is unbounded and
results for the non-adaptive and adaptive versions are based on entirely different techniques.
[13] obtained a bi-criteria approximation algorithm for the non-adaptive problem (the queried
subset must be fixed upfront) that achieves a 1 + ϵ approximation to the optimal value while
exceeding the budget by at most an O(log log m) factor, where each r.v. takes an integer
value in the range {0, 1, . . . , m}. Subsequently, [26] studied the adaptive setting (the queried
subset may depend on observed realizations) and obtained a 4-approximation while exceeding
the budget by at most an O(log log m) factor. In contrast to these results, the goal in SMQ
is to achieve a value close to the true minimum/maximum taken over all random variables
X1, X2, . . . , Xn (not just the queried ones). Moreover, we want to find an approximately
min/max value with probability one, as opposed to optimizing the expected min/max value.

A different formulation of the minimum-element problem is studied in [25]: this combines
the query-cost and the value of the minimum-queried element into a single objective. They
obtain an exact algorithm for this setting, which also extends to a wider class of constrained
problems.

Closely related to our work, [6] studied the SMQI problem with exact precision, i.e., δ = 0.
In particular, their goal is to identify an interval that is an exact minimizer. [6] obtained a
1.45-approximation ratio for general query costs. The SMQI problem that we study allows for
arbitrary precision δ, and is significantly more complex than the setting in [6]. One indication
of the difficulty of handling arbitrary δ is that the simpler SMQ problem with δ = 0 (where
we want to find the exact minimum value) admits a straightforward exact algorithm that
queries by increasing left-endpoint; however, this algorithm has an unbounded ratio for SMQ
with arbitrary δ (see §2 for an example).

As mentioned earlier, the SMQ problem is also related to optimization problems under
explorable uncertainty. Apart from the minimum-value problem [21], various other problems
like computing the median [10], minimum spanning tree [9, 22] and set selection [8, 4, 23]
have been studied in this setting. The key difference from our work is that these results
focus on the competitive ratio. In contrast, we compare to the optimal policy that is limited
in the same manner as the algorithm. We note that there is an Ω̃(n) lower bound on the
competitive ratio for SMQ and SMQI; see Appendix B. Our results show that much better
(constant) approximation ratios are achievable for SMQ and SMQI in the stochastic setting,
relative to an optimal policy.

1.4 Preliminaries
Stopping rule for SMQ. Even without querying any interval, we know that the minimum
value is at most R := mini∈N{ri}, the minimum right-endpoint. In order to simplify notation,
we incorporate this information using a dummy r.v. X0 = [R, R] that is queried at the
start of any policy and incurs no cost. We now formally define the condition under which a
policy for SMQ is allowed to stop. We will refer to the partial observations at any point in a
policy (i.e., values of r.v.s queried so far) as the state. Consider any state, given by a subset
S ⊆ N of queried r.v.s along with their observations {xi}i∈S . The minimum observed value
is mini∈S xi and the minimum possible value among the un-queried r.v.s is minj∈N\S ℓj . The
stopping criterion is:

min
i∈S

xi ≤ min
j∈N\S

ℓj + δ. (1)
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If this criterion is met then VAL = mini∈S xi is guaranteed to satisfy MIN ≤ VAL ≤ MIN+δ,
where MIN = minj∈N Xj . Also, arg mini∈S xi is a δ-minimizer. On the other hand, if this
criterion is not met then there is no value v that guarantees MIN ≤ v ≤ MIN + δ: there is a
non-zero probability that the minimum value is minj∈N\S ℓj or mini∈S xi (and these values
are more than δ apart). So,

▶ Proposition 1.1. A policy for SMQ can stop if and only if criterion (1) holds.

The stopping rule for SMQI is described in §2.2. An SMQI policy can stop either due to
the SMQ stopping rule (above) or by inferring an un-queried interval i∗ as a δ-minimizer.

Adaptivity gap. We show that the adaptivity gap for the SMQ problem is more than one:
so adaptive policies may indeed perform better. This example also builds some intuition for
the problem. Consider an instance I with three intervals as shown in Figure 1. In particular,
X1 ∈ {0, 3,∞}, X2 ∈ {1,∞}, X3 ∈ {2,∞} and δ = 1. Let Pr(X1 = 0) = 1

3 , Pr(X1 = 3) =
1
3 , Pr(X1 = ∞) = 1

3 , Pr(X2 = 1) = ϵ, Pr(X2 = ∞) = 1 − ϵ, Pr(X3 = 2) = 1 − ϵ, Pr(X3 =
∞) = ϵ. An adaptive policy is shown in Figure 2, which has cost at most 1 + 2

3 + ϵ
3 = 5+ϵ

3 .
We present a case analysis in [2] and show that the best non-adaptive cost is min

{ 6−ϵ
3 , 5+2ϵ

3
}

.
Setting ϵ = 1

3 , we obtain an adaptivity gap of 17
16 . We can also modify this instance slightly

to get a worse adaptivity gap of 12
11 .

Figure 1 Adaptivity gap instance.

