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—— Abstract

We study the semistability of quiver representations from an algorithmic perspective. We present
efficient algorithms for several fundamental computational problems on the semistability of quiver
representations: deciding the semistability and o-semistability, finding the maximizers of King’s
criterion, and computing the Harder—Narasimhan filtration. We also investigate a class of polyhedral
cones defined by the linear system in King’s criterion, which we refer to as King cones. For rank-
one representations, we demonstrate that these King cones can be encoded by submodular flow
polytopes, enabling us to decide the o-semistability in strongly polynomial time. Our approach
employs submodularity in quiver representations, which may be of independent interest.
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1 Introduction and our contribution

Quiver representation is a simple generalization of matrices that has led to surprisingly deep
extensions of various results in linear algebra [14]. In this paper, we study the semistability
of quiver representations, which is a central concept in the geometric invariant theory (GIT),
from an algorithmic perspective. The semistability of quiver representations appears in oper-
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ator scaling 25, 24, 17, 5, 19], Brascamp-Lieb (BL) inequality [23], Tyler’s M-estimator [20],
and scatter estimation of structured normal models [1], which have attracted considerable
attention in theoretical computer science owing to their connection to the noncommutative
Edmonds’ problem, algebraic complexity theory, and submodular optimization [35, 31, 6, 26].
The goal of this paper is to provide efficient algorithms for various fundamental computational
problems on the semistability of quiver representations. In the following, we describe the
problems more formally and present our results.

1.1 Semistability of quiver representations

Here, we present the formal definition of a quiver representation. We follow the terminologies
in [14, 6]. Let Q = (Qo, @1) be a quiver with a vertex set Qo and an arc set Q1. In this
paper, we consider only acyclic quivers except otherwise stated. For each arc a € @)1, we
denote the tail and head of a by ta and ha, respectively. A representation V of () consists
of complex vector spaces V (i) for vertex i € Qo and linear maps V(a) : V(ta) — V(ha) for
arc a € Q1. A subrepresentation W of V is a representation of the same quiver such that
W(i) < V(i) for i € Qo, and W(a) = V(a)|wqe) and imW(a) < W(ha) for a € Q1. The
vector of dimensions of V (i) is called the dimension vector of the representation, denoted
by dim V. We call the vector space of all representations of () with the dimension vector
« the representation space of @@ with dimension vector «, which we denote by Rep(Q, ).
After fixing the dimension vector o and a basis of each V' (), we can represent V(a) as an
a(ha) x a(ta) matrix. Therefore, the representation space can be identified as

Rep(Q, o) = @ Mat(a(ha), a(ta)),

a€Qq

where Mat(m, n) denotes the space of m x n complex matrices.
Fix a dimension vector . Let

GL(Q,a) = ] GL(a(i)),
i€Qo

where GL(n) denotes the general linear group of degree n. Then, GL(Q, «) acts on the
representation space by a change of basis:

9V = (graV (@) 975" ac -

Note that this is a left action, i.e., (gh) -V =g-(h-V) for g, h € GL(Q, «). We say that a
representation V' is semistable under the GL(Q, «)-action if the orbit closure of V' does not
contain the origin, i.e.,

inf naV (a)gia |3 > 0.
geGL(Qmag lgnaV (@)gsa' |17

Otherwise, V is said to be unstable. The set of all unstable representations is called the
null-cone of the GL(Q, a)-action. It is easy to see that any representation is unstable under
the GL(Q, a)-action if Q is acyclic.!

! The readers may wonder whether we can check the semistability (under GL(Q, a)-action) of quiver
representations of cyclic quivers. We will address this point later.
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However, the semistability of quivers under subgroups of GL(Q, ) turns out to be more
intricate. Let o € Z90 be an integer vector on (g, which we call a weight. Let x, be the
corresponding multiplicative character of GL(Q, a), i.e.,

Xo(g) = [ det(g:)7®.

1€Qo

Note that x, is a one-dimensional representation of GL(Q,a); GL(Q,«) acts on C by
g = Xs(g)x. A representation V is said to be o-semistable if the orbit closure of
(V,1) € Rep(Q, @) & C under the GL(Q, ) action does not contain the origin, i.e.,

nf V()9 |1} + [xo(9)* | > 0.
e o aglngm (@)gil 1% + X0 (9)]

It turns out that checking the o-semistability of a quiver representation includes operator
scaling (noncommutative rank computation) and the membership problem of the BL polytopes.
We will see these examples in the following sections.

Our first result is a deterministic algorithm that, given a quiver representation V and
weight o, decides whether the representation is o-semistable in time polynomial in the bit
complexity of V and absolute values of the entries of 0. Let a(Qo) = >, a(i).

» Theorem 1.1 (informal version of Theorem 3.4). Let Q be an acyclic quiver, V a representa-
tion of Q, and o a weight. There is a deterministic algorithm that decides the o-semistability
of V in time polynomial in the size of Q, a(Qp), bit complexity of V, and absolute values of
the entries of o.

This improves the previous result [30] which runs in time polynomial in the number of
paths in (), which can be exponential in the size of ). Furthermore, if the absolute value of
the entries of ¢ is constant, our algorithm runs in polynomial time. This includes the known
result for operator scaling [24].

1.2 King’s criterion

King [32] showed the following characterization of o-semistability, which is known as King’s
criterion. Let o(a) =3, o, 0(i)a(i) for a dimension vector .. Then, a representation V' is
o-semistable if and only if o(dim V) = 0 and o(dim W) < 0 for any subrepresentation W of
V.

