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Preface

The TYPES meetings are a forum to present new and ongoing work in all aspects of
type theory and its applications, especially in formalized and computer assisted reasoning
and computer programming. This volume constitutes the post-proceedings of the 30th
International Conference on Types for Proofs and Programs, TYPES 2024, that was held at
the IT University of Copenhagen, Denmark, from 10 to 14 June 2024.

The meetings from 1990 to 2008 were annual workshops corresponding to five consecutive
EU-funded networking projects. Since 2009, TYPES has been run as an independent confer-
ence series. Previous TYPES meetings were organised by Antibes (1990), Edinburgh (1991),
Bastad (1992), Nijmegen (1993), Bastad (1994), Torino (1995), Aussois (1996), Kloster Irsee
(1998), Lokeberg (1999), Durham (2000), Berg en Dal near Nijmegen (2002), Torino (2003),
Jouy-en-Josas near Paris (2004), Nottingham (2006), Cividale del Friuli (2007), Torino (2008),
Aussois (2009), Warsaw (2010), Bergen (2011), Toulouse (2013), Paris (2014), Tallinn (2015),
Novi Sad (2016), Budapest (2017), Braga (2018), Oslo (2019), Turin (2020), Leiden (2021),
Nantes (2022), Valencia (2023). The 2020 and 2021 editions were virtual, because of the
SARSCoV-2 pandemics.

The TYPES areas of interest include, but are not limited to: Foundations of type
theory and constructive mathematics; Homotopy type theory; Applications of type theory;
Dependently typed programming; Industrial uses of type theory technology; Meta-theoretic
studies of type systems; Proof assistants and proof technology; Automation in computer-
assisted reasoning; Links between type theory and functional programming; Formalizing
mathematics using type theory; Type theory in linguistics.

The TYPES conferences are all based on contributed talks based on short abstracts;
reporting work in progress and work presented or published elsewhere. A post-proceedings
volume is prepared after the conference, whose papers must represent unpublished work.
Submitted papers to the post-proceedings are subject to a full peer-review process.

The conference program of TYPES 2024 consisted of 57 contributed talks, and five invited
talks by Brigitte Pientka (McGill University, Canada), Egbert Rijke (University of Ljubljana,
Slovenia), Talia Ringer (University of Illinois at Urbana-Champaign, USA), Nicola Gambino
(University of Manchester, UK), and Michael Rathjen (University of Leeds, UK). The last
two of these constituted a special session in memory of Peter Aczel, who passed away in
August 2023. This volume is dedicated to the memory of him, and of Thomas Streicher, who
passed away in January 2024.

The conference was a successful event with 109 registered participants. All the details of
the conference can be found at https://types2024.itu.dk/.

For the post-proceedings, 13 papers were initially submitted, out of which 9 were accepted.
We thank all the authors and reviewers for their hard work to make this possible!

Benno van den Berg and Rasmus Ejlers Mggelberg, May 2025.
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Formalizing Equivalences Without Tears

Tom de Jong S&
School of Computer Science, University of Nottingham, UK

—— Abstract

This expository note describes two convenient techniques in the context of homotopy type theory for
proving — and formalizing — that a given map is an equivalence. The first technique decomposes the
map as a series of basic equivalences, while the second refines this approach using the 3-for-2 property
of equivalences. The techniques are illustrated by proving a basic result in synthetic homotopy
theory.

2012 ACM Subject Classification Theory of computation — Type theory

Keywords and phrases 3-for-2 property, 2-out-of-3 property, definitional equality, equivalence,
formalization of mathematics, synthetic homotopy theory, type theory
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Mathematics for the opportunity to present the ideas in this note. Finally, I thank the anonymous

reviewers for their helpful suggestions.

1 Introduction

A very common problem in homotopy type theory (HoTT) [8] is to prove that a given map
is an equivalence. The purpose of this short note is to describe convenient techniques for
doing this, in particular when one is interested in formalizing the argument in a proof
assistant. I claim no originality in the results of this note. Indeed, the technique I wish
to highlight already informs much of the AGDA-UNIMATH library developed by Rijke and
contributors [5], while I picked up the other (decomposition) technique in this note via the
Agda development TYPETOPOLOGY of Escardé and collaborators [1] as well as Escardd’s
comprehensive introduction to univalent foundations and its formalization in Agda [2]. Rather,
I hope that this note will contribute to a greater awareness of these techniques, especially
among junior type theorists.

Outline

The note is outlined as follows. Section 2 explains why directly proving that a map is an
equivalence is often cumbersome. Section 3 describes an alternative technique by decomposing
the given map into a sequence of (smaller) equivalences, while Section 4 further refines this
method using the fact that equivalences satisfy the 3-for-2 property. These techniques are
then illustrated in Section 5 in the context of synthetic homotopy theory [8, §8]. The example
is self-contained and no prior knowledge of this area is required, although someone familiar
with classical homotopy theory may find its simplicity appealing and consider it an invitation
to learn more (see e.g. [7]).

© Tom de Jong;
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Formalizing Equivalences Without Tears

Terminology

The 3-for-2 property of equivalences states that if any two maps in a commutative triangle
are equivalences, then so is the third. This property is perhaps more commonly known as the
2-out-of-8 property. André Joyal proposed the name 3-for-2 by analogy to how discounts are
often advertised; if you prove two maps are equivalences, then the third is for free [4]. Since
we are interested in reducing the amount of (formalization) work and wish to get as much as
possible for free, the analogy is quite apt and we prefer Joyal’s terminology in this note.

Foundations

As mentioned at the very start, this note is concerned with equivalences in homotopy type
theory, although the issues and techniques described should carry over to other intensional
type theories [3] and classes of maps that satisfy 3-for-2.! We mostly adopt the terminology
and notation of the HoTT Book [8], e.g. writing = for judgemental (definitional) equality,
using = for identity types (sometimes known as propositional equality), and ~ for homotopies
(i.e. pointwise identities).

2 A naive approach

Presented with the problem of showing that a map f : A — B is an equivalence,? a direct
approach would be to try and construct a map g : B — A together with identifications
gof ~idg and fog ~ idg. What makes this approach infeasible at times is that the
construction of g may be involved, resulting in nontrivial computations (often involving
transport) when showing that the round trips are homotopic to the identity maps, especially
in proof-relevant settings such as HoTT.

In some cases we are lucky and the desired identifications hold definitionally, in which
case the proof assistant can simply do the work for us by unfolding definitions. We return to
using definitional equalities to our advantage in Section 4.

3 Decomposition into equivalences

Instead of directly arguing that a given map f : A — B is an equivalence, it is often convenient
to instead decompose f as a series of “building block equivalences”, general maps that we
already know to be equivalences, as depicted below.

A f B

KXEXQZ...ZXJ v

1

Some quintessential examples of such building block equivalences are as follows.

! However, I don’t have a good illustration to hand of applying the techniques to a class of maps
other than the equivalences. The class of n-equivalences, i.e. those maps whose n-truncation is an
equivalence, comes to mind, but there I have found it easier to work with the fact that these maps can
be characterized as those maps for which precomposition into n-types is an equivalence [6, Lem. 2.9]
(see also [5, k-equivalences]). Moreover, while equivalences are invertible, maps satisfying 3-for-2 need
not be of course, which means that it may be more difficult to arrange a diagram like in (2).

The precise definition of an equivalence is somewhat subtle, as discussed at length in [8, §4], but it is
not too important for our purposes.


https://unimath.github.io/agda-unimath/foundation.truncation-equivalences.html#properties
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Projection from the total space of a contractible family. Given a type X and a dependent
type Y over it, if each Y (z) is contractible (i.e. it is equivalent to the unit type), then the
projection map pry : Y. (z: X) Y (xz) — X is an equivalence. In fact, this is an equivalence
if and only if each Y (z) is contractible.

Contractibility of singletons. For any type X and z : X, the type > (y: X)x =y is con-
tractible and hence the two projection maps from > (z:X)> (y: X)x =y to X are
equivalences.

Associativity of dependent sums. For a type A, and dependent types B(a) and C(a,b) over
A and Y (a: A) B(a), respectively, the map

Y (a:4)> (b: B(a) Clash)  — Z(p 2> (a:A) B(a)) C(p)
(a,b,¢) +—  ((a,b),c)
is an equivalence.

Reindexing dependent sums along an equivalence. Given an equivalence between types
f: A~ B and a dependent type Y (b) over B, the assignment

Y (a: AY(f(a) — > (b:B)Y(D)
(a,y) = (f(a)y)
is an equivalence. And of course there is a similar result for dependent products.

Distributivity of || over Y . Given a type A and dependent types B and Y over A and
> (a: A) B(a), respectively, the map

[Ta: HY (b:Ba)Y(ab) - Z(f @ 4) B(a)) [(a: 4)Y(a, f(a))
a +—  (Aa.pri(a(a)), Aa.pra(ala)))

is an equivalence with inverse (f,p) — Aa. (f(a), p(a)).
This, and especially its nondependent version

[[@: 4> ®:B)Y(ab) = (f: A= B) [[(a: 4)Y(a, f(a)),

is traditionally called the “type theoretic axiom of choice”, but this is a misnomer as
there is no choice involved, see also [8, pp. 32 and 104].
Distributivity of > over +. Given a type A and dependent types X and Y over it, the map

da:A)(X(@)+Y() — Y (a:A)X(a)+ > (a:A)Y(a)
(a,inlz) +— inl(a,z)
(a,inry) +— inr(a,y)
is an equivalence.

Congruence of type formers. All type formers respect equivalences. For example, if we
have f: A~ X and g: B~Y, then (A+ B) ~ (X +Y) by applying f to the elements
on the left and g to the elements on the right.

Composition with a fixed path. Given elements x, y and z of a type X and a path pg : z = v,
the path composition maps

(z=2z) — (2=1y) and (z=2) = (y=2)
p = DP'pPo p = po'p

are equivalences.

1:3
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This list is not exhaustive, but should give a good impression of the available building
blocks. The interested reader may find many more examples in [1, UF.EquivalenceExamples].

The idea is to reduce the task of proving that f is an equivalence to identifying suitable
building blocks — the equivalences in (1) — and proving that the diagram (1) commutes. It is
the latter point that may pose similar difficulties to those explained in the previous section:
the commutativity proof could involve nontrivial computations. We turn to a refinement in
the next section to address this.

We should mention that this technique is still very valuable, especially when we are not
interested in having a particular equivalence, or when there is a unique such equivalence, e.g.
when proving that a type X is contractible.

4 A refinement using 3-for-2

To address the issue identified above, we will make use of the fact that equivalences satisfy
the 3-for-2 property:

» Lemma 1 (3-for-2 for equivalences, [8, Thm. 4.7.1]). In a commutative triangle
E c

N A
B

if two of the maps are equivalences, then so is the third.

A

Rather than decomposing f, the idea is to simply involve f into any commutative diagram
where all (other) maps are equivalences, as depicted below.

X, =X, = =X, = Al =X, 22X,

-_— . (2)

By the 3-for-2 property, we can still conclude that f is an equivalence from (2), but
verifying the commutativity may now be easier, especially when the type X,, is simpler
than B. Indeed, we can often ensure this in practice as illustrated and commented on at the
end of the next section.

5 An example in synthetic homotopy theory
Usually [8, §7.5], a type is said to be n-connected if its n-truncation is contractible. For us,
the following characterization may serve as a definition.

» Proposition 2 ([8, Cor. 7.5.9]). A type A is n-connected if and only if for every n-type® B,
the constants map

B— (A— B)
b Aa.b

s an equivalence.

3 We recall from [8, §7.1] that the n-types are inductively defined for n > —2: a —2-type is a contractible
type and an (n + 1)-type is a type whose identity types are n-types.


https://www.cs.bham.ac.uk/~mhe/TypeTopology/UF.EquivalenceExamples.html
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We will illustrate the above techniques by giving a slick proof of a well-known result
(see e.g. [8, Thm. 8.2.1]) in homotopy theory: taking the suspension of a type increases its
connectedness by one. The reader may wish to compare the proof below to that given in
op. cit, or inspects its formalization as part of the AGDA-UNIMATH library [5, Suspensions
increase connectedness].

For completeness, we recall suspensions in homotopy type theory.

» Definition 3 (Suspension X). The suspension X A of a type A is the pushout of the span
1+ A — 1. Equivalently, it is the higher inductive type generated by two point constructors
N,S : £ A (short for North and South) and a path constructor merid : A — N =S (short
for meridian).

S

Figure 1 Illustration of the suspension of a type A. The lines from N to S going through the
points a : A and b : A represent the paths merid(a) and merid(b), respectively.

We shall only need the following basic fact about suspensions which is just the universal
property of the suspension as a pushout. (We recall from [8, §2.2] that ap, denotes the
action of ¢ on the identity types.)

» Proposition 4 (Universal property of the suspension, [8, Exer. 6.11]).
The map

(SA—B) — > (bv:B)Y (bs:B)(A— by =bs)
g = (g(N),g(S),)\a.apg(merid(a)))
is an equivalence for all types A and B.
» Theorem 5. The suspension of an n-connected type is (n + 1)-connected.

Proof. Let A be an n-connected type and B an (n + 1)-type. By Proposition 2, we need to
show that the constants map consts : B — (3 A — B) is an equivalence. We first consider
the evaluation map

eval : (X A — B) » B defined by eval(g) := g(N),

and note that the diagram

B consts (EA—)B) eval B

idp

commutes definitionally. Hence, by 3-for-2, it suffices to prove that eval is an equivalence.

TYPES 2024
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We use the decomposition technique to do so and consider the following diagram.

(XA — B) eval B

mesx...) (b sbs ) = by
(3)

S(by : B) Y (bs : B) (A — by =bs) by : B) Y (bs : B) (by = bs)

~

(bnsbs,p) = (bn,bs,...)

Note that because A is n-connected and by = bg is an n-type (since B is an (n + 1)-type),
the constants map (by = bs) = (A — by = bg) is an equivalence. The middle equivalence
in the diagram (3) is induced by the inverse of this map. It should be stressed that the
definitional behaviour of this inverse is completely irrelevant for verifying the commutativity
of the diagram (3); we only need to know the middle map’s behaviour on the first two
components of the Y-types to see that the diagram commutes definitionally.

Finally, the first map in the decomposition of eval is an equivalence by Proposition 4 and
the last map is an equivalence by contractibility of singletons (from page 3). <

We end this note by pointing out an important heuristic that is nicely illustrated by
the above proof: We always try to orient the maps in our diagrams towards the simplest
possible type — which in (3) is clearly B. The reason for this is that checking commutativity
should then be the easiest as there is relatively little data in the target type to compare.
Similarly, we defined a section of eval, rather than directly defining a map B — (X A — B)
and proving it’s an inverse to eval which would involve the cumbersome task of comparing
functions ¥ A — B for equality.
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—— Abstract

We propose weaker but constructively provable variants of the contrapositive of Kénig’s lemma. We

derive those from a generalization of the FAN theorem for inductive bars to inductive covers, for
which we give a concise proof. We compare the positive, negative and sequential characterizations of
covers and bars in classical and constructive contexts, giving precise accounts of the role played by
the axioms of excluded middle and dependent choice. As an application, we discuss some examples
where the use of Kénig’s lemma can be replaced by one of our weaker variants to obtain fully
constructive accounts of results or proofs that could otherwise appear as inherently classical.
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1 Introduction

Koénig’s (infinity) lemma, named after Dénes Kénig, was originally published as a theorem of
graph theory [18]. Nowadays, it is usually conflated with the following statement:

Any infinite tree which is finitely branching has an infinite branch?!

The restriction to at most binary trees is of particular importance because it can be stated
within lightweight foundations like e.g. RCAq [26], and is usually called weak K6nig’s lemma
(WKL). Notice that Kénig’s lemma is also used in its contrapositive form:

Any finitely branching tree with only finite branches must be finite.

Classical mathematicians would not mind switching between the two formulations but
herein, we refrain from using excluded middle at will, and we adopt a constructivist point
of view. In this context, that contrapositive form is sometimes referred to as “Brouwer’s
FAN theorem” [5, p. 13]. Although there is no universal agreement on what constitutes
constructive mathematics, we use the inductive type theory that is the basis of Coq, free of
additional axioms, as our constructive foundations.

Konig’s lemma plays critical roles in various fields of mathematics like logic, computability,
tiling theory, etc. and has been investigated by reverse mathematics, e.g. as WKL in [26],
and constructive reverse mathematics [2, 3]. Although some of our investigations might be
relevant to the program of reverse mathematicians, we do not follow that approach. We
favor a more pragmatic perspective: since the lemma does not belong to the realm of purely
constructive mathematics, can we propose weaker alternatives that could be used, not as
drop-in, but rather as low cost replacements for Kénig’s lemma? Of course, we require that
those alternatives are constructively provable.

1 the original statement rather talks about paths in a graph.
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K6nig’s lemma can (in particular) be used to establish the termination of algorithms, and
typically has been used for the decision procedure of implicational relevance logic [8, 17]. It is
instrumental to show the existence of Harvey Friedman’s [11] TREE(n) monster (extremely
fast growing) function, in combination with Kruskal’s tree theorem, see e.g. [13] where both
proofs rely on classical mathematics. These are two example applications of our tools aimed
at giving constructive accounts of what could otherwise look inherently classical.

As simple as it sounds, Kénig’s lemma involves the notion of infinite tree. Hence, the trees
cannot simply be understood as the inductively defined structure to be found in computer
science (these are always finite). Also, the notion of infinite is not as straightforward in the
constructive world. In reverse mathematics, where the usage of versatile data structures may
be constrained, a tree is often conflated with its set of finite branches (so finite sequences
of nodes where the next node is a son of the current node). As such, trees are nonempty,
prefix closed, sets of finite sequences, possibly with a computable membership predicate.
And infinite branches are sequences for which every finite prefix belongs to the tree, i.e. the
upper limit of a growing sequence of finite branches of the tree.

In that context, one can prove Kénig’s lemma using excluded middle and a weak form of
the axiom of choice (e.g. dependent choice). If a canonical choice can be made over the sons,
typically when there is a total order that can sort the sons at every node of the tree, the
infinite construction process in the proof can be determinized (by choosing the least son) and
the reliance on the axiom of choice is avoidable in that case. However, excluded middle is
more critical, in particular to show that when the union of finitely many sub-trees is infinite,
it must be because one of them is infinite. “Being infinite” is not a decidable property so the
selection performed by excluded middle cannot be turned into a computable value.

Kleene [16] famously gave a counterexample to a computational interpretation of weak
Kénig’s lemma: he builds a computable infinite binary tree, so a decidable set of finite
sequences of Booleans? for which there exists no computable infinite branch, i.e. no infinite
sequence of Booleans of which every finite prefix belongs to the tree. This gives a very
strong argument against the constructive acceptability of Kénig’s lemma, at least when one
“interprets Bishop’s mathematics in a recursive way” [6]3

Not only Kénig’s lemma could be rejected from a constructivist point of view, but some
of its consequences suffer similar defects. Consider the compactness result for Wang tilings:

A finite set of tiles can tile the plane if and only if it can tile any finite square.

Similarly to Kleene’s result, Hanf [14] and Myers [24] famously gave examples of finite sets
of tiles that can tile the whole plane, but only in a nonrecursive way. This invalidates a
computational understanding of the compactness result. Hence no constructive account of
the proof of the compactness result can be given, otherwise it would entail the existence of a
recursive tiling?

So there is no real hope at a drop-in constructive replacement for Kénig’s lemma because
some of its consequences might live outside the realm of constructive or computable math-
ematics. Nevertheless, we argue that it might be used in contexts where weaker alternatives
would also fit. And it is our aim here to explore some of those alternatives.

For instance, there is an interpretation of its contrapositive form, i.e. “any finitely
branching tree with only finite branches must be finite] where the notion of infinity is
replaced by finitary notions. Notice that the referred statement still relies on arbitrary (finite
or infinite) trees: when saying “only finite branches} one must consider the possibility that it
contains infinite branches otherwise this hypothesis is vacuous:

2 choices between the left or the right son.
3 as said earlier, the notion of what is constructively acceptable is not universally agreed on.
4 Notice that the tileability of a finite square is a decidable property.
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one classical way to understand “only finite branches” is by saying that no infinite sequence
can have all its finite prefixes in the tree. Hence even though the statement does not refer
to infinity, it is uncovered in this unfolding;

another way is to understand “only finite branches” is to give an inductive characterization
of the well-foundedness of branches with the single rule for the acc F' : rel; X predicate:

Yy, Fxy — acc F'y

[acc_intro]

acc Fzx
where F': rels X is a parameter relation. Intuitively, F'x y means that x is the father of
y in the tree (or y is a son of z). If nodes are conflated with finite branches, then F xy
means that y has the shape x # [_], i.e. z followed by a single choice of a son.

In that later case, finiteness of the tree branching along F' and rooted at root can be defined
by (acc F' root), and thus understood as the unavoidable termination of the nondeterministic
process of expending branches by adding sons after sons, starting from the root. Intuitively,
the proof of (acc F root) is a well-founded tree where a leaf is decorated with a proof of
(acc F z) such that z is childless (i.e. Yy, ~F zy). In that inductive understanding of “only
finite branches] the contrapositive of Konig’s lemma can be established by well founded
induction, see e.g. [1, p. 15]. We will derive it as a corollary in Section 5.3.

In intuitionistic frameworks, Brouwer’s FAN theorem is a consequence of the Bar theorem,
originally designed to grasp the full continuum in an approach to real analysis [5]. Its
acceptability from a constructive standpoint is a delicate issue. It has a rich track record:
see e.g. Troelstra [27, 28] for the context of intuitionistic analysis, but there are more recent
results, related to convexity [4] or to the exhaustibility of the Cantor space [9]. Intuitionists
have compared Kénig’s lemma with the FAN theorem in various contexts, e.g. [12, 30].

Remember that our aim is not to study the FAN theorem per se, but to propose workable
alternatives to the use of Konig’s lemma for the conversion of classical proofs to constructive
ones. In this context, we may abuse referring to Konig’s lemma even though, from a purely
intuitionistic standpoint, the results we discuss are closer to the FAN theorem.