X1

VAL = 0
0

X2
VAL = 11

VAL = 3∞

3

X3

VAL = 22

X2
VAL = 11

VAL = ∞∞
∞

∞

Figure 2 Optimal adaptive policy.

Fixed threshold problem. In our analysis, we relate SMQ to the following simpler problem.
Given n r.v.s {Xi : i ∈ N} with costs as before, a fixed threshold θ and budget k, find a
policy having query-cost at most k that maximizes the probability of observing a realization
less than θ. A useful property of this fixed threshold problem is that it has adaptivity gap
one [2].

▶ Proposition 1.2. Consider any instance of the fixed threshold problem. Let V ∗ and F ∗

denote the maximum success probabilities over adaptive and non-adaptive policies respectively.
Then, V ∗ = F ∗

2 Algorithm for Unit Costs

Before presenting our algorithm, we discuss two simple greedy policies and show why they
fail to achieve a good approximation.
1. A natural approach is to select intervals by increasing left-endpoint. Indeed, [21] shows

that this algorithm is optimal when δ = 0, even in an online setting (with open intervals).
Consider the instance with two types of intervals as shown in Figure 3. The r.v.s

ICALP 2025
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X1, · · ·Xn/2 are identically distributed with Xi = 0 w.p. 1
n and Xi = n otherwise. The

remaining r.v.s Xn/2+1, · · ·Xn are identically distributed with Xi = δ
2 w.p. 1

2 and Xi = n

otherwise. The greedy policy queries r.v.s in the order 1, 2, · · ·n, resulting in an expected
cost of Ω(n) as it can stop only when it observes a “low” realization for some r.v. However,
the policy that probes in the reverse order n, n− 1, · · · 1 has constant expected cost: the
policy can stop upon observing any “low” realization (even if a value of δ/2 is observed,
it is guaranteed to be within δ of the true minimum). So the approximation ratio of this
greedy policy is Ω(n).

0 δ/2 n

X1

...

Xn/2

Xn/2+1

...

Xn

Pr(Xi = 0) = 1
n ,

for i = 1, ..., n
2

Pr(Xi = δ
2 ) = 1

2 ,

for i = n
2 + 1, ..., n

Figure 3 Bad example for greedy by left-endpoint.

2. A different greedy policy (based on the instance in Figure 3) is to always select the interval
that maximizes the likelihood of stopping in one step. Now consider another instance with
three types of intervals; see Figure 4. The r.v. Xn is always 1.4δ. The r.v. X1 takes value
0 w.p. 1

2n and has value n otherwise. The remaining r.v.s X2, · · ·Xn−1 are identically
distributed with Xi = δ

2 w.p. 1
n and Xi = n otherwise. As long as X1 is not queried, the

probability of stopping (in one step) is as follows: 1
2n for X1, 1

n for X2, · · ·Xn−1 and zero
for Xn. So this greedy policy will query in the order 2, 3, · · ·n − 1, 1, n resulting in an
Ω(n) expected cost. On the other hand, querying the r.v.s X1 and Xn guarantees that
the policy can stop. So the optimal cost is at most 2, implying an Ω(n) approximation
ratio.

0 δ/2 δ n

Pr(X1 = 0) = 1
2n X1

X2

...

Xn−1

Pr(Xn = 1.4δ) = 1 Xn

Pr(Xi = δ
2 ) = 1

n ,

for i = 2, ..., n − 1

Figure 4 Bad example for greedy by stopping probability.

Our approach is to interleave the above two greedy criteria. In particular, each iteration
of our algorithm makes two queries: the interval with the smallest left-endpoint and the
interval that maximizes the probability of stopping in one step. We will show that this leads
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to a constant-factor approximation. We first re-number intervals by increasing order of their
left-endpoint, i.e., ℓ1 ≤ ℓ2 ≤ · · · ℓn. For each k ∈ N , let θk := ℓk+1 + δ. Algorithm 1 describes
our algorithm formally.

Algorithm 1 Non-Adaptive Double Greedy.

1: Let ℓ∗ = mini∈N ℓi, m∗ = R := minn
i=1 ri, and π ← ∅.

2: for j = 1, . . . , n do ▷ iterations
3: Query interval j (if not already in π).
4: Query interval b(j) = argmaxi∈N\(π◦j) Pr[Xi ≤ θj ].
5: Update list π ← π ◦ j ◦ b(j). ▷ skip j if it was already in π

6: Update m∗ = min{m∗, Xj , Xb(j)} and ℓ∗ = mini∈N\π{ℓi}.
7: if m∗ − ℓ∗ ≤ δ then stop.

Equivalently, we can view Algorithm 1 as first computing the permutation π (without
querying) and then performing queries in the order given by π until the stopping criterion is
met. Note that Algorithm 1 is non-adaptive because it uses observations only to determine
when to stop. So, our analysis also upper bounds the adaptivity gap.

We overload notation slightly and use π to also denote the non-adaptive policy given
in Algorithm 1. Note that each iteration in this policy involves two queries. We use σ to
denote the optimal (adaptive) policy. Let cexp(π) and cexp(σ) denote the expected number
of queries in policies π and σ, respectively. The key step in the analysis is to relate the
termination probabilities in these two policies, formalized below.