King’s criterion is a common generalization of the noncommutative rank (nc-rank)
computation and membership problem of BL polytopes.

» Example 1.2 (nc-rank). Let @ be the generalized Kronecker quiver with m parallel
arcs, « = (n,n), and o = (1,—1); see Figure 1. Any representation V of @ with the
dimension vector « can be regarded as an n x n linear matrix A = ", 2,V (a), where
Z, is an indeterminate. A subrepresentation W of V' is determined by a pair of subspaces
(W(1),W(2)) such that 37" V(a)W (1) < W(2). Then, King’s criterion reads that V is
o-semistable if and only if dimU — dim(>-, V(a)U) < 0 for any subspace U < C", which
is equivalent to that A is nc-nonsingular. More generally, the nc-rank of A is equal to the
minimum of n + dim U — dim(}_.-, V(a)U) over all subspaces U < C™ [15].

» Example 1.3 (BL polytope). Let @ be a star quiver with m leaves. We assume that
Qo = {0,1,...,m} and 0 is the root; see Figure 1. Let o = (n,ny,...,ny,) and o =
(d,—c1,...,—cm) for positive integers d, ¢1,...,¢p. A real representation V of @ with the
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Figure 1 Generalized Kronecker quiver (left) and star quiver (right).

dimension vector « can be regarded as a tuple of the matrices (By,...,B,,), where B;
is an n; X n matrix. Again, a subrepresentation W is an (m + 1)-tuple of the subspaces
(W(0),W(1),...,W(m)) such that B;W(0) < W (i) for i € [m]. King’s criterion reads that V'
is o-semistable if and only if dn = Y_." | ¢;n; and dndim W(0) — > | ¢;n; dim(B;W(0)) <0
for any subspace W (0). This is equivalent to that p = (¢1/d, ..., ¢y /d) is in the BL polytope
of linear operators By, ..., By, [3].

We study the following optimization problem: given a quiver representation V' and weight
o, find a subrepresentation W of V' that maximizes o(dim W). In the case of the nc-rank, such
a subrepresentation corresponds to a subspace U that maximizes dim U — dim(zz;l A;U).
Such a subspace is called a shrunk subspace and can be regarded as a certificate of the
nc-rank [31, 19]. In the case of the BL polytopes, the problem corresponds to separation for
the BL polytope [23].

King’s criterion can be regarded as mazimizing a modular function over the modular lattice
of subrepresentations. For any subrepresentations Wy, Wy of V| define the subrepresentations
W1 + Ws and W7 N W5 as follows. For each i € Qq,

(Wl + WQ)(Z) = W1 (Z) + WQ(Z), (Wl n WQ)(Z) = W1 (Z) N WQ(Z),

where the addition and intersection on the right-hand side are those of the vector spaces.
Furthermore, the linear map of a € Q1 in Wi + Wy (resp. Wi N Wa) is defined as the
restriction of V(a) to (W1 + Wa)(ta) (resp. (W1 N Ws)(ta)). Then, Wy + Ws and W7 N Wo
are indeed subrepresentations of V. Thus, the subrepresentations of V' form a modular
lattice. Furthermore, the function f(W) := o(dim W) is a modular function, i.e., for any
subrepresentations Wy, Wy of V,

JW1) + f(Wa) = f(Wy + Wa) + f(W1 N Ws).

Thus, subrepresentations maximizing f form a sublattice, and there is a unique inclusion-wise
minimum maximizer. Our second result is a deterministic algorithm to find such a maximizer
of King’s criterion.

» Theorem 1.4 (informal version of Theorem 3.5). Let Q be an acyclic quiver, V a represen-
tation of Q, and o a weight. There is a deterministic algorithm that finds the inclusion-wise
minimum maximizer W of King’s criterion in time polynomial in the size of Q, a(Qo), bit
complexity of V', and absolute values of the entries of o.

King’s criterion was originally proved using the Hilbert-Mumford criterion (see, e.g., [14,
Sections 9.6 and 9.8]), a fundamental result in the GIT.
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1.3 Harder-Narasimhan filtration

We use the algorithm for finding the maximizers of King’s criterion to devise an algorithm for
finding the Harder-Narasimhan (HN) filtration [27, 28] of a quiver representation. Roughly
speaking, the HN-filtration decomposes a quiver representation into the direct sum of smaller
representations.

More precisely, let o € Z?° be a weight and 7 € Z%’ a strictly monotone weight, i.e.,
a nonnegative weight such that 7(dim W) > 0 if W # {0}. Here, {0} denotes the zero
representation, which is the representation whose dimension vector is the zero vector. We
define the slope of a quiver nonzero representation V' as u(V) = o(dim V') /7(dim V). We say
that V is u-semistable? if u(W) < u(V) for any nonzero subrepresentation W of V. The
HN-filtration theorem states that for any quiver representation V', there exists a unique
filtration {0} = WO < Wy < -+ < W, =V such that (1) /JI(WZ/Wlfl) > /l(WZ+1/W1)
for i € [k — 1] and (ii) W;/W;_; is p-semistable. Here, W; < W;,; means that W, is a
subrepresentation of W;11 with W; # W,11, and W;/W,_; is a representation of @ such
that (W;/W;_1)(j) is the quotient space W;(j)/W;_1(j) for j € Q¢ and (W;/W;_1)(a) is the
corresponding quotient linear map of W;(a) for a € ;. We note that semistability with
respect to a slope can be reduced to that for a weight.

