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—— Abstract

We study two kinds of containers for data types with symmetries in homotopy type theory, and
clarify their relationship by introducing the intermediate notion of action containers. Quotient
containers are set-valued containers with groups of permissible permutations of positions, interpreted
as (possibly non-finitary) analytic functors on the category of sets. Symmetric containers encode
symmetries in a groupoid of shapes, and are interpreted accordingly as polynomial functors on the
2-category of groupoids.

Action containers are endowed with groups that act on their positions, with morphisms preserving
the actions. We show that, as a category, action containers are equivalent to the free coproduct
completion of a category of group actions. We derive that they model non-inductive single-variable
strictly positive types in the sense of Abbott et al.: The category of action containers is closed
under arbitrary (co)products and exponentiation with constants. We equip this category with the
structure of a locally groupoidal 2-category, and prove that it locally embeds into the 2-category of
symmetric containers. This follows from the embedding of a 2-category of groups into the 2-category
of groupoids, extending the delooping construction.
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1 Introduction

Containers are a representation of strictly positive data types, introduced by Abbott et al. [1].
A container consists of a type of shapes and a type of positions associated to each shape. For
example, the container of ordered lists consists of natural numbers n : N as shapes and finite
ordinals Fin(n) as positions, the idea being that each list has a length n and Fin(n)-many
locations that can hold data. Containers can be interpreted as polynomial endofunctors, the
latter being the polymorphic data types that the containers represent. For example, the
interpretation of the list container is the List functor.

Containers form a category. Its morphisms represent polymorphic functions between data
types, which are interpreted as natural transformations between the corresponding polynomial
endofunctors. This category is rich in structure; among other things it is cocartesian closed,
is closed under the construction of initial algebras and terminal coalgebras, and admits a
notion of derivative.

Traditionally, the theory of containers is studied in Set-like categories. When interpreted
in such categories, the data of containers may however be too restrictive to encode certain
data types of interest. This is especially the case if one wants to account for symmetries,
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i.e. identify configurations of positions when one can turn into the other via the action of
certain permutations. For example, one can represent ordered lists, but it is not possible to
represent cyclic lists or finite multisets as a container.

Some efforts have been made to enhance the expressivity of containers to represent data
types with symmetries. Abbott et al. [3] introduced quotient containers, which are containers
in which the assignment of values to positions is invariant under a collection of permutations
on positions. This is realized by requiring the presence of a subgroup of the symmetric group
on positions, corresponding to the collection of admissible permutations. Interpretation of
quotient containers embeds them as a subcategory of set-endofunctors, targeting certain
quotients of polynomial endofunctors. For quotient containers with finitary positions, these
correspond to Joyal’s analytic functors [15].

Symmetric containers, introduced by Gylterud [10], consist of a groupoid of shapes, with
positions being a set-valued functor over this groupoid. This means that the symmetries
are encoded directly in the isomorphisms of the shape groupoid. From the perspective of
(homotopy) type theory, symmetric containers correspond to set-bundles over homotopy-
groupoids. They form a locally univalent 2-category, and are interpreted as polynomial
endofunctors on the 2-category of groupoids.

Quotient and symmetric containers are two different ways to extend the expressivity of
ordinary containers to include symmetries between positions. Our interest lies in understand-
ing how these two approaches are related. To this end, we introduce an intermediate notion:
action containers. An action container consists of a set of shapes and, for each shape s, a set
of positions P; and a group G acting on Ps. On one side, such containers generalize quotient
containers, as the allowed permutations are determined by the action of an arbitrary group,
and are not restricted to subgroups of the symmetric groups. On the other, they are a special
case of symmetric containers: a Gs-action is a functor from G, (as a 1-object groupoid) to
Set, and summation of these functors over all shapes s yields a symmetric container.

We describe a notion of morphisms of action containers, inspired by (pre)morphisms
of quotient containers. Differently from the latter, morphisms of action containers have to
explicitly preserve the structure of the groups acting on positions. Action containers form
a category, and we show that this category is the free coproduct completion of a category
of group actions in the form of the Fam-construction. From this we derive closure under
arbitrary products and coproducts, as well as exponentials with constant domain.

To compare action containers with the 2-category of symmetric containers, we define a
notion of invertible 2-cell between these morphisms, enriching them to a 2-category. Crucially,
we observe that this 2-category can again be modularly constructed starting from a 2-category
of groups, group homomorphisms and conjugators [12] using the techniques of displayed
bicategories [6]: we first define a 2-category of group actions, displayed over this 2-category of
groups, then repeat a 2-categorical version of the Fam-construction, presenting the 2-category
of action containers as that of families of group actions.

We construct a 2-functor between the 2-categories of action containers and symmetric
containers; again in multiple steps. First we notice that the delooping of a group extends to
a 2-functor B : Group — hGpd between the 2-categories of groups and groupoids, and that
this is locally a weak equivalence. We show, again using the displayed machinery, how to lift
this to a local weak equivalence B : Action — SetBundle between the 2-categories of group
actions and set bundles.

The Fam-construction yields a 2-functor Fam(B) : Fam(Action) — Fam(SetBundle)
between the 2-categories of families of group actions, i.e. action containers, and families of
set bundles. We show that the action of Fam preserves local fully-faithfullness, but that
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preservation of local essential surjectivity requires an application of the axiom of choice.
Finally, we describe a 2-functor ¥ : Fam(SetBundle) — SetBundle performing summations of
family of set bundles, implicitly employing the universal property of the Fam-construction
as free coproduct completion. The latter does not seem to be fully faithful, however its
restriction to set bundles with connected bases is. This implies that the composite 2-
functor ¥ o Fam(B) : Fam(Action) — SetBundle is locally fully faithful. This means that,
not only do action containers correspond to certain symmetric containers, but so do their
morphisms: conjugators between action container morphisms represent exactly identifications
of symmetric container morphisms.

We implement our results using the Agda proof assistant, building on top of the
agda/cubical [19] and cubical-categorical-logic [17] libraries. Our code is freely
available at https://github.com/phijor/cubical-containers. The repository contains
a README linking results of this paper to the corresponding formalization in the code.

1.1 Notation and Background

Our work takes place in homotopy type theory, which is a well-suited foundational framework
for our investigation. This is mostly due to the fact that we can work with syntethic
groupoids, i.e. h-groupoids, in place of categorical groupoids, which considerably simplify the
described constructions. We take full advantage of higher inductive types (HITs) to define
mere existence via propositional truncation, set quotients and the delooping of groups. In
this short section, we recall some basic terminology and fix the notation we use. More details
can be found in the HoTT book [20].

We write [[,. 4, B(a) for dependent products, A — B for their non-dependent variant,
and >, , B(a) for dependent sums. Two-argument function application is written f(a,b)
or, to reduce visual clutter, f,(b). Most of our constructions are universe-polymorphic, but
for the sake of readability in the paper we use only the lowest universe of types, denoted U.
The type of h-sets is hSet, the type of h-groupoids is hGpd. We will often simply talk about
sets and groupoids instead of h-sets and h-groupoids. We suppress proofs of truncation level
when they are routine, e.g. for nested - and Il-types. The type of natural numbers is N
and the finite ordinals Fin : N — hSet. For x,y : A, we denote their type of identifications by
x =y, and call p : x = y either an identification or a path. Given a family B over A and
terms z’ : B(x), ¥’ : B(y), we write 2’ =p,) v for the type of dependent paths, or 2’ =, ¢’
when B can be inferred. Defining equalities are denoted = := y; for judgmentally equal = and
y, we write x = y. For functions into X-types, we use binders to name the projections: given
f:X =3, 4B(a), we write Az. (a(x),b(x)) or Az. (az,b;) for a :=fstof and b:=sndof.