▶ Lemma 2.1. For any k ≥ 1, we have

Pr[σ finishes in k queries] ≤ Pr[π finishes in 2k iterations].

We will prove this lemma in the next subsection. First, we complete the analysis using this.

▶ Theorem 2.2. We have cexp(π) ≤ 4 · cexp(σ).

Proof. Let Cσ denote the random variable that captures the number of queries made by the
optimal policy σ. Similarly, let Cπ denote the number of queries made by our policy. Using
Lemma 2.1 and the fact that policy π makes two queries in each iteration, for any k ≥ 1 we
have

Pr[Cσ ≤ k] = Pr[σ finishes in k queries] ≤ Pr[π finishes in 2k iterations] ≤ Pr[Cπ ≤ 4k] (2)

Hence,

cexp(σ) =
∫ ∞

0
Pr[Cσ > t]dt =

∫ ∞

0
(1− Pr[Cσ ≤ t]) dt ≥

∫ ∞

0
(1− Pr[Cπ ≤ 4t])dt

= 1
4

∫ ∞

0
(1− Pr[Cπ ≤ y])dy = 1

4

∫ ∞

0
Pr[Cπ > y]dy = 1

4cexp(π) (3)

The first equality in (3) is by a change of variables y = 4t. ◀

2.1 Proof of Key Lemma
We now prove Lemma 2.1. Fix any k ≥ 1 and define threshold θ := θk = ℓk+1 + δ.

Let T ∗ ⊆ N denote the optimal solution to the non-adaptive “fixed threshold” problem:

max
T ⊆N,|T |≤k

Pr
[
min
i∈T

Xi ≤ θ

]
. (4)

ICALP 2025



8:8 Identifying Approximate Minimizers Under Stochastic Uncertainity

We then proceed in two steps, as follows.

Pr[σ finishes in k queries] ≤ Pr
[

min
i∈T ∗

Xi ≤ θ

]
≤ Pr[π finishes in 2k iterations]

The first inequality is shown in Lemma 2.3: this uses the fact that the fixed-threshold problem
has adaptivity gap one (Proposition 1.2). The second inequality is shown in Lemma 2.4: this
relies on the greedy criteria used in our algorithm.

▶ Lemma 2.3. Pr[σ finishes in k queries] ≤ Pr [mini∈T ∗ Xi ≤ θ].

Proof. Let σk denote the optimal policy truncated after k queries: so the cost of σk is always
at most k. Let L(σk) = mini∈N\σk{ℓi} denote the smallest un-queried left-endpoint at the
end of σk; this is a random value because σk is an adaptive policy. Then,

Pr[σ finishes in k queries] = Pr
[

min
i∈σk

Xi ≤ L(σk) + δ

]
(5)

≤ Pr
[

min
i∈σk

Xi ≤ ℓk+1 + δ

]
= Pr

[
min
i∈σk

Xi ≤ θ

]
(6)

≤ Pr
[

min
i∈T ∗

Xi ≤ θ

]
(7)

Equality (5) is by the stopping criterion for SMQ. The inequality in (6) uses the observation
that after any k queries, the smallest un-queried left-endpoint must be at most ℓk+1: so
L(σk) ≤ ℓk+1 always. The equality in (6) is by definition of the threshold θ. Inequality (7)
follows from Proposition 1.2: we view σk is a feasible adaptive policy for the fixed-threshold
problem and T ∗ is the optimal non-adaptive policy. ◀

▶ Lemma 2.4. Pr [mini∈T ∗ Xi ≤ θ] ≤ Pr[π finishes in 2k iterations].

Proof. Recall that each iteration j of Algorithm 1 selects two intervals: j in Step 3 and b(j)
in Step 4. Let B = {b(1), · · · b(2k)} be the set of intervals chosen by our policy π in Step 4 of
the first 2k iterations. We partition B into B′ = {b(1), · · · b(k)} and B′′ = {b(k+1), · · · b(2k)}.
Let d∗ = argmind∈T ∗\B Pr(Xd > θk) = argmaxd∈T ∗\B Pr(Xd ≤ θk).

Pr
[

min
i∈T ∗

Xi > θk

]
=

∏
i∈T ∗

Pr[Xi > θk]

=
∏

i∈T ∗∩B

Pr[Xi > θk] ·
∏

i∈T ∗\B

Pr[Xi > θk]

≥
∏

i∈T ∗∩B

Pr[Xi > θk] · (Pr[Xd∗ > θk])|T ∗\B| (8)

≥
∏

i∈T ∗∩B

Pr[Xi > θ2k] ·
∏

i∈B′′\T ∗

Pr[Xi > θ2k] (9)

≥
∏
i∈B

Pr[Xi > θ2k] = Pr
[
min
i∈B

Xi > θ2k

]
(10)

(8) follows from the definition of d∗. (10) just uses that T ∗ ∩ B and B′′ \ T ∗ are disjoint
subsets of B. The key step above is (9), which we prove using two cases:

Suppose that T ∗ \ B = ∅. Then, using θk ≤ θ2k we obtain Pr[Xi > θk] ≥ Pr[Xi > θ2k],
which proves (9) for this case.
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Suppose that T ∗ \B ̸= ∅. In this case, d∗ is well-defined. We now claim that:

For each j = k + 1, · · · 2k, either b(j) ∈ T ∗ or Pr[Xb(j) > θ2k] ≤ Pr[Xd∗ > θk]. (11)

Indeed, consider any such j and suppose that b(j) ̸∈ T ∗. As d∗ is a valid choice for b(j),
the greedy rule implies:

Pr [Xd∗ > θj ] ≥ Pr
[
Xb(j) > θj

]
.

