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—— Abstract

Many modern networked real-time systems encompass complex feedback structures and require
stringent timing guarantees, especially bounds on the network delay. Network Calculus (NC) is a
versatile methodology to compute such performance guarantees per individual flow; in particular,
some fundamental results on how to deal with feedback exist. Yet, these are restricted to simple
feedback structures and are mostly constrained to an analysis at the aggregate level (not per flow).
In our work, we analyze more complex feedback structures than previously investigated by reducing
them to canonical structures. We transform these closed-loop systems (with feedback) into open-loop
systems (without feedback) and, subsequently, perform a per-flow analysis exploiting very recent NC
results on per-flow performance guarantees. In a numerical experiment, we compare our new method
to the current state-of-the-art which only allows for an aggregate FIFO analysis. We also compute
how feedback constraints need to be allocated to ensure that a feedback system provides the same
service as the system without feedback, in a sense providing for an optimal control. Furthermore,
we compare different allocation strategies under a fixed budget for the feedback constraints.
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1 Introduction

Traffic control is an important issue for networked systems with stringent QoS requirements,
such as packet loss and deadlines. This control can be realized through various feedback
mechanisms signaling between components in a system. The signaling can take different
shapes. It can be used to model some type of acknowledgement for a sender to adjust its
sending rate (window flow control). Finite memory buffers are another interesting concern, as
generally in real-time systems lossless packet transfer is assumed. In this scenario, exceeding a
buffer’s capacity would inevitably lead to packet loss in the system. Consequently, some form
of feedback is required, such that a receiving node can signal to its predecessor in the system
that its output has to be paced down to not cause packet loss at the receiving node. Such
feedback mechanisms are found in different application areas, for instance, in Network-on-Chip
(NoC) [24], networked control systems [3] and manufacturing systems [11,21,23].

There are different ways to conduct the timing analysis of feedback systems. For NoCs,
deterministic [27,34,35] as well as stochastic [17,18,22] modeling can be applied. We can
also optimize buffer allocations to reduce the impact of an existing feedback control [13,20].
For manufacturing systems, the predominant modeling and analysis is done with stochastic
models [10,28,38]. A comprehensive review of existing analysis methods for manufacturing
systems is found in [29].

© Anja Hamscher, Lukas Wildberger, and Jens Schmitt;

licensed under Creative Commons License CC-BY 4.0
37th Euromicro Conference on Real-Time Systems (ECRTS 2025).
Editor: Renato Mancuso; Article No. 18; pp. 18:1-18:25

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:hamscher@cs.uni-kl.de
https://orcid.org/0009-0002-9893-9317
mailto:lukas.wildberger@cs.rptu.de
https://orcid.org/0009-0000-1317-2555
mailto:jschmitt@cs.uni-kl.de
https://orcid.org/0000-0002-3066-4305
https://doi.org/10.4230/LIPIcs.ECRTS.2025.18
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

18:2

Per-Flow Guarantees in Systems with Feedback Structures

Another interesting option is to use Network Calculus (NC) to conduct a worst-case
performance analysis of systems with feedback structures. NC is a versatile analytical
methodology which is directly related to the real-time calculus [36] and has a formal link to
response time analysis [31]. NC has been utilized to analyze a variety of systems, for instance,
again NoCs [4,9,26,30]. The basic framework resulted from the seminal work of Cruz [14,15]
and has been further developed by Chang [12] and Le Boudec [6]. An up-to-date overview of
the framework is found in [7]. At its core, traffic is upper-bounded by mazimal arrival curves
and lower-bounded by minimal arrival curves, while server capacities are lower-bounded by
service curves. Using these curves, performance bounds can be derived. These bounds are
either computed per-flow, i.e., only a single flow of interest is considered, or on the aggregate,
where all traffic along a given network path is considered.

Initial work on NC analysis of systems with feedback constraints has been done in [1,2,16].
Here, hop-by-hop and end-to-end window flow control was considered, where only a finite
amount of unacknowledged packets can be sent. The initial work on feedback structures was
extended for systems with bounded buffers in [12] for a system with multiple nodes; and
in [37], where methods to model and analyze systems with finite buffers that cause system-
wide back-pressure are explored. Based on [12], the technique was mapped to manufacturing
blocking systems [5] and further analyzed to generalize the formulas for stream processing
systems that deal with complex state dependencies in [8]. In [40], the authors compared
the computation times of different end-to-end service curves for such systems. In [1,12],
the minimal window size for a single feedback loop to have no impact on a service curve is
determined.

Despite these fundamental results, the current state-of-the-art NC analysis for systems
with feedback control is still limited. While we can analyze systems on an aggregate level,
per-flow performance bounds can only be calculated when assuming network-wide FIFO
scheduling [30]. For non-FIFO scheduling (e.g. static priority), however, we encounter
the inherent need of strict service curves. This special type of service curve enables the
scheduling-agnostic subtraction of arrival curves. However, the concatenation of multiple of
such curves generally destroys their strictness property [7, Prop. 6.2]. Yet, the concatenation
of servers is crucial for an accurate end-to-end analysis.

In [19], an alternative to obtaining a per-flow service curve is presented, where the existing
NC framework was extended to not require a strict service curve to calculate a residual
service curve even under non-FIFO scheduling disciplines. In return, the existence of a
minimal arrival curve is assumed. Exploiting this result, we are able to derive a general
end-to-end service curve for a system with feedback structures while maintaining the ability
to calculate per-flow performance bounds under non-FIFO scheduling. To this end, we make
the following contributions in this paper:

We generalize existing NC results for the transformation of an arbitrarily large closed-loop

system, having a single feedback constraint, into an open-loop system.

We study all possible types of canonical interdependence types between two feedback

constraints and show how the interdependency is resolved. We derive a transformed

service curve for each type, as well as an end-to-end service curve.

We show how to resolve the transformation of a closed-loop system with arbitrarily

many feedback constraints using the previously derived results. We present a method to

calculate per-flow end-to-end performance bounds for arbitrary cross flows and feedback
structures in tandem networks.

We show how the optimal buffer dimensioning for arbitrary tandem networks and feedback

structures without any adverse effects on the performance bounds can be calculated.
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We study different resource allocation schemes for the feedback constraints in a network.
We evaluate their effects on per-flow delay bounds in comparison to optimal feedback
resource allocations.