Our third result is a deterministic algorithm for finding the HN-filtration.

» Theorem 1.5 (informal). Let Q be an acyclic quiver, V a representation of Q, and = o /T
a slope. There is a deterministic algorithm that finds the HN-filtration of V' with respect to
in time polynomial in the size of Q, a(Qo), bit complexity of V', and absolute values of the
entries of o and T.

This result improves a recent result [7] which runs in time polynomial in the number of
paths in Q.

Recently, Hirai and Sakabe [29] introduced the coarse Dulmage-Mendelsohn (DM) decom-
position of a linear matrix, generalizing the classic DM-decomposition of a bipartite graph.
They showed that a natural gradient flow of operator scaling converges to the coarse DM-
decomposition. However, their result did not provide an efficient algorithm to compute the
coarse DM-decomposition because the gradient flow may take exponential time to converge.
We show that the coarse DM-decomposition is indeed a special case of the HN-filtration for
the generalized Kronecker quiver. Since the absolute values of the weights involved for this
special case are polynomially bounded, our algorithm finds the coarse DM-decomposition in
polynomial time.

1.4 King's polyhedral cone, rank-one representations, and submodular
flow

Motivated by King’s criterion, we investigate a polyhedral cone that is the set of o € R0
satisfying o(dim V') = 0 and o(dim W) < 0 for any subrepresentation W of V. Since the
number of distinct dim W is finite, the above linear system is also finite and hence defines a
polyhedral cone. We call the polyhedral cone the King cone of a quiver representation V.
Interestingly, the King cone is related to the cone of feasible flows in network-flow problems.

2 Tt is also called (o : T)-semistability in the literature.
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Let us first consider the easiest case. If V' is a quiver representation with dim V(i) =1
for all i € Qq, then King’s criterion characterizes the existence of a nonnegative flow ¢
on the support quiver with the boundary condition dp = o. To state it more precisely,
we introduce notation on flows. Let @ = (Qo,Q1) be a quiver (or a directed graph).
For a vertex subset X C Qp, let Out(X) denote the set of outgoing arcs from X, i.e.,
Out(X):={a=(4,4): i€ X, j € Qo\ X}. Similarly, let In(X) denote the set of incoming
arcs to X. If X = {i}, we abbreviate Out({i}) and In({i}) as Out(¢) and In(7), respectively.
If Out(X) = (), then X is called a lower set of Q. For a flow ¢ € R?t on Q, its boundary
Oy € R is defined by dp(i) = 2 acouti) P(@) = X arem Pla’) for i € Qo.

Let us return to the o-semistability of a representation V with dim V(i) = 1 for all
1 € Qo- In this case, V(a) € C for each arc a € @1, and a subrepresentation W of V' can be
identified with a vertex subset X C @g. By the definition of a subrepresentation, if i € X
and W(a) # 0 for a = (4,j) € @1, then j € X. This implies that X is a lower set in the
support quiver of V| namely, the subquiver of @ whose arcs are a € @1 with V(a) # 0.
Therefore, King’s criterion is equivalent to the purely combinatorial condition that o(Qo) = 0
and o(X) < 0 for each lower set X of @, which characterizes the existence of a nonnegative
flow ¢ on the support quiver with the boundary condition dp = o by Gale’s theorem [22]
(see, e.g., [33, Theorem 9.2]).

By generalizing the above observation, we show that if V' is a rank-one representation of
Q, i.e.,, V(a) is a rank-one matrix for each a € @1, then

King’s criterion can be rephrased as a purely combinatorial condition with respect to the

linear matroids arising from the rank-one matrices V(a) of @, and

the rephrased condition above can be further viewed as the feasibility condition of a

network flow-type problem called submodular flow.

That is, the King cone is representable as the feasibility of a certain instance of the submodular
flow problem. This enables us to decide the o-semistability for rank-one representations in
strongly polynomial time.

» Theorem 1.6 (informal). Let Q be an acyclic quiver, V' a rank-one representation of Q,
and o a weight. Then, o is in the King cone if and only if there is a feasible flow in the
instance of submodular flow constructed from V, o. Therefore, using standard submodular
flow algorithms, we can decide the o-semistability of rank-one representations in strongly
polynomial time.

This theorem recovers the following well-known results when applied to the generalized
Kronecker quiver and a star quiver.

A rank-one linear matrix y_," | x,vi fi, is (nc-)nonsingular (where vy, is a column vector

and fr a row vector) if and only if the linear matroids of (fy : k € [m]) and (vx : k € [m])

have a common base [34].

If each linear operator B; = f; is of rank-one for ¢ € [m] (where f; is a row vector), the

BL polytope coincides with the base polytope of the linear matroid of (f; : i € [m]) [2].

1.5 Semistability of general quivers

Thus far, we have considered the o-semistability of acyclic quivers. As a complementary
result, we show that the semistability of cyclic quivers under the GL(Q, a)-action can be
efficiently reduced to noncommutative polynomial identity testing. In particular, we show
that the polynomial can be represented by an algebraic branching program (ABP). This
yields a deterministic algorithm for deciding the semistability of general quivers because
noncommutative polynomial identity testing for ABP can be conducted in deterministic



Y. lwamasa, T. Oki, and T. Soma

polynomial time [36]. Note that [6] devised another deterministic algorithm for the problem
with their framework of noncommutative optimization, which is built upon deep results in
various areas of mathematics. See also the discussion in related work.?