Further, using the fact that θk ≤ θj ≤ θ2k, we get

Pr [Xd∗ > θk] ≥ Pr [Xd∗ > θj ] ≥ Pr
[
Xb(j) > θj

]
≥ Pr

[
Xb(j) > θ2k

]
,

which proves (11). Let h denote the number of iterations j ∈ {k + 1, · · · 2k} where
b(j) ̸∈ T ∗. Note that h = |B′′| − |T ∗ ∩ B′′| = k − |T ∗ ∩ B′′| ≥ |T ∗ \ B|, where we used
|T ∗| = k. Using (11), it follows that Pr[Xi > θ2k] ≤ Pr[Xd∗ > θk] for all i ∈ B′′ \ T ∗.
Hence,

Pr[Xd∗ > θk]|T
∗\B| ≥ Pr[Xd∗ > θk]h ≥

∏
i∈B′′\T ∗

Pr[Xi > θ2k],

Combined with the fact that θk ≤ θ2k (as before), we obtain (9).

We are now ready to complete the proof. Using the SMQ stopping criterion and the fact
that π queries all the intervals in B within 2k iterations,

Pr[π finishes in 2k iterations] ≥ Pr
[
min
i∈B

Xi ≤ θ2k

]
= 1− Pr

[
min
i∈B

Xi > θ2k

]
.

Combined with (10),

Pr[π finishes in 2k iterations] ≥ 1− Pr
[

min
i∈T ∗

Xi > θk

]
= Pr

[
min
i∈T ∗

Xi ≤ θ

]
,

where we use the definition θ = θk. ◀

2.2 Finding the minimum interval
In this section, we consider the SMQI problem, where the goal is to identify an interval
that is guaranteed to be a δ-minimizer. Unlike the previous SMQ setting (where we find
a δ-minimum value), for SMQI we just want to identify some interval i∗ ∈ N such that
Xi∗ ≤ MIN + δ. Recall that MIN = mini∈N Xi. It is important to note that the interval
i∗ may not have been queried. It is easy to see that any SMQ policy is also feasible to
SMQI. Indeed, by the stopping rule (1) for SMQ, the δ-minimum value returned is always
the minimum value of a queried interval: so we also identify i∗. However, an SMQI policy
may return an interval i∗ without querying it. So the optimal value of SMQI may be smaller
than SMQ.

Remark. We note that the optimal values of SMQ and SMQI differ by at most the maximum
query cost cmax. As noted above, the optimal SMQI value is at most that of SMQ. On the
other hand, the optimal SMQ value is at most the optimal SMQI value plus the cost to query
i∗. In the unit-cost setting, cmax = 1 and any policy has expected cost at least 1: so the
optimal values of SMQ and SMQI are within a factor two of each other. This immediately
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implies that Algorithm 1 is also an 8-approximation for unit-cost SMQI. In the rest of this
subsection, we will prove a stronger result, that Algorithm 1 is a 4-approximation for SMQI.
Apart from the improved constant factor, these ideas will also be helpful for SMQI with
general costs. We note that under general costs, the optimal SMQ and SMQI values may
differ by an arbitrarily large factor because cmax is not a lower bound on the optimal value.

Stopping criteria for SMQI. Consider any state, given by a subset S ⊆ N of queried r.v.s
along with their observations {xi}i∈S . There are two conditions under which the SMQI policy
can stop.

The first stopping rule is just the one for SMQ (1), which corresponds to the situation
that interval i∗ is queried. We restate this rule below for easy reference:

min
i∈S

xi ≤ min
j∈N\S

ℓj + δ. (12)

In this case, we return i∗ = arg mini∈S xi. We refer to this as the old stopping rule.
The second stopping rule handles the situation where an un-queried interval i∗ is returned.
For any i ∈ N , define the “almost prefix” set Pi := {j ∈ N \ i : ℓj < ri − δ}. Note that
either Pi or Pi ∪ i is a prefix of [n]. (As before, we assume that intervals are indexed by
increasing order of their left-endpoint, i.e., ℓ1 ≤ ℓ2 ≤ · · · ℓn.) The new rule is:

∃ i ∈ N such that Pi ⊆ S and min
j∈Pi

xj ≥ ri − δ. (13)

In other words, there is some interval i where (1) all intervals j ̸= i with left-endpoint
ℓj < ri − δ have been queried, and (2) the minimum value of these r.v.s is at least ri − δ.
In this case, we return i∗ = i (we may not know a δ-minimum value). We refer to this as
the new stopping rule. See Figure 5 for an example.