The remaining paper is structured as follows. We introduce the NC framework and
important results in Section 2. Afterwards, we present the state-of-the-art NC results on
systems with feedback structures in Section 3.1. In Section 3.2, we show that strict service
curves are not suitable in the modelling of feedback systems. We conclude in Section 3.3 with
a discussion on what is missing to perform a NC analysis for a general tandem network with
arbitrary, potentially nested, feedback structures. In Section 4, we first derive an end-to-end
service curve for a single feedback constraint in a general tandem. Then, we turn to general
feedback tandems with many potentially interdependent feedback constraints. Here, we
investigate different interdependence types between feedback constraints and show how to
derive transformed service curves for their canonical versions. Finally, we discuss how to
deal with cross flows and obtain per-flow performance bounds. In Section 5, we evaluate
our new results against the existing NC analysis under FIFO scheduling. We demonstrate
how the existing result for calculating optimal window sizes can be generalized for feedback
constraints with interdependencies. At the end, we compare various resource allocation
strategies for the feedback constraints to minimize delay bounds.

2 Network Calculus Background

We proceed with a brief overview of the relevant NC results that are used throughout the
paper. Let RT be the set of non-negative real numbers. We define the set of (min, plus)
functions as F := {f : RT — RU{+o0}}. Based on F, we let T be the set of non-decreasing
functions f € F, and }"g be the set of functions in F' with f(0) = 0. We define some basic
operators that are the basis for other NC results.

» Definition 1 (Basic Operators [7, Chapter 2]). Let f,g € F. The min-plus convolution of
f and g is defined as f ® g(t) = info<s<i{f(t — s) + g(s)}, the min-plus deconvolution is
defined as f @ g(t) == supgso{f(t +s) — g(s)}. The max-plus deconvolution is defined as
FOg(t) == infeso{f(t + ) — g(s)}. We define the A operator as f A g(t) == min{f(t), g(t)}.

The neutral element of ® is defined as dp(0) = 0 and +oo else. We define the lower non-
decreasing closure as ) = f©0. We further make note of several properties of the A and ®
operators:

» Remark 2 (Distributivity, Commutativity, Associativity [12, Chapter 2.1.1]). Let f,g,h € F.
Then, it holds that

(fegAN(feh)=f®(gAh),
f®g=g® [,
(fegoh=fx(geh).

» Remark 3 (Isotonicity of ® [6, Thm. 3.1.7]). Let f,q,f',¢' € F. If f < g and f’' < ¢, then
fef <geyd.

Next, we define various notions that are used to model a network and derive its performance
bounds. Let A,D € ]-"g be the cumulative arrival and departure process of a flow in the
network, assuming causality A > D. Furthermore, we assume all systems to be lossless. We
define the most important performance measures for such a system:
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Figure 1 Illustration of different processes, curves and deviations.

» Definition 4 (Backlog at Time ¢ [6, Def. 1.1.1]). The backlog of system S at time t is the
vertical distance between arrival process A and departure process D at time t,

q(t) = A(t) — D(t).

» Definition 5 (Virtual Delay at Time ¢ [6, Def. 1.1.1]). The virtual delay of data arriving at
system S at time t is the time until this data would be served, assuming FIFO-per-flow order
of service,

dt) =inf{r >0: A@t) < D(t+1)}.
Arrival and service curves are essential elements of the performance analysis using NC.

» Definition 6 (Maximal and Minimal Arrival Curve [7, Def. 5.1,5.2]). Let a,a € ]-'g. We say
that @ is a maximal arrival curve for arrival process A, and a is ¢ minimal arrival curve for
A, if it holds for all 0 < s <t that

a(t—s) < A(t) — A(s) <a(t—s).

» Definition 7 (Min-Plus Service Curve [7, Def 5.3]). Let a flow with arrival process A and
departure process D traverse a system S. The system offers a min-plus service curve f to
the flow if B € F and it holds for all t > 0 that

D(t) > A®B(t) = inf {A(t—s)+B(s)}.

An example of a maximal arrival curve is the token-bucket arrival curve, given by v, () = b+rt
for t > 0, and 7,.,(0) = 0. A frequently employed function for both minimal arrival curves
and service curves is the rate-latency curve Srr(t) = R- [t — T]+
token-bucket arrival, a rate-latency service curve, as well as the corresponding arrival and

. An illustration of a
departure process, is given in Figure 1.
The following definition provides a stricter notion of a service curve.

» Definition 8 (Strict Service Curve [7, Def. 5.5]). A system offers a strict service curve
B € F to a flow if, during any backlogged period (s,t] (i.e. Vt' € (s,t],q(t') > 0), it holds that

D(t) — D(s) = B(t — s).
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Figure 2 Difference between the provided guarantees of strict service curve (SSC) and service
curve (SC). D; is an example departure process adhering only to the service curve guarantee, Ds
adheres to both guarantees.

The difference between a min-plus and a strict service curve is depicted in Figure 2. It can be
observed that whenever the system is backlogged, the strict service curve offers rate R to the
backlogged arrivals until they have been served. On the contrary, the min-plus service curve
offers a minimal guarantee of A ® 3, independent of the amount of backlog in the system.

Now consider a system that arbitrarily multiplexes two flows constrained by arrival curves
a1, a9 and a server guaranteeing a strict service 5 to the aggregate of the flows. A so-called
residual service curve for a specific flow, i.e., the fraction of the full service a server offers
that is guaranteed to this specific flow can be calculated by [6]

Bars(t) = [B— az]*.

A larger residual service curve, under FIFO multiplexing, is given and applied in Section 5.1
(see Equation (15)).
We define two characteristic distances between two given functions.

» Definition 9. Let f,g € F. The vertical deviation between f and g is defined as
v(f,g) =sup{f(t) — g(t)},
>0
and the horizontal deviation between f and g is defined as
h(f,g) == inf{d > 0|f @ g(—d) < 0}.

Using these concepts, one can derive performance bounds for the measures defined previously
[7, p. 115], [6, p. 118].

» Theorem 10 (Performance Bounds). Assume an arrival process A, constrained by mazimal

arrival curve @ € ]-"g, traverses a system S. Let the system S offer a service curve 8 € ]-'g.

The virtual delay d(t) satisfies for all ¢
d(t) < h(@, ).

The backlog q(t) satisfies for all t
q(t) <v(@,p).
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In Figure 1, an example on where the performance bounds are measured for the token-bucket
arrival and rate-latency service curve is given.

A central result of NC is the concatenation theorem. It is crucial in order to calculate
accurate end-to-end performance bounds.

» Theorem 11 (Concatenation Theorem [12, Thm. 4.3.2]). Let a flow with arrival process
A traverse systems Sy and Ss, offering service curves (1,82 € F, in sequence. Then,
the concatenation of the two systems, S12 = (S1,52), offers an end-to-end service curve
Bi,2 = B1 ® By to the arrival process.