The propositional truncation of a type X is || X||-1, the set truncation of X is || X||o. Notice
that there are two competing conventions for indexing truncation levels: (-2)-based (HoTT-
book style) and 0-based (Voevodsky-style). Our formalization, done in Cubical Agda, is
0-based, yet this paper, which is written in HoTT-book style, starts indexing at -2. Whenever
possible however, we will explicitly use the words “proposition”, “set” and “groupoid” to
avoid confusion. Mere existential quantification is defined as 3,., B(a) == ||>_,.4 B(a)|-1.
The set quotient of a type A by a (possibly non-propositional) relation R is A/R. The circle
S1 is a HIT with constructors e : S' and loop : @ = e. Propositional and set truncations, as
well as set quotients and the circle, are defined as higher inductive types. The main HIT
employed in this paper is the delooping of a group, introduced in Section 2.3.

Given a pointed type (X, zp), its loop space is Q(X, o) := (zo = x0), and its fundamental

group is its set truncation m (X, zo) := ||Q(X, x0)|lo. The connected components of a type
X are collected in its set truncation mo(X) := || X||o. We say that X is connected if || X||q is
contractible.
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For groups G and H we denote the type of group homomorphisms by G = H. We
denote the type of subgroup inclusions by G < H := Y (v : G = H).isInjective(t). The
symmetric group of a set X is &(X) := Q(hSet, X). The unit of this group is reflexivity refl,
multiplication is composition of paths p-q, inverse is path reversal. Recall that, by univalence,
S(X) is equivalent to the type of equivalences X ~ X. We abbreviate &(n) := &(Fin(n)).
An action of G on a set X is a group homomorphism o : G = &(X). For g : G, we denote
transport(o(g)) : X — X simply by o(g), and apply it to some z : X either as o(g,z) or
o4(x). The action is said to be faithful if o is injective. The set of o-orbits is denoted X/G,
and defined as the set quotient of X by the orbit relation z ~ y := 3g : G.x = 04(y).

1.2 2-Categories

In this paper, we make use of higher categories in the form of (2,1)-categories. We follow
the definitions of bicategorical concepts of [13], and adapt them to the setting of homotopy
type theory: a 2-category C consist of a type of objects z,y : Co, 1-cells f,g: C1(z,y), and
2-cells 7, s : Co(f, g), with horizontal composition of 1- and 2-cells, and vertical composition
of 2-cells, subject to suitable axioms. In particular, all types of 2-cells Co(f, g) are assumed
to be h-sets. Composition of 1-cells is unital and associative up to a chosen identification,
not just a 2-cell. All instances of 2-categories considered here are either locally strict (i.e.
1-cells form sets) or locally univalent; such 2-categories always admit a unique coherently
strict structure.

If C is understood from context, we write f,g:x — y for f,¢g: Ci(z,y),and r: f =g
for 7 : Co(f,g). We compose cells in diagrammatic order. Juxtaposition denotes horizontal
composition, whereas vertical composition of 2-cells is denoted r e s.

Let f,g : « — y. Under vertical composition, 2-cells Co(f,g) form the morphisms of
an (ordinary) category, called the local category at x and y, denoted by its type of objects
Ci(z,y). If a proposition P holds for all local categories of a 2-category, we say that it is
locally P. A (2,1)-category is thus defined to be a locally groupoidal 2-category, that is, one
for which 2-cells in each local category are invertible. A 2-category is locally thin if Co(f,g)
is a proposition for each pair of 1-cells f, g : Ci(z,y), i.e. there is at most one 2-cell from
f to g. Any ordinary category C forms a locally thin 2-category: 2-cells are homotopies of
1-cells, Co(f,g) := (f = g).

We use the machinery of displayed bicategories [6] to define complex 2-categories from
modular gadgets. A displayed 2-category D over a base 2-category C consists of a fam-
ily of objects Dg : Co — U, a family of 1-cells Dy : Ci(x,y) — Do(x) — Do(y) — U,
and a family of 2-cells Dy : Co(f,g9) — Di(f;z,y) — Di(g;%,y) — U, satisfying de-
pendent analogues of the 2-category axioms. If unambiguous, we write f : & — ¢ y for
f :Di(f;2,7), as well as 7 : f =, g for 7 : Da(r; f,g). The total 2-category of D over
C is denoted [ D, and is a 2-categorical analouge of ) -types: objects are pairs of ob-
jects [,D:=3",.c, Do(2), 1-cells are [\D((z,7), (4, 9)) := X t.c, (24 D1(f;9,7), and 2-cells
L,D((f 1), (9,9)) = ZT:Cg(f,g) Ds(r; f, ). To highlight the dependency on C, we sometimes
write [ D or even [ D(x).

We go between 2-categories via 2-functors. For a 2-functor F' : C — D we denote its
action on objects, 1-, and 2-cells by Fy, Fy and F5 respectively. They are assumed to strictly
preserve composition and units of 1-cells, that is up to an identification of 1-cells in the
codomain. The actions on 1- and 2-cells define functors of local categories, and we call F
locally P if all local functors satisfy a proposition P.

We define a notion of displayed 2-functor F : C —p D between 2-categories displayed
over C and D and a (base) 2-functor F': C — D. To cells in C it assigns cells in D displayed
over the image of F: it consists of assignments of objects Fy : Co(x) — Do(Fy(x)), 1-cells
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Fy 2 Gi(f;2,9) = Di(F1(f); Fo(@), Fo()) and 2-cells F : Co(r; f,g) — Da(For; F1f, F1g),
satisfying dependent analogues of the 2-functor axioms. A displayed 2-functor induces a
2-functor between total 2-categories, denoted [F: [ C — [ D.

The 2-category of h-groupoids is denoted by hGpd. Its 1-cells are functions between the
underlying types and 2-cells are homotopies between functions.

2  Quotient and Symmetric Containers

In this section we recall the notions of quotient and symmetric containers, as well as their
morphisms.

2.1 Quotient Containers

Quotient containers were introduced by Abbott et al. [3] as a way to add symmetries to
containers in an extensional type theory with quotient types. Here we state their definition
in HoT'T.

» Definition 1. A quotient container (S > P/G) consists of a set of shapes S, a family of
positions P : S — hSet and symmetry groups ¢s : Gy < &(Ps) for each s : S.

Each group element g : G4 defines a path t4(g) : P; = Ps. By transport, this induces a map
P, — P,; in the remainder, we will identify g and this map.

» Example 2. The quotient container of unordered n-tuples U,, := (1> Fin(n)/ &(n)) has a
single shape, and over it positions Fin(n). On these n positions, the full group of permutations
S(Fin(n)) acts as its symmetry group. We call Uy the identity container; it has a single
shape, on which the trivial group acts.

