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—— Abstract

A permutation graph is the intersection graph of a set of segments between two parallel lines. In

other words, they are defined by a permutation m on n elements, such that v and v are adjacent if
an only if u < v but w(u) > m(v). We consider the problem of computing the distances in such a
graph in the setting of informative labeling schemes.

The goal of such a scheme is to assign a short bitstring ¢(u) to every vertex u, such that the
distance between u and v can be computed using only £(u) and £(v), and no further knowledge about
the whole graph (other than that it is a permutation graph). This elegantly captures the intuition
that we would like our data structure to be distributed, and often leads to interesting combinatorial
challenges while trying to obtain lower and upper bounds that match up to the lower-order terms.

For distance labeling of permutation graphs on n vertices, Katz, Katz, and Peleg [STACS 2000]
showed how to construct labels consisting of O(log?n)* bits. Later, Bazzaro and Gavoille [Discret.
Math. 309(11)] obtained an asymptotically optimal bound by showing how to construct labels
consisting of 9logn + O(1) bits, and proving that 3logn — O(loglogn) bits are necessary. This
however leaves a quite large gap between the known lower and upper bounds. We close this gap by
showing how to construct labels consisting of 3logn + O(1) bits.
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1 Introduction

A geometric intersection graph is a graph where each vertex corresponds to an object in the
plane, and two such vertices are adjacent when their corresponding objects have non-empty
intersection. Usually, one puts some restriction on the objects, for example they should be
unit disks. The motivation for such a setup is twofold. First, it allows for modelling many
practical problems. Second, it leads to nice combinatorial questions. This is a large research
area, and multiple books/survey are available [21,36,42,46] (to name just a few).

In this paper, we are interested in one of the most basic classes of geometric intersection
graphs, namely permutation graphs. A permutation graph is the intersection graph of a set
of segments between two parallel lines. An alternative (and more formal) definition is as
follows. A graph G = (V, E), where V = {1,2,...,n}, is a permutation graph when there
exists a permutation 7 on n elements, such that v and v are adjacent exactly when u < v
but w(u) > m(v). See Figure 1 for a small example.
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Figure 1 Permutation graph described by m = 18326475. To the right is its representation as an
intersection graph of line segments whose endpoints lie on two parallel lines.

Permutation graphs admit a few alternative definitions. For example, G is a permutation
graph if and only if both G and its complement are comparability graphs [23]. Alternatively,
they can be defined as comparability graphs of two-dimensional posets [10]. From the
algorithmic point of view, the motivation for studying such graphs is that they can be
recognised in linear time [41], and multiple problems that are computationally difficult on
general graphs admit efficient algorithms on permutation graphs [17,18,43]. In this paper,
we consider constructing a distributed data structure capable of efficiently reporting the
distance between two given vertices of a permutation graph.

Informative labeling schemes. We work in the mathematically elegant model of informative
labeling schemes, formally introduced by Peleg [48]. Such a scheme is meant to represent
graphs in an extremely distributed way. Instead of storing a single global data structure, a
scheme assigns to each vertex v of a given graph a binary string ¢(v), called a label. Later,
given the labels of two vertices (and no additional information about the graph), we should
be able to compute some fixed function on those two vertices.

In the context of informative labeling schemes, the first function that one usually considers
is adjacency, where we simply want to decide whether the two vertices in question are
neighbours in the graph. As observed by Kannan, Naor, and Rudich [37], this is equivalent to
finding a so-called vertex-induced universal graph, and predates the more general notion of
informative labeling schemes. Non-trivial adjacency labeling schemes have been constructed
for many classes of graphs, for example undirected, directed, and bipartite graphs [9], graphs
of bounded degree [22], trees [5], planar graphs [14,20], comparability graphs [13], or general
families of hereditary graphs [15,33]. In every case, the length of each individual label is
much smaller than the size of a centralised structure, often by a factor close to O(n), i.e., we
are able to evenly distribute the whole adjacency information. Other functions considered in
the context of informative labeling schemes are ancestry in trees [25,31], routing [24, 30, 50]
or connectivity [39]. However, from the point of view of possible applications, the next most
natural question is that of distance labelings, where given labels of two vertices we need to
output the exact distance between them in a graph. This properly generalises adjacency and
usually needs much longer labels.