In the context of the modeling of feedback mechanisms, an important concept is the so-called
sub-additive closure. It transforms a curve such that the sub-additive property holds.

» Definition 12 (Sub-additive Functions [6, Def. 3.1.11]). Let f € F. Then f is sub-additive
if for all s,t >0

ft+s) < f(E) + f(s)-

» Definition 13 (Sub-additive Closure [6, Def. 3.1.12]). Let f € F. The sub-additive closure
of f is defined by

£ = inf {f<">} ,

n>0

where f(™ is the n-fold self-convolution of f, i.e., f© =6y, f) = f and f™ = R, F@®
forn > 2.

An example of the result obtained through the sub-additive closure is illustrated in Figure 5.
We state some useful properties of the sub-additive closure.

» Lemma 14 (Properties of Sub-Additive Closure [12, Lem. 2.1.5]). Let f,g € F', it holds

that
(fog) > f oy, (1)
ffef=f (3)

3 Simple Feedback Systems

We divide this section into three parts. We first cover the state of the art on the feedback
system analysis using NC in Section 3.1. In Section 3.3, we discuss how we extend the state of
the art to deal with general feedback tandem networks with arbitrary length and number of
feedback constraints in the system, including interdependencies between feedback structures.
In Section 3.2, we show that, assuming strict service curves, existing feedback constraints
would have no effect on the system, and, thus, strict service curves are not suitable for
modelling feedback systems.

3.1 State of the Art

We first consider a basic system with a feedback structure as in Figure 3 on the left. We
assume that the server S has a finite buffer that holds incoming packets of the arrivals A.
After processing, some departures D leave the server. To ensure that there are no more
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Figure 3 General structure of a feedback constraint under consideration.

arrivals to the node than the buffer can hold at a time, the node signals to the sender (or
previous node) whether space is still left in the buffer. This feedback is modeled by some
function ® that depends on the departures. If there is no more space in the buffer, the sender
throttles its sending rate accordingly and buffers the data itself until it is allowed to send
again, essentially performing a blocking write. This mechanism is represented by the gray
backwards loop in Figure 3. The effect of the throttling adjusts A to A’, which we call the
effective arrivals to the server.

The analysis of the system is then done in several steps. We call the model in Figure 3
on the left a closed-loop system, i.e., the system has (feedback) edges that form a closed
loop. The closed-loop system is min-plus non-linear [6, p. xix], and consequently cannot
be directly analyzed using NC, as the framework is tailored to min-plus linear systems. It
is hence the first step to resolve this feedback loop by transforming the closed-loop into a
min-plus linear open-loop system. The general idea here is that we “encode” the flow control
into the node at which the control signal is fed back into the data flow. The feedback is then

effectively exerted by the server itself by adjusting the service it can offer to incoming arrivals.

The resulting open-loop system is min-plus linear, and can be analyzed using NC. Since the
transformation is a safe operation, any performance bounds we obtain for the open-loop
system are also valid bounds for the closed-loop system. There is, however, generally no
equivalence between the two systems, i.e., the open-loop system is an upper bound on the
closed-loop system.

For us to be able to transform the closed-loop system for a NC analysis, we perform
the transformation of the example system in Figure 3 from the left to the right. To this
end, we introduce some preliminaries. We let F' = (4, j, ®) be a feedback constraint or loop,
where 4 is the server in front of which the feedback is entering the data path, j is the server
behind which the feedback loop starts. ®(D(t)) represents the cumulative feedback at time
t, and represents the type of feedback that is employed, as discussed previously. We call
o € F' with ¢(0) > 0 a feedback curve when ® o D > D ® ¢. By abuse of notation, we
also write F' = (1, j, ) interchangeably with F' = (i, 7, ®). In most existing NC work on flow
control, a fixed window size u is assumed that cannot be exceeded by incoming traffic, i.e.,
®(D(t)) = D(t) + u, u > 0. The feedback curve for this fixed window size is part of the
general model presented in [7, Chapter 6.2.2] and is defined as

L1u(t) = (4)

oo, ift>0,
u, otherwise,
since D @ I,,(t) = D(t) + u (see also [12, p. 79]). Further, we specify the effective arrivals as
A" =AN(D® ). (5)

Through the usage of the minimum (A) as a throttle, we ensure that the arrivals can never
exceed the allowed maximum size D ® ¢ to not violate the feedback control.
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Figure 4 Transformation of a closed- into an open-loop system.
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(a) Transformed service curve ? foru<R-T. (b) Transformed service curve ﬁ foru>R-T.

Figure 5 Effect of the window size u on the transformed service curve ﬁ

Besides causality in the system, i.e., D < A’ it is further assumed that the server S offers
a min-plus service curve 8 € FT to A’

D>A'®B=(AND® ) e}, (6)

where we also used Equation (5). Based on Equation (6), the next step is to transform
the closed-loop into an open-loop system (see also Figure 4). We restate the central result
from [12, Theorem 2.1.6]:

» Theorem 15. Let an arrival process A traverse a system S offering service curve B € F.
The system is subject to a feedback curve @. If

D> (AN(D®p)®p,
then
D>A®B3(B®e)"

Using this result, we effectively encode the feedback constraint into 8 by calculating
a transformed service curve B (also called equivalent service curve in [40]). Here, the
transformed service curve of 3 is ﬁz B ® (8 ® ¢)*. The transformation of the example
closed-loop into open-loop system is illustrated in Figure 4. Here, the feedback loop is
replaced by the transformed service curve. Recalling the definition of the sub-additive closure
in Definition 13, we illustrate its effects in the transformed service curve. Assuming that § is
a rate-latency service curve and ¢ = I,,, the transformed service curve is depicted as the red
curve in Figure 5. The grey curves illustrate the sub-additive closure operation (8rr ® I,,)*.
Here, each curve represents the result of another self-convolution of g+ ® I,,. The illustrated
two different scenarios depend on the relation between the service curve parameters R and
T and the size of the feedback constraint u. If we have for the so-called bandwidth-delay
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product [1] that R - T < u, the feedback constraint has no effect on the system, and ?: B8
(see Figure 5b). This stems from the fact that Sg o is always smaller than (Brr ® I,)*. If
R-T > u, calculating the sub-additive closure leads to a reduction of the transformed service
curve, and consequently ﬁ< 5. This can be observed in Figure 5a. This reduction stems
from the fact that Sgr quickly becomes larger than (8rr ® I,)*. Hence, ﬁ follows the
sub-additive closure (Br1 ® I,,)*.