Like an ordinary container, a quotient container defines an endofunctor on the category
of sets, called its extension. Whereas for ordinary containers this is a polynomial functor, for
quotient containers it is a sum of quotients of representables:

» Definition 3 (extension of quotient containers). The extension of (S > P/G) is the map
[S>P/G], : hSet — hSet given by

P,— X
[[SDP/G]]/(X)::ZL, vswi=d g v=wog a

~

s:8 8
When positions are finite sets, the extension is an analytic functor in the sense of Joyal [15].

» Example 4 (unordered n-tuples). The extension of U,, is the type of unordered n-tuples:
[Un]/(X) =) (Fin(n) = X)/~ = X" /~em)
_:1
where & ~gy, ¥ if and only if z; = y,(;) for some permutation o : &(n). When n =1, we

obtain the identity function [U;],X = X.

» Definition 5. A premorphism of quotient containers, (u> f): (S>P/G) — (T>Q/H)
constists of a map of shapes u : S — T, a map of positions f : [[,.¢ Qus = Ps, and a proof
that f preserves symmetries, [[,.¢ ngGs Fnm,, 90 fs = fsoh.

Morphisms of quotient containers are defined up to permutation of positions, i.e. as equivalence
classes of premorphisms.

6:5
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» Definition 6. The type of morphisms F' — G of quotient containers is the set quotient of
the type of premorphisms F — G by the relation (defined by path induction)

(e fym@'sf)= > f~)f, Fea, =] 9 fe="fioh 4

pru=u’ $:S h:Hys

Whenever u = v’, this relation posits the mere existence of a triangle filler

(uv f) = (u> f) =~ fx ﬁ

» Definition 7. Quotient containers and their morphisms form a category QuotCont.

Extension of quotient containers is a functor [~], : QuotCont — Endo(hSet), which is
full and faithful. Each premorphism (u > f) : F' = G defines a natural transformation
[ue f1,: [F]; = [G],, with component at X : hSet a map

[us F15 0D (Pe— X/me) = Y (Qr — X/~)
s:8 T

defined by induction on set quotients as [u > fﬂf(s, [4]) := (us, [¢ o f]). This is well-defined
on morphisms of quotient containers: If (u> f) ~ (u' > f') then [ur f]]f = [uv' > f’]]f

2.2 Symmetric Containers

Symmetric containers were introduced by Gylterud [10] as a way of defining polynomial
functors between categorical groupoids. In this section we reformulate their definition in the
language of HoTT using homotopy groupoids instead.

» Definition 8. A symmetric container (S < P) consists of shapes S : hGpd and a family of
positions P : S — hSet.

» Definition 9. A morphism of symmetric containers (u< f): (S<P) — (T'<Q) consists of
a map of shapes u : S — T and a family f : [[,.q Qus = Ps of maps of positions.

In a (homotopy) type-theoretic setting, the types of morphisms C(x,y) of a category C are
understood to be h-sets. Morphisms of symmetric containers, however, form h-groupoids.’

» Definition 10. The 2-category SymmCont has as objects symmetric containers, as 1-cells
morphisms of symmetric containers, and as 2-cells identifications of such morphisms.

» Definition 11. The extension of a symmetric container (S<P) is a function of h-groupoids,
[S < P] : hGpd — hGpd, defined as [S<P](X) =) sPs — X.

Extension of symmetric containers defines a 2-functor [—] : Symm — Endo(hGpd).
For any morphism (u< f) : (S<P) — (T < @), there is a pseudonatural transformation
[u< f]:[S<P]=[T<Q] with components given by precomposition

fuaflx =Y (P = X) = S (Q = X) [usflx(s,0) = (us, Qus % Py % X)

s:S t:T

L Observe that (S <0) — (T <0) ~ (S — T), which is an h-groupoid since T is.
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This 2-functor is locally an equivalence of 2-categories [10, Theorem 2.2.1], thus embeds
symmetric containers into endofunctors of groupoids.

One advantage of internalizing symmetric containers as h-groupoids is that we are free
to define groupoids of shapes as higher inductive types, encoding the desired symmetries
directly in their constructors. For example, cyclic lists can be described using the symmetries
of the circle, S*:

» Example 12. The symmetric container of cyclic lists, Cyc, is defined as follows:

Shapes are pairs N x S!. The first component contains the length of the list. The second
has a single point, base : S, but its loops base = base are going to induce cyclic shifts on
positions.

Positions Sh : N x S1 — hSet are defined by induction on the circle S'. Over the point,
we have n distinct positions, Sh(n, base) := Fin(n). On the non-trivial path, Sh identifies
positions by a cyclic shift, Sh(refl,,, loop) := shift. Here, shift : Fin(n) = Fin(n) is the path
obtained by univalence from the successor equivalence

suc : Fin(n) ~ Fin(n)
suc(k) ;== (k+1) modn

Since S is freely generated by a single non-trivial path, Sh identifies positions by arbitrary
cyclic shifts. Let v := (x,y,2), w := (y, 2, ) terms of type Fin(3) — X. We are going
to exhibit a path ((3, base),v) = ((3, base),w) in [Cyc](X). Since [Cyc](X) is an iterated
Y-type, such a path is given by a triple of paths p: 3 = 3, ¢ : base = base, and r : v =, w.
Set p := refl and g := loop -loop. The path r is dependent over ¢, and it suffices to give a
path v = w o shift o shift. But we see that the right side computes to (x,y, z), which is v.

2.3 Lifting Quotient Containers

The data of both quotient and symmetric containers define semantics for datatypes with
symmetries. As we will see, it is possible to see any quotient container as a symmetric one.
However, this analogy does not extend to (polymorphic) functions between such types, since
it is generally not possible to lift a morphism of quotient containers to one of symmetric
containers, as the former truncate evidence on how symmetries are preserved.

In order to create a symmetric container from a quotient container, we have to come up
with a groupoid of shapes that encodes the symmetries present in the quotient container.
We borrow an idea from algebraic topology: any group G gives rise to a unique pointed,
connected groupoid (BG, e) such that Q(BG, e) ~ G, called its delooping. This type is an
instance of an Eilenberg—MacLane space, i.e. a type with a single non-trivial homotopy group.
Eilenberg-MacLane spaces have been studied in HoTT [16], and our presentation of BG
coincides with K (G, 1) there. We define BG as a higher inductive type with constructors

g:G g,h:G
o: BG loopg:e=e loop-comp(g, h) : loop g - loop h = loop gh

plus one constructor asserting that BG is an h-groupoid. Its recursion principle states that,
to define a map BG — X for some groupoid X, it suffices to give a point xg : X and a group
homomorphism ¢ : G = Q (X, z9): a map f: BG — X is then determined by f(e) := x¢
and f(loop g) := ¢(g). The recursor characterizes functions out of BG, in the following sense:

» Proposition 13. The recursor is an equivalence (3, .y G = Q(X,x0)) ~ (BG — X), for
X a groupoid. When X is a set, we have (3_, .x G — 7o = 79) ~ (BG — X).

6:7
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The dependent eliminator lets us define sections [[,.g B(x) of families B : BG — hGpd by
providing a point by : B(e), dependent paths ¢ : Hg:G(bO =B(loopg) Do), and a coherence
condition for composition of dependent paths: for all g, h : G, there needs to be a path from
©(g) - o(h) to p(gh), dependent over loop-comp(g, h).