Distance labelings. The size of a labeling scheme is defined by the maximum length of
any label assigned by the encoder. If not stated otherwise, all graphs are unweighted and
undirected, and consist of n vertices. For general undirected graphs, Alstrup, Gavoille,
Halvorsen, and Petersen [7] constructed distance labeling of size (log3)n/2 4 o(n), while the
known lower bound is [n/2] bits. Alstrup, Dahlgaard, Knudsen, and Porat [6] describe a
slightly sublinear o(n)-bits labeling for sparse graphs. In case of planar graphs, scheme of size
O(y/n) bits is presented by Gawrychowski and Uznanski [32], and the known lower bound
is Q(n'/3) bits. Shur and Rubinchik [49] designed a scheme using n'-®/v/6 + O(n) distinct
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labels for families of cycles, against a lower bound of Q(n*/?) [40]. For trees, we do not need a
polynomial number of bits, as they can be labeled for distances using only 1/4 log? n—}—o(log2 n)
bits as shown by Freedman, Gawrychowski, Nicholson, and Weimann [26], which is optimal
up to the second-order terms [8]. Of course, the interesting question is to find natural classes
of graphs that admit small distance labeling schemes.

Distance labeling for permutation graphs. Katz, Katz and Peleg [38] presented distance
labeling scheme of size (9(log2 n) for interval and permutation graphs. This was improved by
Gavoille and Paul to 5logn distance labeling for interval graphs [28], with a lower bound of
3logn—0O(loglogn). Very recently, He and Wu [35] presented a tight 3logn+loglogn+O(1)
distance labeling for interval graphs. For connected permutation graphs, Bazzaro and Gavoille
in [11,12] showed a distance labeling scheme of size 9logn + O(1), and a lower bound of
3logn — O(loglogn). As noted in their work, this is especially interesting as there are very
few hereditary graph classes that admit distance labeling schemes of size o(log2 n). As our
main result, we close the gap between the lower and upper bounds on the size of distance
labeling for permutation graphs, by showing the following theorem.

» Theorem 1. There is a distance labeling scheme for connected permutation graphs with n
vertices using labels consisting of 3logn 4+ O(1) bits. The distance decoder has constant time
complexity, and the labels can be constructed in polynomial time.

We note that if the graph is not necessarily connected, a black-box modification allows for

extending our scheme at the expense of increasing the size of each label to 3log n+O(loglogn).

On constants. We stress that in the area of informative labeling scheme, it is often relatively
easy to obtain asymptotically optimal bounds on the size of a scheme, and the real challenge
is to determine the exact constant for the higher-order term. This has been successfully done
for multiple classes, e.g. distance labeling for trees, where O(log? n) [47] was first improved to
1/21og?n [8] and then 1/41log® n+ o(log® n) [26], optimal up to second-order term. Adjacency
labeling for planar graphs is a particularly good example, with the first scheme having a
size of 6logn based on [45], then 4logn [37], (2 + o(1))logn [27], (4/3 4+ o(1)) logn [14],
finally logn + O(y/lognloglogn) [20] and logn + O(y/logn) [29], the last two being optimal
up to the second order terms. For adjacency in bounded-degree graphs with odd A, initial
(A/2+41/2)logn + O(1) [16] was improved to (A/2+ 1/2 —1/A)logn + O(loglogn) [22]
and then to optimal (A/2)logn + O(1) [4]. In the case of adjacency labelings for general
undirected graphs, starting with the classical result presenting labels of size n/2+O(logn) [44],
n/2+ O(1) [9] and n/2 + 1 [3] labelings were constructed. Similar sharply optimal labelings

were shown also for directed graphs, tournaments, bipartite graphs, and oriented graphs.

Finally, the first described ancestry labeling schemes for trees was of size 2logn [37], and then
(3/2)logn [1], log n+O(log n/ loglog n) [50], log n+O(y/log n) [1], log n+4log log n+O(1) [25],
logn 4+ 2loglogn+ O(1) [19] schemes were provided, achieving optimality up to second-order
terms.

Related works. The challenge of designing labeling schemes with short labels is related to
that of designing succinct data structures, where we want to store the whole information
about the input (say, a graph) using very few bits, ideally at most the information theoretical
minimum. This is a rather large research area, and we only briefly describe the recent results
on succinct data structures for the interval and permutation graphs. Tsakalidis, Wild, and
Zamaraev [51] described a structure using only nlogn + o(nlogn) bits (which is optimal)
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capable of answering many types of queries for permutation graphs. They also introduce the
concept of semi-distributed representation, showing that for distances in permutation graphs
it is possible to store a global array of size O(n) bits and labels consisting of only 2logn
bits, offering a mixed approach which can overcome 3logn lower bound for distance labeling.
For interval graphs, a structure using nlogn + O(n) bits (which is again optimal) is known
([2] and [34]).