To recapitulate, we are given a closed-loop system, similar to the system we have examined
in the introductory example. We use Theorem 15 to encode the feedback constraint existing
in the closed-loop system into the service curve directly, resulting in an open-loop system that
has no feedback any more, but a transformed service curve 3. This new system constitutes
a min-plus linear upper bound to the original system and can be analyzed with respect to
performance bounds using NC.

We introduce another aspect of feedback constraints that will be subject to analysis in
the paper. Assuming a static window flow control using ¢ = I, for some v > 0, we can
obtain the optimal size of u such that 5 :ﬁ holds by

u= (80 p)op0).

This is studied in detail in [1,7,12]. Looking again at Figure 5, the optimal u would be
attained if u = R - T, since all the grey curves would then lie on the red curve, or, more
formally, Srr = (Brr ® I,)*. We will expand on this result in Section 5.2.

We note that Theorem 15 makes no assumption about the type of service curve that
is required to perform the transformation to an open-loop system, i.e., it only requires a
min-plus service curve. In fact, we can show that this is the only relevant type of service
curve we have to consider. We will discuss this in more detail in the next section.

3.2 The Issue of Strict Service Curves

Here, we show that, assuming strict service curves, feedback constraints would have no effect
on closed-loop systems. We prove this observation for the special case of fixed window flow
control, i.e. ¢ = I,,. To this end, we first show that a backlogged period of a system without
feedback is contained in the backlogged period of a closed-loop system.

» Lemma 16. Let an arrival process A traverse a server S offering a strict service curve 5.
The feedback constraint in the system has a fized size u. Let A’ .= AN D ® I,,. It holds that

A(t) > D(t) = A'(t) > D(t). (7)

Proof. We prove by contradiction. Assume that A(t) > D(t), but A'(t) = D(t) (due to
causality A’(t) < D(t) is impossible). Then,

D(t)=A'(t) = At) ND ® I,. (8)

But, as per assumption it holds that A(t) > D(t) and also D ® I, > D with u > 0. Hence,
Equation (8) does not hold and thus Equation (7) must hold. <

This shows that, under strict service, any backlogged period for the original arrivals A is
also a backlogged period for the effective arrivals A’ and therefore we have:

» Proposition 17. Let an arrival process A traverse a server S offering a strict service curve
B. The system has a feedback constraint of size u. Let A’ .= ANDQ I,. If B is a strict
service curve for the closed-loop system, it is also a strict service curve for the open-loop
system, i.e., for any backlogged period [s,t] for the arrivals A, we have that

D(t) = D(s) = Bt - 5).
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Proof. Let [s,t] be a backlogged period for the arrivals A. From Lemma 16, it holds that
[s,t] is also a backlogged period for A’. Tt follows that for both the closed- and open-loop
system

D(t) — D(s) > B(t — s). <

The reason behind this somewhat surprising observation is that the latency of a strict service
curve does not model a physical propagation delay (as the service curve). As such, we
are never facing the case that the bandwidth delay product [1] is larger than the feedback
constraint u, and thus the feedback constraint has no impact on a system with a strict
service curve. In other words, this renders strict service curves meaningless in the context of
feedback system modelling.

3.3 Extending the State of the Art

So far, we only treated the basic case of a single feedback constraint. However, what we try
to achieve is to be able to transform a closed-loop system with arbitrary many flow control
mechanisms into an open-loop system. This has not been done in literature, previously.
We have results for a feedback constraint spanning up to two nodes [5,7,8,12,19], but
there are no existing results for feedback constraints spanning an arbitrary number of
nodes. This is desirable, however, as we can have systems that employ different kinds of
feedback mechanisms, such as an end-to-end window flow control or more complex signaling
mechanisms for finite buffers that span over more than two nodes. This inevitably leads to
feedback constraints that have interdependencies with other feedback constraints, where the
transformed service curve of one feedback constraint is part of another feedback constraint.
In Section 4, we identify all of these interdependence types, and how to transform them into
corresponding open-loop systems. This, in return, enables the NC analysis for any kind of
feedback structure in a tandem network, regardless of the existing interdependencies between
feedback constraints in the network.

4 Complex Feedback Systems

In the following, we extend existing results for analyzing more complex feedback systems
using NC. We first provide a straightforward generalization of Theorem 15, allowing us to
analyze a single feedback constraint spanning an arbitrary number of nodes. Then, we study
the different canonical interdependence structures systems with multiple feedback constraints
can exhibit, and how to transform them into open-loop systems. Here, we show how to
obtain transformed service curves for all relevant service curves in the closed-loop system, as
well as an end-to-end service curve for the open-loop system. Finally, we discuss how we
can obtain per-flow performance bounds using the respective open-loop systems despite the
open-loop system consisting of min-plus servers.

4.1 Single Feedback Systems of Arbitrary Length

We assume a network as in Figure 6, where we have n nodes as well as one feedback constraint
F = (i,],p) in the system. To that end, we first generalize some of the equations introduced
in the previous section. We define the effective arrivals A} at server ¢ as
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The departures D; at server ¢ are characterized by
D; > A; @ Bi.
Theorem 15 can then be generalized as follows:

» Proposition 18. Let a flow f traverse a tandem of n nodes, each offering a service curve
Bk, k € {1,...,n}, with a single feedback constraint F = (i,7,¢). The tandem offers an
end-to-end service curve to the flow f

1—1 n
D > A® /Be2e7 with ﬁeZe = ®5k® E & ® ﬁlv (9)
k=1

l=i+1

and a transformed service curve at node 1

j *
Bi=p; ® <® Br ® <P> - (10)
k=i

Proof. Let A;, D;,i € {1,...,n}, be the arrival and departure process at each node i. First,
using Theorem 11, we calculate respective service curves for the subsystems from node 1 to
node i — 1, node i + 1 to node j', and node j + 1 to node n:

i—1 7 n
Brici=Q B Birry = Q) B Bivim= Q) Br-

k=1 k=i+1 k=j+1

The arrivals at node ¢ can then be characterized by
Ai=Di 1 >2 AR P11

For the departures at node j we have that
D; > (A ® Bi ® Big1,5) N (Dj @ (Bs @ Bix1,; @ @))-

Consequently, the feedback loop at node i can be transformed into an open-loop system
using Theorem 15:

Bi= 6 ® (Bi®Bit1,;©0) =6 ® (Bi; ©0)",

1 If § = j, we assume as usual that the empty convolution becomes the neutral element &o.
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Figure 7 General feedback tandem for n nodes and m flows.

proving Equation (10). Then, using Theorem 11 again, the final output of the tandem is
bounded by

D>A®pB,;-1® Bi ®Bi+1,5 @ Bj+in
=A® 1,19 Bi RBit1n,

where fi11., = Bit1,j ® Bjt1,n. This proves Equation (9). <

Equipped with Proposition 18, we can deal with single feedback loops of arbitrary length.
Next, we proceed with an analysis of closed-loop systems that have multiple feedback loops.