Note that loop-comp : G — Q(BG,e) preserves the product of G, hence is a mor-
phism of groups. This lets us derive other expected coherences, such as loop 1¢ = refl and
loop (97!) = (loopg)~".

Delooping acts on group homomorphisms:

» Definition 14. Any group homomorphism ¢ : G — H induces a map of groupoids
By : BG — BH, defined by induction:

Bp(e) := e, Be(loop g) := loop ¢(g)

A G-action is a particular homomorphism, so the above defines a type family BG — hSet.
Let us spell this out:

» Definition 15 (associated bundle). Let G act on a set X via o : G = &(X). Its associated
bundle Bo : BG — hSet is defined by recursion on BG as

Bo(e) := X, Bo(loop g) := o (g),
Note that for each g : G, o(g) is a path X = X.

In the context of quotient containers, we are dealing with faithful group actions, that is
actions of G on X such that 0 : G — &(X) is an embedding. In this case, the associated
bundle is an embedding on its path spaces, i.e. a set-truncated function [20, 7.6.1]:

» Proposition 16. If o : G — &(X) acts faithfully, the fibers of Bo : BG — hSet are sets.

Proof. By [20, Lemma 7.6.2], Bo has set-valued fibers iff cong Bo : © = y — Bo(z) = Bo(y)
is an embedding for all z,y : BG. This is a proposition, therefore it suffices to show this at
x =y = o. There, we have cong(BJ) oloop = o. But loop : G — e = e is an equivalence
and ¢ an embedding, hence cong Bo is an embedding as well. |

For any quotient container we define a groupoid that is the collection of its delooped
symmetry groups:

» Definition 17. The delooping of a quotient container (S>P/G) is the symmetric container
B(S©> P/G) := (S <P) consisting of

shapes S := 3 ¢ BG,, and

positions P : 3" ¢ BGy — hSet, P(s, —) := B(1s),
where Ly is the inclusion of symmetry groups Gs — &(X).

We think of the shapes S as consisting of the points of S, with loops given by elements in
G freely added. Indeed, if we compute its connected components, we see that

FO(S) = ||ZSZS BGSHO = ZS:SHBGSHO ~S8

where the last step follows from connectivity of BGs. Similarly, we compute its first
fundamental group: S is a set and s = s is contractible, thus

m1 (S, (s,z)) ~ Zp:szs(x =pz) ~ (z=12) @m(BGs, z) ~ Gy

That each G, acts faithfully is reflected in the action of the groupoid S, in the sense that
the bundle P embeds paths of S:
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» Proposition 18. The family P : S — hSet is a set-truncated function.

Proof. For each X : hSet, we have fiberp X ~ Zs:sﬁber}ébs X, which is a set: S is a set,
and since we assume ¢4 to be faithful, so are the fibers of Bty by Proposition 16. <

This way of obtaining a symmetric container is in some sense conservative: when comparing
the associated extensions (and set-truncating that of the symmetric container), we see that
they are the same function of sets:

» Theorem 19. For a quotient container @ and X : hSet, there is an equivalence of sets

IBRIX) [lo ~ [@],(X)

Proof. Let us unfold the definitions of [—] and B,

IBQIX) llo = || X5 Xaipe, Ba(z) = X || (1)

and, as S is a set, move the truncation under the sum

= ZSZS H Zz:BGs BLS(x) - X HO (2)

Notice that G acts on the function type Ps — X via precomposition, and that its associated
bundle is (Bis(—) — X) : BG5 — hSet. By Lemma 20 below, the connected components of
this bundle correspond to orbits of the action,

~ > (P. = X)/G, (3)
s:S

which is exactly how extension of a quotient container is defined:

:Z(Ps_)X)/Ns:[[Q]]/(X) <
5:8

» Lemma 20. Let o a G-action on X. The connected components of the total space of its
assoctated bundle and o-orbits are in bijection, that is || Y, 5o Bo(x) o ~ X/G.

Proof. Let us define the left-to-right direction. Since the codomain is a set, it suffices to
give f : [[,.5c Bo(z) — X/G by induction on BG. Let f(e) := [-] : X — X/G the
surjection onto the quotient. It remains to show that this is well-defined on loops, which
reduces to [[,.;[1,.x[z] = [o4(2)]. This holds since x ~ o4(z) by definition of the orbit
relation. The inverse is defined by recursion on the set quotient X/G and maps z : X to
(o,7) : Y., o Bo(x). From p : © = 0,(y), one constructs a path (e,x) = (e,y): the first
component is given by loop g, the second as dependent path from p. |

Theorem 19 states that, as functions between types, the diagram

SymmCont ﬂ> (hGpd — hGpd)

BT L\FHF(HHO

QuotCont - (hSet — hSet)
-1

6:9
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commutes. We are interested to see whether this generalizes to a natural isomorphism of
functors. To do so, we would have to suitably extend B to a functor. Unfortunately, it is not
clear how to define its action on morphisms of quotient containers. Given a premorphism
(u f): (S>P/G) — (T'>Q/H), we would have to provide a morphism of shapes

ZS:S BG& — Zt:T BHt
(s,x) > (us,?)

To define 7 : BG; — BH,;, it would suffice to provide a morphism of groups Gy = H,;.
However, we are not given this information: we know that f preserves symmetries, but this
only tells us that, for each g : G, there is merely some h : H,s. Even if we were given an
explicit function Gy — H,s, it would not have to be a group homomorphism. In fact, it is
easy to construct counterexamples:

» Example 21. Consider (idp!) : Uy — Us. The terminal map !: 2 — 1 trivially preserves
symmetries: the diagram

2
S"gl
2

—_

!
_
!

—_

—

commutes for any choice of ¢, in particular for ¢ : (1) — &(2), p_ := swap, which is not
a group homomorphism.

Since morphisms of quotient containers are equivalence classes, it might be possible to
find another premorphism in the same class for which this assignment is a morphism of
groups. In fact, in the above example one could pick ¢4 := id, which clearly is. Doing so
however for arbitrary symmetry groups seems constructively impossible, without invoking
some form of choice principle.

Instead, we will be looking to enhance the definition of quotient containers to include the
necessary information, and investigate their relation to symmetric containers more closely.

3 Action Containers

In this section we define action containers and assemble them into a 1-category. Morphisms
in this category are akin to premorphisms of quotient containers. In particular, they are not
quotiented by a relation on positions. Later, in Section 4, we enrich this category to obtain a
(2,1)-category whose 2-cells capture this relation.

Different from quotient containers, the symmetries of action containers are not limited to
subgroups of permutations of positions. Instead, an action container has, for each shape, a
chosen group acting on the set of positions. This lets us flexibly introduce symmetries, e.g.
by letting the integers under addition act on a finite set, instead of having to identify the
image of this action, see the forthcoming Example 23.

The category of action containers admits a number of limits and colimits, and we will
derive the usual container algebra of products and coproducts from a presentation of this
category as a category of families in Section 3.1.