1.6 Our techniques

In this subsection, we outline our techniques.

o-semistability. Our starting point is a reduction of general acyclic quivers to the gen-
eralized Kronecker quiver [13, 30]. We decompose the weight ¢ = ot — o=, where
ot (i) = max{o(i),0} and o~ (i) == max{—0(i),0}. Let QF and Q; be the sets of ver-
tices ¢ such that o(i) > 0 and o (i) < 0, respectively. Derksen and Makam [13] showed that
the o-semistability of a representation V with the dimension vector « is equivalent to the
nc-nonsingularity of a partitioned linear matrix

4D (Ca(i))@”“i) Sy (Co®)® @

i€Qd i€Qy

where the (s, p;t,q)-block (s € QF, p € [07(s)], t € Qy, q € [0~ (t)]) of A is given by a linear
matrix

S wppdV(P).

P:s—t path

Here, zp), 4 is an indeterminate and V(P) is the linear map corresponding to the path P,
ie.,, V(P) =V(ag)---V(ay) for P = (as,...,ar) as a sequence of arcs. However, because
the number of indeterminates is exponential, applying the known nc-rank computation
algorithms in a black box manner does not yield the desired time complexity.

Inspired by the above reduction, we introduce the following scaling problem for quiver
representations. We define a scaling V, 5, of the quiver representation V' by the block matrices

g=@(g:t€Qy)and h=P(hs:s€ Q) as

ghaV(a)hIa if a € Out(QF) NIn(Qy ),
V(a)hl,  ifaeIn(@y)\Out(Qg),
9haV (a) if a € Out(Qg) \ In(Qy),
V(a) otherwise.

Vg_,h(a) =

Furthermore, let (b™,07) € @ing Q) x EBtEQJ Q*® be vectors such that bt (s) =

”t\;s)la(s) and b~ (t) = J_A;t)la(t), where N := 0% (a) = 07 (a) and 1 denotes the all-one
vector. We say that V is approzimately scalable (to the marginals (b7,b7)) if for any € > 0,

3 After submitting the first version of this paper, an anonymous reviewer pointed out that this result
for general quivers was sketched in [35]. See Theorem 10.8 and the last paragraph of Section 10.2 in
[35]. At a very high level, our algorithm and Mulmuley’s results follow a similar strategy, although
Mulmuley’s result requires several deep algebro-geometric backgrounds. We believe that our proof is
more explicit and elementary, and hence, is worthy to be presented here for completeness.
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there exist block matrices g and h such that V; ;, satisfies

Yo Y Van(P)WVyu(P)' —Diag(h™ ()| <e  (t€Qp)

+ P:s—t path
$€Qg p tr

Z Z Von(P)'V, (P) — Diag(b*(s))|| <&  (s€Qq),

teQy P:s—t path

tr

where the norm is the trace norm.* This is an instance of operator scaling with specified
marginals [17, 5]. The crucial observation is that even though there may exist exponentially
many s—t paths, the above matrix sum can be computed efficiently by exploiting the
underlying quiver structure. Therefore, we can use a simple iterative algorithm in [5]
to check V is approximately scalable for a fixed ¢ > 0. We can show that it runs in
O(e72 poly(|Q|, a(Qo), b)) time, where b is the bit complexity of V. Furthermore, we show
that it is sufficient to consider e = O(1/N) to decide the o-semistability of V. This yields
our algorithm for checking the o-semistability of quiver representations.

Maximizers in King's criterion. We follow a similar approach to find a maximizer in King’s
criterion. We use the above linear matrix of the reduction [13] directly and show that the
shrunk subspaces of the above linear matrix correspond to the maximizers of King’s criterion.
Then, we show that the necessary operations in the recent shrunk subspace algorithm [19]
can be performed efficiently, enabling us to find the inclusion-wise minimum maximizer of
King’s criterion efficiently. Note that the correspondence between the shrunk subspaces and
maximizers of King’s criterion is shown in [30] using abstract algebra; we provide a more
direct and elementary proof using submodularity.

HN-filtration. Our HN-filtration algorithm is based on principal partitions of submodular
systems [21]. For a slope u = o/7, we consider a parametric modular function

HW) = Ar(dim W) — o(dim W)

on the subrepresentations W of V', where A € R is a parameter. Let £(A) denote the modular
lattice of the minimizers of f\ and let W~ (\) and W () be the minimum and maximum
minimizers of f), respectively. By the standard argument in principal partition, we show
that WH(\) < W~ ()\) for A > X. Furthermore, there must be a finite set of A such that
L(X) consists of more than one element. We call such a value of A a critical value. Let
A1 > -+ > Mg be the critical values. Then, they induce the filtration

O} =W ") <WHA) =W () < W) =--- =W~ (\) < W) = V.

We show that this coincides with the HN-filtration. Each W~ ()\) and W (\) can be found
by our algorithm for maximizers of King’s criterion for fixed A. The possible candidates for
critical values can be easily enumerated, enabling us to find the HN-filtration efficiently.