4.2 Feedback Interdependence Types

Figure 7 illustrates the general feedback tandem network that we aim to be able to analyze.
Here, we consider n nodes in a network, as well as an arbitrary number of feedback constraints
l. In Figure 7, all possible interdependence types between feedback constraints that may
occur are shown. In addition, a general flow aggregate consisting of multiple flows that
may interfere with the flow of interest in any possible way across the nodes is illustrated
(in colors). We point out again that the transformation of a closed-loop into an open-loop
system is done before we consider any existing flows in the system.

In the following, we assume an ordered set of feedback constraints F; = (i, ji, p1),l =
1,..., k. The feedback loops are lexicographically ordered by the data path entering node 4;
as first criterion in ascending order, and the starting node of the control signal j; as second
criterion in descending order. Let F; and F;, be two feedback constraints with [ < m. If
J1 < im, then the two feedback loops are not interdependent with each other and can be
evaluated independently from each other using Proposition 18. If, however, j; > i,,, then
they are interdependent and their respective evaluation needs to take that into account.

There are different types of interdependence. First, let us assume that i; < i,,, i.e., the
second feedback enters the data path at a strictly later point in the tandem than the first
one. If also j; > jm, we have a so-called contained interdependency between the constraints
F; and F,, (see also Figure 8 for an example). If, on the other hand, j; < j,,, then we call
it an overlapping interdependency between Fj and F,, (see also Figure 9 for an example).
Now let us assume i; = i,,, i.e., both feedback loops enter the data path at the same point
in the tandem (see also Figure 10a for an example). Due to the lexicographical ordering of
the feedback constraints we have that j; > j,,. While this configuration is similar to the
contained interdependence type, the treatment of this special case justifies a separate type
called compounded interdependency.



A. Hamscher, L. Wildberger, and J. Schmitt

open-loop

7 B2
transfogation :é\l : \:;/ @

Figure 8 Canonical contained feedback system.

Figures 8-10 illustrate canonical versions of these three interdependence types, i.e.,

minimal tandem networks that exhibit each of the previously classified interdependence types.
We note that we can adjust these structures to a larger size by making use of Proposition 18.

In the following, we derive transformed service curves as well as an end-to-end service curve
for each canonical interdependence type.

4.2.1 Contained Feedback

As illustrated in Figure 8, we have an arrival process A, and each node offers a service curve
Bi. We also have feedback constraints F; = (1,3,¢1) and Fy = (2,2, p2). We first transform
F, into an open-loop system, as none of the servers it spans are subject to the feedback
constraint F}. We have for F, that

Ay =As N (Dy @ p3), D3> A5 @ fs.
Applying Theorem 15 to this, we obtain
Dy > As @ B2 ® (B2 ® p2)", (11)

and hence @: B2 ® (P2 @ @a)*.
Turning to the feedback constraint Fy, with Equation (11) and starting from the final
departures D3, we derive

D3 >Ds ® B3
>As ® P2 ® (B2 @ p2)* @ Ps
>A1 Qb1 ® P2 @ (B2 ® p2)* @ Ps.

In the third line, the service curve property of 5; is used and that As = D;. We have the
effective arrivals A| = A; A D3 ® @1, and can apply Proposition 18 to obtain

D3> A10B1@(B1@B@(B@p2)" ®@PB3Rp1)" @ P2® (B2 ®p2)" ® B3
>A 8@ BLRRORRE1) @ ((f2®p2)") ®B2® (f2®p2)" @ fF3
=410 (BLRMAOLBRP) @B (f2®p)" @ Fs,

where we used Lemma 14, Equation (1) in line 2 and Equation (2) in line 3, as well as the
commutativity of the min-plus convolution (see Remark 2). From this, we directly obtain
the end-to-end service curve for the flow aggregate as

Be2e =51 @ (81 @ P2 @ B3 @ p1)" @ B2 ® (B2 @ p2)* @ Bs,
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Figure 9 Canonical overlapping feedback system.

and from Proposition 18, we have that

Bi= 51 ® (B2 ® 02)* ® (b1 ® B2 ® B3 ® p1)".

It can be observed that we can effectively “open the loop” for Fy before using it to open the
loop for Fy. For the analysis of larger feedback structures this ordering relation is important
to take into account.

4.2.2 Overlapping Feedback

Let Fy = (1,2,¢1) and F» = (2,3, p2) be the two feedback constraints as illustrated in
Figure 9. We first focus on F5 only and transform the corresponding subsystem (node 2 and
3) into an open-loop system using Proposition 18 to obtain

D3> A ® 2 @ (B2 ® B3 ® p2)* ® B3,

and hence B;: B2 ® (B2 ® B3 ® @2)*. Turning to F; now and using @, we have a single loop
feedback system for which we can apply Proposition 18 again to obtain
Dy >41 ® B1 @ (B1® Bo ©p1)"@ B2 @B
=41051®(B1@L2@p1 @ (B2® B3 @ p2)")" ®PBa® (B2 ® B3 @ pa)" ® B3
>A1QBRP (BB ®p1) @ ((B2® P ¢p2)")" @ (B2® B3 ®p2)" @ Ps
=A1 @81 @ Br1@B@p1)" @B @ (B2®@ P @ p2)" @ B,

where we used Lemma 14, Equation (1) in line 3, and Equations (2) and (3) in line 4, as
well as the commutativity of ®. So, the end-to-end service curve is given by

Beze =P1 @ (B1 @ P2 @ p1)" @ P2 ® (P2 ® Pz @ p2)" @ Ps.

From Proposition 18, we also have that

Bi=B® B ®B®p1)* ® (B2® Bz ® p2)*

These results have been previously stated and proven in [5, Theorem 3.18], [12, p. 82-83],
but they are included in this paper for completeness.
Again, it can be observed that we effectively open the loop for Fy before F.

4.2.3 Compounded Feedback

The canonical compounded feedback pattern illustrated in Figure 10a is structurally different
from the others as the feedback loops enter the data path at the same point in the tandem. In
order to ease deriving an end-to-end service curve for compounded feedback, we first observe
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(a) Combined minimum. (b) Separated minima.
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(c) Resulting open-loop system.