» Definition 22. An action container (5S> P <% G) consists of a set of shapes S, a family of
positions P : .S — hSet and group actions o : G5 — &(Ps) for each s : S.
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In the following, the word “container” refers to action containers; other kinds of containers
are qualified explicitly. In Example 12, we defined cyclic lists as a symmetric container in
which loops of the circle act by cyclic shifts. Since Q(S!) = Z, we are inspired to define a
container of cyclic lists by means of a Z-action:

» Example 23 (cyclic lists as an action container). The container Cyc := (N> Fin<Z) has Z
acting on Fin(n) as follows: for each n, let o, : Z — &(n), op(k) := M. (£ + k) mod n. Note
that this action is not faithful: the kernel of o, consists of the integers nZ = {nk |k € Z }.

In general, it is easy to define Z-actions: Z is the free group on one generator, thus it
suffices to define the action of 1 : Z. In the example of cyclic lists, it suffices to define the
cyclic shift by one position, 0,(1) := M. (¢ + 1) mod n. This is impossible for quotient
containers with finitely many positions: Z is simply never a subgroup of finite symmetry
groups.

Unlike premorphisms of quotient containers, morphism of action containers are required
to preserve the full structure of containers, including their symmetries:

» Definition 24. A morphism of action containers (ut> f<ap): (S>P<° G) = (T>Q <" H)
consists of a map of shapes uw: S — T, a map of positions f : [[,.q Qus = Ps, a family of
group homomorphisms ¢ : [[,. Gs = Hys, and a proof that f is equivariant: for all s : S
and g : Gs a commutative square

fs
Qus — Ps

e oal)| Lu(g)

Qus T> Ps
Calling f equivariant is justified: each fs is a morphism between G,-sets (Ps,05) and
(Qus, Tus © ¥s) [18, Definition 1.2]. Theorem 27 will explain how this notion of morphism
arises naturally from a category of group actions and equivariant maps between them.

» Definition 25. Action containers and their morphisms form a category ActCont.

3.1 Algebra of Action Containers

Like other categories of containers, action containers are closed under a number of construc-
tions. In particular, ActCont has all products and coproducts. To show this, we could define
each of them by hand. In that process, we would have to carefully track the variance of parts
of a container. For example, the binary product of containers is a product of shapes and
symmetry groups, but a (pointwise) coproduct of families of positions.

Instead, we opt to present ActCont as a category of families of group actions, from which
(co)limits are easy to read off. First, we define a category of group actions. It is a version of
the category of G-sets (for a fixed group G), in which equivariant maps are permitted to go
between sets with actions of different groups.

» Definition 26. We denote by Action the category of group actions and equivariant maps.
It is obtained as the total category of the following category displayed over Group x hSet®P:
Given objects G : Group, and X : hSetgP, displayed objects are G-actions on X, i.e. group
homomorphisms Actiong(G, X) := (G = 6(X)).
Displayed morphisms between actions o : Actiong(G,X) and 7 : Actiong(H,Y) over
(p: G H,f: X «Y) are proofs of the proposition “f is equivariant over ¢”: Let
Action: ((¢, f); o, 7) := isEquivariant, (0, 7) :=]],.c0(g9) o f = foT(pg).

6:11
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Diagrammatically, equivariant maps compose by horizontal pasting of proofs of equivariance:

Xl v vee gz x ez
o(g) m(eg) . 7(h) v(h) .— o(g) v(¢eg)
X <T Y Y——— 7 X T Z

Observe how over each shape, the data of a container (S > P <° G) is exactly that of a
group action: for any s : S, G5 acts on Ps via o,. Thus, on objects, the category of action
containers consists of “families” of group actions. Let us ensure that this analogy extends to
morphisms of this category.

Recall that for any category C, its free coproduct completion is the category of families
Fam(C) [4, §2]. Its objects are families ;... I — Co, morphisms are families of maps
between them.

» Theorem 27. The category of action containers is equivalent to families of group actions.
In particular, the functor F : ActCont — Fam(Action) with action on objects given by
F(S> P < G) := (S, As. (Gs, Ps,05)) is an equivalence of categories.

» Remark (univalence of ActCont). The above implies that ActCont is a univalent category:
Fam preserves univalence, and Action is a univalent displayed category by [7, Proposition 7.3].

From this presentation of ActCont, we read off closure under sums and products:

» Proposition 28. Action has K-indexed products for all sets K. In particular, the trivial
group acting on the singleton set is an initial object.

» Corollary 29. Action containers are closed under products and coproducts.

Proof. Fam(C) is the free coproduct completion of any category C, thus ActCont is closed un-
der coproducts. Similarly, Action is closed under products (Proposition 28), and Theorem 2.11
of [4] implies that families over it are as well. <

Like ordinary containers [2, Proposition 3.9], constant action containers are exponentiable:

» Proposition 30 (constant containers are exponentiable). The constant container of a set
K is kK := (K>0<91). Given a container F = (S P <° G), the exponential container
FK .= (8*> P* <% G*) is defined to have

shapes S* .= K — S,

positions P := > ok Prs

symmetries G := [ .. Gyx, and

actions o : G} — G(P;) given by action of o on the second component of Py: for

9 I1 Grr, let o3 (g) == Ak, p). (k,041(9))
Let f: K — S and k : K. The evaluation morphism ev : FX x kK — F is given by function
application fk : S on shapes, pairing P, — 0+ >, P, on positions, and the projection
homomorphisms 1 x [[,, G = G i on symmetries.

We believe that the above is an instance of constant exponentials in families: Let C have
K-fold products for any set K; in particular an initial object 1¢ and binary products. It
should be possible to show that the constant family (K, Ak.1¢) is exponentiable.
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» Remark (composition of action containers). When seen as endofunctors, composite data
types are constructed as compositions of functors. For ordinary containers [2, 3.6] and
symmetric containers [10, 2.2.5], this construction is reflected along [—]: Given containers
F and G, there is a container F[G] such that [F[G]] = [F] o [G], upgrading [—] to a
strong monoidal functor. In a set-theoretic setting, Hasegawa [11, Corollary 1.18] gives a
construction of composition for analytic functors in terms of wreath products of symmetry
groups. Analytic functors are presented by quotient containers with finitary positions, and
such a restriction of positions to a subuniverse of sets seems necessary when porting the
result to action containers: positions and symmetries of the composite can otherwise not be
defined coherently by induction on set quotients. This indicates to us that the definition of a
composition-monoidal structure of action containers is not entirely straightforward, and we
postpone its study for now.

4 The 2-Category of Action Containers

In Section 2.3 we observed that quotient containers lift to symmetric containers, but that
the same does not apply to their morphisms. We defined the category of action containers to
include the missing data, and are now ready to define an appropriate lifting:

» Proposition 31. The delooping of a container (S P <° G) is the symmetric container
B(S»>P<’ Q) = (Y., ¢BGs<aBoy). Each morphism (ut> f <) : (S> P G) = (T>Q<" H)
defines a morphism between deloopings, (p< f): B(S>P<° G) - B(T>Q <" H).

Proof. The family ¢ yields a map of shapes of type ¢ : Y ¢ BGs — >, BH, defined as
&(s,2) := (us, Bys(z)). The map on positions has (uncurried) type

i [les1l.Bec. B7.s(By(z)) = Bos(z)

and is defined by induction on x : BG,. On the point, let f(s,®) := f, : Qus — Ps. It
remains to show that f is well-defined on loops in BG,. For all g, we have to provide a
dependent path f; =p(oopg) fs Where F(z) = Br,(By(z)) — Bo,(z). By [20, Lemma
2.9.6], this is equivalent to giving paths [[ ., 0s(fs(q)) = fs((Tuss 9) ¢), which we obtain
from the proof that f is equivariant. <

As noted in Section 2.2, symmetric containers do not form an ordinary category, but a
2-category. Thus, in order to show that the above construction is functorial, we must first
enrich action containers by a type of 2-cells, defining a 2-category. We do so by pulling back
2-cells of symmetric containers, and will see that this corresponds to the quotiented sets of
quotient container morphisms.