However, in contrast with the above cited work on the FAN theorem, we differ in our
approach to quantification over the branches of trees. We follow Coquand’s thesis [6] that
bar inductive predicates are the correct expression of universal quantification over choice
sequences, be they lawlike or lawless; see our discussion in Section 3.5. Hence, we work
directly with inductive bars (on finite sequences), avoiding Brouwer’s thesis [29] completely.
Actually, we use the more general notion of inductive cover [25] on (transition) relations.

As for our contributions, in Section 3 we show that the notion of inductive cover generalizes
both inductive bars and (inductive) accessibility, w.r.t. its definition as well as w.r.t. the
results that it entails. We then give a detailed comparison between the constructive and
classical strength of three characterizations of covers: positive, negative and sequential. In
particular, for the classical part of the comparison, we separate the role played by excluded
middle and dependent choice and show the key role played by the intermediate negative
characterization. It will also play an important role in a constructive context, as a substitute
to the sequential characterization, when used in combination with the FAN theorem.

In Section 4, we give a type theoretic interpretation of the FAN theorem for inductive
covers, with a concise proof. The central argument, the stability of upward closed inductive
covers under binary union, differs from that of the proof of Fridlender’s FAN theorem for
inductive bars [10] which relies on the stability of monotone inductive bars under binary
intersection. However, we derive the FAN for bars as an instance of the FAN for covers, to
make the generalization explicit.

2:3
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In Section 5, we exploit the FAN for inductive covers, followed by an application of the
negative characterization of covers, to give several weaker versions of (the contrapositive of)
Kénig’s lemma, showing how relations can be represented by rose trees (hence finitary). This
includes an extra covering assumption, or an extra bar assumption, or else an extra almost
fullness assumption.

In Section 6, we give two examples where Kénig’s lemma can successfully be replaced
with one of these weaker variants to give constructive accounts of results of which the former
proofs were using the classical form of the lemma.

Additionally, we contribute a mechanization of all the results of the paper in a Coq script
that can of course be type checked for correctness, but was especially designed to be read
by humans, not only by computers. The script is mostly self contained, largely commented,
with concise proofs: the longest is 25 loc but most of them are shorter than 10 loc. It is
accessible under a free software license at

https://github.com/DmxLarchey/Constructive-Konig

2 Coq preliminaries

We denote by P the type of propositions and simply by Type the Coq hierarchy of types, as
usual with this framework. We write | : P for the empty proposition and use the standard
notations for logical connectives. Recall that the logic of Coq is intuitionistic hence the
negation is defined by -P = P — 1. Following the BHK interpretation, X — Y more
generally denotes the type of maps from X to Y, and we write Vx : X, Pz for the dependent
product, irrelevant of whether P : X — P or P : X — Type. Whenever it can be guessed,
the type annotation in z : X is simply avoided. The dependent sum has several flavors in
Coq: for P : X — P we have the proposition 3z, Px : P and the type {z | Pz} : Type which
behave somewhat similarly but are however fundamentally different because propositions of
sort P cannot systematically be eliminated to build terms of sort Type.

The type of Peano natural numbers N is inductively defined in Coq as N:n == 0| Sn and
arithmetic in Coq, which we assume, is built on this type. We manipulate finite sequences as
lists, polymorphic® over the carrier type X, in the inductive type list X : [ =[] | x::] where
x : X. Additionally, list concatenation (resp. membership) is named app (resp. In), denoted
infix by - 4 - :1list X — list X — 1list X (resp. - € - : X — 1list X — P), and defined by
a guarded fixpoint. Moreover, we use the reverse rev : 1list X — list X and the length
|-] : 1ist X — N functions as well as the permutation relation - ~, - : list X — list X = P,
as inductively defined in the Permutation module of the Coq standard library.

We define finiteness as a property finite P : PP of unary relations (viewed as sets):°
finite {X} (P: X - P) =3, Vz, Pz > xz €1

i.e. there exists a list spanning the relation P. This characterization of finiteness as listability
is equivalent to Kuratowski finiteness but easier to manipulate formally.

We manipulate relations as functions outputting propositions, hence we denote by
rel, XY = X — Y — P the type of heterogeneous binary relations between X and Y. In
the homogeneous case, we simply write relo X = X — X — P, and rel; X = X — P in the
unary case. We use the letters P, @ : rel; _ to denote unary relations and R, T : rely

5 operators on lists are parametric in X and this first argument is nearly always left implicit.

6 Like lists based results, finite is parametric in X and the braces around it specify an implicit argument.
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to denote binary relations. We write P C @ or R C T for the inclusion between relations.

Except for commonly found notations like €, ~, or C, we generally write related pairs with
e.g. a letter for the relation name, in prefix order, like in T z y.

For complex inductive predicates, we rather present the constructors using rules with a
horizontal line separating the premises from the conclusion. As an example, we below display
those of Forall P : rel; (1ist X) (denoted A;P) and Forall2 R : rely (list X) (1istY)
(denoted Ay R) which are finitary conjunctions defined in the List module of the standard
library, for P : rel; X and R :rely, X Y:

Px AP Rzxy N R I m
AP ] AP (x::1) NaR (] ] NoR (z::1) (y::m)

The free symbols z,y : X and [,m : 1list X can be instantiated by any value in their

respective types. In the corresponding Coq constructors, they are universally quantified over.

3 Inductive covers

We recall the notion of inductive cover [25] which subsumes both accessibility and bar inductive
predicates; see Sections 3.2 and 3.3. We discuss three characterizations of covers, the positive,
the negative and the sequential, from the strongest to the weakest (constructively), but also
explain in some details how to get their classical equivalence, separating the roles played by
the axioms of excluded middle and dependent choice. We discuss these characterizations in
the context Brouwer’s intuitionistic understanding of infinite sequences.

Before we switch to covers, we import the standard order theoretic notion of being upward
closed, however not requiring partial orders but any binary relation instead.

» Definition 1 (Upward closed). Given a type X and a binary relation T : rels X, we say
that a unary relation P : rel; X is T-upward closed if P is stable under direct T-images.
We define: upclosedT P =Vzy, Tay — Px — Py.

For instance, the finitary conjunction A1 P is upward closed for permutations, formally
stated as upclosed (- ~, -) A1 P. Upward closed unary relations will be preserved by covers,

and some results about covers (including the FAN theorem) assume upward closed relations.

3.1 Inductive covers definition, basic results

As in [25], we work with the class of singleton inductively generated formal topologies, as
opposed to the more general (e.g. indexed) presentation of [7]. They are defined by the
notion of inductive cover of a set (i.e. unary relation) along a (transition) binary relation.

» Definition 2 (Inductive cover [25]). Given a type X, a binary relation T : rely X and a
unary relation P : rely X, we define the inductive T-cover of P, denoted cover T P : rel; X
by the two following inductive rules:

Pz Yy, Txy — cover T Py
[cover_stop]

[cover_next]

coverT' Px coverT'Px

Notice that Pz (resp. T zy and cover T P z) is denoted by z € P (resp. y € T'(x) and
x <4 P) in [25] but we favor prefix notations. Remark that the transition relation 7" is hidden
in the infix notation x < P used for the cover whereas we keep it in cover T'P x. Also in [25],
the constructor [cover_stop| (resp. [cover_next]) is called reflexivity (resp. infinity).

2:5
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The non-dependent induction principle (or eliminator, depending on your preferred
terminology) generated for the cover T' P predicate has the following type:

cover_ind TP: VQ', PC Q' — V2, T C Q' — Q' x) — (Vo, cover TPx — Q' ).

Informally, it states that cover T' P is included in any unary relation Q' closed under the
constructors/rules [cover_stop| and [cover_next]. Coq auto-generates a slight variant” of
cover_ind but they are equivalent as non-dependent eliminators. We choose to present the
above one because of its direct link with the positive, negative and sequential characterizations
of the cover that we discuss in Section 3.4. In our Coq code, we give a straightforward
implementation of cover_ind as a guarded Fixpoint, similar to the auto-generated one.

Using the cover_ind induction principle in combination with the constructors, we show
how a morphism can be used to transfer covers between different types and relations.

» Proposition 3 (cover_morphism). Let X,Y be two types, R:rels X and T : rely Y be
binary relations, and P :rel; X and Q : reli1 Y be unary relations. We further assume a
map f:Y — X which is supposed to be a morphism w.r.t. P/Q and R/T, i.e. satisfying

Yy, P(fy) = Qy and Vyry2, Tyryz — R(fyr) (f y2)-

Then we have Vxy, © = fy — cover RPx — cover T Qy.

As they are made available as Coq code, we generally do not give detailed proofs herein.
To illustrate how we reason by induction using cover_ind, we exceptionally give a detailed
account of the proof for the cover_morphism statement.

Proof. We first reorder the hypotheses and the goal becomes Vz, cover RPz — Vy, x =
fy — coverT Qy, which we prove by induction on cover R P x: we factor out @’ in the goal
asVx, coverRPx — Q' x with Q' = Az, Vy, x = fy — cover T Q y. Reasoning backwards,
we apply the instance cover_ind R P Q' to the goal, replacing it with two sub-goals:®
P C Q': unfolding @', we assume z s.t. Pz and y s.t. z = fy and we have to show
cover T'Qy. We derive P(fy) by substitution and then @y using the left morphism
hypothesis. We then derive cover T Q y using the constructor [cover_stop];
Vo, (Rx C Q') — Q' z: we assume z s.t. [H, :Vz, Rxz = Vy', 2= fy — cover TQy’
(corresponding to the induction hypothesis) and y s.t. z = fy, and we have to show
cover T'Qy. We substitute z with fy in IH, and get IH, : Vz, R(fy)z = Yy',z =
fy — cover T Qy'. Applying the second constructor [cover_next], we replace the goal
cover T'Qy with Vz, Ty 2z — cover T'Q) z. Hence we assume z s.t. Hy, : Ty z and we
now have to show cover T'Q z. Using the right morphism hypothesis, we derive H;Z :
R(fy)(f2). We instantiate the induction hypothesis as IH,, (f z) H,, » eq_refl and get
cover T'() z as desired. Notice that we use the reflexive identity for eq_refl: fz = f 2.
This concludes the proof. Using standard automation for backward proof-search (the eauto
tactic), the Coq proof script however consists in only two lines of code, one for reordering the
hypotheses in the initial statement, the second telling which hypothesis to perform induction
on, and then launching automation after substituting fy for z. <

7 namely of type VQ', P C Q' — (Y&, Tz C coverTP - Tz C Q' — Q' z) — (Vz, coverT Pz — Q' z).
8 factoring out Q" and applying cover_ind are automated for us by the Coq induction tactic.
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For the rest of the section, we assume a fixed type X to be used as carrier for binary
relations R, T : rely X and unary relations P, @ : rel; X. The monotonicity of cover can
be obtained as a particular case, using the identity morphism f = Az, x. More precisely,
cover (+) (+) is antitonic in its first argument and monotonic in its second argument:

cover_ mono RTPQ@: TCR—PCQ — cover RP C cover T Q.

Additionally to be increasing (by [cover_stop|) and monotonic (by cover_mono), cover T
is also an idempotent operator making it a closure operator:

cover_idempotent T'P: cover T (cover T P) C cover T P.

Proof. Assuming an arbitrary x, the proof of coverT (coverT P)x — coverT P x proceeds
by induction on cover T (cover T' P) . <

Then we get that the cover T operator preserves T-upward closed unary relations:
cover_upclosed T P : upclosed T P — upclosed T (cover T P).

Proof. We assume upclosed TP and an arbitrary = and show cover T Px — Yy, Txy —

cover T' Py by induction on cover T' P x. |

3.2 Inductive cover and accessibility

In this section, we fix a type X to serve as carrier for relations below. We recall that the

cover predicate is a generalization of the accessibility predicate, also called R-founded in [25].

» Definition 4 (acc(essibility), R-founded). Given a binary relation R : rely X, the
acc(essibility) predicate’ for R and the R-founded predicate'? are defined inductively, each
with one single rule:

Vy, Rry —acc Ry -Rzzx Vy, Rxy — founded Ry

[acc_intro]
founded Rx

acc Rz

A simple observation shows that the shape of the constructor [acc_intro] is the same
as the second constructor [cover_next| of the cover predicate. Furthermore, the first

constructor [cover_stop| can be neutralized by setting P as the empty relation § = X _, L.

Hence we immediately derive the equivalence:
» Proposition 5. The acc(essibility) predicate is an instance of the cover predicate.
acc_iff_cover_empty Rz : acc Rz <> cover R ) .

Moreover, accessible elements are necessarily irreflexive. Indeed, we show Vz, acc Rx —
Rxx — L by induction on acc Rz. Hence it follows that the left premise ~Rz z of the
constructor of R-founded is superfluous:

» Proposition 6. R-founded and accessibility define equivalent notions:
founded_iff_acc R x: founded Rx <+ acc Rx.

As a corollary we get founded Rz <> cover R{)z, a result already established in [25,

Theorem 3.2] but, seemingly, the authors did not observe that the left premise (=R z x i.e.

irreflexivity) of the introduction rule for R-founded was superfluous.

9 The variant Acc as defined in the Coq standard library module Prelude, simply uses the reversed
relation R™! instead of R for acc. So we have Acc R ~ acc R™! and Acc R~ ~ acc R.
10 R-founded is defined in [25, Definition 3.1].
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3.3 Inductive cover and inductive bars

Let X be a carrier type for lists. We consider unary relations on the type list X that we
use to represent finite sequences. We show that inductive covers, in addition to generalizing
accessibility predicates (see Section 3.2), also generalize inductive bar predicates [6, 10].

» Definition 7 (Inductive bar). Let P :rel; (1ist X) be a unary relation on lists. We define
the inductive bar P : rel; (1ist X) unary relation with the two following inductive rules:
Pl Va, bar P (z :: 1)
—— [bar_stop]
bar Pl bar Pl

[bar_next]

Compared to [10, Definition 6], there are two slight differences. First our lists expand
from the left, whereas often in the literature [6, 10, 29], finite sequences expand from the
right. Hence rule [bar_next] would be written

Va, bar P (I + [z])
bar Pl

with such a reversed convention. However, this difference can be viewed as just of matter
of ordering the display of the arguments of the list constructor ::. Another more important
difference compared to [10, Definition 6] or else [29], is the absence of the inductive rule

bar P [

—————— [bar_monotone]
bar P (x ::1)

in Definition 7. We discard rule [bar_monotone| because it is admissible for monotone unary
relations on finite sequences.

» Definition 8 (Monotone unary relation). A unary relation P : rel; (1ist X) is monotone
if it satisfies monotone P =Vxl, Pl — P(x::1).

The (discarded) [bar_monotone| rule/constructor would ensure that bar P is a monotone
predicate even when P is not monotone. However, as an instance of cover_upclosed, if P is
monotone then so is bar P; see bar_monotone after Proposition 10 below. We observe that
monotone unary relations are those which are upward closed under list extension:

» Definition 9 (list extension). The extends : rely (list X) binary relation on lists is
defined by the single inductive rule:

extends [ (z::1)

We could have used the first order characterization extends | m < 3z, m = x::1 to give
an alternate definition of extends. With this notion, we get the equivalence

upclosed_extends_iff_monotone P : upclosed extends P <> monotone P
as an immediate consequence, but the specialization goes further:

» Proposition 10 (bar_iff_cover_extends). Given a unary relation P : rely (list X)
and a list [ : 1ist X, we have the equivalence bar P | <+ cover extends P [.

Thanks to Proposition 10 and upclosed_extends_iff_monotone, the two below results
are specializations of respectively cover_upclosed and cover_mono.

bar_monotone P : monotone P — monotone (bar P);
bar_mono PQ: P CQ — barP CbarQ.

More generally, the analysis that we are going to present for inductive covers in the next
section can be specialized to either accessibility predicates and inductive bar predicates.
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3.4 Positive, negative and sequential characterizations

We now discuss other characterizations of covers, which are not constructively equivalent
to the inductive one, but however are classically equivalent, hence the abusive use of the
word “characterization?” We present a detailed analysis of those characterizations and which
classical axioms their equivalence depends on.

The results of this section that assume classical axioms are not used elsewhere in this
paper: these axioms are (propositional) excluded middle (XM), giving us De Morgan laws
for logical connectives and quantifiers, and dependent choice (DC):

xm:VA:P, AV -4,
dc : V(A : Type) (R: relg A), (Vadb, Rab) = Vadp: N — A pg=a AVn, R pp p14n-

The names of the results that depend on these added axioms are suffixed with _XM or _DC or
both for an unambiguous exposition.

We start with the following definitions of the positive characterization cover_pos, the
negative characterization cover_neg, and the sequential characterization cover_seq.

» Definition 11 (Nonequivalent characterizations of cover).

cover pos TPz =AQ:rel1 X, PCQ— Vy, TyCQ — Qy) — Qu;
cover neg TPz =AQ:rel1 X, Qx— Vy, Qy — 32, Q2 ANTyz) - Jy, Py A Qu;
cover_seq TP x =Ap:N—= X, po=2— (Vn, T py, p14n) — In, P p,.

Although not equivalent, the constructive strength of these characterizations can be compared:
they are displayed from the strongest (cover_pos) to the weakest (cover_seq). Beware that
both @ and p are universally quantified over in the characterizations below.

The positive characterization cover_pos is really just a reordering of the implications in
the induction principle cover_ind, so we get the following equivalence purely constructively:

cover_iff_cover_pos TP x: cover T Px < VY@, cover_pos T P x Q.
The positive characterization is constructively stronger that the negative one:
cover_pos__cover_neg T P x : (VQ, cover_pos T P x Q) — (VQ, cover_neg T P z Q).

Proof. We use V@, cover_pos T' P = () as the formulation of an induction principle. <

The negative characterization is constructively stronger than the sequential one. The below
proof argument anticipates the intuition behind the definition of the negative characterization.

cover_neg__cover_seq T P x: (VQ, cover_neg T P x Q) — (Vp, cover_seq T P z p).

Proof. Assuming a T-sequence p : N — X, we instantiate @ with the direct image p(N) =
Ay, In, p, = y. We show cover_neg T P x p(N) — cover_seq T P x p and conclude. <«

We now explain the intuition behind those definitions by turning to a classical interpreta-
tion where all those characterizations are equivalent, discussing the precise roles played by
XM and DC. The negative characterization cover_neg is central to our analysis and can be
understood in two ways, either as deriving from cover_pos or generalizing cover_seq:

The first understanding of cover_neg is as contrapositive form of cover_pos:

cover_pos_iff _neg XMT P x @ : cover_pos T P x (Q +> cover_neg T P z (—Q).

2:9

TYPES 2024



2:10

Constructive Substitutes for Konig’'s Lemma

The proof involves excluded middle but first-order De Morgan transformations are enough
to get the equivalence!’ The converse implication of cover_pos__cover_neg above is
unlikely to be constructively provable (see Section 3.5), but it is a direct corollary to
cover_pos_iff_cover_neg_XM,12 however assuming XM as an added axiom;

The second way to understand the negative characterization cover_neg is to view it as a
generalization of the sequential characterization cover_seq. Notice that the statement
Vp, cover_seq T' P x p is the usual intuitive definition of being a T-cover for P:

Any infinite T-sequence starting at = meets P.13

However this interpretation depends on what are the inhabitants of the type N — X of
which p is a member; see Section 3.5. In the proof of cover_neg__cover_seq, we used the
direct image p(N) as a particular instance of @) in cover_neg. (@) represents a set of values
containing x and over which T is a total binary relation, which generalizes T-sequences by
removing the requirement of determinism. The quantification over T-sequences p : N — X
is replaced by quantification over ) which is an T-unstoppable nondeterministic process:
indeed any point in ) has at least one T-image in (). This property of unstoppability
Yy, Qy — 3z, Q@ z A Ty z is shared also by Brouwer’s notion of spread.

As a consequence of the above discussion, constructively already, the positive characteriz-
ation is equivalent to the inductive one, and stronger than the negative one, which is itself
stronger than the sequential one. Hence we derive:

cover_negative TP x: cover TP x —VQ,Qzr — Vy, Qy =32, QzATyz) — Iy, PyAQy
cover_sequences I'P x : cover TP x — Vp, po =2 — (Vn, T pn p1+n) — In, Ppn

If one is interested in the converse implications, then, on the one hand, XM would be
used to prove that V@, cover_neg T'P x () implies cover T'P x. On the other hand, to
recover V@, cover_neg T P x Q from Vp, cover_seq T P x p, one uses DC {z | Q 2} which
is dependent choice specialized on the X-type {x | Qx} where Q : rel; X. Indeed, the
statement of DC X, i.e. dependent choice specialized on type X is:

DC X =VR:rely X, (Vazdy, Rzy) - Vadp: N — X, po =2 AVn, R pn p1in.
When Q : rel; X, we reformulate the instance DC {z | Q } as'?
VR, (Vz, Qz — 3y, Qy AN Rry) = Vo, Qz — 3p, po =2 AVn, Qpn A R pp prin

which is exactly what is needed to extract a sequence p : N — X out of the T-unstoppable
process @ starting at x.

cover_seq__cover_neg DCT Pz : (Vp, cover_seqT P x p) — (VQ, cover_negT P z Q).

» Theorem 12 (in the spirit of Brouwer's bar theorem). Assuming xm and dc, the inductive
and the sequential characterizations of covering are equivalent:

cover TP x + Vp,po=2— (Vn, T pn p14n) — In, P py.

11n the Coq script, we insist on obtaining that equivalence via De Morgan rewriting and congruence only.

2500 cover_neg__cover_pos_XM.

13 Such formulation are more commonly found for the “intuitive” (read sequential) definition of “being a
bar for P” [6]. See bar_sequences in Section 3.5 for the corresponding specialization.

M see DC_sig__DC_X in the Coq code.
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M

Hence under XM+DC, any cover is an inductive cover while Brouwer’s “bar theorem’
states that “any bar is inductive bar) or, quoting [6], for sequences of natural numbers:

VP :rel; (1istN), bar P[] > Va:N =N, In, Pap_1;...; ).

The bar theorem statement is an instance of Theorem 12 where T' = extends. Indeed, an
extends-sequence of lists in N — 1list X corresponds to the n-prefixes of a sequence N — X;
see Brouwer_bar_XM_DC in the Coq code.