Figure 10 Equivalent canonical compounded feedback structures.

that both feedback structures in Figures 10a and 10b are equivalent. Let F; = (1,2, ¢1) and
Fy = (1,1, p2) be the two feedback constraints. For the system in Figure 10a, the effective
arrivals are given as

All :Al /\(Dg@(pl)/\(Dl ®(p2) (12)
For the system in Figure 10b, they are

A} =4 A (D2 ® 1),
AIIIZA/I/\(Dl(X)gOQ):Al/\(D2®@1)/\(D1®g02). (13)

As Equations (12) and (13) are equivalent and each characterizes the respective feedback
structure, we can also use the pattern in Figure 10b to evaluate the canonical compounded
interdependence pattern. To that end, we transform the inner feedback F5 first. The partial
open-loop system immediately follows from Theorem 15:

Dy > Al ® B ® (61 ® p2)™.
For the outer feedback loop Fi, we can use Proposition 18 again to obtain

Dy >4 081 @ (B1®w2)" @ (B1® (81 ®p2)" ®Pa®p1)* ® P
>A1 081 (B1R¢)" ® (1R P2 ®p1)* @ Ba,

where we used Lemma 14 again in line 2.

Therefore, Beze = £1 ® (81 ® v2)* @ (81 @ B2 ® v1)* @ [ is the end-to-end service curve
for the flow aggregate and the transformed service curve for ; is obtained as

Bi= 1 ® (81 ® 02)* ® (B1 ® B2 @ 01)*.

Again, we observe that Fj is evaluated before F.

Note that in the case of i, = 4; and jx = ji, i.e., the extreme case of compounded feedback
spanning the same set of nodes, we only need to evaluate a single feedback loop, however,
with feedback constraint ¢ A ;. For instance, assuming in Figure 10a that @2 started behind
the second server (like ¢4), we would have that (using the distributivity from Remark 2)

Al = A1 N(D2® 1) A (D2 @ @2) = A1 A Do ® (1 A @2).
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4.3 Order of Evaluation in the Feedback Tandem

It is left to discuss in which order the closed-loop systems have to be transformed into
open-loop systems to deal with the complex feedback structure of a general tandem as in
Figure 7. In fact, the lexicographic order defined in Section 4.2 is instrumental for that
purpose. As we have observed for all interdependence types, F» had to be evaluated before
F1, i.e., we need to proceed in reverse lexicographic order to transform the canonical cases
into open-loop systems.

This directly generalizes for the feedback tandem. Given a network with k feedback
constraints in lexicographic order, the last feedback constraint F} does not depend on any
other constraint Fj, [ < k. More specifically, since iy, > 4;, F; cannot overlap Fj; also, in case
that i = 4;, then ji < j; and thus Fj is not contained in Fjy. At most we could have the
special case of a compounded interdependency where i, = 7; and ji = j;. Yet, as discussed
at the end of the previous subsection, we can combine them into a single feedback constraint.
Hence, we first open the loop for Fj, then apply the same reasoning for the remaining
feedback constraints until we have reached a completely open-loop tandem network.

We point out that even more general feedback networks than a tandem could be analyzed,
based on the evaluation precedence rules as we obtain them from the different interdependence
types. We can build a (directed) precedence graph with the feedback constraints as vertices;
determining the interdependence type between two constraints F; and F; would then govern
whether an edge between vertex ¢ and j exists and its direction. If this precedence graph
had no cycles, i.e. it is a directed acyclic graph, then we could perform a topological sort to
find a feasible evaluation order of the feedback loops. The cyclic case we leave for future
work as it is out of scope for this paper.

4.4 Network Analysis

In principle, after we have dealt with all feedback loops and have arrived at an open-loop
system, we seem to face a classical NC problem: We consider f; to be the flow of interest (foi),
and fo,..., fin to be cross flows interfering with the flow of interest at different sub-paths of
the tandem (see again Figure 7, especially the lower part); each flow f; is constrained by a
maximal arrival curve @;. Yet, for the servers S;, classically we would need to assume strict
service curves f3; in order to make use of existing network analyses like, e.g. PMOO [32,33]
(the only exception being FIFO scheduling). However, the transformed service curves in the
open-loop tandem are not strict but just min-plus service curves (see Section 3.2 on why
strict service curves are generally not useful in the modelling of feedback systems).

Instead, we make use of recent results in [19] where a residual service curve 5:* is
calculated from a min-plus service curve 3; as

B = Bi — o, (14)

where @f is the aggregate maximal arrival curve of all cross flows at node i. This is still
a min-plus service curve (see also [7, Theorem 7.3]) and can be used to calculate a valid
residual service curve for any scheduling policy. Yet, in general, it is partially negative
and decreasing and thus not in ]-'g . Therefore, we cannot apply Theorem 10 to compute
performance bounds anymore. However, in [19] we find a replacement for Theorem 10 when
a service curve can be partially negative, enabled by the assumption of a minimal arrival
curve « for the foi:
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Figure 11 Tandem network with several interdependent feedback structures and interfering cross
flows.

» Theorem 19. Let an arrival process A traverse a system S. Further, let the arrivals be
constrained by mazximal arrival curve o € .7-'3 , and minimal arrival curve o € .7-'3 , and let the
system offer a min-plus service curve B € F, with £ := (3 its lower non-decreasing closure.
The backlog q(t) satisfies for all t

q(t) <v(@, &) A i‘i%’{a(s)}'

The virtual delay d(t) satisfies for all t >0

d(t) < max{z(a, £), h(@, €)}.

Here, the z-distance is defined as z(q, &) := inf{r > 0|a ® {(7) > 0}. Consequently, we can
make use of network analysis algorithms like PMOO again, despite not having a strict service
curve, also when scheduling is not just FIFO. This makes feedback systems in general an
interesting application for the new results. In fact, in [19] feedback systems are an application
example, yet only a very simple instance with just a single server and two competing flows is
treated. The following numerical experiments use our new insights in much more complex
feedback systems.

5 Numerical Experiments

By means of numerical experiments we illustrate the application of the proposed method to
deal with complex feedback systems as well as provide some quantitative comparison against
state-of-the art techniques. We consider the sample feedback tandem network in Figure 11.
Here, we have two application types of feedback constraints: Fy-Fy are bounded buffers
requiring a feedback signalling to prevent packet loss; F5 and F3 are due to local window flow
control mechanisms, and F} is due to an end-to-end flow control in order not to overwhelm
the final receiver. With these feedback applications we cover all types of interdependence.
All feedback curves are modelled by ¢; = I,,, where I, is defined as in Equation (4). As
such they all signal a fixed upper bound to preceding nodes that must not be exceeded by
incoming traffic. This fixed upper bound is either the size of a finite buffer or the amount of
unacknowledged packets that can be in transit at a time.