2 Overview and Organisation

In Section 3, we present basic definitions concerning labeling schemes and permutation graphs.
Then, in Section 4, we build on the methods of Gavoille and Paul [28], as well as of Bazzaro
and Gavoille [11,12], to design a distance labeling scheme for connected permutation graphs
on n vertices with each label consisting of 5logn + O(1) bits. Finally, we briefly sketch how
to further improve on this construction and obtain labels consisting of 3logn + O(1) bits in
Section 5, with the details described in the full version of this paper.

From now on, we represent the permutation graph as a set of points in the plane, where
two points (two vertices) are adjacent when one is above and to the left of the other.

The first thing we need to notice when considering distances is the presence of two
boundaries in such a representation. We say that the top boundary is formed by points with
empty (containing no other points) top-left (north-west) quadrant, and bottom boundary
by points with empty bottom-right (south-east) quadrant. Points on the boundaries are
especially important, as it can be seen that for any pair of points, there is a shortest path
between them with all internal points of the path being on the boundaries. As the set of all
boundary points forms a bipartite graph, such shortest path strictly alternates between the
boundaries.

We can also observe that for a point v not on a boundary, there are four boundary points
of special interest for it, see Figure 2. These are pairs of extreme points on both boundaries
among all the points adjacent to v. Any shortest path from v to u with distance d(v,u) > 2
can have as the second point one of these special points for v, and as the penultimate point
one of the special points for u. We need to handle distances 1 and 2 separately, but otherwise,
this means it is enough to be able to compute distances between the boundary points.

Figure 2 Green points form the bottom boundary, red points form the top boundary. v is not
on the boundary, orange lines show its quadrants. For v, there are four points of special interest,
extreme neighbours on both boundaries.
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If we can build a distance labeling scheme only for the boundary points, and store the
labels of the special points efficiently, we can obtain a good distance labeling scheme for the

whole graph. This is possible as the boundaries are highly structured, in particular ordered.

[12] views the two boundaries as two proper interval graphs, and deals with them using the
methods from [28]. An interval graph is proper when no interval is completely contained in
another one. [28] first partition vertices of a proper interval graph into distance layers, by
distances to the vertex representing the leftmost interval. Let us denote the layer number of
vertex u by L(u). It can be seen that for any two vertices u, v in an interval graph we have
either d(u,v) = |L(u) — L(v)| or d(u,v) = |L(u) — L(v)| + 1. Then the following lemma is
used [28]:

» Lemma 2. There exists a total ordering A of vertices of proper interval graph such that given
A(v), Mu) and layer numbers L(u) < L(v) for two vertices u,v, we have d(u,v) = L(v) — L(u)
if and only if AM(u) > A(v).

In other words, we can assign to each vertex v just two numbers L(v), A(v), and then
still be able to determine the exact distances. Going back to permutation graphs, when we
view two boundaries as proper interval graphs, it is possible to obtain a straightforward
distance labeling for permutation graphs using 20logn bits, where the big constant is due to
storing many distance labels for interval graphs completely independently. Then the authors
were able to reduce labels to 9logn bits, after eliminating many redundancies in the stored
sub-labels.

Figure 3 Boundary points partitioned into layers. r,¢ are on the top boundary, but in layers 2
and 6. For any two points in layers a and b, the distance between them is always either |a — b| or
|a — b] + 2; here, d(r,t) = 4. v is not on the boundary, and any such point can be adjacent to points
from at most three different layers.

In this paper, we show that working with both boundaries at once can yield better results.

To this end, we modify the methods of Bazzaro and Gavoille and then carefully remove even
more redundancies. First, we partition points on both boundaries into layers, defined by
distances from some initial point, see Figure 3. As we use distances from a single point to
define layers, the distance between any two boundary points is a difference of their layer
numbers, or this difference increased by two. It can be shown that again some ordering A
can be used, and storing it takes around logn bits for each boundary point.
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As a single point is adjacent to at most three layers, layer numbers of four special points
are easy to store, and we could achieve labeling of length (2+1+4)logn+O(1) = Tlogn+O(1)
by storing for each point respectively its 2D coordinates, layer numbers of neighbours packed
into logn + O(1) bits, and four A values for extreme neighbours, in order to compute the
distances between the boundary points. This can be reduced to 5logn + O(1) by dealing
with distances 1 and 2 more carefully, allowing us to not store point coordinates explicitly.
All of the above is described in Section 4.

After additional analysis and reductions laid out in the full version of the paper, we can
improve the length to 3logn + O(1). This is since, roughly speaking, one can collapse the
information stored for two pairs of extreme boundary neighbours into just two numbers, due
to some properties of the graph and the layers. More precisely, we can observe that we store
excessive information about the set of four extreme neighbours. For a vertex v, two extreme
right points on both boundaries are used to reach points to the right of v, and extreme left
are used to reach points to the left. But we do not need the exact distance between points
to the left of v and the right extreme points, thus we have some possibility to adjust the
stored A values. Particularly, the main case is when A value of the right extreme point on
the bottom boundary is smaller than A value of the left extreme point on the top boundary;
it turns out that these two values can be (informally speaking) made equal and stored as
some single value in between the original values. The second pair of extreme points can be
dealt with in a similar manner, and then we need to ensure that all such adjustments did not
interfere with the correctness of deciding about distances 1 and 2, which behave differently
than distances larger than 2.