Strongly polynomial-time algorithm for rank-one representations. When V is a rank-

one representation, each rank-one matrix V' (a) is representable as v, f, for some nonzero
vector v, € V(ha) and nonzero dual vector f, € V(ta)*. Based on this representation, we

4 The choice of the trace norm is not important here; we can use any unitary invariant norm.
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assign each vertex i € Qy to two linear matroids M:r and M, where the first is generated
by {fs : fo € Out(i)} and the second by {v, : v, € In(i)}. Then, we can simulate a
subrepresentation W of V' as a lower set X of the directed graph D[V] constructed from V;
its vertex set is the (disjoint) union of the ground sets {f, : fo € Out(é)} and {v, : v4 € In(4)}
of the matroids M:r and M for ¢ € Qo; its arc set represents ()1 and the dependencies as
“if W(ha) = W (tb) contains v, then W (tb) £ ker f; hence, W (hb) must contain vy, for W to
be a subrepresentation of V.” This enables us to rephrase King’s criterion as a combinatorial
condition on the lower sets X of D[V] as

Z (o7 (0) (dm V(@) — rf ({fa : fo € Out(i)} \ X)) — o~ (i)r; ({va : va € In(i)} N X)) <0,

1€Q0

where r;" and r;” denote the rank functions of M;" and M, respectively. We further rephrase
the above combinatorial condition as the feasibility characterization of a certain instance
of the submodular flow problem by Frank [16]. Thus, we can check the o-semistability of a
rank-one representation V' by checking the feasibility of the instance generated by V' of the
submodular flow problem.

Semistability of general quivers. For the semistability of general quivers, we use an invariant
polynomial characterization of the null-cone. By the general theory of GIT, a representation
V is semistable if and only if there exists a GL(Q, a)-invariant homogeneous polynomial p on
the representation space Rep(@, a) such that p(V') # 0. The Le Bruyn-Procesi theorem [4]
stated that the ring of invariant polynomials is generated by polynomials in the form of

tr[V(ax) - - - V(az2)V(a1)l,

for a closed path® (ay,as,...,ax) in @ with length k > 1. Furthermore, closed paths with
length 1 < k < a(Qo)? generate the invariant ring, where a = dim V.

Therefore, we can decide the semistability by checking whether the above polynomial
is nonzero at some vertex ¢ and closed path C. The obstacle is that the number of closed
paths can be exponential. To this end, we consider another polynomial in noncommutative
indeterminate z, (a € Q1) defined as

Z =% tr vV (0)

C': closed path starting at ¢

for each vertex i € Qq, where ¢ = x4, - -+ x4, for C = (ay,...,a;). Then, V is semistable

if and only if this noncommutative polynomial is nonzero at some vertex 7. Note that the
noncommutativity is essential to distinguish closed paths with the same arc sets. For example,
consider a quiver with a single vertex and two self-loops (say, a and b). Then, closed walks
C = abab---ab and C' = a*b* of length 2k have the same number of a and b, but their
trace tr V(C) and tr V(C’) are different in general for k& > 2. So if we use commutative
indeterminates, multiple closed walks correspond to a single monomial, and we cannot decide
whether tr V(C) # 0 for some C or not by checking whether the polynomial is zero or not.
Yet, we need to show how to perform noncommutative polynomial identity testing for
this polynomial in deterministic polynomial time. Using the underlying quiver structure,
we can show that this polynomial can written as an ABP of polynomial size. Applying the
algorithm of [36], we obtain our algorithm for the semistability of general quivers.

5 Here, a closed path means a sequence (a1, ...,ax) of arcs such that ha; = ta;;1 (I € [k]), where
ar+1 = a1. In graph theory, it is usually called a closed walk. In this paper, we follow the standard
terminologies in quiver representation.
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We remark that this is the only place where a nontrivial algebraic result from the GIT
machinery is needed. The other algorithms and analysis can be understood with elementary
linear algebra (assuming the known analysis of operator scaling algorithms, which involves
some abstract algebra).

1.7 Related work

Existing studies on algorithms for quiver semistability have focused on bipartite quivers [11,
9, 10, 18]. We remark that semistability in bipartite quivers is essentially operator scaling
with a block structure. In bipartite quivers, the number of paths is equal to the number
of arcs; hence, a weak running time was sufficient in the previous studies. [30, 7] studied
general acyclic quivers. They first used the reduction of [13] to the generalized Kronecker
quiver and applied the nc-rank algorithm [31] in a black box manner. Hence, their algorithm
runs in time polynomial in the number of paths, which can be exponential.

Several polyhedral cones associated with quiver representations have been studied in the
literature [8, 37]. The moment cone of a quiver ) and a dimension vector « is the polyhedral
cone generated by the highest weights of the representations of @ with the dimension vector
a. The membership of the moment cone can be decided in strongly polynomial time for
bipartite quivers [8] and even general acyclic quivers [37]. Another polyhedral cone is the
conic hull of weight o € Z?0 such that there exists a nonzero semi-invariant polynomial
in Rep(Q, a) with weight 0. The membership problem of this cone is called the generic
semistability problem [8]. By definition, ¢ is in this cone if and only if there exists a generic
o-semistable representation of @), hence the name. To the best of our knowledge, the generic
semistability problem remains open for general acyclic quivers.

The semistability of quiver representations is a special case of semistability in the
GIT. In the most abstract setting, GIT studies group actions on algebraic varieties. We
say that a point in the variety is semistable if its orbit closure does not contain the origin.
Biirgisser et al. [6] proposed a framework of noncommutative optimization to devise algorithms
for GIT problems in the general setting. Although noncommutative optimization is a broad
and general framework, it does not always provide efficient algorithms for all GIT problems.
Currently, most of the known tractable problems originate from a family of operator scaling
problems, which are also contained in the semistability of quiver representations. Furthermore,
it is built upon deep results in various areas of mathematics, such as algebraic geometry,
Lie algebra, and representation theory, rendering it difficult for non-experts to understand.
Another conceptual contribution of this paper is identifying the semistability of quiver
representations as a useful subclass of GIT. The semistability of quiver representations is
rich enough to capture various interesting problems in the literature while also supporting
the design efficient algorithms using elementary techniques.