We split the construction of the 2-functor taking action containers into symmetric
containers into smaller steps. As in Section 3, we first seek to understand the problem
for a single action, before considering entire families of such. We observe that symmetric
containers, from a homotopical viewpoint, are set-bundles over groupoids: both consist of
some base B : hGpd together with a family of fibers F' : B — hSet. Previously, we have
seen that each action defines such a bundle, namely its associated bundle (Definition 15).
We define 2-categories of actions (Action, Definition 37) and set bundles (Definition 38),
and show that taking the associated bundle is a weak equivalence of their local categories
(Theorem 42). This means that maps of actions are in 1-to-1 correspondence with functions
on their associated bundles. By changing our point of view, and seeing actions as single-
shape containers and bundles as symmetric containers, this fully classifies morphisms of
(single-shape) action containers in terms of morphisms of symmetric containers.

6:13
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To understand the case of many-shape containers, we give an analogue of the Fam-
construction in 2-categories, and define the 2-category of action containers as ActCont :=
Fam(Action). The objects and 1-cells of this category are exactly as in Definition 26. We
unfold the type of 2-cells induced by this construction (Proposition 47) and show that it is
closely related to the quotient on premorphisms of quotient containers (Definition 6). We
observe that set-bundles are, in a suitable sense, closed under X-types, and we lift the functor
B : Action — SetBundle to

— Fam (B —
ActCont —— Fam(Action) o (B) Fam (SetBundle) —=— SetBundle —— SymmCont
finally establishing the connection between action containers and symmetric containers.

4.1 A 2-Category of Groups

We think of the type of h-groupoids, hGpd, as an internal notion of categorical groupoids:
The 2-category hGpd has as objects h-groupoids, as morphisms functions of such, and as
2-cells homotopies between them. Our goal is to extend the delooping to a 2-functor taking
groups into hGpd in a way that characterizes 2-cells in hGpd. We thus equip the 1-category
of groups with the structure of a (2,1)-category [12]:

» Definition 32. The category Group of groups and group homomorphisms forms a (2,1)-
category if equipped with the following 2-cells: Let ¢, : Group, (G, H). We say that r : H is
a conjugator of ¢ and ¥ if

isConjugator,, ,(r) := H o(g)-r=r-19(g)
g:G
The 2-cells Groupy(p, 1) := 3.1y isConjugator,, (1) compose vertically by multiplication in
H. The horizontal composites of r : Groups(p, 1) and s : Groupy (', ¢') is s - ' (r).

Note that Group is not locally univalent: the identity type of group homomorphisms, ¢ = 1,
is a proposition, but the type of conjugators Group,(p, 1) is a set.

» Lemma 33. Delooping extends to a 2-functor B : Group — hGpd.

Proof. A 1-cell v : Group,(G, H) is sent to By : BG — BH, as in Definition 14. On
2-cells, let r : Groupy (¢, ) a conjugator of homomorphisms. Delooping assigns a 2-cell
By = By as follows: By function extensionality, it suffices to give By(x) = By (z) for any
z : BG. By induction on z, we are left to give some ¢ : « = @ in BH such that for all g : G,
loop p(g) - ¢ = q - loop(g). Choose ¢ := loopr, and compute

loop ¢(g) - loop 7 = loop (#(g)r) < loop (rib(g)) = loop - loop 1s(g),

where () uses that r is a conjugator of ¢ and . By a similar argument, one shows that
these assignments preserve composition and identities. |

Defined this way, we see that B preserves the local structure of Group:

» Theorem 34. The functor B : Group — hGpd is locally a weak equivalence of categories, i.e.
for all groups G, H, there merely exists an inverse functor hGpd,(BG,BH) — Group,(G, H).
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Note that this cannot be strengthened to a full equivalence with explicit inverse: equivalence
of categories preserves properties, but hGpd is by definition locally univalent, whereas Group
is not.

We prove Theorem 34 by showing that locally, B is fully faithful and essentially surjective.

» Proposition 35. Delooping is a locally fully faithful functor: For groups G, H, the local
functor B : Group, (G, H) — hGpd,(BG,BH) is an equivalence of categories.

Proof. Let o, : Group, (G, H). We establish a chain of equivalences between the sets of
2-cells Group,(p, 1) and By = B. Starting from the definition,

Groupy (¢, %) ~ > [ #(9)h = he(g)

h:H g:G

we apply the equivalence of groups, loop : H ~ Q(BH) twice

~ Z H loop ¢(g) - loop h = loop h - loop 1 (g)

h:H g:G
~ > JJloopelg) - £ =1t-loopi(g)

(:Q(BH) g:G

By the recursion principle, this is exactly a type of dependent functions out of BG, namely

~ [[ Be() = Bi(x)

z:BG

which, by function extensionality, is equivalent to

~ By =By
One verifies that the map underlying this chain is that of Lemma 33. <
» Proposition 36. Delooping is a locally essentially surjective functor.

Proof. Let G, H groups, and f: BG — BH a morphism of groupoids. We show the mere
existence of some ¢ : Group, (G, H) together with an isomorphism By = f in the local
category hGpd(BG, BH). By definition, morphisms in this category are homotopies, and it
suffices to exhibit some h : [[,. 5o Be(x) = f(x). Since BH is a connected groupoid, there
merely exists a path p: f(e) = e, and conjugation by p induces an equivalence of groups,

conj(p) : Q(BH, f(e)) — Q(BH,e)
(g:f(@)=f(®)=p"qp

We define ¢ to be the composite

loop™*

)

G 2% OBG, o) Y BH, (o)) % (BH, o) H

By induction on x : BG, we show that [], 5o By(x) = f(x). On the point, this is given by
pt:e= f(e). On loops, we construct Hg:G By(loopg) -pt =p ! f(loopg) as follows: let

g : G, then By(loop g) - p~t = loop (loop™ (p! - f(loopg) - p)) - pt = p~L - f(loopg) <
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4.2 A 2-Category of Group Actions

Any G-action o comes with an associated bundle, Bo : loop G — hSet (Definition 15). Let
us define 2-categories of actions and of set bundles, and show that “taking the associated
bundle” is a functorial construction.

» Definition 37 (2-category of actions). The 2-category Action of group actions displayed
over Group consists of the following data:

For each group G, objects are G-actions Actiong(G) := > y.heee G = S(X).

1-cells between actions (X, o) : Actiong(G) and (Y, 7) : Actiong(H) over ¢ : Group, (G, H)

are equivariant maps Actiony (¢; (G, o), (H,T)) := Zf:XHY isEquivariant,, ¢(o,7), where

isEquivariant is as in Definition 26.