3 Preliminaries

Permutation graphs. Permutation graph G is a graph with vertices representing elements
of permutation 7, where there is an edge between two vertices if and only if the elements
they represent form an inversion in the permutation. See Figure 1. In [41] McConnell and
Spinrad show that it is possible to test in linear time whether a given graph is a permutation
graph, and also construct the corresponding permutation.

We will use a geometric (or ’grid’) representation of a permutation graph G, on n
vertices as a set of points with coordinates in [1,n], with point (i,7=1(i)) for each i € [1,n].
Considering a point p, we always denote its coordinates by p = (pg, py). Top-left quadrant
of point p, TL,, is a subset of points {v : v, < pgy A vy, > p,} from the graph. Similarly,
we have TR, (top-right), BL, (bottom-left) and BR,, (bottom-right) quadrants. Two points
are adjacent in the graph iff one is in TL or BR quadrant of the other. See Figure 4. We
have transitivity in a sense that if w € BR, and u € BR,,, then u € BR,; similarly for other
quadrants. By distance d(u,v) between two points we will mean distance in the graph.

We will assume that the given permutation graph is connected. It is standard to extend
our scheme to permutation graphs that are not necessarily connected at the expense of
increasing the size of each label by O(loglogn), for completeness we describe how at the end
of the paper. We note that for connected graphs of size at least two, no point could be on
both boundaries, as it would be isolated.

Labeling schemes. Let G be a family of graphs. A distance labeling scheme for G consists
of an encoder and a decoder. The encoder takes a graph G € G and assigns a label (binary
string) £(u) to every vertex u € V(G). The decoder receives labels £(u) and ¢(w), such
that u,w € V(G) for some G € G and u # w, and should report the exact distance d(u,w)
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Figure 4 Geometric representation of the graph from Figure 1, so the permutation is
[1,8,3,2,6,4,7,5]. Point (4, 6) is adjacent to (6,5) and (8,2), as these two points are in its bottom-right
quadrant, while top-left quadrant of (4,6) is empty.

between u and w in G. The decoder is not aware of G and only knows that u and w come
from the same graph belonging to G. Note that the output of the decoder given labels of
vertices from two different graphs can be arbitrary. We are interested in minimizing the
maximum length of a label, that is, maxgeg max,cv(q) |¢(u)], as a function of n = |V (G)].

Organization of the labels. The final labels will consist of a constant number of parts (in
the final version of our scheme, there are three such parts), each of length logn + O(1). In
fact, from the construction it will be clear that we guarantee that the length of each part is
the same, as each of them is an integer number with possibly a constant number of additional
bits. This allows us to simply concatenate all the parts together in some predetermined
order. Then, given the concatenation, extracting all the parts is straightforward.

4  Scheme of Size 5logn + O(1)

In this section, we describe how to use the boundaries to design distance labeling with labels
of length 7logn 4+ O(1), and then how to refine it to reach 5logn + O(1).

4.1 Properties of Boundaries

For a set of points .S, we have its top boundary defined as a subset of points from S whose
top-left quadrants are empty, and bottom boundary as a subset of points whose bottom-right
quadrants are empty. See Figure 5. Observe that points on boundaries are ordered, that is,
for v and v on the same boundary, either u, > v, and u, > v, or u, < v, and uy < v,. We
use < to denote this relation on boundary points.

Boundaries are particularly useful when considering distances between points:

» Proposition 3. For any two points u,v at distance d, there is a path P = (u =
q0,91,42, - - -,qd = v) of length d such that all points except possibly u,v are on alternating
boundaries.

Proof. Take any shortest path P’ and any adjacent ¢; and ¢;+1 on P’, assume without loss
of generality that ¢;11 € TLy,. Suppose that g; 1 is not on the top boundary. We either have
gi+2 € Tlg, 41 or g2 € BRy, 1. Note that by transitivity if ¢;12 € TLy, ., then g2 € TL,
and we could have a shorter path by removing ¢;11. Thus, assume ¢;12 € BRy,,,. If ¢iy1
is not on the top boundary, then by definition there exists a boundary point ¢' € TL,,, ,,
and it must be that ¢;12 € BRy. This means that we could replace ¢;41 by ¢/, increasing

the number of points from the path lying on the boundary, and then repeat the argument.
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Figure 6 Path between two points alternating between top and bottom boundaries. It is not
beneficial to move through points not on boundaries.