1.8 Organization of this paper

The rest of this paper is organized as follows. Section 2 introduces the necessary background
and notation of quiver representations, operator scaling, and noncommutative rank. Section 3
presents our algorithms for deciding the o-semistability and finding maximizers of King’s
criterion. Due to the space limitation, the other results are placed in the full version.
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2 Preliminaries

We denote the set of nonnegative integers, rational, and real numbers by Z, Q4, and
R, respectively. We let [m,n] == {m,m+1,...,n — 1,n} for m,n € Z with m < n and
[n] = [1,n] = {1,...,n} for a positive integer n. We denote the set of m x n complex
matrices by Mat(m,n). We simply denote Mat(n,n) by Mat(n). The conjugate transpose
of a matrix A is denoted by Af. The subgroup of the upper triangular matrices in GL(n)
(i.e., the Borel subgroup) is denoted by B(n). For two vector spaces U and V', we mean by
U <V that U is a subspace of V. Let (S) denote the vector space spanned by a multiset S
of the vectors. For a vector b € C™, we denote by Diag(b) the n x n diagonal matrix such
that the entries of b are on the diagonal.

2.1 Operator scaling, matrix space, and noncommutative rank

A linear map ® : Mat(n) — Mat(m) is said to be completely positive, or CP for short, if
(X)) = ZIZ=1 AgXA} for some Ay € Mat(m,n). These A, are called the Kraus operators
of ®. The dual map ®* : Mat(m) — Mat(n) of ® is defined by ®*(X) = Zif:l A§XA5. For
(g,h) € GL(m) x GL(n), we define the scaling ®, j of ® by

x>

Oy n(X) = g®(hT Xh)gt = "(gAch") X (gAT)T.

=1
If m = n, the CP map is said to be square.

Let ® : Mat(n) — Mat(n) be a square CP map. Let ds(®) = ||®(I) — I||Z +||®* (1) — I||3,
where ||-||r denotes the Frobenius norm. Then, ® is said to be approzimately scalable if for
any € > 0, there exists (g,h) € GL(n) x GL(n) such that ds(®, ) < e. The goal of the
operator scaling problem is to decide whether a given CP map is approximately scalable or
not.

Operator scaling is closely related to the noncommutative rank (nc-rank) of linear matrices.

An m x n symbolic matrix A is called a linear matriz if A = Zf:l xpAy for indeterminates
x¢ and matrices A, € Mat(m,n). Sometimes, it is more convenient to see a linear matrix
as a matriz space spanned by Aq,..., Ar. We denote the corresponding matrix space of a
linear matrix A by A. For a subspace U < C", let AU = ({Au: A€ A, u € U}), which is
a subspace of C™. The nc-rank of a linear matrix A (denoted by nc-rank A) is defined by

nc-rank A = min{n + dim AU —dimU : U < C"}.

A square linear matrix A is said to be nc-nonsingular if nc-rank A = n. Informally speaking,
nc-rank A is the rank of A, where the indeterminates x; are pairwise noncommutative, i.e.,
xix; # xja; for i # j. See [12, 15] for more details. A pair (L, R) of subspaces L < C™ and
R < C" is called an independent subspace if LN AR = {0}. Over the complex field, (L, R) is
independent if and only if tr(II,®(IIz)) = 0, where II, denotes the orthogonal projection
matrix onto L. Then,

ne-rank A = m +n — max{dim L + dim R : (L, R) an independent subspace}.

An independent subspace (L, R) is said to be mazimum if dim L 4+ dim R is maximum. In
particular, a square linear matrix A is nc-nonsingular if and only if dim L + dim R < n for
any independent subspace (L, R). Gurvits’ theorem [25] states that a square CP map ® with
the Kraus operator Ay (¢ € [k]) is approximately scalable if and only if the linear matrix
25:1 x¢ Ay is ne-nonsingular.
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2.2 Operator scaling with specified marginals

Operator scaling with specified marginals is a generalization of operator scaling. Let (b7,07) €
R? x R be a pair of nonincreasing nonnegative vectors, which we call the target marginals.
We say that a CP map ® : Mat(n) — Mat(m) is approzimately scalable to the target marginals
(bT,b7) if there exist nonsingular upper triangular matrices (g, h) € B(m) x B(n) such that

1©g,(1) — Diag(b™) |l <&, [|®7 () — Diag(b™)|ex <e.

Such target marginals are said to be feasible. We define AbT € R as Abj’ = bj' — bj'H
for j € [n], where we conventionally define b, 41 = 0. Similarly, we define Ab™ € R'". Let
FjJr = (e1,...,e;) be the standard flag of C” for j € [n]. Similarly, we define F, for i € [m].
The following theorem characterizes the set of feasible marginals by a certain linear system.

» Theorem 2.1 ([17, Theorem 18]). Let ® : Mat(n) — Mat(m) be a CP map and (b*,b™) €
R x R a pair of nonincreasing nonnegative vectors. Then, ® is approzimately scalable to

the marginals (b™,b7) if and only if Z?:1 b;' =>",b; = B and

> Ab; dim(LNF7) + Y Abf dim(RNF;) < B

i=1 j=1
for any independent subspace (L, R) of ®.