3.5 Discussion

We have explained how the inductive predicates bar and acc are just specializations of the
notion of inductive cover so the remarks below also apply to those restricted notions. For
instance we get the following specializations for R : rely X and P : rel; (list X):

acc_negative x: accRz —=VQ, Qx— (Vy, Qy — 3z, QzANRyz) — L;
acc_sequences z: acc Rax —Vp, po =2 — (Vn, R pn p14n) — L;

bar_negative : bar P[] = VQ, Q[] — (Vl, Ql— 3z, Q(x:: l)) —3Al,PINAQI;
bar_sequences: bar P[] = Va,3n, Plan_1;...; 0]

The negative characterization is intermediate between the inductive/positive characteriz-
ation (strongest) and the sequential characterization (weakest). We isolate the role played
by XM (in fact De Morgan laws) and DC. While it avoids DC, the negative characterization,
using unstoppable nondeterministic processes instead of sequences, still likely requires XM to
be equivalent with the positive characterization. Indeed, were the negative characterization be
constructively equivalent to positive/inductive characterization, such a result would instantly
give us Theorem 12 (and Brouwer’s bar theorem) using DC alone, hence avoiding XM.

The discussion on what is nature of (infinite) sequences is central to the sequential
characterization of bars, and of course, as the infinite itself, is very much debated in
constructive mathematics. Clearly, adjoining XM and DC populates the type N — X with
enough lawless sequences. Brouwer however rejected XM and DC and instead justifies his bar
theorem using “Brouwer’s thesis” [29] which is not as strong as an axiom as XM+DC. In [6],
Coquand criticizes the use of the type N — X to cover “all” sequences in the sequential
characterization of bars:

“This example is paradigmatic: by replacing systematically the intuitive notion of
bar by the notion of inductive bar, we can now prove Brouwer’s fan theorem. More
generally, we can think of bar P [] as the correct format expression of a universal
quantification over all sequences, not necessarily given by a law” (emphasis added)

To be more specific, absent of extra axioms, the type N — X of lawlike sequence (on which
the sequential characterization is based) cannot account for sequences that do not evolve
according to a predetermined law, see e.g. Veldman [29]:

“the intuitionistic mathematician [...] admits the possibility of sequences ag, ay, @, . ..
that are created step-by-step and thus, in some sense, are given by a black box. He is
very much aware that he is unable to make any kind of survey of the totality of all
infinite sequences of natural numbers? (emphasis added)

In a way, we follow and extend to covers the program proposed by Coquand [6] to
systematically replace the intuitive (understand sequential) notion of cover by the inductive
version, avoiding axioms altogether. But we can still use the sequential or negative versions,
in a limited way, at the end of a constructive deduction, e.g. following the FAN theorem.

2:11
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4 The FAN theorem for inductive covers

In this section, we present another interpretation of the FAN theorem in type theory,
generalizing the FAN theorem for inductive bars [10] to inductive covers [7, 25] instead. We
give a concise proof for this result, which differs significantly from that of [10, Theorem 6].
Hence, as an specialization, we get an alternate proof of that former result as well.

In this section, let us fix a type X and a binary relation T : rels X. We extend the
binary relation T to lists (viewed as finite sets), as T : rels (1ist X) using the direct image
and this way, we can view FANs over T as T'-sequences over finite sets.

4.1 Lifting a relation to finite sets

We define the finitary image relation on list X viewed as finite sets, i.e. permutations and
contractions are admissible for lists used in that context.

» Definition 13 (Finitary image). We define the finitary image binary relation on lists,
denoted T : rely (1ist X), by TT = XNlm, Vy,y € m — Iz, x €I AT xy, i.e. TTIm holds
when m s included in the direct image of 1.

The finitary image relation 7' is monotonic in its first argument and antitonic in its second
argument, i.e. [; Cly — mo Cmy — T 11 my — TT Iy my holds.

One critical observation for the proof of the FAN theorem below is how T'f behaves when
splitting its first/source argument in two halves. Then there is a corresponding splitting
of the second /image argument, but since T' ignores the order on the elements of lists, this
splitting only holds up to a permutation of the image list:

fimage_split_inv [y l2 m: Tt (I # 12) m — Imyma, m ~p m1 H ma A TNl ma AT 1o mo

which we show by induction on m. Additionally, we show that TT () k is upward closed for
permutations for any k, which can be written as upclosed (- ~, ) (T - k). And to conclude
this section, if P is upward closed for T' then the finitary conjunction AP of P (over lists)
is upward closed for T, i.e. upclosed TP — upclosed TT A, P.

4.2 Proof of the FAN theorem for inductive covers

We give a proof of the statement of the FAN theorem for inductive covers, using the finitary
image relation Tt to represent FANs over the relation 7.

» Theorem 14 (FAN for inductive covers). Let P : rel; X be T-upward closed. If x is in the
T-cover of P then the singleton list [x] is in the T'-cover of AP, i.e.

FAN_cover : upclosed T P — Vz, cover T P z — cover T" AP [z].

Using a sequential understanding of covers, the statement could be read as: if any
T-sequence starting at z meets P then any T7-sequence starting at [x] meets A; P, hence
“any finitary FAN rooted at x meets a monotone P uniformly] which is a commonly found
informal statement of the FAN theorem.

While this sequential understanding cannot be established in our constructive framework
(for reasons discussed in Section 3.5), we below give a quite compact inductive proof of the
positive/inductive understanding of the statement of the FAN theorem for inductive covers.
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Proof. Let us assume P with upclosed 7' P. We first show that cover Tt Ay P is upward
closed for permutations, stated as upclosed (- ~, -) (cover TT A1 P). For this, we prove
cover Tt AqP | — Vm, | ~p M — cover TF AP m by induction on cover T AP L.

Now, we establish the key result that cover T'T Ay P is stable under (binary) union, herein
represented by the append operation on lists:

cover_fimage_unionlm : cover T'f MNPl — cover T AP m— cover Tt AP (IH#m).

The proof proceeds by nested induction, first on coverT AP | and then on cover Tt A1 P m,
with a critical use of fimage_split_inv to invert two statements of shape T (- 4 -) (-)
where the first argument of 7' is a union of lists. As a corollary of cover_fimage_union,
we get the specialization where | = [z] is a singleton as

Yam, cover TT AP [z] — cover TT Ay P m — cover TT A P (x::m)
and then, as a direct consequence
cover_fimage_Foralll: (Va:, z el — cover TT AP [l‘]) — cover TT AP I

for which we proceed by induction on .

We can conclude with the proof of the FAN theorem for inductive covers. We establish
cover Tt Ay P [2], reasoning by induction on cover T' P x:
the base case where Pz holds is trivially solved by giving a proof of AP [z] and then
deriving cover TT Ay P [z] with an instance of first constructor [cover_stop];
in the recursive case where Yy, T2y — cover TT AP [y] is the induction hypothesis,
we show VI, Tt [2] | — Vy,y € | — cover Tt AP [y] and then combine this with
cover_fimage_Forall and an instance of the second constructor [cover_next].
This concludes our proof of the FAN theorem for inductive covers. |

We can immediately derive A;(cover T P) | — cover TT A, P I by induction on [ and
then the following characterization of covering for the finitary image:

cover_fimage_iff : upclosedT P — VI, coverTT \\P 1 < (Y&, z € | — cover T P ).

i.e. the list [ is T'*-covered for AP if and only if all the members of I are T-covered for P.

4.3 The FAN theorem for inductive bars

We recall the interpretation of the FAN theorem in type theory [10] and derive an alternate
proof of that result as an instance of Theorem 14, which illustrates our claim of generalization.
We fix a carrier type X for lists and consider relations over 1list X and list (list X). For
lc:1list (1ist X), let us first define the

FAN lc = A1, No(-€-) Llc

i.e. if written as | = [x1;...;2,) and le = [¢1;...;¢p), FAN lc I means n = p and z1 € ¢1,22 €
Cay ..., &y € . Stated in plain english, [ is a list of one-to-one choices for the choice list Ic;
see the inductive definition of AR in Section 2. Using generic tools designed for the finite
abstraction, we can show that FAN [c is a finite, i.e.

FAN_finite lc: finite (FAN lc).
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However in [10, page 102], the author gives a specific construction of a list which collects the
lists of choices [ s.t. FAN [c [, that we denote 1ist_fan [c herein, satisfying:

list_fan_speclc: VI,FANIcl +> | € list_fan lc.

Thus the dependent pair (1ist_fan lc,list_fan_spec lc) is an (explicitly given) proof of
the proposition finite (FAN lc). The value of 1ist_fan lc can be viewed as a generalization
of the exponential function to lists, computing the list of choice sequences for lc.

The FAN theorem as stated and proved in [10] relies on the particular implementation
of the exponential list_fan given there, but the result itself only depends on the fact
that 1ist_fan satisfies 1ist_fan_spec. Theorem 6 of [10] also assumes the added rule
[bar_monotone] in the inductive definition of the bar predicate but it is admissible for
monotone relations.

» Theorem 15 (reminder of Theorem 6 of [10]). Let P : rel; (list X) be unary relation.
The following statement holds: monotone P — bar P [] — bar (Alc, A;P (list_fan Ic)) [].

Proof. We first reformulate the result as
FAN_bar P : monotone P — bar P [| — bar (Ale, FAN lc C P) []

which is an equivalent statement thanks to the monotonicity bar_mono of the bar predicate.
Indeed, using list_fan_spec, we get the equivalence A1 P (1ist_fan lc) <> FAN lc C P for
any lc. Now the statement FAN_bar P is independent of the implementation of 1ist_fan.

Using the results of Section 3.3, we replace the hypotheses monotone P and bar P [] by
upclosed extends P and cover extends P [|, and the goal bar (Alc, FAN lc C P) [] becomes
cover extends (\lc, FAN lc C P) []. Hence, by Theorem 14 we get cover extends’ A P [[]].
Then we transfer the inductive cover using list_fan as a morphism (Proposition 3):

cover extends’ A;P [[]] — cover extends (\lc, FAN lc C P) []

after having checked that the following statements hold: [[]] = 1ist_fan [|, extends I m —
extends’ (list_fanl) (1ist_fanm) and AP (list_fan Ic) — FAN lc C P. <

Theorem 6 of [10] (cf. Theorem 15), and its original proof, even though it uses one
particular implementation of 1ist_fan both in the proved statement and inside the argu-
ments, can be adapted to work for any implementation of list_fan as soon as it satisfies
list_fan_spec. The reason is that we pass through FAN_bar which is independent of the
actual implementation of 1ist_fan. This is how the proof is implemented our Coq code.

Besides the previous remark and the detour via inductive covers, the proof we give differs
from that of [10] in an important way. Indeed, the core argument of the later proof is the
closure of monotone inductive bars under binary intersection [10, Proposition 3]:

monotone P — monotone @ — bar Pl — bar Q | — bar (PNQ) !

which is there established by nested inductions on bar P [, and then on bar @ [. On the
contrary, the core argument in the proof of Theorem 14 lies in cover_fimage_union, i.e. the
closure of cover TT AP under binary union (the append operator on lists). In a way, it
generalizes to upward closed inductive covers the stability under binary unions of finiteness.
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5 Weaker variants of the contrapositive of Konig’s lemma

Recall the contrapositive form of Ko6nig’s lemma: any finitely branching tree without infinite
branches is finite. We introduce (inductive) rose trees, i.e. finite trees with arbitrary (finite)
branching at each node, and we give a type theoretic variant which has stronger assumptions
(e.g. the covering assumption below), and which replaces the notion of possibly infinite tree

that is implicit in formulation “any ... tree without infinite branches” with that of a relation:

Assume a finitely branching relation T : rely X and P : rel; X which is T-upward
closed. If x belongs to the T-cover of P then the finite paths along T starting at x
and avoiding P are the branches of a rose tree rooted at z.

Notice that we use equivalence between paths and branches to express that (part of) a
relation is “the same” as a rose tree. Because we only view the relation via its paths, the

acyclicity assumption, as used when (infinite) trees are viewed as graphs, can be dropped.
But before we formalize this statement, we must define paths, rose trees and their branches.

5.1 Path, rose trees and their branches
Let us fix a type X as carrier for relations and indices of rose trees below.

» Definition 16 (Inductive path). For a relation T : rely X, the paths in T are described by
a ternary relation path T : X — list X — X — P defined by two inductive rules:

Tzxzy path T ypz

path T z [| path T z (y ::p) =

Intuitively, path Tz py means that p is the sequence of values encountered on a path
from z to y, following the relation T, including the endpoint y but excluding starting point
x. The existence of a T-path from x to y is equivalent to the reflexive-transitive closure of T'
(we do not use this characterization however), and hence we have:

upclosed_path T'P : upclosed T' P — upclosed (Azy, Ip, path T x p y) P.

» Definition 17 (Inductive rose tree). The type of X -indezed rose trees denoted tree X : Type
is inductively defined by a single Tule:

x: X [:1list (treeX)
(x|l) : tree X

[node]

where we denote (x|l) as a shortcut for (node x l). The root of t = (z|l) is indexed by x
and we write roott = x, and | is the list of the sons of t. We define the height of a rose
tree, denoted tree_ht : tree X — N, using the fizpoint equation tree_ht (x|[t1;...;tn]) =
1+ 1list_max [tree_ht ¢;;...;tree_ht t,].

The branches of a rose tree (the paths starting at the root) are characterized using a
ternary relation branch : tree X — list X — X — P inductively defined by two rules:

(ylm) €1 branch (ylm) p z
branch (z|l) [] = branch (z|l) (y::p) z

Hence a branch is either empty, stopping at the root, or the choice of a son (i.e. sub-tree)
and of a branch in that son. The predicate branch ¢ p y relates a tree t, a list of visited
indices p up to the index y of the root of a sub-tree of t.
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5.2 Representing binary relations using rose trees

We give a formal definition for the statement “a binary relation is a finite tree? This is
required indeed because the type of binary relations and the type of rose trees are very
different. We use paths in relations and branches in rose trees as a means to define the notion
of representation by a rose tree, for the part of a relation T : rels X rooted at = of which
the paths from x satisfy the property P : list X — X — P.

» Definition 18 (Representation). Assume a binary relation T : rels X, a property for paths
P:list X - X — P and a point x : X. We say that P in T at x is strongly represented
by t : tree X and write strongly_represents T Pzt if:

strongly_represents T Px ¢ =roott =2 AVpy, branchitpy <> pathT xpy A Ppy.
We say that P in T at x : X is represented by ¢ : tree X and write represents T Px t if:
represents T Px t =roott =x AVpy, Ppy — (branch t py « path T z p y).

The property P for paths is applied only to those originating at x but can depend on the
destination as well as on the sequence of visited nodes on the path to the destination.

We observe that strongly_represents T'Pxt — represents T' P zt. While the strong
notion would be a first/natural choice to formalize the idea that the relation T' starting
at x and restricted by P “is a tree] this choice can however be questioned in the light of
decidability issues. Indeed, when X is equipped with a (propositionally) decidable equality}®
e.g. when X = N, then both branch ¢ p y and path T x p y become decidable predicates. In
that case, strongly_represents T Pz t implies that P is decidable as well, an assumption
we want to avoid for building representations. In the case of represents, P does not need
to be decidable but the representing tree may contain branches which do not satisfy P.

We assume a fixed T : rels X which is furthermore finitely branching, i.e. Vo, finite (T z).
We show that paths of bounded length can be strongly represented.

» Theorem 19. When T : rely X is finitely branching, for any n: N and any z : X, the
property (Apy, |p] <n) in T at x has a strong representation.

Proof. We build the tree t s.t. strongly_represents T (Apy, |p] <n) x t by induction
on n, after generalizing on x. |

Now we characterize the properties of paths that have representations as those which
hold only for small paths.

» Theorem 20. When T : rels X is finitely branching, for any property P : list X — X —» P
and any point x : X, the two following statements are equivalent:

dt, represents T Px t;

In,Vpy,path T zpy — Ppy — |p] <n.

Proof. In the forward direction, the bound n can be chosen to be the height tree_htt of
the representation of P in T" at z. In the reverse direction, given a bound n for the length of
paths satisfying P, we first obtain a tree ¢ s.t. strongly_representsT (Apy, |p] < n)xt.
We then check that this tree ¢t represents P in T at x. <

BieVey: X, o =yVaz#y.
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Theorem 20 states that, in the finitely branching case, a relation is represented by a
(finite) rose tree if and only if there is a global bound on the length of its paths. In the
context of the FAN theorem (the contrapositive of Kénig’s lemma), it relates the finiteness of
a tree to the boundedness of its height, the length of its longest branch. It can be compared
to the characterization of binary trees'® which are finite as those for which there is a uniform
bound on the length of their branches, see e.g. [15].

5.3 Konig's lemma for inductive covers, accessibility and inductive bars

We establish statements of weakened variants of (the contrapositive of) Kénig’s lemma,
assuming e.g. the existence of a cover for the root of the “tree”

» Theorem 21 (Kénig's lemma for inductive covers). Let us assume a finitely branching binary
relation T : rely X, i.e. Yz, finite (T'x), a T-upward closed unary relation P : rel; X,
a root x : X which is T-covered by P. Then the paths which refute P at their tail are
represented in T at x, i.e. 3t, represents T (Apy, "Py) z t.

Proof. Using the length of paths, we define circlen, the circle (centered at x) of radius n,
and the collection of @ : rel; (1ist X) of finite supports of some circle as

circlen = Ay, dp,path T x py A n = |p] Q! =dn, Vz, circlenx <> xz €.

Because T has finite direct images, we deduce that circles are finite, by induction on n. Hence
we get Vn, finite (circlen).

Let us show that @ meets A;P. Indeed, as we assume cover T' Pz, using the FAN
Theorem 14 for covers we get cover TT A1 P [z]. Then we use cover_negative with Q. We
only need to show that @ holds at [z] and is TT-unstoppable i.e. VI, Q1 — Im, Qm A TTIm:

Q [z] holds because [z] is a support for the circle of radius 0;

Q is TT-unstoppable because the circle of radius 1 4 n is a TT-image of that of radius n.

As @ meets A1 P, then P contains some circle, i.e. there is n such that circlen C P. As
a consequence, since T-paths from x of length greater that n cross circlen hence meet P
at that crossing point, their tail must belong to P as well, because P is T-upward closed.
Hence Vpy, path T 2 p y — n < [p] — Py holds and we conclude using Theorem 20. <«

This proof uses the FAN Theorem 14 for inductive covers, and then combines it with the
cover_negative characterization. The finiteness of circles Vn, finite (circlen), which
lives P (and not in Type), is not strong enough to be able to define circle as a map
N — 1ist X, which would be needed if the cover_sequences characterization were to be
used instead of cover_negative.

As the instance of Theorem 21 where P = (J, we recover a finitary form of Kénig’s lemma
similar to [1, p. 15]. A direct proof by induction on (the proof of) acc T'x would probably
be shorter but we here illustrate the generality of Kénig’s lemma for inductive covers.

» Corollary 22 (Kénig's lemma for accessibility [1]). Let T : rely X be a binary relation s.t.
Va, finite (T ) and let x : X be a T-accessible point of X, i.e. acc T x. Then there is a
rose tree t : tree X with root x such that the T-paths from x are exactly the branches of t.

We present a variant of Konig’s lemma for inductive bars. It is not exactly an instance of
Theorem 21 because the properties of paths are not limited to those of their endpoint.

16 45 sets of finite sequences of Booleans representing their finite branches.
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» Theorem 23 (Kénig's lemma for inductive bars). Let us assume a finitely branching binary
relation T : rely X, a monotone unary relation P : rely (list X), and a point x : X. If
bar P [] then 3t, represents T (Apy, —P (revp)) z t.

Proof. The proof is comparable (not identical) to the proof of Theorem 21 and uses FAN_bar
and bar_negative instead as replacements for FAN_cover and cover_negative. |

5.4 Konig's lemma for sequences of finite choices

Bar predicates can be specialized using the notion of good sequence, i.e. one containing a
redundant pair w.r.t. a binary (redundancy) relation. This relation can be the identity, but
there are other interesting cases, e.g. multiset inclusion [20]. In this case, bar predicates
characterize inductive almost full relations [20, 31].

We assume a binary relation R : rels X to represent a notion of redundancy, and define
two unary relations good R and irred R of type rel; (list X), good R characterizing lists
which contain a good pair, and irred R characterizing lists which are irredundant, i.e.
avoiding good pairs:'”
goodRp = 3Jlemyr,p=1+[z] H+m+ [y #r A Ryuz;
irredRp =Viamyr,p=I1+[z] +m+ [y #+7— Rrxy — L.

It is obvious that good R is monotone. Moreover, we show the correspondence between bad
(i.e. not good) lists and irredundant ones:'®

not_good_iff_irred R p: —(good R (revp)) <> irred R p.

» Definition 24 (Almost full relation [31]). For binary relations R : rels X, we define the
predicate af R : P using the two inductive rules, where Rtu = Az y, RxyV Rux:

Vzy, Rzy Yu, af Rtu

[af_full] [af_1ift]
af R af R

We recall that af R is another way of stating (i.e. is equivalent to) bar (good R) [] (see
e.g. [20, p. 11] or [21]) but below we just need the implication in this direction:

af__bar_good_nil R: af R — bar (good R) [].

Proof. First we establish bar (good Rtu) p — bar (good R) (p 4 [u]) by induction on
bar (good Rtu) p. As an instance where p = [], we get bar (good Rtu) [| — bar (good R) [u].
Then we can show the implication af R — bar (good R) [] by induction on af R. <

We can deduce usual the sequential characterization of almost full relations, but, as with
covers and bars, this characterization is constructively weaker.

af_sequences R: af R—Voa:N = X, 3ij, i <jA Raoj ;.

Proof. We obtain n such that good R [@,,—1; . . . ; ] using af __bar_good_nil above, followed
by bar_sequences from Section 3.5. We conclude by analyzing the identity I # [z] # m H
[y] # 7 = [@n—1;...; 0] where Ry x holds. <

17See [21] for an equivalent inductive characterization of good R.
18 good and irred use R in opposite ways, hence the use of the reverse function.
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We finish our tour of weakened forms of Kénig’s lemma with a slightly different form
where the outcome is not a representing rose tree but just its height, hence a bound on the
length of its branches. In light of Theorem 20, these are equivalent conditions for finitely
branching relations. While we insisted so far on getting tree representations in the spirit of
Konig’s lemma, in its applications on e.g. termination, a bound on the height of this tree is
often sufficient to conclude.

Given a sequence of relations P : N — rel; X, we define a predicate choice_list P :
rel; (list X) such that choice_list P [xg;...;%p—1] < Poxo A -+ A Pp_1Zp_1, ie.
choice_list P [ holds exactly when the members of [ are successive choices in Py, Py, ...