▶ Proposition 2.5. A policy for SMQI can stop if and only if either criterion (12) or (13)
holds.

X1

. .
.

Xi

ℓi
ri

. .
. Xn

xj ≥ ri − δ

for all j ∈ Pi

ri − δ

Figure 5 Illustration of new SMQI stopping criterion.

Our algorithm for SMQI with unit costs remains the same as for SMQ (Algorithm 1).
The only difference is in the new stopping criterion (described above). Recall that π is the
permutation used by our non-adaptive policy. When it is clear from the context, we will
also use π to denote our SMQI policy that performs queries in the order of π until stopping
criteria (12) or (13) applies.
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▶ Theorem 2.6. The non-adaptive policy π is a 4-approximation algorithm for SMQI.

We now prove this result. Let σ denote an optimal adaptive policy for SMQI. For any
k ≥ 1, we will show:

Pr[σ finishes in k queries] ≤ Pr[π finishes in 2k iterations]. (14)

This would suffice to prove the 4-approximation, exactly as in Theorem 2.2.
In order to prove (14), we fix some k ≥ 1. As in the previous proof, let θ = θk = ℓk+1 + δ

and let T ∗ be defined as in (4). To reduce notation, define the following events.

A1 : our policy π finishes within 2k iterations due to (12).

A2 : our policy π finishes within 2k iterations due to (13).

O1 : optimal policy σ finishes within k queries due to (12).

O2 : optimal policy σ finishes within k queries due to (13).

Handling the old stopping criterion. Let L denote the smallest un-queried left-endpoint
at the end of iteration 2k in π. Note that L is a deterministic value as π is a non-adaptive
policy. Moreover, L ≥ ℓ2k+1 as π would have queried the first 2k r.v.s. Let G be the event
that Xi > L + δ for all intervals i queried by π in its first 2k iterations. In other words, G is
precisely the event that stopping criterion (12) does not apply at the end of iteration 2k in
π, i.e., G = ¬A1. By Lemma 2.4,

Pr[¬G] = Pr [A1] ≥ Pr
[

min
i∈T ∗

Xi ≤ θ

]
.

Similarly, let G∗ be that event that Xi > θ for all intervals i in the first k queries of σ.
From the proof of Lemma 2.3, we obtain O1 ⊆ ¬G∗ and

Pr[¬G∗] ≤ Pr
[

min
i∈T ∗

Xi ≤ θ

]
.

Combining the above two inequalities, we have

Pr[¬G∗] ≤ Pr[¬G]. (15)

Handling the new stopping criterion. Let GA be the event that Xj > L + δ for all r.v.s
j ∈ N . Similarly, let G∗

A be the event that Xj > θ for all j ∈ N . Clearly,

Pr [A2 | G] = Pr [A2 | GA] and Pr [O2 | G∗] = Pr [O2 | G∗
A] . (16)

We will now prove that

Pr [A2 | GA] ≥ Pr [O2 | G∗
A] . (17)

If σ finishes due to (13) in k queries then Pi∗ ⊆ [k + 1]: otherwise |Pi∗ | > k which contradicts
with the fact that all r.v.s in Pi∗ must be queried. Let R = {i ∈ N : Pi ⊆ [k + 1]} be all such
intervals. It now follows that the event O2 (which corresponds to policy σ) is a subset of the
event

E :=
∨
i∈R

(∧j∈Pi
(Xj ≥ ri − δ)) . (18)

Note that E is independent of the policy: it only depends on the realizations of the r.v.s (and
doesn’t depend on whether/not an interval has been queried).
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Moreover, our policy π queries all the r.v.s in [2k] ⊇ [k + 1] within 2k iterations. So, for
all i ∈ R, the r.v.s in Pi ⊆ [k + 1] are queried by π in 2k iterations. Hence, event A2 (which
corresponds to policy π) contains event E .

Recall that the event GA (resp. G∗
A) in policy π (resp. σ) means that every r.v. is more

than L + δ (resp. θ). Also, θ ≤ L + δ, which means

Pr[Xj ≥ u|Xj > L + δ] ≥ Pr[Xj ≥ u|Xj > θ], ∀u ∈ R,∀j ∈ N.

In other words, for any j ∈ N , if Yj (resp. Zj) is the r.v. Xj conditioned on GA (resp. G∗
A)

then Yj stochastically dominates Zj .2 Note also that the r.v.s Yjs (resp. Zjs) are independent.
Using the fact that event E corresponds to a monotone function, we obtain:

▶ Lemma 2.7. Let {Yj : j ∈ N} and {Zj : j ∈ N} be independent r.v.s such that Yj

stochastically dominates Zj for each j ∈ N . Then, Pr[E(Y1, ..., Yn)] ≥ Pr[E(Z1, ..., Zn)] where
event E is a function of independent r.v.s as defined in (18).

Proof. It suffices to prove the following.

Pr[E(Y1, ..., Yk, Zk+1, ..., Zn)] ≥ Pr[E(Y1, ..., Yk−1, Zk, ..., Zn)], ∀k ∈ [n].