Therefore, we have that all points except the first and last ones can always lie on boundaries.
See Figure 6 for an illustration. These must be alternating boundaries, as by definition no
two points on the same boundary are adjacent. |

We partition all points on the boundaries into layers, in the following way. Layer 0
consists of a single left-most point pg in the whole set S. Note that pg is on the top boundary.
Then, a boundary point is in a layer number i if its distance to pg is 7. By L(u) we denote
the layer number of u. See Figure 7 for some intuition, we will soon see that indeed layers are
always nicely structured, as pictured. Observe that in even layers, we have only points from
the top boundary, and in odd layers only from the bottom boundary, as points on a single
boundary are non-adjacent. Thus, points in a single layer are ordered, by both coordinates.

To determine the distance between boundary points, we use a method similar to the one
from the paper of Gavoille and Paul [28], precisely Theorem 3.8. This is also connected to
what Bazzaro and Gavoille [12] do in their work, but not identical, as they use bottom and
top boundaries separately, as two almost independent interval graphs.
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Figure 7 Layers on boundary points defined as distances from the leftmost point po. Black lines
represent which points are adjacent to (being in BR or TL) the last point in the layer.

» Lemma 4. There exists a total ordering \ of boundary points such that given A(v), AM(u)
and layer numbers L(u) < L(v) for two boundary points u,v, we have d(u,v) = L(v) —
if and only if A(u) > A(v).

Proof. As noted, points on both boundaries are ordered, and layers switch between bound-
aries, starting with layer 0 containing just a single left-most point from the top layer. Say
ordered points on the top layer are tg,t1,to,.... We prove that there exist strictly increasing
numbers ig = 0,2, 14, . .. such that layer 0 consists of ¢y, and then any layer 2k consists of
consecutive points t,,, ,+1,.-.,ti,,. Similarly, for points bg, by, ... on bottom layer, there
exists numbers i1, i3, ... defining analogous ranges. Denote by last(q) the last point (with
largest coordinates) in layer ¢q. We prove by induction, in a given order, some intuitive
properties (focusing without loss of generality on an odd layer):

» Proposition 5. All of the following holds:

1. All points from layer 2k + 1 are to the right of all points from layer 2k (and all points
from layer 2k are above layer 2k — 1).

2. All points from layer 2k + 1 are adjacent to last(2k).

Layer 2k + 1 is formed by consecutive points by, _ 41, .., big -

4. Ordered points from layer 2k are adjacent to increasing prefizes of the sequence of points
bigj_1 415+ bigy - This means that, firstly, any point t; with L(t;) = 2k is adjacent

w

exactly to points bi,, ,41,...,bq from layer 2k 4+ 1, for some q < ior11. Secondly, for
tjr1 with L(tj41) = 2k, tj41 is adjacent to points by, ,11,...,b, with g <.

Proof. The properties for layer 2k 4+ 1 = 1 are apparent, except for the third point, which
can be done as in the induction step. Now consider layer 2k + 1. As all points from layer 2k
are adjacent to last(2k — 1), meaning they are in TLjase(2x—1), all these points are to the left
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of points from layer 2k + 1. Moreover, the last point in layer 2k has the largest y coordinate,
thus if any point from layer 2k + 1 is adjacent to some point from layer 2k, then it is also
adjacent to last(2k). This gives us the first two properties.

Layer p+1 16
‘ o
°15 14
.4 :
18 ®2
. .
°13 °17
12
g 85 o1f
s ° Layer p
o °5
24 o1 3
[ )
[ )
20 19

Figure 8 Considering layers p and p + 1, a point with A value of 1 is not adjacent to any point
from layer p 4+ 1, an empty prefix. The point with value 3 is adjacent to just point with value 2, so
range [2,2]. 5 and 11 are adjacent to prefix [2,4]. 12 is adjacent to [2,15], and finally, 17 is adjacent
to all points from layer p + 1.