» Theorem 25. Given an almost full relation, i.e. R : rels X s.t. af R, and a sequence of
finite unary relations, i.e. P : N — rel; X s.t. Vn, finite P,,. Then the length of irredundant
choice lists for P is (uniformly) bounded. Formally, we get:

af R — (Vn, finite P,) — 3n, VI, choice_list Pl — irred R [ — [l] < n.

Proof. From af__bar_good_nil, we know that bar (good R)[] holds and we apply the
FAN_bar form of Theorem 15 and derive bar (Ale, FAN lc C good R) [].

We define support n l = Vz, P,z < z € [, meaning that [ is a supporting list for
the (finite) unary relation P,. We use the bar_negative characterization of inductive bars
applied to bar (Alc, FAN lc C good R) [] with Q = Ale, choice_list support (rev lc). We
get e such that FAN lc C good R and choice_list support (rev lc).

Then we check that n = |lc| satisfies the property VI, choice_list Pl — [l] =n —
good R (rev l). The same value then bounds the length of irredundant choice lists for P. <

Again, we use a combination of a FAN theorem and the negative characterization of
inductive bars. The assumption of finiteness Vn, finite P, : P is not strong enough to be
able to build a sequence N — list X that enumerates the respective supports for Py, P, ...
but the negative characterization allows us to reason without escaping from the P sort.

5.5 Type-bounded variants and the FAN functional

To answer a question of one of the reviewers, we briefly discuss how the FAN theorem
for covers and its consequences can be lifted to Type-bounded variants allowing for the
computation of FAN functionals, which output bounds on the length of branches of finite
trees. For this, the types of the cover, bar or af predicates are lifted as:

cover; {X} (T: X - X — Type) (P:rel; X): X — Type
bar, {X} (P:rel; (list X)) : list X — Type
af; {X} (R:rels X): Type

and, as a consequence, parts of the List and Permutation library results need to be given
Type-bounded variants as well. Noticeably, the transition relation argument 7" in covery is
lifted, and not only its output sort.

In Coq jargon, we say that those predicates become informative, meaning that their
inductive structure can be used to compute values of sort Type, typically bounds on the
length of branches in N. As an illustration here, these variants include the following FAN
functional, lifting Theorem 25 above to an output of sort Type:

af; R — (Vn, finite; P,) — {n : N | VI, choice_list P | — irred Rl — |l| < n}

where finite; {X} (P: X = P) = {l| Va, Px < x € l} is the lifting of finiteness.
We delegate to the distributed Coq code, specifically file constructive_konig_type.v,
the explanations on how such liftings are performed.
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6 Two examples of replacements of Koénig’s lemma

In this section, we discuss two applications of our constructive variants of Konig’s lemma
that allow to transfer some “classical” proofs into the realm of constructive mathematics.

6.1 The decidability from implicational relevance logic

In [20], we use a variant of Kénig’s lemma for almost full relations, corresponding here to
Theorem 25, to show the termination of an exhaustive proof search procedure for implicational
relevance logic (IR), based on a sequent system designed by Curry [8]. The termination of
this system was established by Kripke [17], building on Curry’s work, rediscovering Dickson’s
lemma, and concluding with K6nig’s lemma.

The idea of the proof is the following. Curry’s sequent proof system is proved sound and
complete for IR. It has three essential properties:

each sequent rule has finitely many premises, in fact less than two;

for any conclusion, there are only finitely many rule instances having that conclusion;

there is a notion of redundancy for sequents such that, if a sequent S5 is redundant over

S1, then any proof of Sy can be contracted into a proof of S; of lesser height. This

property is called Curry’s lemma.

Kripke proved that the notion of redundancy, derived from the natural inclusion ordering on
multisets, forms a well quasi order (WQO), and thus any sequence of sequents contains a
redundant pair. Notice that the WQO terminology and Dickson’s lemma, the key ingredient
in the result, were only popularized later on. Then, using Curry’s lemma, Kripke argued
that any proof search branch must contain a redundant pair, and by Kénig’s lemma, the
proof search tree for irredundant proofs is finite.

Replacing the classical approach to WQOs by inductive almost full relations, in [20] we
prove that the notion of redundancy is almost full, the constructive form of Dickson’s lemma
been derived from Coquand’s constructive form of Ramsey’s theorem [31]. Then we use the
Type-bounded variant of Theorem 25 called Constructive_Koenigs_lemma and outlined in
Section 5.5 to show that the irredundant part of the proof search tree has a computable
bound on its height, so the search process can be safely pruned above that height.

6.2 Building Harvey Friedman’s TREE(n) monster

In [23], we build on a Coq constructive proof of Kruskal’s tree theorem [22] to implement
TREE(n) function (that we specify below), invented and studied by Harvey Friedman [11]
in his groundbreaking work on reverse mathematics.

The (homeomorphic) embedding on rose trees is a WQO as soon as the comparison
between decorations of the nodes is itself a WQQO: this is the statement of Kruskal’s theorem
in a classical setting. In [22], we implement a constructively provable form by replacing
WQOs with (inductive) af relations (see Definition 24). Notice that this constructive form
of Kruskal’s theorem has a quite involved proof that we do not discuss here.

Using Kruskal’s theorem, the homeomorphic embedding between roses trees decorated
with elements of the finite set {1,...,n} is af and we use this relation as our redundancy
relation. This means, using the sequential characterization af_sequences of Section 5.4,
that any sequence Ti, Ts,... of roses trees contains a redundant pair. Now Friedman bounds
the number of possible choice for T; by requiring that its size (number of nodes) is less than
i: we say that T; is sized. Hence, considering the set of all such sized sequences (T;)o<;, they
form a finitely branching tree and all infinite branches contain a redundant pair. Following



D. Larchey-Wendling

the argumentation of e.g. [13], by Kénig’s lemma, the irredundant part of that tree is finite
and thus sized sequences have maximal length, which is by definition TREE(n).

We circumvent this classical argumentation by applying Theorem 25, hence, according
to its proof, first applying the FAN theorem for inductive bars and then the negative
characterization of inductive bars. We obtain, constructively, the existence of a uniform
bound on the length of irredundant sequences of sized trees (7;)o<;. The exact value of the
bound, i.e. TREE(n), can then be computed by unbounded linear search [23]*°

7 Conclusion

Besides the Coq script that supports the results presented herein, we can summarize our
contributions as following. We show that the notion of inductive cover generalizes both
accessibility and bar inductive predicates, hence we can discuss concepts and results at the
level of covers and they instantiate on these restricted notions as well. We follow Coquand’s
program [6] and replace characterizations based on sequences with inductive ones, that
constructively do not fall short on lawless sequences.

We compare the strength of the positive, negative and sequential characterizations of
covers, or (as an instance) of “being a bar} both in constructive and classical contexts. We
analyze the precise roles played by the axioms of excluded middle and dependent choice.

The negative characterization is a remarkable intermediate notion: a) it is a De Morgan
dual of the positive characterization; b) it expels determinism from the sequential character-
ization, and shares properties with Brouwer’s notion of spread; ¢) it is relevant in practice,
for instance when dealing with Prop-bounded Coq definitions.

We give a concise constructive proof of a FAN theorem for inductive covers that generalizes
the type theoretic interpretation of the FAN theorem for inductive bars [10]. We notice that
the respective core argument of these two proofs differ significantly.

The negative or sequential characterizations of covers (or bars) are weaker than the posit-
ive/inductive characterization. They fail when trying to constructively establish important
closure properties, such as the FAN theorem. However, they can still be used constructively,
after the inductive FAN theorem, to obtain uniform bounds on the length of branches of
trees. This is the core argumentation behind several weaker variants of Kénig’s lemma that
we derive and present, herein insisting on representations by inductive rose trees.

To conclude, we discuss two applications of those constructive variants of Konig’s lemma
that allow the transport of classical results in the constructive realm.

Almost full relations give a satisfactory constructive account for the notion of well quasi
order, i.e., finitary closure properties such as Dickson’s lemma, Higman’s lemma and Kruskal’s
tree theorem can be constructively established with this notion. However, as far as we are
aware, the stronger notion of better quasi order (BQO) has not yet been given a suitable
inductive account, and it would be quite a challenge to lean towards an inductive definition
of BQOs, hopefully satisfying additional infinitary closure properties.
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—— Abstract
The language of homotopy type theory has proved to be an appropriate internal language for various
higher toposes, for example for the Zariski topos in Synthetic Algebraic Geometry. This paper aims
to do the same for the higher topos of light condensed anima of Dustin Clausen and Peter Scholze.
This seems to be an appropriate setting for synthetic topology in the style of Martin Escardé.

We use homotopy type theory extended with 4 axioms. We prove Markov’s principle, LLPO and
the negation of WLPO. Then we define a type of open propositions, inducing a topology on any
type such that any map is continuous. We give a synthetic definition of second countable Stone and
compact Hausdorff spaces, and show that their induced topologies are as expected. This means that
any map from e.g. the unit interval I to itself is continuous in the usual epsilon-delta sense.

With the usual definition of cohomology in homotopy type theory, we show that H'(S,Z) =0
for S Stone and that H*(X,Z) for X compact Hausdorff can be computed using Cech cohomology.
We use this to prove H'(I',Z) = 0 and H'(S',Z) = Z where S' is the set R/Z. As an application,
we give a synthetic proof of Brouwer’s fixed-point theorem.
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Introduction

The language of homotopy type theory consists of dependent type theory enriched with the
univalence axiom and higher inductive types. It has proven exceptionnally well-suited to a
synthetic development of homotopy theory [13]. It also provides a framework precise enough
to analyze categorical models of type theory [20]. Moreover, arguments in this language
can be represented in proof assistants rather directly. In this article we use homotopy type
theory to give a synthetic development of topology, analogous to the synthetic development
of algebraic geometry in [4].
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A Foundation for Synthetic Stone Duality

We introduce four axioms inspired by the light condensed sets introduced in [5]. Interest-
ingly, our axioms have strong connections with constructive mathematics [3], in particular
constructive reverse mathematics [11, 7]. Indeed they imply several of Brouwer’s principles
(e.g. any real function on the unit interval is continuous, the celebrated fan theorem), as well
as not intuitionistically valid principles (Markov’s Principle, the so-called Lesser Limited
Principle of Omniscience).

Our axioms also closely align with the program of Synthetic Topology [9, 12, 19, 10, 21].
Indeed we have a dominance of open propositions, so that any type comes with an induced
topology. Using this induced topology, we manage to capture synthetically the notion of
second-countable compact Hausdorff spaces. While working on our axioms, we learnt about
[2], which provides a similar axiomatisation in extensional type theory. We show that some
of their axioms are consequences of ours. For example', we can define in our setting the
notion of overtly discrete types, which is dual to the notion of compact Hausdorff spaces.

A central theme of homotopy type theory is that the notion of type is more general than
the notion of set. We illustrate this theme in this work. Indeed we can form the types of
Stone spaces and of compact Hausdorff spaces, which are not sets but rather a groupoids.
Moreover these spaces are closed under YX-type types, which would be impossible to formulate
in the traditional setting. Additionally, we can leverage higher types by using the elegant
definition of cohomology groups in homotopy type theory [13]. We then prove a special case
of a theorem of Dyckhoff [8] describing the cohomology of compact Hausdorff spaces. As an
application, we give a synthetic proof of Brouwer’s fixed point theorem, similar to the proof
of an approximated form in [16].

We expect our axioms to be validated by the interpretation of homotopy type theory into
the higher topos of light condensed anima [17], although checking this rigorously is still work
in progress. We even expect this to be valid in a constructive metatheory, using [6]. It is
important to stress that our axioms only capture the properties of light condensed anima
that are internally valid. Since David Warn [23] has proved that an important property of
condensed abelian groups is not valid internally, this means that we cannot prove it in our
setting. We also conjecture that the present axiom system is complete for the properties that
are internally valid.

1 Stone duality

1.1 Preliminaries

» Remark 1.1. For X any type, a subtype U of X is a family of propositions over X. We
write U C X. If X is a set, we call U a subset. Given z : X we sometimes write z € U
instead of U(x). For subtypes A, B C X, we write A C B for pointwise implication. We will
freely switch between a subtype U C X and the corresponding embedding > U(z) — X.
In particular, if we write z : U we mean z : X such that U(x).

» Definition 1.2. A type is countable if and only if it is merely equal to some decidable
subset of N.

» Definition 1.3. For I a set we write 2[I] for the free Boolean algebra on I. A Boolean
algebra B is countably presented if there exist countable sets I, J with generators g: I — B
and relations f : J — 2[I] such that g induces an equivalence between 2[I/(f;);.g and B.

1 We can actually prove all of their axioms, from which their directed univalence follows. This will be
presented in a following paper.
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» Remark 1.4. Any countably presented algebra is merely of the form 2[N]/(rp,)n.N-

» Remark 1.5. We denote the type of countably presented Boolean algebras by Boole,,. This
type does not depend on a choice of universe. Moreover Boole, has a natural category
structure.

» Example 1.6. If both the set of generators and relations are empty, we get the Boolean
algebra 2. Its underlying set is {0,1} with 0 # 1. We have that 2 is initial in Boole,,.

» Definition 1.7. For B a countably presented Boolean algebra, we define the spectrum
Sp(B) as the set Hom(B,2) of Boolean morphisms from B to 2. Any type which is merely
equivalent to some spectrum is called a Stone space.

» Example 1.8.

(i) There is only one Boolean morphism from 2 to 2, thus Sp(2) is the singleton type T.

(ii) The trivial Boolean algebra is presented as 2/(1). We have 0 = 1 in the trivial Boolean
algebra, so there cannot be a map from it into 2 preserving both 0 and 1. Therefore
the corresponding Stone space is the empty type L.

(iii) The type Sp(2[N]) is called the Cantor space. It is equivalent to the set of binary
sequences 2. Given « : Sp(2[N]) and n : N, we write v, for a(g,), the n-th bit of the
corresponding binary sequence.

(iv) We denote by Bs, the Boolean algebra generated by (g, )n.n quotiented by the relations
gm N gn = 0 for n # m. A morphism B, — 2 corresponds to a function N — 2 that
hits 1 at most once. We denote Sp(Bso) by Nuo. For o : N, and n : N we write v, for
a(gp). For n: N, we define n : N, as the unique « : Ny, such that «,, = 1. We define
0 : Ny as the unique « : Ny, such that «,, = 0 for all n : N.

By conjunctive normal form, any element of B, can be written uniquely as \/;.; g, or
as /\;.; 7gn for some finite 7 C N.

» Lemma 1.9. Given a : 2~, we have an equivalence of propositions:
(vn:N Qp = 0) A4 Sp(2/(an)nN)

Proof. There is only one Boolean morphism z : 2 — 2, and it satisfies z(«a,,) =0 for all n : N
if and only if a,, = 0 for all n : N. <

1.2 Axioms

» Axiom 1 (Stone duality). For all B : Boole,, the evaluation map B — 25°(B) js an
isomorphism.

» Axiom 2 (Surjections are formal surjections). For all morphism g : B — C' in Boole,,, we
have that g is injective if and only if (=) o g : Sp(C) — Sp(B) is surjective.

» Axiom 3 (Local choice). For all B : Boole, and type family P over Sp(B) such that
Hy.sp(m) | P(5)]], there merely exists some C : Boole,, and surjection q : Sp(C) — Sp(B) such
that Ht:Sp(C)P(Q(t))‘

» Axiom 4 (Dependent choice). For all types (Ey)n.n with surjections Epy1 — E, for all
n : N, the projection from the sequential limit limy Ey to Eqy is surjective.

3:3
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1.3 Anti-equivalence of Boole, and Stone

By Axiom 1, the map Sp is an embedding of Boole,, into any universe of types. We denote
its image by Stone.

» Remark 1.10. Stone spaces will take over the role of the affine schemes from [4], so let us
repeat some results here. Analogously to Lemma 3.1.2 of [4], for X : Stone, Axiom 1 tells us
that X = Sp(2¥). Proposition 2.2.1 of [4] now says that Sp gives a natural equivalence

Hom(A, B) = (Sp(B) — Sp(4))

By the above and Lemma 9.4.5 of [13], the map Sp defines a dual equivalence of categories
between Boole,, and Stone. In particular the spectrum of any colimit in Boole,, is the limit
of the spectrum of the opposite diagram.

» Remark 1.11. Axiom 3 can also be formulated as follows: Given S : Stone with F, F
arbitrary types, a map f :.S — F and a surjection e : E — F, there exists a Stone space T,
a surjective map T'— S and an arrow T'— E making the following diagram commute:

T ————— y B
ook
ST}F

» Lemma 1.12. For B : Boole,,, we have 0 =p 1 if and only if = Sp(B).

Proof. If 0 =p 1, there is no map in B — 2 preserving both 0 and 1, thus —Sp(B).
Conversely, if = Sp(B) then Sp(B) = L. Since L is the spectrum of the trivial Boolean
algebra and Sp is an embedding, we conclude that B is the trivial Boolean algebra, hence
0=p1. |

» Corollary 1.13. For S : Stone, we have that =—S — ||S||

Proof. Let B : Boole, and suppose == Sp(B). By Lemma 1.12 we have that 0 #p 1,
therefore the morphism 2 — B is injective. By Axiom 2 the map Sp(B) — Sp(2) is surjective,
thus Sp(B) is merely inhabited. <

1.4 Principles of omniscience

The so-called principles of omniscience are all weaker than the law of excluded middle (LEM),
and help measure how close a logical system is to satisfying LEM [7, 11]. In this section, we
will show that two such principles hold (MP and LLPO), and that another one fails (WLPO).

» Theorem 1.14 (The negation of the weak lesser principle of omniscience (=WLPO)).
_‘va:2N((vn:N Qpn = 0) \ _‘(vn:N Qp = 0))

Proof. We will prove that any decidable property of binary sequences is determined by a
finite prefix of fixed length, contradicting V,,.na,, = 0 being decidable for all . Indeed
assume f : 2N — 2 such that f(a) = 0 if and only if V,,.y a,, = 0. By Axiom 1, there is some
¢ : 2|N] with f(a) = 0 if and only if a(c) = 0. There exists k : N such that ¢ is expressed
in terms of the generators (g,)n<x. Now consider 3,7 : 2V given by B(g,) =0 for all n: N
and v(gn) = 0 if and only if n < k. As § and ~y are equal on (g, )n<k, we have 5(c) = v(c).
However, f(8) =0 and f(v) = 1, giving a contradiction. <
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» Theorem 1.15. For all o : Ny, we have that

(_‘(vn:N Qp = 0)) — En:N Qp = 1

Proof. By Lemma 1.9, we have that —(V,.xy an, = 0) implies that Sp(2/(ay,)n.n) is empty.
Hence 2/(ay,)n:y is trivial by Lemma 1.12. Then there exists k : N such that \/igk o; = 1.

As a; =1 for at most one i : N, there exists a unique n : N with «,, = 1. <

» Corollary 1.16 (Markov's principle (MP)). For all o : 2N, we have that
(_‘(vn:N Qp = 0)) — En:N Qp = 1

Proof. Given «a : 2N consider the sequence o/ : N, satisfying o/, = 1 if and only if n is
minimal with «,, = 1. Then apply the above theorem. |

» Theorem 1.17 (The lesser limited principle of omniscience (LLPO)). For all a : Ny, we
have that

(View ok = 0) V (Vi 21 = 0)

Proof. Define f : Boo — Boo X B on generators as follows

gk, 0) if n =2k
Hon) = {(O,gk) ifn=2k+1

Note that f is a well-defined morphism in Boole,, as f(g,) A f(gm) = 0 whenever m # n. We
claim that f is injective. If I C N, write [y = {k | 2k € I}, I, = {k | 2k + 1 € I}. Recall
that any z : B is of the form \/,_; g; or A\;.; —g; for some finite set 1.

If 2 = ey gi, then f(x) = (Vicp, 9is Vier, 9i)- Soif f(z) =0, then Iy = I = I = and
z = 0.

Suppose = A;c; 7gi- Then f(z) = (Aies, ~9i» Nicr, 79i), s0 f(z) # 0.
By Axiom 2, we have that f corresponds to a surjection s : Ny, + Ny, — Ng,. Thus for
o : Noo, there exists some z : Nog + Ny such that s(r) = a. If x = inl(f), then for any k : N
we have that

o1 = 8(@)2k+1 = 2(f(g2r+1)) = inl(5)(0, gx) = 5(0) = 0.

Similarly, if @ = inr(8), we have that agp = 0 for all k : N. <

The surjection s : Ny, + N, — N, above does not have a section. Indeed:
» Lemma 1.18. The function f defined above does not have a retraction.

Proof. Suppose r : By X Bow — Bw is a retraction of f. Then 7(0,gx) = gog+1 and
7(gk,0) = gar. Note that r(0,1) > (0, gx) = gar+1 for all k£ : N. As a consequence, r(0,1) is
of the form A\;.; —g; for some finite set . By similar reasoning so is 7(1,0). But then

r(0,1) Ar(1,0) =7((1,0) A (0,1)) = r(0,0) = 0.

This is a contradiction. <

3:5
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1.5 Open and closed propositions

Open (resp. closed) propositions are defined as countable disjunctions (resp. conjunctions)
of decidable propositions. In this section we will study their logical properties.

» Definition 1.19. A proposition P is open (resp. closed) if there exists some o : 2 such
that P <> 3,.nan, =0 (resp. P <> V,.na, =0). We denote by Open and Closed the types of
open and closed propositions.

» Remark 1.20. The negation of an open proposition is closed, and by MP (Corollary 1.16),
the negation of a closed proposition is open. Moreover both open and closed propositions are
——-stable. By “WLPO (Theorem 1.14), not every closed proposition is decidable. Therefore,
not every open proposition is decidable. Every decidable proposition is both open and closed.

» Lemma 1.21. We have the following:
Closed propositions are stable under countable conjunctions and finite disjunctions.
Open propositions are stable under countable disjunctions and finite conjunctions.