Note that the r.v.s above only differ at position k. To keep notation simple, for any j ∈ [n]\k

let X ′
j = Yj if j < k and X ′

j = Zj if j > k. So, we need to show Pr[E(X ′, Yk)] ≥ Pr[E(X ′, Zk)].
We condition on the realizations of the X ′ r.v.s. For each j ∈ [n]\k let tj denote the realization
of the r.v. X ′

j . Having conditioned on these r.v.s, the only randomness is in Yk and Zk. We
will show:

Pr [E(X ′, Yk)|X ′ = t] ≥ Pr [E(X ′, Zk)|X ′ = t] . (19)

Using the definition of the event E from (18), let R(t) = {i ∈ R : k ∈ Pi and tj >

ri−δ for all j ∈ Pi \k}. In other words, R(t) ⊆ R corresponds to those “clauses” in (18) that
have not evaluated to true or false based on the realizations {X ′

j = tj : j ∈ [n] \ k}. If there
is some clause in (18) that already evaluates to true (based on t) then E holds regardless of
Yk or Zk. So, (19) holds in this case (both terms are one). Now, we assume that no clause
in (18) already evaluates to true. We can write

{E(X ′, Yk)|X ′ = t} =
∨

i∈R(t)

(Yk ≥ ri − δ) = {Yk ≥ f} ,

where f = mini∈R(t) ri − δ is a deterministic value.3 Similarly, we have

{E(X ′, Zk)|X ′ = t} = {Zk ≥ f} .

Using the fact that Yk (resp. Zk) is independent of X ′ and that Yk stochastically dominates
Zk,

Pr [E(X ′, Yk)|X ′ = t] = Pr[Yk ≥ f ] ≥ Pr[Zk ≥ f ] = Pr [E(X ′, Zk)|X ′ = t] .

This completes the proof of (19). De-conditioning the X ′ r.v.s, we obtain Pr[E(X ′, Yk)] ≥
Pr[E(X ′, Zk)] as desired. ◀

Using Lemma 2.7, we obtain Pr[E|GA] ≥ Pr[E|G∗
A], which proves (17). Combined with

(16),

Pr [A2 | G] ≥ Pr [O2 | G∗] . (20)

2 We say that r.v. Y stochastically dominates Z if Pr[Y ≥ u] ≥ Pr[Z ≥ u] for all u ∈ R.
3 If R(t) = ∅ then we set f = ∞.
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Wrapping up. We have

Pr[A1 ∨ A2] = Pr[A1] + Pr[A2 ∧ ¬A1] = Pr[¬G] + Pr[A2 ∧ G]
= Pr[¬G] + Pr[A2|G] · Pr[G] = 1− (1− Pr[A2|G]) · Pr[G]
≥ 1− (1− Pr[O2|G∗]) · Pr[G∗] by (15) and (20)
= Pr[¬G∗] + Pr[O2 ∧ G∗]
≥ Pr[O1] + Pr[O2 ∧ ¬O1] using O1 ⊆ ¬G∗

= Pr[O1 ∨ O2].

This completes the proof of (14) and the theorem.

3 Algorithm for General Costs

We now consider the SMQ problem with non-uniform query costs. The high-level idea is
similar to the unit-cost case: interleaving the two greedy criteria of smallest left-endpoint
and highest probability of stopping. However, we need to incorporate the costs carefully. To
this end, we use an iterative algorithm that in every iteration g, makes a batch of queries
having total cost about 2g. (In order to optimize the approximation ratio, we use a generic
base y for the exponential costs.)

We extend the algorithm and analysis in this section to get a 7.47 approximation for the
SMQI with non-uniform costs in [2].

For any subset S ⊆ N , let c(S) :=
∑

j∈S cj denote the cost of querying all intervals in S.
Again, we renumber intervals so that ℓ1 ≤ ℓ2 ≤ · · · ℓn.

▶ Definition 3.1. For any g ≥ 0, let Tg be the maximal prefix of intervals having cost at
most yg.

Algorithm 2 Double Greedy for General Cost.

1: Let ℓ∗ = minj∈N ℓj , m∗ = R := minj∈N rj , and π ← ∅.
2: for g = 0, 1, 2, · · · do ▷ iteration
3: Query intervals Tg \ π and update list π ← π ◦ Tg.
4: Update ℓ∗ = minj∈N\π{ℓj} and let threshold θg = ℓ∗ + δ.
5: Compute a (1, 1 + ϵ) bicriteria approximate solution Ug for:

p∗
g = min

T ⊆N\π

{
Pr

[
min
j∈T

Xj > θg

]
: c(T ) ≤ yg

}
. (KP)

6: Query intervals Ug and update list π ← π ◦ Ug.
7: Update ℓ∗ = minj∈N\π{ℓj} and m∗ = min

{
m∗, minj∈Tg∪Ug

Xj

}
.

8: if m∗ − ℓ∗ ≤ δ then stop.