Now, by definition, if points b4, b, with r > ¢ are adjacent to some point v on the top
boundary, then all points by, bg+1, ..., b, are adjacent to v. Thus, if b;,, , 41 is adjacent to
last(2k), we get the third property. But it must be adjacent, as otherwise it would be above
last(2k), and then layer 2k + 1 would be empty. We can apply the above principles to any
point from layer 2k - it either neighbours the first point in layer 2k + 1 or no point from
this layer. This means any point from layer 2k neighbours prefix of points from layer 2k + 1
(possibly empty, possibly full layer). Moreover t;; is adjacent to the same points from layer
2k + 1 that t; is, and possibly more, as t;41 is above ¢;. See Figure 8. |

By the definition of layers, for points u, v, d(u,v) > |L(u)—L(v)|. If d(u,v) = |L(u)—L(v)|,
we say that there is a quick path between them. Going back to the statement of the lemma,
it says there exists an ordering A of boundary points such that there is a quick path between
two points exactly when relations between their A values and layer numbers are opposite.
We can create ordering A in the following greedy way: starting from A value of 1, always
assign current value to the lowest point in the lowest layer such that it is adjacent to no
points in the next layer without A values already assigned, then increment current value.
In other words, if we direct all edges from lower to higher layers, we repeatedly choose the
lowest (by layer) possible sink, assign to it the current value, and remove the sink from the
graph. This is always possible, at the extreme case we can always choose a point from the
highest layer containing points without assigned A value. See Figure 9 for an example.

For correctness, observe that when we choose v from layer k, for all layers larger than k
the last point with assigned value is adjacent to all points with assigned values in the next
layer. This is by the greedy procedure, as assume there is a layer j > k such that wu, the last
point with assigned value in layer j, is not adjacent to w, the last point with assigned value
in layer j + 1. It cannot be that A(w) < A(u), as w does not need to be processed by the
greedy procedure before choosing u. But A(w) > A(u) is also impossible by definition of the
procedure, since w cannot be processed at any moment after choosing u and before choosing
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Figure 9 Boundary points with their A values. The point with value 23 can reach point 12 using
five edges, by path 23-21-20-19-18-12. But 23 cannot reach 24 using two edges, it needs four.

v, as no other point from layer j was chosen between these events and procedure prioritises
lower layers. Now, using the above, we can observe that at the moment we assign value for
point v in layer k:
There are quick paths from v to all points with assigned values and in layers larger than
k. This is true by the choice of v and transitivity. It is given that v is adjacent to all
points in layer k£ + 1 with assigned values, then the last of these points is adjacent to all
points in layer k 4+ 2 with assigned values, and so on.
There are no quick paths from v to any point without assigned value in a layer larger
than k. This is clear from the greedy procedure, since points are chosen only when all
their neighbours from the next layer got assigned values. |

By Lemma 4, we are able to detect when quick paths exist, and to complete knowledge
about distances between boundary points we observe the following:

» Proposition 6. For any boundary points u,v with L(v) > L(u), d(u,v) is equal to either
L(v) — L(u) or L(v) — L(u) + 2.

Proof. First let us argue that d(u,v) < L(v) — L(u) +2. We observed last(7) is adjacent to all
points in layer ¢ + 1. Thus, (u, last(L(u) — 1), last(L(u)), last(L(u) + 1), ..., last(L(v) — 1),v)
is always a correct path with length L(v) — L(u) + 2. By definition of layers, d(u,v) cannot
be less than L(v) — L(u). Finally, by Proposition 3 there is a shortest path that alternates
between boundaries, so it cannot be of length L(v) — L(u)+1, as we cannot change parity. <
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To simplify our proofs, we will add some points to the original set. For each point v on
the bottom boundary and from the original input, we add point (v + €, v, — €). It is easy to
see that as such a point lies on the bottom boundary, adding it does not change distances
between any existing points, and it removes v from the bottom boundary. Then we normalise
the coordinates so that they are integers, increasing the range of numbers by some constant
factor. Similarly, for any original point v on top boundary, we add (v, — €, v, +€). What we
achieve is that after this change no point from the original input lies on the boundary, which
reduces the number of cases one needs to consider when assigning labels (only to the original
points).

Layer p  Tlast(v)| ®
L]

Tfirst(v)"--.,_.‘:‘- v Tfirst('L')."~..._“",v

o Layer p+1

: Bfirst(v) . Bfirst(v)

Figure 10 On the left: boundary points adjacent to v. Orange lines represent TL, and BR,. v is
adjacent to the two last points in layer p, one last point in layer p — 1, and the first five points in
layer p + 1. On the right: Two orange extreme neighbours are needed for paths to points in marked
TRy, and two purple ones for BL,.

Now let us focus on any point v not on the boundary. Assume v is adjacent to some
points from layers ¢ and j, j > i. It cannot be that j > ¢ 4+ 2, by definition of layers as
distances from pg. Thus, v is adjacent to points from at most three (consecutive) layers. We
note that v is adjacent to a consecutive segment of ordered points from any layer . Let us
denote by Bfirst(v) and Blast(v) the first and last points on the bottom boundary adjacent
to v and by Tfirst(v) and Tlast(v) the first and last points on the top boundary adjacent to
v. Consult Figure 10.