Proof. All statements but the one about finite disjunctions have similar proofs, so we only
present the proof that closed propositions are stable under countable conjunctions. Let
(P,)n:n be a countable family of closed propositions. By countable choice, for each n : N we
have an a,, : 2 such that P, < VN 0p,m = 0. Consider a surjection s : N - N x N, and
let B = agk). Note that Vi.n Bx = 0 if and only if V,,.n Py

To prove that closed propositions are closed under finite disjunctions, we use the known
fact that LLPO (Theorem 1.17) is equivalent to the statement that for P and @ open, we
have that (=P V =Q) <> =(P A Q). We conclude using that closed propositions are negations
of open propositions, and that the conjunction of two open propositions is open. <

From now on we will use the above properties silently.

» Corollary 1.22. [f a proposition is both open and closed, then it is decidable.

Proof. If P is open and closed, then PV =P is open. So it is =—-stable and we conclude
from == (P V —P). <
» Lemma 1.23. For (P,,)n.n a sequence of closed propositions, we have —V,.NPp, <> 3p.n—Py.
Proof. Both —V,,.xP, and 3,.x— P, are open, hence ——-stable. The equivalence follows. <«
» Lemma 1.24. [f P is open and Q is closed then P — Q is closed. If P is closed and Q
open, then P — @ is open.

Proof. Note that =PV @ is closed. Using ~—-stability we conclude that (P — Q) < (-PVQ).
The other proof is similar. |

1.6 Types as spaces

The subset Open of the set of propositions induces a topology on every type. This is the
viewpoint taken in synthetic topology, from which we borrow terminology [9, 12].

» Definition 1.25. Let T be a type, and let A C T be a subtype. We call A CT open (resp.
closed) if A(t) is open (resp. closed) for allt:T.

» Remark 1.26. It follows immediately that the pre-image of an open by any map is open,
so that any map is continuous. In Theorem 3.11, we will see that the resulting topology is
as expected for Stone spaces. In Lemma 4.27, we will see that the same holds for the unit
interval.
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2  Overtly discrete spaces

» Definition 2.1. We call a type overtly discrete if it is a sequential colimit of finite sets.

» Remark 2.2. Tt follows from Corollary 7.7 of [18] that overtly discrete types are sets, and
that the sequential colimit can be defined as in set theory. We write ODisc for the type of
overtly discrete types.

Using dependent choice, we have the following results:

» Lemma 2.3. A map between overtly discrete sets is a sequential colimit of maps between
finite sets.

» Lemma 2.4. For f: A — B a sequential colimit of maps of finite sets f, : A, — By, we
have that the factorisation A — Im(f) — B is the sequential colimit of the factorisations
A, = Im(f,) — By,.

» Corollary 2.5. An injective (resp. surjective) map between overtly discrete types is a
sequential colimit of injective (resp. surjective) maps between finite sets.

2.1 Closure properties of ODisc
We can get the following result using Lemma 2.3 and dependent choice.
» Lemma 2.6. Owvertly discrete types are stable under sequential colimits.

We have that Y-types, identity types and propositional truncation commute with sequen-
tial colimits (Theorem 5.1, Theorem 7.4 and Corollary 7.7 in [18]). Then by closure of finite
sets under these constructors, we can get the following:

» Lemma 2.7. QOwvertly discrete types are stable under X-types, identity types and propositional
truncations.

2.2 Open and ODisc

» Lemma 2.8. A proposition is open if and only if it is overtly discrete.

Proof. If P is overtly discrete, then P <+ 3,..n||F;,|| with F;, finite sets. But a finite set being
inhabited is decidable, hence P is a countable disjunction of decidable propositions, so it is
open. Suppose P < Ip.nay, = 1. Let P, = 3,,<i(ay, = 1), which is a decidable proposition,
hence a finite set. Then the colimit of P, is P. <

» Corollary 2.9. Open propositions are stable under X-types.

» Corollary 2.10 (transitivity of openness). Let T be a type, let V. C T open and let W CV
open. Then W C T is open as well.

» Remark 2.11. It follows from Proposition 2.25 of [12] that Open is a dominance in the
setting of Synthetic Topology.

» Lemma 2.12. A type B is overtly discrete if and only if it is the quotient of a countable
set by an open equivalence relation.

Proof. If B : ODisc is the sequential colimit of finite sets B,,, then B is an open quotient
of (X,.nB,). Conversely, assume B = D/R with D C N decidable and R open. By
dependent choice we get o : D — D — 2N such that R(z,y) < Jp.nag (k) = 1. Define
D,, = (DNNg,,), and define R, : D,, — D,, — 2 as the equivalence relation generated by the
relation Jy<y,, oty (k) = 1. Then the B,, = D,,/R,, are finite sets, and their colimit is B. <«
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2.3 Relating ODisc and Boole,

» Lemma 2.13. Every countably presented Boolean algebra is a sequential colimit of finite
Boolean algebras.

Proof. Consider a countably presented Boolean algebra of the form B = 2[N]/(ry,)n.n. For
each n : N, let G,, be the union of {g; | # < n} and the finite set of generators occurring in r;
for some ¢ < n. Denote B, = 2[G,]/(r;)i<n. Each B, is a finite Boolean algebra, and there
are canonical maps B, — B, 11. Then B is the colimit of this sequence. <

» Corollary 2.14. A Boolean algebra B is overtly discrete if and only if it is countably
presented.

Proof. Assume B : ODisc. By Lemma 2.12, we get a surjection N — B and that B has open
equality. Consider the induced surjective morphism f : 2|[N] — B. By countable choice, we
get for each b : 2[N] a sequence oy, : 2V such that (f(b) = 0) <> p.n(apr = 1). Consider
r: 2[N] = N — 2|N] given by

b ifap(k)=1
r(b, k) = if on(k)
0 if Oéb(k) =0
Then B = 2[N]/(r(b, k))p:2in),k:n- The converse comes from Lemma 2.13. <

» Remark 2.15. By Lemma 2.7 and Corollary 2.14, it follows that any ¢g : B — C in Boole,,
has an overtly discrete kernel. As a consequence, the kernel is enumerable and B/Ker(g)

is in Boole,. By uniqueness of epi-mono factorizations and Axiom 2, the factorization
B — B/Ker(g) < C corresponds to Sp(C) — Sp(B/Ker(g)) — Sp(B).

» Remark 2.16. Similarly to Lemma 2.3 and Lemma 2.4, a (resp. surjective, injective)
morphism in Boole,, is a sequential colimit of (resp. surjective, injective) morphisms between
finite Boolean algebras.

3 Stone spaces

3.1 Stone spaces as profinite sets

Here we present Stone spaces as sequential limits of finite sets. This is the perspective taken
in Condensed Mathematics [15, 1, 5]. Some of the results in this section are versions of the
axioms used in [2]. A full proof of all these axioms is part of future work.

» Lemma 3.1. Any S : Stone is a sequential limit of finite sets.

Proof. Assume B : Boole,. By Remark 1.10 and Lemma 2.13, we have that Sp(B) is a
sequential limit of spectra of finite Boolean algebras, which are finite sets. |

» Lemma 3.2. A sequential limit of finite sets is a Stone space.

Proof. By Remark 1.10 and Lemma 2.6, we have that Stone is closed under sequential limits,
and finite sets are Stone. |

» Corollary 3.3. Stone spaces are stable under finite limits.

» Remark 3.4. By Remark 2.16 and Axiom 2, maps (resp. surjections, injections) of Stone
spaces are sequential limits of maps (resp. surjections, injections) of finite sets.
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» Lemma 3.5. For (S,)n.n a sequence of finite types with S = lim,, S, and k : N, we have
that Fin(k)® is the sequential colimit of Fin(k)n.

Proof. By Remark 1.10 we have Fin(k)® = Hom(2*,2%). Since 2 is finite, we have that
Hom(2*, ) commutes with sequential colimits, therefore Hom(2*,2%) is the sequential
colimit of Hom(2%,2%). By applying Remark 1.10 again, the latter type is Fin(k)%». <

» Lemma 3.6. For S : Stone and f : S — N, there exists some k : N such that f factors
through Fin(k).

Proof. For each n : N, the fiber of f over n is a decidable subset f, : S — 2. We must have
that Sp(2°/(fn)n:n) = L, hence there exists some k : N with Vngk fn =25 1. It follows that
f(s) <k for all s: S as required. <

» Corollary 3.7. For (S,)n.n a sequence of finite types with S = lim,, S,,, we have that N°
is the sequential colimit of N°n .

Proof. By Lemma 3.6 we have that N is the sequential colimit of Fin(k)®. By Lemma 3.5,
Fin(k)? is the sequential colimit of the Fin(k)°» and we can swap the sequential colimits to
conclude. <

3.2 C(Closed and Stone

» Corollary 3.8. For all S : Stone, the proposition ||S|| is closed.

Proof. By Lemma 1.12, =5 is equivalent to 0 =3s 1, which is open by Lemma 2.13 and
Lemma 2.12. Hence ——.S is a closed proposition, and by Corollary 1.13, so is ||.S]|. <

» Corollary 3.9. A proposition P is closed if and only if it is a Stone space.

Proof. By the above, if S is both a Stone space and a proposition, it is closed. By Lemma 1.9,
any closed proposition is Stone. |

» Lemma 3.10. For all S : Stone and s,t: S, the proposition s =t is closed.

Proof. Suppose S = Sp(B) and let G be a countable set of generators for B. Then s = ¢
if and only if s(g) = t(g) for all g : G. So s = ¢ is a countable conjunction of decidable
propositions, hence closed. |

3.3 The topology on Stone spaces

» Theorem 3.11. Let A C S be a subset of a Stone space. The following are equivalent:
(i) There exists a map o : S — 2% such that A(z) <> Yoy @z = 0 for any x : S.
(i) There exists a family (Dy,)n.n of decidable subsets of S such that A =, Dn.
(iii) There exists a Stone space T and some embedding T — S whose image is A.
(iv) There exists a Stone space T and some map T — S whose image is A.
(v) A is closed.

Proof.
(i) <> (i7). D, and «a can be defined from each other by D, (z) <+ (&g, = 0). Then
observe that

T € ﬂ D,, < Von(agn =0).
n:N
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(i) — (i4i). Let S = Sp(B). By Axiom 1, we have (d,),.n in B such that D, = {x :
S| z(d,) = 0}. Let C = B/(dn)n.n- Then Sp(C) — S is as desired because:

Sp(C)={z: S| Vpnz(d,) =0} = ﬂ D,,.
n:N

(#i1) — (iv). Immediate.

(iv) — (it). Assume f: T — S corresponds to g : B — C in Boole,,. By Remark 2.15,
f(T) = Sp(B/Ker(g)) and there exists a surjection d : N — Ker(g). For n : N,
we denote by D,, the decidable subset of S corresponding to d,. Then we have that
Sp(B/Ker(g)) = Mgy Do

(i) — (v). By definition.

(v) — (iv). We have a surjection 2 — Closed defined by a + V,,.y o, = 0. Remark 1.11
gives us that there merely exists T, e, 5. as follows:

T 2 oN

1

S — Closed

Define B(z) > Vo.n Ban = 0. As (1) — (4i) by the above, B is the image of some Stone
space. Note that A is the image of B, thus A is the image of some Stone space.
<

» Corollary 3.12. Closed subtypes of Stone spaces are Stone.
» Corollary 3.13. For S : Stone and A C S closed, we have that 3,.5A(x) is closed.

Proof. By Corollary 3.12, we have that X,.gA(x) is Stone, so its truncation is closed by
Corollary 3.8. <

» Corollary 3.14. Closed propositions are closed under sigma types.

Proof. Let P : Closed and @ : P — Closed. Then ¥, pQ(p) <> 3,.pQ(p). As P is Stone by
Corollary 3.9, Corollary 3.13 gives that 3,.pQ(p) is closed. <

» Remark 3.15. Analogously to Corollary 2.10 and Remark 2.11, it follows that closedness is
transitive and Closed forms a dominance.

» Lemma 3.16. Assume S : Stone with F,G : S — Closed such that F NG = (). Then there
exists a decidable subset D : S — 2 such F' C D,G C —D.

Proof. Assume S = Sp(B). By Theorem 3.11, for all n : N there is f,, g, : B such that
xz € F if and ounly if V,,.yz(f,) = 0 and y € G if and only if V,,.xy(g») = 0. Denote by h
the sequence defined by hoy = fi and hogt1 = gg- Then Sp(B/(hi)rn) = FNG =0, so by
Lemma 1.12 there exists finite sets I, J C N such that 1 =g ((V;.; fi) V (V,.;9;))- fy € F,
then y(f;) = 0 for all ¢ : I, hence y(V/;.; g;) = 1 If € G, we have 2(V/;,; g;) = 0. Thus we
can define the required D by D(z) <+ 2(V/;.; 9;) = L. <

4 Compact Hausdorff spaces

» Definition 4.1. A type X is called a compact Hausdorff space if its identity types are closed
propositions and there exists some S : Stone with a surjection S — X. We write CHaus for
the type of compact Hausdorff spaces.
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4.1 Topology on compact Hausdorff spaces

» Lemma 4.2. Let X : CHaus, S : Stone and q : S — X surjective. Then A C X is closed if
and only if it is the image of a closed subset of S by q.

Proof. As q is surjective, we have ¢(¢~'(A4)) = A. If A is closed, so is ¢7!(A) and hence A
is the image of a closed subset of S. Conversely, let B C S be closed. Then x € ¢(B) if and
only if

Js.5(B(s) A q(s) = x).
Hence by Corollary 3.13, ¢(B) is closed. <

The next two corollaries mean that compact Hausdorff spaces are compact in the sense
of Synthetic Topology.

» Corollary 4.3. Assume given X : CHaus with A C X closed. Then 3,.x A(x) is closed, and
equivalent to A # ().

Proof. From Lemma 4.2 and Theorem 3.11, it follows that A C X is closed if and only if it
is the image of a map T'— X for some T : Stone. Then 3,.x A(z) if and only ||7||, which is
closed by Corollary 3.8. Therefore 3,.x A(x) is ~—-stable and equivalent to A # (). <

» Corollary 4.4. Assume given X : CHaus with U C X open. Then V,.xU(x) is open.

The next lemma means that compact Hausdorff spaces are not too far from being compact
in the classical sense.

» Lemma 4.5. Given X : CHaus and C), : X — Closed closed subsets such that (), Crn =0,
there is some k : N with (), ;. Cp, = 0.

Proof. By Lemma 4.2 it is enough to prove the result when X is Stone, and by Theorem 3.11
we can assume C,, decidable. So assume X = Sp(B) and ¢, : B such that

Cp={x:B—2|xz(c,) =0}
Then we have that

Sp(B/(cn)nn) ~ [ Cn = 0.
n:N
Hence 0 =1 in B/(¢p)n.n and there is some k : N with \/ngk ¢n = 1, which means that

0= SP(B/(Cn)nSk) = ﬂ Cn

n<k
as required. <

» Corollary 4.6. Let X,Y : CHaus and f: X — Y. Suppose (Gp,)n.N is a decreasing sequence
of closed subsets of X. Then f([,.x Gn) = Ny f(Gr)-

Proof. It is always the case that f((,.nGn) € (. f(Grn). For the converse direction,
suppose that y € f(G,,) for all n : N. We define F' C X closed by F = f~1(y). Then for all

n : N we have that F'N G, is non-empty. By Lemma 4.5 this implies that (. (F'NG,,) # 0.

By Corollary 4.3, we have that ) . (F N G,) is merely inhabited. Thus y € f((,.yGn) as
required. <
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» Corollary 4.7. Let A C X be a subset of a compact Hausdorff space and p : S - X
be a surjective map with S : Stone. Then A is closed (resp. open) if and only if there
exists a sequence (Dy)n:n of decidable subsets of S such that A = (),,.yP(Drn) (resp. A =

Un:N ﬁp(D’ﬂ))

Proof. The characterization of closed subsets follows from characterization (ii) in The-
orem 3.11, Lemma 4.2 and Corollary 4.6. To deduce the characterization of open subsets we
use Remark 1.20 and Lemma 1.23. <

» Remark 4.8. For S : Stone, there is a surjection N — 2°. It follows that for any X : CHaus
there is a surjection from N to a basis of X . Classically this means that X is second countable.

The next lemma means that compact Hausdorff spaces are normal.

» Lemma 4.9. Assume X : CHaus and A, B C X closed such that AN B = (). Then there
ezist U,V C X open such that ACU, BCV andUNV ={.

Proof. Let ¢ : S — X be a surjective map with S : Stone. As ¢~1(A) and ¢~ !(B) are
closed, by Lemma 3.16, there is some D : S — 2 such that ¢ 1(A) € D and ¢~ !(B) C —D.
Note that ¢(D) and ¢(—D) are closed by Lemma 4.2. As ¢~*(A) N =D = (), we have that
A C —q(=D) := U. Similarly B C —¢(D) := V. Then U and V are disjoint because
—q(D) N =q(=D) = =(q(D) U g(=D)) = X = 0. <

4.2 Compact Hausdorff spaces are stable under sigma types
» Lemma 4.10. A type X is Stone if and only if it is merely a closed subset of 2V.

Proof. By Remark 1.4, any B : Boole, can be written as 2[N]/(ry,),.n. By Remark 2.15,
the quotient map induces an embedding Sp(B) < Sp(2[N]) = 2N, which is closed by
Theorem 3.11. <

» Lemma 4.11. Compact Hausdorff spaces are stable under % -types.

Proof. Assume X : CHaus and Y : X — CHaus. By Corollary 3.14 we have that identity
types in X,.xY (z) are closed. By Lemma 4.10 we know that for any = : X there merely
exists a closed C' C 2V with a surjection ¥,.ovC(a) — Y (z). By local choice we merely get
S : Stone with a surjection p : S — X such that for all s : S we have C, C 2V closed and
a surjection XonCs — Y (p(s)). This gives a surjection X g ».08Cs(a) — X,.xY, and the
source is Stone by Remark 3.4 and Corollary 3.12. <

4.3 Stone spaces are stable under sigma types

We will show that Stone spaces are precisely totally disconnected compact Hausdorff spaces.
We will use this to prove that a sigma type of Stone spaces is Stone.

» Lemma 4.12. Assume X : CHaus, then 2% is countably presented.

Proof. There is some surjection ¢ : S — X with S : Stone. This induces an injection of
Boolean algebras 2% < 29, Note that a : S — 2 lies in 2% if and only if:

Vaus q(s) =x q(t) = a(s) = a(t).

As equality in X is closed and equality in 2 is decidable, the implication is open for every
s,t: S. By Corollary 4.4, we conclude that 2% is an open subalgebra of 2°. Therefore, it is
in ODisc by Lemma 2.8 and Lemma 2.7 and in Boole,, by Corollary 2.14. |
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» Definition 4.13. For all X : CHaus and = : X, we define Q. the connected component of
x as the intersection of all D C X decidable such that x € D.

» Lemma 4.14. For all X : CHaus with x : X, we have that Q is a countable intersection
of decidable subsets of X .

Proof. By Lemma 4.12, we can enumerate the elements of 2%, say as (D, )n.ny. For n: N we
define F,, as D,, if x € D,, and X otherwise. Then N,.nE,, = Q.. <

» Lemma 4.15. Assume X : CHaus with x : X and suppose U C X open with Q, C U.
Then we have some decidable E C X withx € E and E CU.

Proof. By Lemma 4.14, we have Q, = (), Dn with D,, C X decidable. If Q, C U, then

Q:N=U =()(DnN-U) = 0.
n:N

By Lemma 4.5 there is some k : N with

([ Dn) N =U = () (DN =U) = 0.

n<k n<k
Therefore ﬂngk D, C -~U. As U is open, ~~U =U and E := ﬂngk D,, is as desired. <«

» Lemma 4.16. Assume X : CHaus with  : X. Then any map in Q. — 2 is constant.

Proof. Assume @, = AU B with A, B decidable and disjoint subsets of Q.. Assume x € A.

By Lemma 4.14, @, C X is closed. Using Remark 3.15, it follows that A, B C X are
closed and disjoint. By Lemma 4.9 there exist U,V disjoint open such that A C U and
B C V. By Lemma 4.15 we have a decidable D such that Q, € D C U U V. Note that
E:=DnNU = DnN(=V) is clopen, hence decidable by Corollary 1.22. But = € E, hence
BCQ,CEbut BNE =0, hence B = 0. <

» Lemma 4.17. Let X : CHaus, then X is Stone if and only V,.x Q. = {z}.

Proof. By Axiom 1, it is clear that for all x : S with S : Stone we have that Q, = {z}.

Conversely, assume X : CHaus such that V,.x Q. = {z}. We claim that the evaluation map
e: X — Sp(2¥) is both injective and surjective, hence an equivalence. Let x,y : X be such
that e(x) = e(y), i.e. such that f(z) = f(y) for all f:2%. Then y € Q,, hence z = y by
assumption. Thus e is injective. Let ¢ : S — X be a surjective map. It induces an injection
2X < 29 which by Axiom 2 induces a surjection p : Sp(2°) — Sp(2%). Note that e o q is
equal to p so e is surjective. <

» Theorem 4.18. Assume S : Stone and T : S — Stone. Then ¥,.sT(z) is Stone.

Proof. By Lemma 4.11 we have that ¥,.¢7(z) is a compact Hausdorff space. By Lemma 4.17
it is enough to show that for all 2 : S and y : T'(x) we have that Q(,,,) is a singleton. Assume
(#',9') € Q(a,y), then for any map f: S — 2 we have that:

fla) = fom(z,y) = fom(a,y) = f(a')

so that 2’ € @, and since S is Stone, by Lemma 4.17 we have that x = z/. Therefore we
have Q (5, € {2} x T(x). Assume z, 2" : Q(4y), then for any map g : T'(x) — 2 we have that
g9(z) = g(Z') by Lemma 4.16. Since T'(x) is Stone, we conclude z = 2’ by Lemma 4.17. <
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4.4 The unit interval as a compact Hausdorff space

Since we have dependent choice, the unit interval T = [0,1] can be defined using Cauchy
reals or Dedekind reals. We can freely use results from constructive analysis [3]. As we have
-WLPO, MP and LLPO, we can use the results from constructive reverse mathematics that
follow from these principles [11, 7].

» Definition 4.19. We define for each n : N the Stone space 2™ of binary sequences of length

n. And we define cs,, : 2" — Q by csp(a) =, ., ;(—ﬁ Finally we write ~,, for the binary
relation on 2" given by o ~p, B 4> |csp(a) — csp(B)] < 5.