The type of 2-cells between f : Actioni(p; (X, o), (Y, 7)) and g : Actiony (¢; (X, o), (Y, 7))

over a conjugator 1 : Groupy (g, 1) is Actiona(r; f,g) := (f = g o 7(r)). a
The type of 2-cells says that 1-cells agree up to a permutation of their domain. Since it is a
proposition, verifying the axioms of a displayed 2-category reduces to defining some identity-
and composite 2-cells. The vertical composite pe q : f =, h of 2-cells p : f =, g and
q: g =s h, is some identification f = ho7(rs). Since 7 is an action, we define the composite
aspeq:=(f Lgor(r)yL hor(s)or(r) =ho 7(rs)). Similarly, horizontal composition
depends on 2-cells of Group being conjugators of group homomorphisms.

» Definition 38 (set bundles). The 2-category of set bundles, displayed over hGpd, consists
of the following data:

Given G : hGpd,), set bundles on G are families SetBundleg(G) := G — hSet.

Over ¢ : hGpd,(G, H), morphisms from X : SetBundle(G) to Y : SetBundle(H) are

dependent functions, SetBundlei (p; X,Y) :=[[ . Y(vg) = X(9)

Displayed 2-cells between f : SetBundle;(p; X,Y) and g : SetBundle; (¢; X,Y) over a

2-cell p: p =1 are dependent identifications, SetBundlex(p; f,9) = f =, g. 1
For an object (G, F) : SetBundley in the total category, we call G the base of the bundle, and
F its fibers.

We are now ready to show that taking the bundle associated to an action is a well-behaved
functorial operation. In particular, each equivariant map of actions induces a morphism
between associated bundles:

» Definition 39. Let o : Action(G,X), 7 : Action(H,Y), and ¢ : Group,(G,H). Let
f: Y+~ X andp: isEquivariant%f(U,T). The bundle morphism associated to f has type
Bf : [I,5cB7(Byx) = Bo(z), and is defined using the induction principle of BG. On
the point it has type Ef(o) 1Y — X and is given by f. On a loop, we need to prove that
Bo(loopg) o f = f o Br(Byp(loop g)) for all g : G. This reduces to o(g) o f = fo1(e(g)),
which is given by p.

Both Action and SetBundle are total categories, and B : Group — hGpd is a 2-functor
between their bases. We thus define a 2-functor only on the displayed parts:

» Definition 40. Tuking associated bundles is a displayed 2-functor B : Action —g SetBundle,
consisting of the following data:
On objects, it sends a G-action o to its associated bundle Bo : BG — hSet.
On 1-cells, it associates to an equivariant map f : Actiony (¢; o, T) its morphism of bundles
Bf : SetBundle; (By; Bo, BT).
Over a 2-cell v : Group,(G, H), a proof p : Actiona(r; f,g) = (f = g7(r)) is sent to a
homotopy of bundle maps using the induction principle of BG.
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Both actions on 1- and 2-cells are defined by induction, and thus are equivalences in the
sense of Proposition 13:

» Lemma 41. The action on 1-cells By : Action;(p;0,7) — SetBundle; (By; Bo, BT) and
2-cells By : Actiona(r; f, g) — SetBundles(Br; Bf, Bg) are equivalences of types.

» Theorem 42. Taking associated bundles IB : Action — SetBundle is locally a weak
equivalence.

Proof. The total functor [ B is locally fully faithful if f2]§ is an equivalence, but this
is a map on X-types built from By and Bs, which are both equivalences by Theorem 34
and Lemma 41. Local essential surjectivity is proved similarly to Proposition 36, and uses
that By is an equivalence of types. <

The above theorem implies that the local category SetBundle(BG, BH) is the Rezk completion
of Action(G, H). As such the 2-category SetBundle should be the local univalent completion
of Action in the sense of [6, Conjecture 5.6].

4.3 A 2-Categorical Fam-Construction

In the previous section we have seen how containers with a single action relate to set bundles.

To lift this relationship to families of actions, we introduce a 2-categorical Fam-construction,
again employing displayed machinery.

» Definition 43 (2-category of families). Let C be a 2-category. The 2-category Fam(C')
displayed over hSet consists of the following data:
For J : hSetg, the displayed objects are families of C-objects, Famgy(J) := J — Cp.
Let J, K : hSetg and families X : Famg(J), Y : Famg(K). The type of 1-cells displayed
over some ¢ : hSet (J, K) is Famq (¢; X, Y) == [, ; C1(X;, Yy;).
Displayed 2-cells are a family Fams : (¢ =) — Famy (¢, X,Y) = Fam, (¢, X,Y) - U
defined by path-induction on 2-cells in hSet: Fams(refl,; f,g) :== [[,.; C2(f, 95)

» Definition 44. Any 2-functor F : C — D lifts to a functor Fam(F) : Fam(C) — Fam(D).
This lifting is defined as a total functor Fam(F) : [, o Fam(C)(J) — [, ¢ Fam(D)(J)
over the identity 2-functor on the base hSet.

» Proposition 45. Lifting F : C — D to a 2-functor of families inherits the following

properties:

1. If F is locally fully-faithful, so is Fam(F).

2. If F is locally split-essentially surjective, so is Fam(F).

3. Assuming the axiom of choice for h-sets and that C is locally strict, if F is locally
essentially surjective, so is Fam(F').

Proof. Local fully-faithfulness follows from the pointwise definition of Fams: if Co(f,g)
is an equivalence, then so is Famo(refl; —, —) = Af,g.[[; C2(fj, ;). Local split essential
surjectivity follows from a similar pointwise argument.

In the non-split case, fix x,y : Famg(C), and a 1-cell (¢, g) : Famg(z) — Famg(y). It
suffices to provide merely a family of sections, [[T[;.; >_ F1(f) = g;ll-1; the conclusion follows
using the induction principle of the truncation. The assumption that F is locally eso yields
Hj:JHZf:cl(m,-7yw) F1(f) = gjll-1, and we use choice to move the truncation outward: J is a
set, and so are Cy(xj, yy;) (by local strictness of C) and local isomorphisms Fi(f) = g,;. <
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4.4 Action Containers as a 2-Category of Families
As promised, we define the 2-category of action containers as a 2-category of families:

» Definition 46 (2-category of action containers). The 2-category of action containers is that
of families of actions, ActCont := Fam(Action).

By algebra of ¥- and Il-types, we see that the objects and 1-cells coincide with those of the
1-category of action containers (cf. Definition 25). In particular, we have for objects

ActConto~ > > > J]Action(G,, P.),

S:hSet P:S—hSet G:S—Group s:S

and for 1-cells,

ActConty ((S, As. (Ps, Gs,05)), (T, At. (Q, He, 7))

~ Z H Z ZisEquivariant@’f(aS,Tus)

w:S—T 5:S ¢:Gs—=Hys fiPs+Qus
Unfolding the newly added type of 2-cells, we recover a familiar condition:

» Proposition 47. Let E,F : ActConty and denote E = (S, As. (Ps,Gs,05)) and F =
(T, M. (Q¢, Hyy1)). Letw = S — T and f,g : ActConty(u; E,F). The type of 2-cells
ActConty((u, f), (u, g)) is equivalent to

H Z isConjugator,, , (1) X fi = g& o Tus(r),

s:S 1r:Hys

in which @, : [[,Gs = Hys and f', g : [, Qus — Ps are the maps of symmetries and
positions of f and g, respectively.