We can make easy observation on points at distance two:

» Proposition 7. For any two points u,v, d(u,v) < 2 is equivalent to
[Bfirst(u), Blast(u)] N [Bfirst(v), Blast(v)] # 0 or [Tfirst(u), Tlast(w)] N [Tfirst(v), Tlast(v)] # 0.

This is since by Proposition 3, we must have a path between u,v at distance two going
through a single point on the boundary. In the case of d(u,v) = 1, assume without loss of
generality that u € TL,, then [Tfirst(u), Tlast(u)] C [Tfirst(v), Tlast(v)], and ranges are never
empty.

Considering points at a distance of at least three, we have the following;:

» Lemma 8. For any two non-boundary points u,v with d(u,v) > 2 and u, < v, there is
a shortest path from u to v with the second point being either Blast(u) or Tlast(u) and the
penultimate point being either Bfirst(v) or Tfirst(v).
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Figure 11 We have d(u,v) = 2, even though all Bfirst(v), Blast(v), Bfirst(u), Blast(u) are different,
but their ranges do intersect. Moreover, there is a shortest path from w to s with the second point
being Blast(w) and the penultimate point being Tfirst(s).

Proof. We will prove the statement for the second point, as the penultimate point is
symmetric. By Proposition 3 there always exists a shortest path P with all but extreme
points lying on alternating boundaries, with P = (u = qo,q1,92; - - -, W, Qa(u,v) = v), SO we
denote the penultimate point by w.

Consider layer number of w. As d(u,v) > 2 and u, < v, it must be that v,w € TR, and
so L(w) > min(L(Tlast(u)), L(Blast(w))). If L(w) > max(L(Tlast(u)), L(Blast(u))), then by
Proposition 6 and Lemma 4 we can replace ¢; with Blast(u) or Tlast(u) (which have the
largest A values in their layers among neighbours of «), while keeping the length of P and
w as penultimate point. We are left with L(w) = min(L(Tlast(u)), L(Blast(u))). Assume
L(Blast(u)) > L(Tlast(u)), so L(w) = L(Tlast(u)) and also w > Tlast(u). Then w is adjacent
to last(L(w) — 1) € BR,, and thus also to Blast(u), so we can have ¢; = Blast(u). In other
case, we could similarly set ¢; = Tlast(u). Thus, we can always change ¢; to be Blast(u) or
Tlast(u), without changing w. <

We established ways to determine the distance between any points using distances
between specific boundary points. Additionally, observe that all conditions from Lemma 4
and Proposition 7 can be checked using just A values and layer numbers. That is, for u,v on
the same boundary we have u < v iff (L(u), A(u)) <jex (L(v), A(v)).

At this stage, we could create labels of length (24+4+1) log n+O(1) = 7log n+O(1), by stor-
ing for each point v coordinates vy, vy, and for all points of interest Bfirst(v), Blast(v), Tfirst(v),
and Tlast(v), their A\(-) and L(-) values. As a point is adjacent to at most three layers, all
four layer numbers can be stored on just logn + O(1) bits. Coordinates allow us to check
for distance 1, distance two is checked by using Proposition 7, and larger distances by
Proposition 6, Lemma 4 and 8.
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Figure 12 Four points added for a point v: v, and v, on bottom boundary, v+ and v, on top.
We have a property that whenever point u is adjacent to vy, it was already adjacent to Blast(v).

4.2 Auxiliary points

To better manage detecting points at distance 1 without explicitly storing coordinates, we
will add, for each point in the set S, four additional artificial points, two on each boundary.

» Definition 9. Consider v from the initial set and its bottom-right quadrant BR,. We add
two points vy, = (vy — €, Bfirst(v), — €) and vy = (Blast(v), + €, vy + €) to the set S of points.

See Figure 12. Then, we normalise the coordinates so that we still operate on a permutation
of natural numbers. This is repeated for all the initial points. First, we check that this
addition did not disturb the properties of the points too much:

» Lemma 10. All added points are on the bottom boundary. Moreover, for any two points
u,w € S, d(u, w) remains the same.

Proof. Considering the first property, we need to observe that when adding a point, its
bottom-right quadrant is empty. For v, it holds as the point is between Blast(v) and the
next point on the bottom boundary on both axes. Thus it changes the status of no point on
the bottom boundary and itself is on this boundary. We have a similar situation with wvy.
For the second property, we notice that any point adjacent to vy is also adjacent to
Blast(v). Since vy and Blast(v) lie on the bottom boundary, any adjacent point must be
in their top-left quadrant. As vy = (Blast(v), + €,vy, + €) and there are no points with
z-coordinate between Blast(v), and Blast(v), + €, if some point is to the left of vy, it is also
to the left of Blast(v), and by definition we have vy, > v, > Blast(v),. Similarly, any point
adjacent to vy is also adjacent to Bfirst(v). Therefore, these points cannot offer any shortcuts
in existing shortest paths. |

Similarly, for each point in the initial set, we add two points on the upper boundary.
That is, consider v and TL,. We add two points v, = (Tfirst(v), — €,v, — €) and vy =
(vg + €, Tlast(v), + €) to the set S of points. Then, we again normalise the coordinates. This
is symmetric and has the same properties.