Let (b",b7) be a feasible marginal with rational entries. There is an efficient algorithm
that finds a scaling of a given CP map ® whose marginal is e-close to (b™,b7) [17, 5].

» Theorem 2.2 (Theorem 1.13 in [5], specialized for operator scaling). Let ¢ > 0 be an accuracy
parameter and ® : Mat(n) — Mat(m) a CP map with Gaussian integer Kraus operators. Let
(bt,b7) € Q" x Q™ be target marginals such that by > --- > bf >0,b] >--->b, >0, and
Sl by =2 b = 1. Then, Algorithm 1 finds upper triangular g, h such that ||, 5, (I) —
Diag(b™)||sr < € and ||®; ,(I) — Diag(b™)[lex <€ in T = O(e7(b + Nlog(¢N))) iterations,
where b is the mazimum bit length of the target marginals (b™,b7), N :== max{m,n}, and £
is the smallest positive integer such that £(b*,b™) is an integer. Furthermore, each iteration

can be executed in time O(N3).

Algorithm 1 Operator Sinkhorn iteration for specified marginals [17, 5].

1: fort=1,...,T do

2: > Left normalization

3: Compute the Cholesky decomposition CCT = ®(I). Set g = Diag(b~)*/?C~' and
D+ (I)gJ.

4: > Right normalization
5: Compute the Cholesky decomposition CCT = ®*(I). Set h = Diag(bt)/2C~" and
P ‘I)],h.

3 Reduction to nc-rank and algorithms for semistability

In this section, we present our algorithms for deciding o-semistability and finding maximizers
of King’s criterion.
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3.1 Reduction from semistability to nc-rank

Here, we recall the reduction of the o-semistability of an acyclic quiver to nc-nonsingularity
testing [13].

Let @ be an acyclic quiver and V a representation of () with the dimension vector .

Let 0 € Z9 be a weight.5 Let Qf and Q, be the sets of vertices i such that o(i) > 0
and (i) < 0, respectively. Let o™ (i) := max{c(i),0} and o~ (i) := max{—o(i),0} for each
i € Qo. Note that 0 =T —0~. Let N := ot (a) = 0~ (a). We define an N x N partitioned
linear matrix A as follows. As a linear map,

A: P (Ca(s))®0+(s) Sy (Ca(t))@a_(t). (1)

seQf teQy

The (s, p;t,q)-block (s € Qf, p € [o7(s)], t € Qy, q € [0~ (t)]) of A is given by a linear
matrix

Z TppqV(P),

P:s—t path

where zp,, 4 is an indeterminate and V' (P) is the linear map corresponding to the path P,
ie, V(P) = V(ag)---V(ay) for P = (ay,...,a;) as a sequence of arcs. The number of
indeterminates in A is equal to

Z Z ot (s)o™ (t)ym(s, 1),

s€QF teQy

where m(s,t) denotes the number of s—¢ paths in Q. Thus, the number of indeterminates
may be exponential in general.

The following lemma connects the nc-rank of A with King’s criterion, which is shown in
[30, Theorem 3.3] using abstract algebra.

» Lemma 3.1. The minimal mazimizer of o(dim W) for the subrepresentations W of V
corresponds to the minimal shrunk subspace of A.

By the lemma, one can check the o-semistability of a quiver representation by checking
whether the corresponding linear matrix is nc-nonsingular or not. However, the naive
reduction does not give a polynomial time algorithm, as the number of indeterminates in the
linear matrix may be exponential.

3.2 Scaling algorithm for o-semistability

We present a scaling algorithm for deciding the o-semistability. The idea is to reduce the
problem to operator scaling with specified marginals.
Let us define a CP map ®y corresponding to a quiver representation V. As a linear map,

Dy - @ Mat(a(s)) — @ Mat(a(t)).

seQt teQy

5 We do not assume o(a) = 0 here because the reduction does not need it. This is useful for finding a
maximizer in King’s criterion.
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Let X = @(X, :s € Q) be an input block matrix. Then,

(Pv (X)) = Z Z V(P)X.V(P)!

SEQ0+ P:s—t path

for t € Q, . The dual map

o} : @ Mat(a(t)) - € Mat(a(s))

teQy seQy

is given by

@)=Y Y V(P)VV(P)

teQy P:s—t path

for s € QF. Analogous to the scaling of CP maps, we define a scaling Vg,n of the quiver
representation V' by block matrices g = (g; : t € Qp ) and h = (hs : s € Q7 ) as

gnaV (@)hl, if a € Out(QF) NTn(Qy),
V(a)hf,  ifae(Qy)\Out(Qy),
graV(a) ifa e Out(Qa') \In(Qy),
V(a) otherwise.

Vg,h(a) =

Here is the key lemma that relates the o-semistability of a quiver representation to the
feasibility of a specific marginal of ®y, .

» Lemma 3.2. Let V be a representation of an acyclic quiver QQ with the dimensionl}ector «
and o a weight with o(a)) = 0. Let (b™,b7) be the target marginals such that b+ (s) = < ]\gs) 1ogs)

and b= (t) = a%t)la(t), where N == o (o) = 07 (a). Then, ®v is approzimately scalable to

the marginals (b™,b7) if and only if V is o-semistable.

To check the feasibility of the marginal, one can use the scaling algorithm for operator
scaling with the specified marginals (Algorithm 1). This yields Algorithm 2.