» Remark 4.20. The inclusion Fin(n) < N induces a restriction _|,, : 2§ — 27 for each n : N.
» Definition 4.21. We define cs : 2V — 1 as es(a) = Y oo ;(—ﬁ

» Theorem 4.22. The type 1 is a compact Hausdorff space.

Proof. By LLPO, we have that c¢s is surjective. Note that cs(«) = ¢s(8) if and only if for
all n : N we have a|, ~, 8|,. This is a countable conjunction of decidable propositions, so
that equality in I is closed. |

The following is also given by Definitions 2.7 and 2.10 of [3].

» Definition 4.23. Assume given x,y : 1 and o, B : 2N such that x = cs(a),y = cs(B). Then
x <y is the proposition 3,y csp(a) + 2% <@ ¢$n(B), which is independent of the choice of
a, (.

» Remark 4.24. For all z,y : I, we have that x < y is an open proposition and that = # y is
equivalent to (z < y) V (y < ).

» Lemma 4.25. For all D C 2V decidable, we have that cs(D) is a finite union of closed

intervals.

Proof. If D is contains precisely the a : 2N with a fixed initial segment, cs(D) is a closed
interval. Any decidable subset of 2V is a finite union of such subsets. |

» Lemma 4.26. The complement of a finite union of closed intervals is a finite union of
open intervals.

By Corollary 4.7 we can thus conclude:
» Lemma 4.27. Every open U C 1 can be written as a countable union of open intervals.

It follows that the topology of I is generated by open intervals, which corresponds to the
standard topology on I. Hence our notion of continuity agrees with the ¢, §-definition of
continuity one would expect and we get the following;:

» Theorem 4.28. Every function f : 1 — 1 is continuous in the €, d-sense.

5 Cohomology

In this section we compute H!(S,Z) = 0 for all S Stone, and show that H'(X,Z) for X
compact Hausdorff can be computed using Cech cohomology. We use this to compute
HY(I,Z) = 0.

» Remark 5.1. We only work with the first cohomology group with coefficients in Z as it is
sufficient for the proof of Brouwer’s fixed-point theorem, but the results could be extended
to H"(X, A) for A any family of countably presented abelian groups indexed by X.

» Remark 5.2. We write Ab for the type of abelian groups and if G : Ab we write BG for
the delooping of G [13, 22]. This means that H!(X, G) is the set truncation of X — BG.
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5.1 Cech cohomology

» Definition 5.3. Given a type S, types T, for x:S and A:S — Ab, we define é(S, T, A)
as the chain complex

d 2 d 3
Hm:S Agl : Hm:S Agz - Hr:S AgT

where the boundary maps are defined as

do(a)z(u,v) = a,(v) — agz(u)

dl(ﬁ)w(uvvvw) = ﬂl-(’U,’LU) - BL(U7 ’l,l)) + ﬁw(u7v)

» Definition 5.4. Given a type S, types T, for x : S and A : S — Ab, we define its Cech
cohomology groups by

HO(S,T, A) = ker(do) HY(S,T, A) = ker(dy) /im(do)

We call elements of ker(dy) cocycles and elements of im(dg) coboundaries.

This means that Hl(S, T,A) = 0 if and only if é’(S, T, A) is exact at the middle term.

Now we give three general lemmas about Cech complexes.

» Lemma 5.5. Assume a type S, types T, for x: S and A: S — Ab with t : [],.¢T. Then
HY(S,T,A) = 0.

2
Proof. Assume given a cocycle, i.e. 3 :[],.o Az”” such that for all z : S and u,v,w : T

we have that 8, (u,v) + (v, w) = B (u, w). We define a : [[,.q AL* by a,(u) = By (ts, u).

Then for all z : S and u, v : T,, we have that do(@),(u,v) = Bi(ts,v) — Be(ts, u) = B(u,v)
so that § is a coboundary. <

» Lemma 5.6. Given a type S, types T, for x : S and A : S — Ab, we have that
HY(S, T, \x.Alz) = 0.

3
Proof. Assume given a cocycle, i.e. 8:[[,.q Af”” such that for all z : S and u,v,w,t: T,
2
we have that 8;(u,v,t) + Bz (v, w,t) = By(u,w,t). We define a : [],.¢ AL by ag(u,t) =
Be(t,u,t). Then for all x : S and u,v,t : T, we have that do(@).(u,v,t) = B.(t,v,t) —
Be(t,u,t) = Bz (u,v,t) so that 8 is a coboundary. <

» Lemma 5.7. Assume a type S and types T, for x : S such that [],.¢||T:|| and A : S — Ab
such that H'(S,T, A) = 0. Then given « : [[,.¢ BA, with 8 : [],.g(a(z) = %)T=, we can
conclude o = x.

Proof. We define g : [[,.¢ Aff by gz(u,v) = B.(v) — Bx(u). Tt is a cocycle in the Cech
complex, so that by exactness there is f : [[,.¢ AZ: such that for all z : S and u,v : T,
we have that g, (u,v) = f,(v) — fz(u). Then we define 8’ : [],.q(a(x) = *)T= by BL(u) =
Bz (u) — fr(u) so that for all z : S and u, v : T, we have that 8. (u) = 8. (v) is equivalent to
fo(0) = fo(u) = Bz(v) — Bz (u), which holds by definition. So 8’ is constant on each T, and
therefore gives [[,.q(a(x) = *)I7=Il. By [],.¢/|7%: | we conclude a = . <

3:15

TYPES 2024



3:16

A Foundation for Synthetic Stone Duality

5.2 Cohomology of Stone spaces

» Lemma 5.8. Assume given S : Stone and T : S — Stone such that [],.o||T(x)||. Then
there exists a sequence of finite types (Sk)k.n with limit S and a compatible sequence of
families of finite types Ty over Sy with [],. [|Tk ()| and limy (szsk Te(z)) =X,.sT(x).

Proof. By theorem Theorem 4.18 and the usual correspondence between surjections and
families of inhabited types, a family of inhabited Stone spaces over S correspond to a Stone
space T with a surjection T — S. Then we conclude using Remark 3.4. |

» Lemma 5.9. Assume given S : Stone with T : S — Stone such that [], ¢||Tx||. Then we
have that H*(S,T,Z) = 0.

Proof. We apply Lemma 5.8 to get Sy and T} finite. Then by Corollary 3.7 we have that
C(S,T,7Z) is the sequential colimit of the C'(Sk, Tk, Z). By Lemma 5.5 we have that each of
the C(Sg, Tk, Z) is exact, and a sequential colimit of exact sequences is exact. |

» Lemma 5.10. Given S : Stone, we have that H'(S,7Z) = 0.

Proof. Assume given a map o : S — BZ. We use local choice to get T : S — Stone such that
[1,.s/|T%|| with 3 : T],.g(a(z) = *)T=. Then we conclude by Lemma 5.9 and Lemma 5.7. <

» Corollary 5.11. For any S : Stone the canonical map B(Z%) — (BZ)® is an equivalence.
Proof. This map is always an embedding. To show it is surjective it is enough to prove that

(BZ)® is connected, which is precisely Lemma 5.10. <

5.3 Cech cohomology of compact Hausdorff spaces

» Definition 5.12. A Cech cover consists of X : CHaus and S : X — Stone such that
[L..xISzll and 3.« S : Stone.

By definition any compact Hausdorff space X is part of a Cech cover (X, S).

» Lemma 5.13. Given a Cech cover (X,S) and A : X — Ab, we have an isomorphism
H(X,A) = H°(X, S, A) natural in A.

Proof. By definition an element in H°(X, S, A) is a map f : [[,.x AS* such that for all
u,v : S, we have f(u) = f(v). Since A, is a set and the S, are merely inhabited, this is
equivalent to [],.  A,. Naturality in A is immediate. <

» Lemma 5.14. Given a Cech cover (X, S) we have an ezact sequence
HO(X, \z.Z5) — H°(X, \e.2Z% /7) — H*(X,Z) — 0

Proof. We use the long exact cohomology sequence associated to
0= Z— 2% = 75 |7 -0

We just need H'(X, \z.Z%) = 0 to conclude. But by Corollary 5.11 we have that
HY(X,\2.Z5) = H' (3. Sz, Z) which vanishes by Lemma 5.10. <

» Lemma 5.15. Given a Cech cover (X,S) we have an ezact sequence

H°(X, S, \e.Z%) — H°(X, S, \x.Z% |Z) — H (X, S,Z) — 0
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Proof. For n = 1,2,3, we have that ¥,.xS" is Stone so that H'(X,.xS",Z) = 0 by
Lemma 5.10, giving short exact sequences

0 — My x 2% — M,x (25°)% — T,x (25 /2)% — 0
They fit together in a short exact sequence of complexes
0— C(X,S,2) — C(X, S, \x.Z5%) — C(X, S, \e.Z5 |Z) — 0

But since H'(X, Az.Z5+) = 0 by Lemma 5.6, we conclude using the associated long exact
sequence. <

» Theorem 5.16. Given a Cech cover (X, S), we have that H*(X,Z) = H'(X, S,7Z)

Proof. By applying Lemma 5.13, Lemma 5.14 and Lemma 5.15 we get that H'(X,Z) and
HY(X,S,7) are cokernels of isomorphic maps, so they are isomorphic. <

This means that Cech cohomology does not depend on S.

5.4 Cohomology of the interval

» Remark 5.17. Recall from Definition 4.19 that there is a binary relation ~,, on 2" =: 1,
such that (27, ~,,) is equivalent to (Fin(2"), Az, y. |z —y| < 1) and for a, 3 : 2V we have
(cs(@) = cs(8)) <> (Vnnaln ~n Bln)-

We define I02 =%, o~ yand 03 =%, ) 0 @~y YAY ~p 2 AT~y 2.
» Lemma 5.18. For any n : N we have an exact sequence
0— 2 -2 gl 4, 717 %2, 7107
where do(k) = (_— k) and
di(@)(u,v) = a(v) - alu)
da () (u, v, w) = B(v,w) = Blu, w) + B(u, v).

Proof. It is clear that the map Z — Z™ is injective as I,, is inhabited, so the sequence
is exact at Z. Assume a cocycle a : Z'", meaning that for all w,v : I, if u ~, v then
a(u) = a(v). Then by Remark 5.17 we see that « is constant, so the sequence is exact at
7zt

Assume a cocycle (3 : ZH:2, meaning that for all u,v,w : I, such that u ~,, v, v ~, w
and u ~, w we have that f(u,v) + f(v,w) = f(u,w). Using Remark 5.17 to pass along the
equivalence between 2™ and Fin(2"), we define a(k) = 5(0,1) +--- + 5(k — 1, k). We can
check Ehat B(k,1) = a(l) — a(k), so that g is indeed a coboundary and the sequence is exact
at Z5n". <

» Proposition 5.19. We have that H°(I,Z) = Z and H'(I,Z) = 0.
Proof. Consider cs: 2V — T and the associated Cech cover T of I defined by:
T, = Zy:2N (.’E =1 CS(:U))

Then for [ = 2,3 we have that lim, ! = Y 7!. By Lemma 5.18 and stability of exactness
under sequential colimit, we have an exact sequence

. . ~2 . ~3
0 — Z — colim, Z"™ — colim,Z" — colim,,Z™
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By Corollary 3.7 this sequence is equivalent to
0 Z — MygZ% — MugZ% — 1,25

So it being exact implies that FIO(H, T,Z) = Z and H1 (I,T,Z) = 0. We conclude by
Lemma 5.13 and Theorem 5.16. <

» Remark 5.20. We could carry a similar computation for S!, by approximating it with 27
with 0" ~,, 1" added. We would find H!(S!,Z) = Z. We will give an alternative, more
conceptual proof in the next section.

5.5 Brouwer’s fixed-point theorem

Here we consider the modality defined by localising at I as explained in [14]. It is denoted
by Lj. We say that X is I-local if Ly(X) = X and that it is [-contractible if Ly(X) = 1.

» Lemma 5.21. Z and 2 are I-local.

Proof. By Proposition 5.19, from H°(I, Z) = Z we get that the map Z — Z' is an equivalence,
so 7Z is I-local. We see that 2 is [-local as it is a retract of Z. |

» Remark 5.22. Since 2 is I-local, we have that any Stone space is I-local.
» Lemma 5.23. BZ is I-local.

Proof. Any identity type in BZ is a Z-torsor, so it is [-local by Lemma 5.21. So the map
BZ — BZ'is an embedding. From H'(I,Z) = 0 we get that it is surjective, hence an
equivalence. |

» Lemma 5.24. Assume X a type with x : X such that for all y : X we have f : 1 — X such
that f(0) =z and f(1) =y. Then X is I-contractible.

Proof. For all y : X we get a map ¢ : I — Ly(X) such that ¢g(0) = [z] and g(1) = [y]. Since
Ly(X) is IMocal this means that [], y[z] = [y]. We conclude [], . lz] =y by applying
the elimination principle for the modality. <

» Corollary 5.25. We have that R and D? = {(z,y) : R? | 2% + y? < 1} are I-contractible.
» Proposition 5.26. L;(R/Z) = BZ.

Proof. As for any group quotient, the fibers of the map R — R/Z are Z-torsors, so we have
an induced pullback square

R———1

U

R/Z — BZ

Now we check that the bottom map is an I-localisation. Since BZ is I-local by Lemma 5.23,
it is enough to check that its fibers are I-contractible. Since BZ is connected it is enough to
check that R is I-contractible. This is Corollary 5.25. |

» Remark 5.27. By Lemma 5.23, for any X we have that H'(X,Z) = H'(L1(X),Z), so that
by Proposition 5.26 we have that H*(R/Z,Z) = H*(BZ,Z) = Z.
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We omit the proof that S* = {(z,y) : R? | 2% + y? = 1} is equivalent to R/Z. The
equivalence can be constructed using trigonometric functions, which exist by Proposition
4.12 in [3].

» Proposition 5.28. The map S* — D? has no retraction.

Proof. By Corollary 5.25 and Proposition 5.26 we would get a retraction of BZ — 1, so BZ
would be contractible. <

» Theorem 5.29 (Intermediate value theorem). For any f :1— 1 and y : T such that f(0) <y
and y < f(1), there exists x : I such that f(x) =1y.

Proof. By Corollary 4.3, the proposition 3,1 f(z) = y is closed and therefore =—-stable, so
we can proceed with a proof by contradiction. If there is no such z : I, we have f(x) # y for
all x : I. By Remark 4.24 we have that a < b or b < a for all distinct numbers a,b : I. So the
following two sets cover I

Up:={ax:I| f(x) <y}  Ur:={z:T]y<f(z)}

Since Uy and U; are disjoint, we have I = Uy + U; which allows us to define a non-constant
function I — 2, which contradicts Lemma 5.21. |

» Theorem 5.30 (Brouwer's fixed-point theorem). For all f : D* — D? there exists z : D?
such that f(z) = x.

Proof. As above, by Corollary 4.3, we can proceed with a proof by contradiction, so we
assume f(z) # x for all x : D%, For any x : D? we set d, = x — f(x), so we have that one of
the coordinates of d, is invertible. Let H,(t) = f(x) +t - d, be the line through z and f(z).
The intersections of H, and dD? = S! are given by the solutions of an equation quadratic in
t. By invertibility of one of the coordinates of d, there is exactly one solution with ¢ > 0.
We denote this intersection by r(z) and the resulting map 7 : D? — S! has the property that
it preserves S'. Then 7 is a retraction from D? onto its boundary S', which is a contradiction
by Proposition 5.28. <

» Remark 5.31. In constructive reverse mathematics [7], it is known that both the intermediate
value theorem and Brouwer’s fixed-point theorem are equivalent to LLPO. But LLPO does
not hold in real cohesive homotopy type theory, so [16] prove a variant of the statement
involving a double negation.
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—— Abstract

Intersection type systems, as adequate models of the A-calculus, induce an equational theory on terms,
that we refer to as type equivalence. We give a new proof technique to coinductively characterize
type equivalence. To do so, we explore a simple setting, namely weak head type equivalence, which
is the equational theory induced by a weak head non-idempotent intersection type system.

We prove a folklore result: weak head type equivalence coincides with Sangiorgi’s normal
form bisimilarity. What is new in our development is that we only rely on coinductive program
equivalences, bypassing the need to introduce term approximants, which were used in previous works
characterizing type equivalence.

The crucial part of this characterization is to show that type equivalent terms are normal form
bisimilar: we do so by constructing shape typings that can only type terms of a specific normal form
structure. Shape typings are a light form of principal types, a technique often used in intersection
types to generate from one or few principal typing all possible typings of a term.
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1 Introduction

Intersection types were developed to study the theory of programming languages and are at
the intersection between operational and denotational techniques. While only a certain subset
of terminating programs are typable in a simple type system, all terminating programs are
typable in an intersection type system. As they can give a meaning to all terminating terms,
intersection type systems may give syntactic presentations of denotational models [21, 12].

Non-idempotent intersection types, here referred to as multi types, have been especially
successful syntactic presentations of the relational model, both in Head Call-by-Name
(CbN) [14] and Call-by-Value (CbV) [17]. In this work we focus on another variant, namely
Weak Head Call-by-Name (further restricting head reduction to forbid reduction under
lambdas).

In this work, we will syntactically characterize the equational theory induced on terms by
multi type systems. Such a characterization is already known for CbN: B6hm tree equivalence
exactly represents the equational theory induced by the CbN idempotent intersection type
system [22] and by the CbN non-idempotent variant [13]. Both developments introduce
term approximants to carefully define the syntactic program equivalence that will match the
equational theory induced by the type system. Terms approximants are a powerful but heavy
tool in the study of program equivalences; in particular, they require to extend the calculus to
a calculus of approximants. The aim of this paper is to show that approximants can be avoided
and replaced by a simple use of coinduction, namely normal form bisimulations [23, 19].
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Syntactic Equality and Normal Form Bisimilarities. Denotational models give rise to
mathematical interpretations of the A-calculus, where different A-terms may be sent to the
same mathematical object. Equivalence classes of A-terms in these models should always
include syntactical equality—that only equates programs that have exactly the same syntax
(up to a-equivalence)—and S-equivalence. Indeed, I := Az.xz and II have different syntax but
represent the same identity function. The computational theory AS, that only quotients by
[B-equivalence, is still far from reaching most denotational models’ theories. Indeed, some
terms are not [-equivalent but have the same behavior-the paradigmatic example being
fixpoint combinators. To be able to relate those terms, one needs to define syntactical
theories based on infinite trees, namely normal form bisimilarities.

Normal form bisimilarity is an intensional equivalence, that compares the structure of
the terms’ (possibly infinite) normal forms. The normal form bisimilarity of interest here
is Sangiorgi’s normal form bisimilarity, denoted ~,,. It is obtained from the study of
bisimulations in the m-calculus and the translation of the A-calculus into the m-calculus [23].
Later, Lassen related this bisimilarity, there called weak head normal form bisimilarity, to
Lévy-Longo tree equivalence [19].

Weak Head Multi Types. Adequate intersection types for weak head call-by-name evalu-
ation were first introduced in an idempotent setting by Dezani-Ciancaglini et al. [16] and
then refined by Bucciarelli et al. [15] in a non-idempotent setting, allowing for quantitative
information and lighter proofs. We shall use the latter presentation, via multi types defined
later in Section 3. The quantitative aspect will play a crucial role, as explained in Section 5.

Type Equivalence. Given an intersection type system, one can define what we call here
type equivalence ~ype, which is the equational theory induced by the model syntactically
represented by the type system. Two terms are type equivalent if they are typable by exactly
the same pairs of typing contexts and types. While it is easier to prove type equivalence
than contextual equivalence on certain pairs of terms, it is still quantified universally and,
unlike normal form bisimilarities, does not provide a straightforward proof technique. Type
equivalence is included in contextual equivalence, but this inclusion is in general strict.

In the case of weak head multi types, type equivalence ~,p. does not validate well-known
examples of equations validated by contextual equivalence ~ix (that are also examples of
incompleteness for Sangiorgi’s normal form bisimilarity): for instance, zAy.zy ~tx xx but
TAY.2Y Fiype & (and zAy.zy Zwn zz) [1, 23].

This Paper: Coinductively Characterizing Type Equivalence. Our main result is that
type equivalence induced by the weak head multi type system coincides with Sangiorgi’s
normal form bisimilarity. This characterization may be folklore for experts of the topic but
we provide here a clean development of the coinductive proof technique.

There are various related works on characterizing syntactically the equational theory
of a model. To the best of our knowledge, characterizations regarding intersection types
all mention term approximants. Approximants are an inductive way to look at infinitary
behaviors and were the core of the original definition of B6hm trees. Coinduction is a more
modern way to define infinitary computation and it is particularly successful in defining
(Bohm) tree equivalence as normal form bisimilarity. By avoiding approximants, we do not
need to complexify theorem statements to include approximants (on top of terms). The proof
technique is more easily breakable into sub-lemmas, as it rests on a coinductive argument.
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We split the characterization proof in two directions:

Typing Transfer ——>

NF Bisimilarity Shape Typings Type Equivalence

Typing transfer shows that normal form bisimilar terms are typable by the same pairs of
typing contexts and types (in fact, sometimes even using the same type derivations). This
first direction is the easy one, done by induction, exploiting quantitative arguments of multi
types. The other direction uses coinduction and is shown by building shape typings, which
explictly specify that type equivalent terms have matching normal forms. Shape typings are
reminiscent of principal types, and share some of their properties. They are however lighter
and principal types for intersection/multi types are a quite technical topic beyond the scope
of this paper.

Going back to finitary normal forms, we give an intersection type variant of Bohm
theorem: for any two distinct S-normal forms, there exists a typing context and a type that
may only type one of the normal forms and not the other (in the weak head intersection
type system).

Monotonicity of Normal Form Bisimilarity, for free. Once Sangiorgi’s normal form bisimil-
arity is proven equivalent to type equivalence, we can deduce the monotonicity of Sangiorgi’s
normal form bisimilarity without much work. A relation is monotone if it is stable by context
closure. Such a property is not trivial for intensional equivalences like Bohm tree equivalence
or normal form bisimilarity, as they are not defined compositionally. On the other hand,
proving monotonicity for type equivalence is an immediate induction on derivations, as
derivations are built compositionally.