After adding four auxiliary points for all initial points, we have the desired property:

» Lemma 11. For any two points v,w from the initial set, w € BR, is equivalent to
Bfirst(v) < Bfirst(w) < Blast(w) < Blast(v). Moreover, w € TL,, is equivalent to Tfirst(v) <
Tfirst(w) < Tlast(w) < Tlast(v).
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Figure 13 We have w € BR,, and Bfirst(v) < Bfirst(w) < Blast(w) < Blast(v). Meanwhile,
w ¢ BRy, as Blast(w) > Blast(u). Auxiliary points which would be added for u, v are not shown to
avoid clutter.

Proof. The cases for both boundaries are symmetrical, so we focus on the bottom one.

If w € BR,, then by transitivity v is adjacent to Bfirst(w), and then by definition of wy, v
is also adjacent to wy. As wy < Bfirst(w), we get Bfirst(v) < Bfirst(w). Analogous facts hold
for wy, therefore implication in the right direction holds.

We consider the left direction and use contraposition. Firstly, we want to show that
if w ¢ BR,, then either Bfirst(v) > Bfirst(w) or Blast(w) > Blast(v). w ¢ BR, means
Wy < Uy Or Wy > vy. Assume w, < v, and Bfirst(v) < Bfirst(w). This can be only if
Bfirst(v) = Bfirst(w), since w is to the left of v and points on boundaries are ordered. As vy, is
below Bfirst(v) and between w, and v, it must be that v, € BR,,. So we have v, € BR,, and
vy < Bfirst(v) = Bfirst(w), a contradiction, as then v, should be Bfirst(w). Similarly using

vy we can show that assuming w, > v, and Blast(w) < Blast(v) leads to a contradiction.

See Figure 13. |

The above lemma is useful when testing for adjacency of points — we do not need explicit
coordinates to check it. Now, we are able to create labels of length 5logn 4+ O(1), as there is
no longer a need to store coordinates, thus just the four A\ values, and additionally the layer
numbers using only logn + O(1) bits.

5 Final Scheme and Conclusion

Our main result, namely Theorem 1, is proved in the full version of this paper. We achieve
the improvement on the scheme described in the previous section by further compressing
information in the labels. This is possible when we consider values of A(Blast(v)) and
A(Tfirst(v)), stored on 2logn bits, and show how to merge them into a single value somewhere
between these two numbers. The main case is when A(Blast(v)) < A(Tfirst(v)). Denote
by w a boundary point with the smallest A(w) value among points with w, > v, and
A(w) > A(Blast(v)). We observe that it must be that A(w) < A(Tfirst(v)). We then store
in our label value of v,y = A(w) — € (to be normalised later), and prove that such a single
number can replace both values of A(Blast(v)) and A(Tfirst(v)). Similarly, we can compress
A(Bfirst(v)) and A(Tlast(v)) into a single number.

Handling disconnected graphs. Here we describe how to modify distance labeling for
connected graphs into distance labeling for possibly disconnected graphs, by adding at most
O(loglogn) bits to the labels. This is a standard simple approach, present in some related
works.
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Assume there is some labeling scheme for the family of connected graphs, with labels of
size g(n) > logn. Given a not necessarily connected graph, we sort the connected components
of the graph by decreasing size, let C7,C5,... be the obtained order, then proceed with
creating a distance labeling for each individual connected component. The final label is
the number of connected component of a vertex and then its label in the distance labeling
created for the component. If v € C;, we encode ¢ on logi + O(loglogn) bits, using binary
representation of ¢ and indicating its length. We have |C;| < n/i, so the modified label size
is at most g(n/i) + O(loglogn) + logi < g(n) + O(loglogn), as claimed.

Conclusion. We have described, improving upon the previous results, a distance labeling
scheme for permutation graphs matching existing lower bound up to an additive second-
order O(loglogn) term. This also improves the constant in distance labeling for circular
permutation graphs, as described in [12]. Namely, one can construct distance labeling of
size 6logn + O(loglogn) for such graphs. We leave as an open question determining the
complexity of distance labeling for circular permutation graphs, and finding other interesting
generalisations.
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