First, we calculate delay bounds using a state-of-the-art FIFO analysis for feedback
systems and compare it to the analysis of a Static Priority (SP) scheduling for sub-flows
of our flow of interest. The latter is only possible with our new method. Afterwards, we
determine the optimal feedback size u; for each Fj to avoid any adverse effects of the feedback
constraints on the delay analysis. Finally, under the assumption of a limited total budget for
all feedback constraints, we compare different strategies to allocate the budget to each of the
feedback constraints.
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Figure 12 Transformed open-loop system of the tandem network in Figure 11.

5.1 System Modeling and Delay Analysis for FIFO and SP Scheduling

In the following, we have five flows f1,..., f5, where f; is the flow of interest. We also assume
that f; consists of four sub-flows fi,..., f{f with different priorities, where f{* has the highest
priority and f] the lowest. Application-wise, we interpret the highest priority as absolutely
time-critical, for instance, sensor data, while f{ represents Best-Effort (BE) traffic.

In a first step, we derive transformed service curves E, B;, @,7 BZ that turn the closed-loop
system from Figure 11 into an open-loop system. To this end, the feedback constraints are
evaluated in the reverse lexicographic order Fg > F5 > Fy > F5 > F5 > Fy. Thus,

Ba= 81 ® (B4 ® B5 @ p6)” = B ® i,
with p5 = (84 ® B5 @ ps)*,
6?3253(3(53@54@905)*@90%:B3®50g®902§7
with o5 = (B3 ® Ba ® s5)",
Ba= 20 (B20 B30 Ba® 5 © p3)” @ (B2 ® B3 ® 1) ® 0% ® 9 = P2 ® s ® ¥y ® ¢k ® i,

with @3 = (82 ® 83 Q@ 1 @ B5 ® 3)* and ¢} = (B2 ® B3 ® pa)*,

6 *
hi=p1® (@&@«m) ® (B1®P2® B3 ® Pa®p2)" ® 3 ® Py ® 5 ® i

j=1
=B1 ® 1 ® 2 ® Y3 ® Y1 ® Y5 ® P,

with ¢} = <®?:1 B ® 901) and 5 = (B1 ® B2 ® 3 @ B1 @ p2)*.

This takes us to the open-loop network in Figure 12, where 4, ..., 34 are replaced by
their transformed service curves ﬁl, ceey @. We observe that there are no feedback constraints
left in the open-loop system, but the respective feedback properties are effectively contained
within the transformed service curves.

Next, we calculate the FIFO residual end-to-end service curve for our flow of interest in
the open-loop system. This is done using the PMOO analysis following the principle to always
concatenate as many nodes as possible before computing residual service curves [32,33]. For
instance, in our case we first compute the concatenation of node 4 and 5 by convoluting the
respective service curves BZ and 5, and then calculate the residual service curve with respect
to cross flow f;. For the calculation of the residual service curves we apply the well-known
FIFO result [7, Theorem 7.5]

[B(t) —ac(t —0)]T, ift>0,
0, otherwise,
where we choose 6 = ZRb;. This choice for § minimizes the length of the interval I = [0, s]
over which B%po(t) =0, Vt € 1.

This choice for # minimizes the latency (period for which it is 0) of the residual service
curve under token-bucket arrival and rate-latency service curves [6].

Brro(t) = { (15)
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Time [s]

Figure 13 Residual service curves for the SP scheduling analysis.

Table 1 Default parameter set for the numerical experiments.

Parameter Value
Service curve: R; 100 Mbit /s
T; 0.01s
Feedback: ol I
Cross flows: rh 10 Mbit/s
b 1 Mbit
Flow of interest: 1,71 10 Mbit/s, 5 Mbit /s
b, T, 9.71 Mbit(= S 41),0.1s
Sub-flows: 7ird Tl - 4*11'0“[1 . 4*11'0“
T} T, - 455
{63,063, 01} | {0.01,0.2,1.5,8} Mbit

For the FIFO analysis of fi, we can now directly calculate performance bounds based on
Theorem 10. For the SP analysis of the sub-flows of f1, we use Equation (14) to calculate
their respective residual service curves, taking into account sub-flows with higher priorities
as crossflows. We note that, since we assume (; to be min-plus service curves, we cannot
make use of the residual service curve calculation in [7, Theorem 7.6], as this requires j; to
be a strict service curve. Rather, we use Theorem 19 to calculate the sub-flow specific delay
bounds.

We point out that the residual service curves calculated using Equation (15) are always
positive and non-decreasing, while the residual curves calculated with Equation (14) are
partially negative and decreasing. This is also shown in Figure 13.

The parameters used in our experiments are given in Table 1. Here, ¢; = I> means that
each feedback constraint has a fixed size u = 2 Mbit. Also note that the burst of the maximal
arrival curve of the foi b is the sum of the bursts of its sub-flows b7, b3, b2 and b1, as it holds
that the sum of token-bucket arrival curves is again a token-bucket arrival curve for the
aggregate. All experiments are conducted using the network calculus library Nancy [39]. We
examine two different factors: bottleneck utilization and burstiness of BE traffic f{. First,
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Figure 14 Delay bounds under varying bottleneck utilizations for FIFO and SP analyses.
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Figure 15 Delay bounds under varying burst sizes of fi for FIFO and SP analyses.

we compare the delay bounds for the FIFO and SP analyses against the utilization of the
bottleneck node Sy. The results are illustrated in Figure 14. We see that the delay bounds
for the FIFO analysis lie between the SP bounds of f2 and f;{. This exhibits the inherent
issue of FIFO scheduling, not being able to protect time-critical traffic from BE. We remark
that, except for fi, all SP delay bounds were calculated using the z-value of Theorem 19,
explaining the constant behavior of the delay bounds for some periods as the z-distance does
not react directly to a decreasing bottleneck capacity. On a similar note, due to the residual
service curve shapes as shown in Figure 13, we see several utilizations where the bounds are
increasing sharply. This stems from the fact that changing the utilization also affects the
creation and periods of these functions, resulting in fluctuations of the bounds.