While there exists some techniques to show that normal form bisimilarities are monotone,
they do not scale up so easily. Lassen’s adaptation of Howe’s method for normal form
bisimilarity [19] is a tedious but efficient process for B6hm tree equivalence and Sangiorgi’s
normal form bisimilarity. It does not scale up to extensional call-by-value bisimilarities,
where Biernacki et al. need to introduce an extension of the proof method [11]. These limits
justify looking for alternative proof techniques of monotonicity.

On Related Separation Constructions. The crucial part of the proof relies in the separation
construction, where it is shown that type equivalent terms are normal form bisimilar. Our
construction of shape typings is not so different than the separation described in the book of
Barendregt and Manzonetto [10], which is exactly the proof from Breuvart et al. [13].

Separation theorems are not a new concept, see Barendregt’s book about the A-calculus
[9] for an overview. These techniques are also reminiscent of the well-known Béhm out
technique [9], where from two terms that are not normal form bisimilar, one builds a context
separating them for contextual equivalence. However these techniques are usually presented
via contrapositive: from a difference in Bohm trees, one can extract a context/type that can
separate them. In our case, we do not explicitly go by contrapositive but specify principal
types, closer to Ronchi Della Rocca’s development [22] where principal types are carefully
defined and used.

A Single Ground Type is Enough. We delve into a more technical aspect of multi types.
Intersection types for call-by-name evaluation, whether it is head or weak head, require
ground types, that are atom types for variables of a term. In general, it is sufficient to have
only one ground type, as properties of multi types are still preserved, hence we sometimes only
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use one ground type for simplicity [4]. To characterize type equivalence, however, Breuvart
et al. deliberately use infinitely many ground types to ease the separation of terms [13]. We
follow at first their simplification and clearly outline where these ground types are needed.
We are then able to give an alternative construction that only requires a single ground type.

2 Weak Head Reduction

We briefly survey the definition of weak head reduction and its associated contextual
equivalence.

Weak Head Reduction. We focus on a specific reduction of the A-calculus, weak head
reduction, the variant of head reduction that does not reduce under lambdas.

TERMS A >tu,s = z|Azt]tu WEAK HEAD CTXs E := ()| FEt

Weak head reduction, denoted —wh, is the closure of the beta rule (Az.t)u — g t{x<u} un-
der applicative weak head contexts. In essence, all —,, steps are of the shape
(Ax.t)u s1...85 —>wh t{x<u} s1...s; for k > 0.

Normal forms with respect to — are exactly characterized by the following grammar,
separating normal forms into rigid terms and abstractions:

RIGID TERMS 1,1 =z |1t WEAK HEAD NORMAL FORMS w,w’ = Az.t|r

We say that a term is —p-normalizing if it reduces to a —p-normal form. Note that by
well-known normalization theorems for weak head reduction, the fact that a term S-reduces
to a —yp-normal form is equivalent to —-reducing to a —,n-normal form. We define the
contextual preorder and equivalence based on weak head termination.

» Definition 1 (Contextual Preorder and Equivalence). The weak head contextual preorder
Zetx and contextual equivalence ~¢ix are defined as follows:
t Setx t' if, for all context C such that C(t) and C(t') are closed terms, whenever C(t) is
—wh-normalizing, so is C(t').
t ~cx t' is the equivalence relation induced by S¢, that is, t ~eix t' <= t Setx t and
t/ j_,ctx t.
Contrarily to the usual call-by-name contextual equivalence (based on head termination),
Q and Az.Q) are not contextually equivalent. Indeed, in the empty context, the former does

not terminate whereas the latter is in weak head normal form.

On Contextual Equivalence and n-equivalence. As a consequence, the 7 rule does not
hold in general: © and Ax.Qz are not contextually equivalent (for 2 := (Az.zx)(Ax.zz), the
paradigmatic looping term). In fact, if one is interested in the weak head contextual preorder,
Az.tx refines t but t does not always refine Az.tx (t ZSctx Az.tx for all ¢ but Az.yx Betx y for
all variables y). If ¢ converges to an abstraction, there is no difference between both terms,
as this n-equivalence is actually included in § equivalence. Otherwise, it is in fact not true
that t refines Az.tx as t can be non terminating whereas Az.tz is always a weak head normal
form.

Issues with n-equivalence and weak head reduction actually go beyond this first observation.
There exists n-equivalent terms that are contextually equivalent, the paradigmatic example
being xAy.xy ~ctx xx [1, 23]. These two terms are contextually equivalent even though Ay.zy
and z are not. Contextual inequivalence is somehow non-compositional in presence of 7.
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Figure 1 WH Multi Type System.

3 Weak Head Multi Types WH

We follow the definitions of multi types for weak head reduction as designed by Bucciarelli et
al. [15], recalled in Fig. 1.

Multi Types. Multi types M are finite multisets of linear types L that are either base types
%) or arrow types M —o L. In the original presentation of Bucciarelli et al. [15], there are
distinct ground types and an abstraction type f: we unify both for simplicity. Note that
there is a countable number of distinct base types, following Breuvart et al. [13], to simplify
separating terms by types.

Typing contexts I' are finite-support maps from variables to multi types, denoted x :
My, -+ ,xp: M. Any omitted variable is implicitly typed by the empty type [ |. The empty
typing context, where all variables are typed by the empty type, is denoted 0.

Typing Rules. The typing rules described in 1 are the rules to infer the type of a term.

There are two axiom rules, one for variables (ax) and one for abstractions (Ag). The
latter is specific to weak head call-by-name, by allowing to type all abstractions.

There is another rule to type abstractions () whose only premise gives a type for the
body of the abstraction, given a multi type for the binded variable, that now moves to the
typing context.

The application rule (@) is the only way to type terms of the form tu. Intuitively,
this rule requires the argument u to be typed for every occurrence that will be used in
typing the function ¢. The premices of the rule indeed require to type t with a linear type
[L1,- -+, Lg] — L and u with many linear types Ly, - - , Ly, giving a different type derivation
for each of the linear types in the argument position of the type of t. In particular, if ¢ is
typed with the linear type [ ] —o L, then one does not have to provide any type derivation
for u to apply the @-rule.

» Definition 2 (Typing). A typing of a term t is a pair (I', L) of a typing context T' and a
linear type L such that there exists a derivation m with final judgment T' - t: L.

We write mi> I' F¢: L if 7 is a type derivation with final judgment I' - ¢: L.
Results about Multi Types. Intersection types are in particular known for the fact that

typability may exactly capture normalizable terms. This system is an example of such
characterization, as a term is typable in WH if and only if it is weak head normalizable.

» Theorem 3 (Characterization of Termination, [15]). A term ¢ is typable in WH if and only
if t =%, n where n is a weak head normal form.
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Proving characterization of termination for idempotent intersection types is generally
obtained by reducibility arguments, but this proof technique can be avoided by switching
to multi types—where characterization of termination can be shown with combinatorial
arguments. The main selling point of multi types, the non-idempotent variant of intersection
types, is indeed to obtain quantitative results from typing judgments. The most famous
example is the following statement of quantitative subject reduction, that allows to show that
any type of a term is stable by reduction, and the derivation of the reduct shall be of a
strictly smaller size. The size of a derivation || is its total number of rules.

» Proposition 4 (Quantitative Subject Reduction, [15]). For all (x,T,L,t,t') such that
7> TFt:L and t —wh ¢, there exists 7' > T'F ¢/ L with |'| < ||

From quantitative subject reduction, it is typical to deduce (without reducibility argu-
ments!) that the intersection type system is correct, i.e. all typable terms are normalizing.
For the converse implication to hold, thus completing the characterization of termination,
one can easily deduce it from subject expansion. Note that the following statement of subject
expansion contains quantitative information about the size of derivations but the quantitative
argument plays no role in proving that all normalizing terms are typable (the induction is
done on the number of steps to normalization).

» Proposition 5 (Quantitative Subject Expansion, [15]). For all (x,T,L,t,t') such that
7> Tt L and t —wh t', there exists #' > T & t: L with |7'| > |x].

Quantitative arguments are also sometimes taken a step further, introducing alternative
type systems that exactly measure the length of the reduction sequence to normal forms, see
Accattoli et al. [3].

The Equational Theory Induced by the Multi Type System. In this work, we focus on the
program equivalence induced by the multi type system of Fig. 1. Indeed, multi type systems
induce a model, that we shall not discuss here, and every model induces an equivalence
relation on terms (by relating terms with the same interpretation in the model). We introduce
the type preorder, that exactly rephrases the (in)equational theory induced by the weak head
multi type system.

» Definition 6 (Type Preorder). The type preorder Ziype and type equivalence ~yypeo are
relations on terms defined as follows:
t Ziype t'if for all T, L such that there exists m> I' & t: L then there exists #'> I'Ft': L.
Type equivalence is defined by symmetry: t ~ype t' iff t Siype t' and t' Seype t.

~

It is easy to check that Ziype is indeed a preorder (reflexive and transitive). Furthermore
by subject reduction and subject expansion it is invariant by —,, and adequate. As it is also
stable by contexts, the type preorder satisfies the usual definition of an (in)equational theory
[9, 10].

We say that ¢’ (type-)improves t if t Ziype t/, that is if all typings of ¢ are typings of t'.
Symmetrically, two terms are type equivalent if that they have the same set of typings.

» Proposition 7. The type preorder enjoys the following properties:

1. wh-invariance: if t —wn t' then t Ziype t' and t' Ziype t;

2. Adequacy: if t Zeype t' and t is —wn-normalizing then t' is —n-normalizing;
3. Monotonicity: if t Siype t' then C(t) Siype C(t') for any context C.

As a direct corollary of Point 2 and 3 of Proposition 7, the type preorder is included in
the contextual preorder.

» Corollary 8. The type preorder is included in the contextual preorder, i.e. StypeCZetx-
Similarly for equivalences: ~iypeC™ctx.
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4 Weak Head Normal Form Bisimilarity

In this section, we recall the definition of Sangiorgi’s normal form (bi)similarity and show
the correspondence with the type preorder.

First, from a relation R on terms we define its closure on —h-normal forms (R),.
Formally, (R}, is defined, by induction, as the smallest relation including the three following
rules:

r(R)yr tRu LR
T(R)nsx Tt (Rynsr'u Azt (R)ns Az.ut

» Definition 9 (Weak head normal form simulation). A relation on terms R is a weak head
normal form (whnf) simulation if for all t,t such thatt R t' either t does not —un-terminate,
or t —wh-reduces to a normal form w and t' —wn-reduces to a normal form w' such that
w (Ryppw'.

Whnf similarity, noted Zwn, s defined, by coinduction, as the largest whnf simulation.

Note that the definition here is slightly different than Sangiorgi’s and Lassen’s well-known
presentations [23, 19] as we make explicit an inductive definition for rigid terms, via (R)ns.

We define an F-operator, F: A x A — A x A, where F(R) is the whnf simulation induced
by R. Formally:

either ¢t does not —n-terminate,
F(R) = {(t, t') | or t —wp-reduces to a normal form w and }
t" —wh-reduces to a normal form w’ such that w (R),s w’

We have that R is a whnf simulation iff R C F(R). To ensure that whnf similarity can
be coinductively defined, we prove that the F-operator is monotone.

» Proposition 10 (Monotonicity of whnf simulations). If R C R’ then F(R) C F(R')

Proof. Let (¢,t') € F(R). We have two cases:
If ¢ does not —yn-terminate, then (¢,¢') € F(R).
Otherwise, t —p-reduces to a normal form w and ¢ —,u-reduces to a normal form w’
such that w (R),yw’. As R C R’, we have that w (R'),sw’ (by an easy induction on
(-)nf). We conclude that (¢,¢') € F(R') by definition. <

Type equivalence exactly matches normal form bisimilarity. In the two following sections,
we will exactly characterize the type preorder by whnf similarity, i.e. Zwh==Ttype. We call
soundness SwhCStypes the easy part, and completeness Swh2Ziype, the difficult part.

Monotonicity, for free. An interesting corollary of this characterization is an alternative of
monotonicity for whnf similarity (i.e. that 3., is stable by contexts). Such a property is
often also called compatibility and is the main technical point when showing soundness of a
similarity with respect to contextual equivalence. The proof of such a property is not always
complex, as there is a general method described by Lassen, but can be quite lengthy. Note
that in some cases, Lassen’s method does not directly apply and requires adjustments [11],
thus motivating the need for alternative and lighter proof techniques.

» Proposition 11 (Monotonicity of Zwh). If t Swh u then for all C, C(t) Zwh C(u).

The proof follows from the exact characterization of Zwh by Ztype (Theorem 26) and the
fact that the latter enjoys monotonicity (Point 3 of Proposition 7).
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5 Soundness via Typing Transfer

We shall first show soudness and we do so via the following typing transfer proposition. It
says that if two terms are whnf similar, then any typing of ¢ transfers to ¢’ (note that if ¢
and t' are normal forms, even part of the structure of the derivation transfers). We show
such a result via induction on the size of the derivation. A crucial ingredient is that subject
reduction does not increase the size of the derivation, otherwise the induction argument
would not work. The quantitative aspect of the subject reduction proof is therefore crucial
and justifies the need of multi types.

» Proposition 12 (Typing Transfer). Let R be a whnf simulation. Ift R ¢ and there exists a
derivation m> I' = t: L then there exists a derivation @' > T = t': L.

Proof. By induction on the size of the derivation 7> I' - ¢: L.

The term ¢ is typable by the derivation = > I' I ¢ : L therefore it is normalizable by
Theorem 3. Hence we have t —* w and therefore (since R is a bisimulation) ¢’ —, w’
with w (R)ns w’ with w and w weak head normal forms. By quantitative subject reduction
(Proposition 4), there is a derivation m > I' = w : M whose size is at most the size of .
Instead of looking for a derivation 7’ of ¢, we can look for a derivation 7} of w’ and conclude
by (qualitative) subject expansion for wh-reduction (Proposition 5).

Now, from w (R}, w’ and m > I' - w: L, we build the derivation 7} > I - w': L. By case
analysis on the last rule of the derivation 7y:

1. Aziom rule.

a
T x:[L]Fw=uxz:L

X

Then by w =z (R)ny w', w' = z and 7} = 11 types w’ accordingly.
2. Abstraction-x rule.

Ty e Fw=Ar.t:x; A

Then by w = Az.t (R)ny w', w' = Az.w and 7} = 11 types w’ accordingly.
3. Abstraction rule.
Ioe:Mb&Fu:L'
T e I''rw=MXtu:L=M — L'

A

Then by w = Az.u (R)py ', w' = Az with u R .
The derivation mo > I'yz: M u: L’ is of a strictly smaller size than 7. By induction,
since u R «/, there is a derivation 74> I',z: M Fu': L.
We build the derivation 7] by applying the A typing rule to 5.
4. Application rule.
DEriLilier =L (Ajkt:Li)ier
I F&J(LﬂieIAi)l—w:rt:L

Then by w = 1t (R)pyw', w' = r'u with r (R),;r" and ¢ R u. By induction on the
sub-derivations, we get the appropriate derivation for w’. |
From the fact that typings transfer for any whnf simulation, we deduce easily soundness

(ZwhCZtype) as typings transfer, in particular, for the largest whnf simulation that is whnf
similarity.

» Theorem 13. For all terms t,u, if t Swh u then t Jiype U.

Proof. Let t,u terms such that ¢ Swn u. Let T' - ¢t: L a typing for t. As Sun is a whnf
bisimulation, by Proposition 12, we have that I' - w: L. Hence t Z¢ype u. <
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6 Completeness via Shape Typings

It remains now to show that if two terms are typable by the same intersection types, then
they have to be syntactically similar, specifically that they have to be weak head normal
form bisimilar.

Coinductive Argument. To prove completeness, i.e. that ZiypeCSwh, we shall use coin-
duction. We first show that Ziype is a whnf simulation, which implies it is included in the
largest whnf simulation, namely whnf similarity Swh.

Building Shape Typings, Principally. To prove that the type preorder is a whnf simulation,
we build specific shape typings that specify the shape of the normal form of a term. As
an example, there exists I';, L, that ensure that for any term ¢ typable by this typing, i.e.
T, Ft:L,, we have that ¢ weak head normalizes to . In this specific case, T',, := x: o] and
L, = %g.

These shape typings specify the structure of normal form of any term they type. We
choose them with some flexibility in mind so that they may be used compositionally. In that
sense, they are principal typings in that they generate a number of other possible typings for
terms that they may type. Indeed, another choice for I';, L, could be to replace xy by any
linear type. As an example, T’y := x:[[xo] —o *1] and L, := [xg] —o *; is also a correct typing
for x but it is not separating, since it also types \y.zy.

A first definition of shape typings can be seen with the following (sub-)type system (only
typing weak head normal forms):

shape-ax shape-Ag

xX: [*k] '_shape T kg @ '_shape )\x.t:*k

I' Fehape 7%k *i appears only once in I'

shape-@
F{*k — [ } —o *k/} '_Shape kg

where I'{x; < L} denotes the substitution of a type variable (ground type) by a linear
type L.

Dry typing systems follow similar definitions (see [2] where dry typings are defined in a
more complex setting than weak head reduction). Coming up with these first shape typings
resembles finding a typing only inhabited by one or few terms (up to S-conversion). Arrial’s
implementation of the inhabitation algorithm [7] was helpful to check ideas of shape typings
(algorithm developed and proven correct in [8]).

This system is an outer shape typing system in the following sense:

1. Any normal form can be typed in the Fghape System;
2. The Fghape system is sound for the weak head multi type system F : if I' Fgpape : L then

F'Ft:L;

3. These shape typings allow us to distinguish terms with different outer shape normal
forms.

Point 1 is immediate given the definition of Fghape. Point 2-which is the fact that this
transformation is sound with respect to the original weak head type system—is formalized
with Lemma 16 (note that the lemma is more general, somehow allowing to substitute a
linear type for another one). Point 3 is the starting point of our separation construction,
formally specified in Proposition 17.
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Proposition 17 (and the shape typing system Fgpape) is not enough to complete the proof
that type equivalent terms generate the same (infinitary) Lévy-Longo tree (i.e. are normal
form bisimilar), as some terms have the same outer shape but differ on a deeper syntax level
(a difference between ¢ and t' generates a difference between Ax.t and Az.t’, and between xt
and zt'). We therefore need to generalize our shape typing technique to be able to detect
deep differences (formally proven in the so-called Normal Inversion Lemma 21).

In a nutshell, the proof technique of this section will be decomposed in two steps:

1. Look for a possible outer difference with Fgpape;

2. If the outer syntax matches, go deeper with the inversion lemma.

We'll (coinductively) repeat the process to show that, if ¢ type-improves ¢’ then ¢ is whnf
similar to ¢'.

Building Shape Typings, Formally. Now, we formally prove completeness, by exhibiting
our shape typings. We first specify a family of types, erasing types, that will be helpful to
discriminate between terms and act as shape types for rigid normal forms.

» Definition 14 (Erasing Type). The (k,i) erasing type, written E¥, represents a computation

that erases k arguments and returns the ith ground type. Precisely, EF = ([ ] —o)Fx;.

Erasing types can be used to type any rigid term xt; - - - t, by assigning a (k, i) erasing
type ([ ] —)*x; to the head variable z, resulting in the rigid term to be typed with the (0,1)
erasing type %; (k is the number of arguments applied to the head variable).

To formally prove this, with the following lemma, we strengthen the inductive hypothesis
by showing that assigning a (n,i) erasing type to the head variable x results in the rigid
term to be typed with the (n — k,4) erasing type.

» Lemma 15 (Shape Typings for Rigid Terms). Let r be a rigid term of head variable x
and such that the head variable is applied to k arguments. Then, for all n > 0 and 1,
z:[EFT F o B

In particular, for any 1, x[Ef] Fr:x; is an (outer) shape typing for the rigid term r.!

Proof. By induction on rigid terms(/the number k).
Variable i.e. r = x. Then the head variable of r is # and it is applied to 0 arguments. We
conclude as z:[El']| F x: E is a correct derivation for all n consisting only of the axiom
rule.
Application i.e. 1 = r't. We have that ' has the same head variable as r and that head
variable is applied to k — 1 arguments in r’. Let n be a natural number.
By induction, x: [Elk"'"] ol Ei"H. We conclude by building the following derivation:

x: [EFT o BT

x[Ef"'"] For't:EP <

The second property we shall use about shape typings is the following: all typings of
rigid terms can be seen as extensions of shape typings, as there exists (1) a type for the head
variable, (2) which determines the type of the rigid term.

1 Note that this is the same shape typing as the one provided in the shape type system Fshape, but written
in a direct way.
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» Lemma 16 (Typings of Rigid Terms follow Shape Typings). Let r be a rigid term with head
variable x and such that the head variable is applied to k arguments.
For any typing T' & r: L, there exist k multi types (M;)1<i<k such that:
1. [My — -+ — My — L] CT'(x);
2. For any linear type L', we have a new typing TV Wz :[M; —o -+ — My — L'| Fr:L’,
with T =T\ (z:[M; —o -+ — M}, —o L])%.

Proof. By induction on r.

Variable i.e. r = x. The last rule of any derivation must be the axiom rule, which ensures
that T'(x) = [L]. For the second point, it suffices to see that x:[L'] F x: L’ is valid for any
L.

Application i.e. r = r't. The last rule of any derivation must be the application rule.

A" [Lilier — L (I; Ft:L;)ier
F'=AdWic I Fr:L

By induction there exists k¥ — 1 multi types (M;)1<i<k such that [M; — ... Mj_; —o
([Lilier — L)] € A(x). Set My, := [L;);cr then [My — ... My — L)] CT'(z) as A CT.

For the second point, by induction, for all linear type L', we have that x : [M; —o
co. My_1 —o ([Lilier — L)), A" Fr:([L;]ier — L), hence we conclude by applying the
application rule. >

A first step towards showing that the type preorder is a whnf simulation is to show that
the structure of the normal forms are preserved (the outermost syntax), which is specified in
the following proposition. In the proof, we use shape typings for rigid terms, as well as a
shape typing for abstractions (), o).

» Proposition 17 (Type preorder preserves the shape of normal forms). Let w be a weak normal
form, t a term, and r a rigid term.