The complete algorithm is given in Algorithm 2. The optimization problem (KP) solved
in Step 5 is a variant of the classic knapsack problem: in Theorem 3.2 we provide a (1, 1 + ϵ)
bicriteria approximation algorithm for (KP) for any constant ϵ > 0. In particular, this
ensures that c(Ug) ≤ yg(1 + ϵ) and

Pr
[

min
j∈Ug

Xj > θg

]
≤ p∗

g.

Note that the left-hand-side above equals
∏

j∈Ug
Pr[Xj > θg] as all r.v.s are independent.
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▶ Theorem 3.2. Given discrete random variables {Xi}n
i=1 with costs {ci}n

i=1, budget d

and threshold θ ∈ R, there is an nO(1/ϵ) time algorithm that finds T ⊆ N such that
Pr [minj∈T Xj > θ] ≤ p∗ and c(T ) ≤ (1 + ϵ)d, for any ϵ > 0. Here,

p∗ = min
T ⊆N

{
Pr

[
min
j∈T

Xj > θ

]
: c(T ) ≤ d

}
. (*)

The proof of Theorem 3.2 is presented in [2].
Furthermore, just like Algorithm 1, we can view Algorithm 2 as first computing the

permutation π (without querying) and then performing queries in that order until the stopping
criterion. So, our algorithm is a non-adaptive policy and our analysis also upper-bounds the
adaptivity gap.

3.1 Analysis
We use σ to denote the optimal (adaptive) policy and π to denote our non-adaptive policy.

▶ Definition 3.3. For any g ≥ 0, let

og := Pr[σ does not finish by cost yg].

Similarly, for our policy we define

vg := Pr[π does not finish by iteration g].

We also define σg to be the optimal policy truncated at cost yg, i.e., the total cost of queried
intervals is always at most yg. Similarly, we define πg to be our policy truncated at the end
of iteration g.

The key part of the analysis lies in relating the non-stopping probabilities og and ag in the
optimal and algorithmic policies: see Lemma 3.5. Our first lemma bounds the (worst-case)
cost incurred in g iterations of our policy.

▶ Lemma 3.4. The cost of our policy until the end of iteration g is

c(πg) ≤ (1 + ϵ)
(

1 + y

y − 1

)
yg.

Proof. We handle separately the costs of intervals queried in Steps 3 and 6. The total cost
incurred in Step 3 of the first g iterations is c(Tg) ≤ yg: this uses ∪g

k=0Tk = Tg because Tg

are prefixes. The total cost due to Step 6 can be bounded using a geometric series:

g∑
k=0

c(Uk) ≤ (1 + ϵ)
g∑

k=0
yk = (1 + ϵ) · yg+1 − 1

y − 1 .

The inequality above is by the cost guarantee for (KP). The lemma now follows. ◀

▶ Lemma 3.5. For all g ≥ 0, we have ag ≤ og.

Proof. Recall that σg denotes the optimal policy truncated at cost yg. We let L(σg) =
minj∈N\σg

{ℓj} be the smallest un-queried left-endpoint: this is a random value as σg is
adaptive. In the algorithm, consider iteration g and let L(Tg) = minj∈N\Tg

{ℓj}; note that
the threshold θg ≥ L(Tg) + δ in Step 4. Let π′ = πg−1 ◦ Tg denote the list after Step 3 in
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iteration g. Note that the optimization in (KP) of iteration g is over T ⊆ N \ π′, which
yields Ug. Also, πg = π′ ∪ Ug.

og = Pr [OPT does not finish within cost yg]

= Pr
[

min
j∈σg

Xj > L(σg) + δ

]
≥ Pr

[
min
j∈σg

Xj > L(Tg) + δ

]
(21)

≥ Pr
[

min
j∈σg

Xj > θg

]
= 1− Pr

[
min
j∈σg

Xj ≤ θg

]
(22)

≥ 1− max
T ⊆N,c(T )≤yg

Pr
[
min
j∈T

Xj ≤ θg

]
= min

T ⊆N,c(T )≤yg
Pr

[
min
j∈T

Xj > θg

]
(23)

= min
T ⊆N,c(T )≤yg

∏
j∈T

Pr [Xj > θg] ≥
∏

j∈π′

Pr[Xj > θg] · min
T ⊆N\π′,c(T )≤yg

∏
j∈T

Pr[Xj > θg]

(24)

=
∏

j∈π′

Pr[Xj > θg] · p∗
g = Pr

[
min
j∈π′

Xj > θg

]
· p∗

g (25)

≥ Pr
[
min
j∈π′

Xj > θg

]
· Pr

[
min
j∈Ug

Xj > θg

]
= Pr

[
min
j∈πg

Xj > θg

]
≥ vg (26)

The equality in (21) is given by the definition of L(σg) and the stopping rule. The inequality
in (21) uses the fact that L(σg) ≤ L(Tg) always, which in turn is because σg has cost at most
yg and Tg is the maximal prefix within this cost. The inequality in (22) uses θg ≥ L(Tg) + δ.
The inequality in (23) is by Proposition 1.2: we view σg as a feasible adaptive policy for
the fixed-threshold problem with threshold θg and budget yg. The equality in (24) follows
from independence of the random variables. The first equality in (25) uses the definition
of p∗

g from (KP) and independence. The first inequality in (26) uses the choice of Ug and
Theorem 3.2. The equality in (26) is by πg = π′ ∪Ug. To see the last inequality in (26), note
that if minj∈πi

{Xj} ≤ θg then π finishes by iteration g. ◀

In Lemma 3.6 we lower bound the expected cost of the optimal policy. Let cexp(π) and
cexp(σ) denote the expected cost of our greedy policy and the optimal policy, respectively.