Next, we explore the effects of increasing the burst size of the BE traffic f{. We use the
default parameter set from Table 1, but let b1 run from 3 Mbit to 20 Mbit, instead. The
results are illustrated in Figure 15. This scenario reinforces what we discussed in the previous
paragraph. As the FIFO analysis is an aggregate analysis, increasing the burst size of a
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lower priority class also increases the delay bounds for more time-critical traffic. For the SP
analysis, we do not observe this behavior other than for flow f{, as SP isolates the other
flows from the “bad behavior” of f§ and we can still calculate good per-flow delay bounds.

5.2 Optimal Feedback to Avoid Adverse Feedback Effects

We have seen how to deal with existing feedback mechanisms in a complex feedback system.

However, depending on the application, it may not be desirable to have adverse effects from
feedback control on the performance bounds of the system, at all. From a system design
perspective, we can try to achieve this by providing enough resources, such as buffer space,
for instance. But how do we determine the required resources that are needed in the system?
We briefly restate the previously presented result from Section 3.1. For a feedback curve
@ = I, and for a single feedback constraint, we obtain the optimal u such that JE: B as

u* = (B B) @ B(0). (16)

Indeed, even with more complex feedback structures, Equation (16) can still be applied. To
that end, we make use of the same (lexicographic) order of feedback resolutions as discussed
in Section 4.3 and proceed as follows: Assuming we have k feedback loops in the network,
we calculate the optimal window size ug™ for fegdback loop Fy = (ig, jk, @x) and transform
this closed loop into an open loop system with 3;,= ;.. Next, we can apply Equation (16)
again to obtain uzrfl and transform Fj_;. We proceed in this manner for all remaining
feedback loops until we have obtained a transformed service curve for all existing closed-loop
feedback constraints. Essentially, since we only consider a single feedback constraint at a
time, we can iteratively apply Equation (16). This procedure results in a network that has no
adverse effects on performance bounds from feedback constraints. Indeed, we can interpret
this as the minimal cost of the system (in terms of resource requirements) at wich we have
no adverse effects of the feedback, and thus view this as optimal feedback. We can further
calculate performance bounds for the system and confirm whether the system still meets
existing timing requirements.

Applying this procedure to the example network, we obtain the optimal u®" as uP* =
6, us?" = ugP' = 4, uP" = ug?" = ugP" = 2. Comparing the optimal u; values to the ones we

(arbitrarily) picked in Section 5.1, we realize that the feedback constraints spanning more
nodes (F1, Fy, F3) are under-provisioned, while Fy to Fs were already given their optimal
values.

5.3 Quantitative Analysis of Fixed Budget Allocation

While calculating the optimal feedback is possible, network design usually has inherent
restrictions on the budget that is available to dimension buffers. As a consequence, a required
resource budget Nopy = ) u?pt is usually higher than an available resource budget 7,. In the
following, we study different strategies for resource allocations for the feedback constraints
and compare them to each other and the optimal allocation from the previous subsection
with respect to delay bounds.

5.3.1 Uniform Allocation

We divide the available budget 7, by the number of feedback constraints in the network

and assign the result to each ;. This is exactly the allocation that was used in Section 5.1.

This may be a sensible allocation strategy when there is not enough information about the
network to use one of the following strategies, as they require knowledge of 7,¢ and the
optimal values for the feedback constraints.
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Table 2 Delay bounds for FIFO and SP analyses under varying available budgets and allocation
schemes.

Available Budget 90% 70%
’ H Opt. H Max-Min Prop. Unif. Max-Min Prop. Unif.

FIFO || 242ms 277 ms 270ms  358ms 409 ms 366ms 484 ms
SP fi || 104ms 104 ms 107ms  116ms 121 ms 124ms  125ms
SP f7 || 238ms 238 ms 245ms 263 ms 273 ms 279ms  279ms
SP f2 || 655ms 655 ms 669ms  705ms 725 ms 737ms  738ms

BE 1310 ms 1310 ms 1324ms 1360 ms 1380 ms 1392ms 1438 ms

50%
’ H Max-Min Prop. Uniform

FIFO 963 ms 644 ms 963 ms
SP fi 190 ms 162 ms 190ms
SP f} 411 ms 354 ms 411ms
SP f? 1001 ms 888 ms 1001 ms

BE 1857 ms 1543ms  1857ms

5.3.2 Proportional Allocation

Under the assumption that we know 7op; and the optimal uf®", and have an available budget
Na, We can make an allocation that is proportional to the optimal allocation by setting

t
I T
nopt

5.3.3 Max-Min Fair Allocation

We again assume that we have knowledge of 1yt and the optimal u?pt. We make use of the
water-filling algorithm from [25], which results in a max-min fair allocation. Here, we fill
all constraints equally until we reach the optimal value for some F;. We remove all such F;
from the set, then repeat the previous step until the available budget 7, is exhausted (or all

. t
optimal values u;"" are reached).

5.3.4 Evaluation

We use the same parameter set as given in Table 1, as well as 7opr = 20 with u?pt as
uf® = 6,us" = ug® = 4,uf" = ug?" = ug®" = 2 as calculated in Section 5.2. We set 7, to
be either 90%, 70% or 50% of nepy and determine the resulting delay bounds for the three
allocation schemes for the FIFO and SP analyses. The results are given in Table 2, where
the most accurate delay bound for each analysis and proportion is marked in gray. We make
some interesting observations regarding the different allocations. We find that the max-min
allocation provides the most accurate bounds for the SP analysis for 70 and 90% of nopg. If
7q is only 50% of nopt, the allocation degenerates into the uniform allocation, as we have
already used the whole budget during the first iteration of the water-filling algorithm. For
the FIFO analysis, the proportional allocation provides the most accurate delay bounds
across all three budgets. Expectedly, the uniform allocation provides the most inaccurate
delay bounds for both analyses, as it does not take into account any knowledge about the
system under study.
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6 Conclusion

In this paper, we have tackled the issue of analyzing per-flow timing characteristics in
networked systems with complex feedback structures for scheduling policies other than
FIFO. We have generalized existing results for single feedback constraints and shown how to
deal with different interdependence types between feedback constraints. We have presented
a method to determine the order in which closed-loop systems can be transformed into
open-loop systems for arbitrary tandem networks, as well as discussed how more general
network topologies can be analyzed. In a numerical experiment, we have shown how the new
approach performs in comparison to a FIFO analysis and showed that it is now possible to
obtain per-flow delay bounds for non-FIFO scheduling policies. We showed how the optimal
window size for a feedback constraint can be iteratively applied in the case of multiple
interdependent feedback constraints. We also explored different resource allocation schemes
for the feedback constraints to minimize delay bounds. Here, we have seen that the optimal
scheme depends on the scheduling policy.
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