Note the occurrence of the proposition f, = g. o 7,s(r): it has already appeared in the
definition of quotient container morphisms as a quotient of premorphisms (Definition 6). In
[3, Definition 4.1] it is explained as a necessary condition for labellings of container maps

to be defined upto quotient. In our case it is necessary to characterize homotopies between
induced bundle maps B1(f!) and B1(¢g.) (Lemma 41).

Lifting the 2-functor B : Action — SetBundle to families, we immediately obtain the follow-
ing characterization of 1-cells of action containers. Substituting ActCont = Fam(SetBundle)

and SymmCont = SetBundle, we see:

» Corollary 48. The lifting Fam(B) : ActCont — Fam(SymmCont) is:
1. locally fully faithful
2. assuming the axiom of choice, locally a weak equivalence

Proof. By application of Proposition 45: The 2-category Action is locally strict, and B
locally a weak equivalence (Theorem 42). |

This says that constructively, morphisms of action containers correspond to a subcategory of
morphisms of (families of) symmetric containers. By using the axiom of choice, one sees that
this construction indeed covers all such morphism.

To connect action containers to symmetric ones, and not just families of the latter, note
the following: Any family of set bundles (hence symmetric containers) can be combined
into a single bundle: given (J, (A\j. (Bj, F};)) : Fam(SetBundle), we can consider the bundle of
fibers over the sum of bases, >, ; B;. This construction defines a 2-functor:
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Definition 49 (summation of set bundles). Summation of set bundles is a 2-functor
: Fam(SetBundle) — SetBundle, with the following data
- Xo(J, AJ. (By, F})) consists of the base .. ; Bj, and fibers A(j,b). F;(b).
- X1(u, M. (@5, f5)) is a pair of a reindexing function (u,p-) : > ;B = >, C and a map
of fibers, - Tl Gus (3 (8) = F(b).
3. On 2-cells, it takes a family of identities of bundle maps to an identity of their sums via
function extensionality: Yo (refly, Aj. (rj,7;)) := funext \(j, b). cong,,; _,(75),7;(b). N

N =MV

The construction turning action containers into symmetric ones now factors as follows:

ActCont — Fam(Action) Fam(®), Fam (SetBundle) = SetBundle = SymmCont

In general, we do not know whether ¥ is locally fully faithful or not. We can however

consider its restriction to objects in the image of Fam(B), and deduce fully-faithfulness for
some of its local functors:

» Lemma 50. Let X,Y : Famg(SetBundle). If all bundles in X have connected bases, then
the local functor ¥1 : Fam;(X,Y) — SetBundle(Xo(X), X0(Y)) is fully faithful.

Proof. The proof proceeds by showing that there is an equivalence of 2-cells. The assumption
on connectedness is used as follows: Recall that X = (J, Aj. (Bj;, F})) has connected bases if all
B; are connected groupoids. The base of the bundle £y(X) is > ; Bj, and maps between such
bases are typed j B; — >, By,. To characterize identifications of these maps, it is necessary
show, given morphisms u,v : J — K, that the function u(j) = v(j) = (B; — u(j) = v(j))
constant in B; is an equivalence. But this follows from connectedness of B; and the fact
that u(j) = v(j) is a proposition [20, 7.5.9]. <

» Theorem 51. The composite 3. o Fam(B) : ActCont — SymmCont is locally fully faithful.

5 Conclusions

We introduced action containers for studying data types with symmetries. This class of
containers is inspired by quotient containers, but are different from the latter in two key
aspects: First, symmetries are encoded by arbitrary groups acting on positions, allowing
for more freedom in presenting permutations of positions. Second, morphisms are required
to respect symmetries in a coherent way, and are additionally not equivalence classes of an
ad-hoc relation. Instead, the category of action containers is presented universally as a free
coproduct completion of a category of groups and actions, from which limits and colimits of
action containers are easy to read off. We reintroduce the relation between morphisms in
terms of a 2-categorical structure, and show that the 2-category of action containers embeds
into that of symmetric containers.

A missing piece in our analysis is the relationship between quotient and action containers.

The latter subsume the former, but morphisms of action containers are more constrained than
those of quotient containers. Finding a functorial connection is not straightforward: Each
action container (S>P<”(G) can be mapped to a quotient container with the same set of shapes

and positions, but for each s : S changing the group to Im(oy), which is a subgroup of &(Ps).

Unfortunately this operation does not act on morphism (ut>f<y) : (S>P<°G) — (T>Q<" H),
since group homomorphisms ¢, : Gy = H,s; do not generally restrict to the image of
the actions Im(os) = Im(7ys). When restricted to a 1-subcategory of action containers
with faithful actions, this construction at least yields an isomorphism-on-objects functor
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ActConts,itn — QuotCont. In the opposite direction, one could search for a functor between
the category QuotCont and the homotopy category of ActCont, i.e. the category with the same
objects but with sets of morphisms obtained by set quotienting 1-cells by 2-cells. We have a
candidate if we modify Definition 5 of premorphism by turning the existential quantifier in
the preservation of symmetries into a dependent sum: send a quotient container (S > P/Q)
to the action container with the same set of shapes and positions, but for each s : S changing
the group to the free group generated by G, which also acts on P, though not in a faithful
way. This modification shows at least the existence of an action of morphisms. We postpone
a deeper investigation in this direction to future work.

In Section 3.1 we analyzed some properties of the category of action containers. Ordinary
containers enjoy further properties that make them suitable as a model of data types:
Altenkirch et al. [8] show that the category of ordinary containers is cartesian closed, and
Abbott et al. [3] construct initial algebras and final coalgebras of containers in one parameter.
In the future, we plan to investigate whether action containers also enjoy these properties as
well. From previous investigations [14], we know that direct construction of final coalgebras
for quotient containers fails constructively. In [5] however, Ahrens et al. show that for
any U-valued container (with no restriction on truncation level of shapes or positions), its
extension as a polynomial in ¢ admits a final coalgebra. Since extensions of symmetric
containers are U-polynomials as well, we would like to internalize this construction: first,
find a symmetric container representing this coalgebra, then investigate if this restricts to the
inclusion of action containers. This in particular requires studying the composition-monoidal
structure of action containers. Similarly, it should be possible to lift the closure properties of
Section 3.1 from the underlying 1-category to proper 2-(co)limits in Action.

In another direction we are interested to see if the heavy machinery of 2-categories can
be avoided, or at least be postponed. This is guided by the following insight: The image
on objects of the 2-functor B is not only groupoids, but pointed, connected groupoids. The
2-category of such groupoids and pointed maps, displayed over hGpd is, surprisingly, locally
thin [9, Lemma 4.4.12]. In other words, pointed, connected groupoids and pointed maps
form a 1-category hGroup. A slight modification of the proof of Proposition 36 shows that
the 1-category of ordinary groups is equivalent to hGroup, and that this equivalence extends
to categories of actions. The same argument shows that the 2-category of skeletal groupoids®
and skeleton-preserving maps is locally thin. We believe that this extends to an equivalence
between the 1-categories of action containers (without additional relation between morphisms)
and skeletal symmetric containers, i.e. those whose shapes are skeletal groupoids, and whose
morphisms preserve such skeleta. This would identify a structure on symmetric containers
such that equality of morphisms becomes propositional, giving rise to a convenient 1-category
of containers with symmetries.
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