Algorithm 2 Scaling algorithm for o-semistability.

Require: a representation V of an acyclic quiver @ and a weight o

1: Let b (s) == ”t\;s)la(s) and b (t) = ”;ét)la(t), where N = max{o™"(a),0™ (a)}.

2: Set ¢ = gy and T := O(¢2(b + dlog(Nd))), where d = max{a(Qy ), (Qq )}, and b is
the maximum bit length of o.
fort=1,...,T do

> Left normalization

If ||®y (1) — Diag(b™ )|t < € then return Yes.

Compute the Cholesky decomposition CCT = @y, (I). Set g = Diag(b~)"/2C~! and
update V <V, .

> Right normalization

If | @3 (I) — Diag(b™)||t» < € then return Yes.

Compute the Cholesky decomposition CCT = ®%,(I). Set h = Diag(b™)'/2C~! and
update V' <= Vi p.

%

10: return No.
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To run the algorithm, we first need to show how to compute the value of ®y, in polynomial
time. Note that the naive computation of @y requires exponential time, as the number of
terms in the sum is exponential. However, we can compute @y, in polynomial time using the
underlying quiver structure. We show an algorithm in Algorithm 3. The algorithm for the
dual map is similar and therefore omitted.

Algorithm 3 Algorithm for computing ®v (X).

Require: a representation V of an acyclic quiver @ and a block matrix X = (X, :s € Q)
1: Let X; =0 fori € Qo \ Qg
2: for a € Q7 in a topological order do
3: Xha & Xna +V(a) X Vi(a)t.
4: return (X; :i € Q).

Next, we show an upper bound of the accuracy parameter € that is sufficient to decide
the o-semistability.

» Lemma 3.3. Let (b",b7) be as above. Let 0 < & < ()#N. If there exist g, h such that

[(®v)g,n(I) — Diag(b™ )l < & and |[(®v)} ,(I) — Diag(b")[lix < ¢, then V is o-semistable.

» Theorem 3.4. Let V be a representation of an acyclic quiver QQ with Gaussian integer
entries and o be a weight with o(«) = 0. Algorithm 2 correctly decides the o-semistability of

V in O(N?(b+dlog(Nd))) iterations, where N = ot (a) = 0~ (a), d = max{a(QF), a(Qy )},
and b is the mazimum bit length of o. Each iteration can be exvecuted in O(|Q1|ad . +

Dseqr s )3+ Dteq; @ a(t)?) time, where amax = max;eq, o(i).

Proof. If V is o-semistable, then ® is approximately scalable to the marginals (b™,b7). By
Theorem 2.1, the algorithm must find such a scaling within the stated iterations. Consequently,
the algorithm outputs Yes. If V' is not o-semistable, then there is no scaling g, h such that
[(®v)g,n(I)—Diag(b™)||er < € and |[(®v)} j,(I)—Diag(b¥)l|ir < € fore = 1/6N by Lemma 3.3.
Thus, the algorithm outputs No. This proves the correctness of the algorithm.

The number of iterations is immediate from the algorithm. The time complexity of
each iteration is dominated by the computations of ®yv(I) and ®7,(I) and that of the
block Cholesky decomposition. The former takes O(|Q1|a2,.) time and the latter takes

O(ZteQO‘ a(t)® + ZseQ§ a(s)?) time. <

3.3 Finding the extreme maximizer in King's criterion

In this subsection, we extend the result from the previous section to find the extreme
maximizer in King’s criterion. The idea is to use the shrunk subspace algorithm for the
linear matrix (1).

Let

@”V'@Mat a()%@Mat U(Z)
zEQO 1€Q,

be a CP map that maps X = @(Xs, : s € QF,p € [07(s)]) to

( tq* Z Z Z V( )XS,pV(P)Jr

s€Q{ pElot(s)] Pis—t path

99:15

ICALP 2025



99:16

Algorithmic Aspects of Semistability of Quiver Representations

for t € Qy and g € [0 (1)]. Let JJ = D e 0 (s) a5y and J; = Dicqr o~ () aw). Note
that

@V = Y ot(s) Do VIPWV(P) =2y (Jf),

5€Q0+ P:s—t path
(@) Msp= D 0 (1) D V(P)V(P)=2{(];)s.
teQy P:s—t path

Thus, one can compute ¢, (1) and (®¢)*(I) in poly(|Q], |, |o|) time using Algorithm 3. By
Lemma 3.1, the minimum shrunk subspace of ®7, corresponds to the minimum maximizer
in King’s criterion. To find the minimum shrunk subspace of ®7,, one can simply use the
algorithm of [19], which runs in poly(|Q|, |c|,|c],b) time, because one can compute ®¢, (1)
and (®¢,)*(I) in poly(|Q|, |a|, |o|, b) time.

The mazimum maximizer can also be found by considering ®* instead of ®. To see
this, observe that the maximum shrunk subspace corresponds to the maximum independent
subspace (L, R) such that dim L is the smallest. Since tr(II,®(Ilg)) = tr(®*(IIL)Ilg), L is
the minimum shrunk subspace of ®*.

Therefore, we obtain the following theorem.

» Theorem 3.5. For a quiver representation V' of an acyclic quiver QQ with the dimension
vector a with Gaussian integer entries and a weight o, the minimum and maximum maximizers
of King’s criterion can be found in poly(|Q|, ||, |o|,b) time, where b denotes the bit complexity

of V.
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