▶ Lemma 3.6. For any base y ≥ 1, we have
∑

g≥0 yg · og ≤ y
y−1 cexp(σ)− 1

y−1 .

Proof. Let Z denote the random variable that represents the cost of the optimal policy
σ: so cexp(σ) = E[Z]. Let 1(Z > yg) be the indicator variable for when Z > yg; so
E[I(Z > yg)] = og. We now show that:∑

g≥0
yg · 1(Z > yg) ≤ y

y − 1Z − 1
y − 1 (27)

To see this, suppose that yk < Z ≤ yk+1 for some integer k ≥ 0. Then the left-hand-side of
(27) equals

k∑
g=0

yg = yk+1 − 1
y − 1 ≤ Z

y

y − 1 −
1

y − 1 ,

which proves (27). Taking the expectation of (27) proves the lemma. ◀

▶ Theorem 3.7. There is a (3 + 2
√

2 + ϵ)-approximation for the SMQ problem with general
costs.

ICALP 2025



8:16 Identifying Approximate Minimizers Under Stochastic Uncertainity

Proof. By Lemma 3.4, we have cexp(π) ≤ (1 + ϵ)
(

1 + y
y−1

) ∑
g≥1 yg(vg−1 − vg). Now,∑

g≥1
yg(vg−1 − vg) = v0 + (y − 1)

∑
g≥0

ygvg ≤ 1 + (y − 1)
∑
g≥0

ygog (28)

≤ 1 + (y − 1)
∑
g≥0

ygog ≤ 1 + y · cexp(σ)− 1 = y · cexp(σ) (29)

The inequality in (28) is by Lemma 3.4 and v0 = 1. The first inequality in (29) uses y ≥ 1
and the second inequality is by Lemma 3.6.

Hence, we obtain cexp(π) ≤ (1 + ϵ)y ·
(

1 + y
y−1

)
· cexp(σ). Now, optimizing for y, we

obtain the stated approximation ratio. ◀
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A Multiplicative Precision

Given an instance with non-negative r.v.s {Xi}n
i=1 and multiplicative precision α ≥ 1, consider

a new instance of SMQ with r.v.s {X ′
i := ln(Xi)}n

i=1 and additive precision δ := ln α. Note
that

MIN′ =
n

min
i=1

X ′
i =

n
min
i=1

ln(Xi) = ln
( n

min
i=1

Xi

)
= ln(MIN).

An α-approximately minimum value W for the original instance satisfies MIN ≤W ≤ α ·MIN,
where MIN = minn

i=1 Xi. Then, VAL = ln(W ) satisfies MIN′ = ln(MIN) ≤ VAL ≤ ln(MIN) +
ln α = MIN′ + δ, i.e., VAL is a δ-minimum value for the new instance. Similarly, if VAL is
a δ-minimum value for the new instance then W := eVAL is an α-approximately minimum
value for the original instance.

B Bad Example for Competitive Ratio

We provide an example that rules out any reasonable competitive ratio bound for SMQ and
SMQI with precision δ > 0. This is in sharp contrast to the corresponding problem with
exact precision (δ = 0) for which a constant competitive ratio is known [21]. We note that
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results in the online setting assume open intervals, which in our setting (with discrete r.v.s)
corresponds to all left-endpoints being distinct.4 The benchmark in the online setting is the
hindsight optimum, which is the minimum number (or cost) of queries that are needed to
verify a δ-minimum value conditioned on the realizations {xi}n

i=1 of the r.v.s.
Consider an instance with n r.v.s with Pr[Xi = i] = ln n

n and Pr[Xi = n2] = 1− ln n
n for

all i ∈ [n]. All costs are unit and the precision δ = n. We refer to the values {1, 2, · · ·n} as
low values: note that any low value is a δ-minimum value for this instance.

We first consider the hindsight optimum. If any of the n r.v.s (say k) realizes to a low
value then verifying the δ-minimum value just requires querying k, which has cost 1. On the
other hand, the probability that none of the n r.v.s realizes to a low value is

(
1− ln n

n

)n ≤ 1
n :

in this case the optimal verification cost is n (querying all r.v.s). So the expected optimal
cost is at most 2.

Now, consider an SMQ policy: this does not know the realizations. It is easy to see that
the only way to stop querying is when some low value is observed (or all n r.v.s are queried).
So, the expected cost of any policy is at least n

ln n . Hence the competitive ratio for SMQ is
Ω( n

ln n ).

4 Alternatively, our example can be modified into one with open intervals where the competivity ratio is
still Ω̃(n).
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