1. Variable Preservation: if  Ztype w, then w = x.

2. Abstraction Preservation: if Az.t Stype w, then w = Ax.u for some term u.

3. Rigid Preservation: if rt Zype w, then w = r'u for some rigid v’ and some term w.

Proof.
1. Suppose w # z. Cases of w:
Different Variable: if w =y, then x:[xg] F 2 :%g, but y is not typable by (z:[*o], *o)-
Abstraction: if w = A\y.u, then x:[xo] F 2 : %o, but Ay.u is not typable by (x: [x0],*o),
since typing by g requires an empty context for abstractions.
Rigid Term: if w = r'u, then z: [xg] F @ : %, but x: [xg] I/ 7'u: %0, as a non variable
rigid term needs an arrow type in the context for its head variable (per Lemma 16).
2. We know that @) = Ax.t:xg however () I/ r:%q for all rigid term 7 (at least one variable has
to appear with a non-empty type in the context by Lemma 16). Thus, w is an abstraction
of the form Az.u for some term u.
3. There exists a derivation x:[E}] - 7t:xo where k > 1 by Lemma 15 but x:[E¥] I/ y:%o for

all y variables and z: [E(’ﬂ F Ay.s:%g for all abstraction Ay.s. Hence w is a non-variable
rigid term. |

2 The notation I := '\ A means that I is such that I' = I” W A. Note that this definition does not
constrain the domains of I'" and A to be disjoint.
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The main properties of shape typings (Lemma 16) are used to prove the two following
lemmas, which shall be key to be able to know the structure of typing derivation.

» Lemma 18. Let r be a rigid term of head variable x such that T Fr:L. Ifx:[([] —)*L] C T
for some k >0 and L does not appear in other types in T', then T = z:[([ ] —o)*L].

Proof. By induction on rigid terms:

r = . Then the only derivation possible for r is z:[L] b x: L, for which the statement
holds.

r = r't. Then the derivation I' F r: L must start with a typing rule Q:

TCobr':[Liliecr —o L (Tt :Li)ier
I'kr:L

with I' = Fo (] (&Jiejl“i).

By Lemma 16, :[([ ] —)*L] is included in I'y (as it is the only occurrence of the L type).
By induction hypothesis, 'y = :[([ ] —0)*L]. Then by Lemma 16, I must be empty
(otherwise it would reflect in the type of z). Hence I' = z:[([ ] —)*L]. )

» Lemma 19. Let r be a rigid term of head variable x such thatT Fr:M; — -+ — M} — L
for some i <k. Ifx:[N;y —o -+ — N}, —o L] C T for some k >0 and L does not appear in
other types in I, then M; = N; fori <j <k.

Proof. By induction on rigid terms:
r = z. Then the only derivation possible for r is z:[M; — -+ — M}, —o L] F x: My —o
- —o M} —o L, for which the statement holds.
r = r't. Then the derivation I' - r: M; —o --- —o M}, —o L starts with a typing rule @:

Fo"T/I[Li]iel—OMi—o"'_oMk_oL (Fi}—t/ILi)igl
'tr:M; —o---— My — L

with I = FO (] (&Jlelfl)

By Lemma 16, z:[N7 —o - -- — N}, —o L] is included in 'y (as it is the only occurrence of
the L type).

By induction hypothesis, N;_1 = [L;];cr and M; = N; for i < j < k, which concludes
the proof. |

The following proposition is the only point where we use the fact that there are countably
many distinct ground types: in all other proofs, we either rely on this proposition or only
use the first ground type %o. This restriction is actually not needed but eases the proof. In
fact, it is enough to have only one ground type and be able to specify large enough types.
We show after the proof how to choose the right typings if there is only a single ground type.

The proposition states that normal forms related by the type preorder may be broken
apart into subterms that are still related by the type preorder. In this sense, the type
preorder is decompositional on normal forms.

» Proposition 20 (Decompositionality of Ziype). Let t, t' be terms and r, v’ be rigid terms.
1. Left preservation: if 7t Siype 7't then 1 Siype 1.
2. Right preservation: if rt Ziype 't and r Ziype 1 then t Seype t.
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Proof.

1. Let I', L such that I' = r: L. We shall show that I' - r’: L as well.
Let i be the maximum index of x; that appears in T', L (if it does not appear, i = 0).
By Lemma 16, we can set L' == [] —o %;417 and A =T" 2:[M; — -+ —o M} — L]
(where T' =T",z:[M; —o --- — M}, — L]) and we still have that A F r:L’. Tt is clear
that (A, *;4+1) types rt:

A TZ[ } —0 ki1
A}_’)"tl*prl

By hypothesis, we have that 7't is typable by (A, x;+1). The derivation starts as:

Do b’ [Lilier —o %41 (Titt':Li)ier
A [ T/tli*i+1

By Lemma 16, z:[M; —o - -+ — M}, — L'] is included in Ty (as L' is the only type where

*;4+1 occurs in T'). By Lemma 19 applied on T'g F 7/:[L;];er —o %441, we know [L;J;er = [ ].

Hence I is empty and I'g = A.
Hence, we have a derivation of final judgment A - ':L’. By Lemma 16 and as ;41 only
appears in one linear type in A, we have that ' - r': L as well.

2. Let I', L such that I' - ¢: L. We shall show that I' - ¢': L.
Let ¢ be the maximum index of x; that appears in T', L (if it does not appear, i = 0).
Let A == x:[([] —)* —o [L] —o *;;1] such that A r:[L] —o %;41 (x is then the head
variable of 7).

Abr:[L] —ox41 THE:L
AWl F Tt:*i+1

Then, as r Siype ', we also have that A b 7/ :[L] —o %;41.
By hypothesis, we have that AWT - r't':x; 1. The derivation starts with the application
rule:

Lo ' [Lilier —o %41 (Libt":Li)ier
AW 't ki1

By Lemma 16, A must be included in T'y (as it is the only occurrence of the %;41 type).

The only derivation of ' containing A in the context must be A F r':[L;];er —o *;11 by
Lemma 18. Hence I only contains one element and L; = L (by Lemma 16, as the type
[L;]icr — *i+1 must appear in A).

Hence, we have a derivation of final judgment I' - ¢': L which concludes the proof. <«

A Single Ground Type is Enough. The proof above uses the fact that there is a countable
number of distinct ground types in our multi types—but it is not needed. Alternatively, the
key point is to set up a notion of size of linear types by counting the number of top-most
arrows in linear types (counting only arrows appearing outside of multi types). We shall use
types of size 4 (that is, with ¢ arrows outside of multi types) as replacement for i-th ground
types. Then one has to lookup in T', L the largest linear type (i :== the maximum number
of top-most arrows of a type L’ that appears in I, L-L’ can appear anywhere, even inside
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multi types) and set up a strictly larger linear type (that is, with strictly more arrows) as our
*i+1. Then the proof follows by using Lemma 16, Lemma 18 and Lemma 19 similarly (these
lemmas are not particular for countable ground types but mention linear types appearing
only once).

Back to the Completeness Proof. The following technical lemma is straightforward and
used in subsequent proofs of other lemmas.

» Lemma 21. If r (Ziype)ns I then r Seype 1.

Proof. By induction on rigid terms:
r =z, then by 7 (ZStype)ns ' We have that ' = z. It is trivial to show that r Zgype r'.
r = rit1, then by r (Stype)ns ™’ we have that 7' = rote such that r1 (Seype)ns r2 and
t1 Ztype t2. By induction we have that r1 3

~

type T2, and hence rit; Ziype Tot2 by

~

compositionality of Ziype- <

Another technical lemma is the reverse implication of Lemma 21, which is slightly less
straightforward. We separate them as this second lemma’s proof is more intricate, relying on
Proposition 20.

» Lemma 22. If r Ziype 17 then 7 (Zeype)nf 17

Proof. By induction on r:
Variable: » = x. By Point 1 of Proposition 17, r’ = x, hence r (Ztype)nf 1’
Applied Rigid Term: r = rit1. By Point 3 of Proposition 17, v’ = rats.
By Point 1 and subsequently Point 2 of Proposition 20, both 71 Ztype 72 and 1 Ziype to.
By induction, r1 (Ztype)ns 2. We can now conclude that r = rity (Siype)ns 2t =17, <

Proposition 17 states that normal forms related by the type preorder must have the same
normal form structure. The next lemma completes this, by stating that normal forms with
the same structure and related by the type preorder have inner sub-terms related by the
type preorder as well. This lemma is similar to an inversion lemma, but only working on
normal forms, hence its name of normal inversion lemma.

» Lemma 23 (Normal Inversion Lemma for Siype). Let t, t' be terms and r, v be rigid terms.
1. Body of Abstractions: if Ax.t Ziype Az.t' then t Siype t'.

2. Rigid Head: if 7t Stype 't then r (Siype)ns -

3. Rigid Arguments: if 7t Ziype 7't and v (Zeype)ns 1’ then t Seype t

Proof.

1. Let T', M, L such that T;x: M + ¢: L. We shall show that T;x: M ¢': L. Tt is easy to see
that I' = Az.t: M — L by applying rule A\. By hypothesis, we have that the same typing
works for A\z.t’, i.e. I'F Az.t’: M —o L. Then the typing derivation starts by the rule A
and the premise will read I';z: M + t': L, which concludes the proof.

2. By Point 1 of Prop. 20, r S¢ype . By Lemma 22, we have that 7 (Ziype)ns '

3. By Lemma 21, as r (Ztype)ns 7’ We have that r Zype . By Point 2 of Prop. 20, we
conclude that ¢ Zype t'. <

Now, we are able to prove that for all normal forms, if they are related by the type
preorder, then they are related by one step of simulation over the type preorder. The proof
uses, first, the fact that the outer shape of normal forms match (Proposition 17) and, second,
the normal inversion lemma (Lemma 23).
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» Theorem 24. Let w and w' be two wh-normal forms such that w Stype w'. Then
W (Stype)nf W'

Proof. By case analysis on w:

1. If w = x, then by Point 1 of Prop. 17 we have that v’ = x.

2. If w = Az.t. Then by Point 2 of Prop. 17, we have that w’ = Az.u for some term u. By
Point 1 of Lemma 23, we have that ¢ Jiype .

3. If w = rt, then by Point 3 of Prop. 17, we have that w’ = r’u for some rigid term »’
and some term u. By Point 2 of Lemma 23, we have that 7 (ZSiype)ns . By Point 3 of
Lemma 23, we have that t S¢ype u. <

The previous theorem is enough to prove that the type preorder is a whnf simulation, as
whnf simulations only compare normal forms. We are then able to prove our final theorem
that concludes the syntactic characterization of the type preorder.

» Theorem 25.
1. The type preorder Ziype is a whnf simulation.
2. Completeness: ZtypeC Swh

Proof.

1. Let ¢ and ¢’ be such that ¢ Syype t'. If ¢ does not —n-terminate, we have nothing else to
check.
Otherwise, we have that ¢ =7, w such that w is a weak head normal form and by Point

2 of Proposition 7, we have that ¢ —%, w’ such that w’ is also a weak head normal form.

As t Ziype t', and by subject expansion and reduction, w Z¢ype w’. By Theorem 24, we
have that w (Z¢ype)ns W', which concludes the proof
2. We can finally apply the coinductive argument: Ziype is a whnf simulation by Point 1
and Zwh is the largest whnf simulation by definition. |
By combining soundness (Theorem 13) and completeness (Theorem 25), we get the complete
syntactic characterization of the weak head type preorder Ziype-

» Theorem 26. Weak head normal form similarity coincides with the weak type preorder,
that is, for all terms t,u, t Swh v iff t Zeype u. By symmetry, ~up = Yype as well.

Type-Bohm Theorem for Weak Head. A corollary is a separation theorem (akin to Bohm
theorem, but adapted for types) for S-normal forms. The standard Bohm theorem gives
separating evaluation contexts for distinct Sn-normal forms. Here, we give separating types
and for distinct S-normal forms: our weak head types are able to distinguish n-equivalent
terms.

» Corollary 27 (Type-Béhm Theorem). Let n,n’ be two syntactically distinct S-normal forms.
There exists a typing context I and a type L such that T Fn:L but Tt/ n': L.

Proof. Tt is clear that n Zwn n’ for distinct S-normal forms n and n’. Then, one can apply
Theorem 25 to deduce a separating typing context and type. <

7 Conclusions

We study the equational theory induced by multi types and focus, in particular, on the
proof technique to coinductively characterize it. We are able to avoid introducing term
approximants, refining previous works by Breuvart et al. [13] and Ronchi Della Rocca [22].

4:15

TYPES 2024



4:16

Separating Terms by Means of Multi Types, Coinductively

We apply the proof technique to a simple case where one considers weak head multi types,
the appropriate multi types for weak head evaluation. We construct shape typings in order
to show that terms that are typable by the same types must have the same normal forms.
Building these shape typings is done explicitly, and they resemble the types built by Breuvart
et al. [13] in the case of head reduction in order to show that different approximants cannot
be type equivalent. After carefully examining the proof, we are able to clearly state that a
countable number of ground types are not needed, a single ground type being enough. We also
go for a more direct proof, without considering the contrapositive statement (syntactically
different terms implies that there exists a separating typing), closer to Ronchi Della Rocca’s
separation [22], which is also based on head reduction.

This work bridges between two programming languages approaches: the study of the
untyped A-calculus with its models and bisimilarity, a technique imported from process
calculi. While the main result is folklore for experts of the A-calculus (Lévy-Longo tree
equivalence coincides with type equivalence), the coinductive flavor of bisimilarity appears to
be new in that equivalence—and makes for quite independent lemmas and easy proofs.

Future Work. The work presented here focuses on non-idempotent intersection types, which
clearly plays a critical role in the soundness proof but appears to be less critical in our
completeness development. Techniques with term approximants have been successful in the
idempotent setting to characterize the equational theory, which raises the question whether
or not our coinductive presentation can also work with idempotent intersection type systems.

We are working on re-using the proof technique described in this paper to a trickier
setting, namely the call-by-value A-calculus. It would be interesting to give a syntactical
characterization of the equational theory induced by Ehrhard’s call-by-value relational
semantics [17], for which there are none. A first (wrong) conjecture appeared in [18].
Preliminary results containing only typing transfer are already available on arXiv [5].

Recent work on CbN idempotent intersection types by Polonsky and Statman discuss
uniqueness typings to separate terms up to 871 equivalence [20]. It would be interesting to
see if their results generalize to normal form bisimilarity.

Recent developments have been able to refine contextual equivalence to a quantitative
contextual equivalence, while crucially retaining the fact that this equivalence is invariant
by S (therefore, an equational theory) [6]. This work focusses on call-by-name and head
reduction, where it is shown that Béhm tree equivalence coincides with this new quantitative
equivalence. The authors conjecture that Lévy-Longo tree equivalence could match a weak
head quantitative contextual equivalence.

As said in the introduction, we do not use a contrapositive statement to show that type
equivalence implies normal form bisimilarity. In intermediate lemmas, we may use classical
reasoning techniques. It would be interesting to check (possibly via a proof assistant) which
steps can be done only with constructive/intuistionistic reasoning. In the case of B6hm out
technique, we are not aware of a result that does not use the contrapositive yet the result is
deeply constructive (constructing explicitly a separating context).
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—— Abstract
We report on an experimental implementation in Haskell of a dependent type theory featuring an
observational equality type, based on Pujet et al.’s CC°P®. We use normalisation by evaluation
to produce an efficient normalisation function, which is used to implement a bidirectional type
checker. To allow for greater expressivity, we extend the core CC°P calculus with quotient types
and inductive types. To make the system usable, we explore various proof-assistant features, notably
a rudimentary version of a “hole” system similar to Agda’s. While rather crude, this experience
should inform other, more substantial implementation efforts of observational equality.
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1 Introduction

Since the inception of logics based on (dependent) type theories, propositional equality, i.e.
the one manipulated in proofs, has been a thorn in the side of users. In recent years, an
alternative has been proposed by Altenkirch et al. [5, 6], and developed by Pujet and Tabareau
[27, 26, 28]: observational equality. It has two main characteristics. First, it is definitionally
proof-irrelevant: any two proofs of equality are identified in the type theory, drastically
simplifying its behaviour. Second, rather than being defined uniformly, observational equality
has a specific behaviour at each type. Equality between functions is pointwise equality
(function extensionality), equality between propositions is logical equivalence (propositional
extensionality), and equality at quotient types is the relation by which the quotient was
taken. Together, these aspects make equality closer to what mathematicians are used to,
and allow seamless support for quotient types. Lean’s mathematics library [32], a leading
effort in formalized mathematics, relies on such a definitionally irrelevant equality with
function extensionality and quotient, although their approach is type-theoretically somewhat
ill-behaved compared to observational equality.

Pujet and Tabareau’s work comes with extensive meta-theory, but no implementation.
We attack this unexplored aspect with an experimental implementation of CC°", based on
normalisation by evaluation (NbE) [1]. NbE is a modern technique to decide definitional
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equality, the equations that the type-checker is able to automatically enforce — in contrast
with propositional equality, which require explicit proofs. To decide definitional equality,
NbE follows the naive strategy of computing normal forms for the terms/types under scrutiny.
NDbE shines, in that it very efficiently computes these normal forms, by instrumenting the
evaluation mechanism of the host language.!

Contributions. In our implementation, we extend standard NbE techniques, as presented by
e.g. Abel [1] and in Kovacs’ elaboration-zoo [19], to an extension of Pujet and Tabareau’s
CC°" [26]. In addition to the constructions already handled by Abel and Kovécs, our type
theory features a sort of definitionally irrelevant (strict) propositions € [13], an observational
equality valued in that sort, and quotient types by -valued relations. We also explore
inductive types, as first-class constructs equipped with a Mendler-style recursion [23].

Experimental implementations of CC°” and of NbE for strict propositions already
exist [7, 9], but to the best of our knowledge we are the first to describe one in print. The
latter was also theoretically studied [2], but not implemented, and we observe (in Sec. 3.3) that
their approach is actually problematic. Our dependently-typed adaptation of Mendler-style
induction is also novel, although it would deserve a theoretical investigation we lack.

A last contribution is in some sense a non-contribution: an experience report that,
apart from subtleties around strict propositions, NbE mostly just worked. This is not our
achievement, but we believe it is nonetheless important to stress. The same can also be
said of other techniques, such as bidirectional typing and pattern unification, which readily
adapted to our setting.

In Section 2 we present the type theory we implement. As our base NbE algorithm is
very close to Abel’s [1], we refer the reader to that work for background. In Section 3, we
tackle the core of our implementation, NbE and type-checking for CC°P. Section 4 presents
extensions: quotient and inductive types, and a lightweight feature similar to Agda’s holes.

The Haskell code for the implementation is freely available on GitHub [31]. This article
is based on the first author’s Part IIT dissertation [30].

2 Background

Our type theory is an extension of CC°P® [26, 27, 28], itself based on Martin-Lof Type Theory
(MLTT) [21], the staple dependently-typed theory. In this section, we first quickly sum up
the additions made by CC°™ compared to MLTT. Our version of CC°® is very close to
that of Pujet [26], to which we refer for an extensive discussion. We then present the main
point where we depart from it: the addition of inductive type as a first-class construct in the
language, featuring Mendler-style recursion.

2.1 Observational type theory

Martin-Lof Type Theory. MLTT is a dependent type theory presented by five mutually
defined judgements, characterizing well-formed context - I', types ' - A and terms I' ¢ : A,
and asserting that two terms (resp. types) are convertible or definitionally equal T' - A = A’
(resp. T'Ft =1t : A). During type-checking we need to compare (dependent) types, which
can contain terms. Thus, equations between the latter can appear when comparing the
former, meaning we have to decide conversion between arbitrary terms.

L We somewhat depart from this by implementing defunctionalized NbE [1], where closures are used
instead of meta-level functions.
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MLTT is a language with binders, represented with names in the text for readability. In
the implementation, the front language has names, but internally we use de Bruijn indices
for terms and de Bruijn levels for semantic values, as is standard for NbE [1].

We use a single universe U as the type of all types, with U/ : Y. This is known to break
termination of the system [14], making the type theory undecidable and inconsistent. Yet, as
this is orthogonal to our focus, we go with the simple albeit inconsistent approach in our
prototype. Apart from this, our MLTT is standard, featuring dependent function (II) and
pair (X2) types with their n-laws, natural numbers with large elimination, and a unit type.

Proof irrelevance. The first extension of CC°" compared to MLTT are proof-irrelevant
propositions, given by a universe {2 with the following conversion rule:

T'EP:Q 'Ht: P 'tu:P
I'Ft=wu:P

We use the symbol s for an arbitrary sort, & or €. Propositions include the false and
true propositions 1 and T, and existential quantification 3(x :s A). B. A II type with a
propositional codomain is again a proposition, representing universal quantification if the
domain is relevant, or (dependent) implication if it is not.

Observational equality. Observational equality is a family of types, representing identifica-

tions between two inhabitants of the same type.

THFA: U T'Ht: A 'Fu:A
I'Ftr~pau:Q

Equality is proven by reflexivity refl(t) : ¢ ~4 t, and can be used in two different ways:
transport transp(t,z p. C,u,t’,e) lets us use the proof e : ¢ ~4 t' to turn the proof
u: C[t/z,refl t/p] : Q into a proof of C[t'/x,e/p];? with cast cast(A, B, e,t), we can use a
proof e : A ~y B to construct an inhabitant of B one of A. The difference is that the latter
applies to relevant types, while the former proves a proposition. Thus, only cast needs to be
endowed with computational content, as all propositions are convertible.

Beyond refl, we add constants for symmetry (sym) and transitivity (trans). These are
provable using transp and refl, but some of our computation rules need them, so it is easier
and cleaner to add them as primitives. This is a benefit of strict propositions: since there is
no computation in the irrelevant layer, we are free to add propositional constants without
needing to endow them with computational content.

Contrarily to MLTT, where equality is a type constructor and cast computes on reflexivity,
in CC°" both the equality type and cast compute on the types. Yet, we still retain the
following conversion, a generalisation of 3 reduction of cast in MLTT — its special case when
e is refl 4. This should be seen as an extensionality rule, similar to n-rules.

F'te: A~y A 'Ht: A r-A=4":uU
'+ cast(A, A e, t)=t: A

2 Thanks to proof irrelevance, our version of transport where the motive C' depends on the proof of
equality is inter-derivable with one without, so we include the stronger primitive for ease of use, while
Pujet has the weaker primitive to simplify meta-theory.
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Quotient types. Observational equality gives us a synthetic language to talk about setoids
[17, 4], types equipped with an equivalence relation. We can exploit this to integrate
quotient types A/R: observational equality at such a quotient type simply boils down to
the equivalence relation R. Quotients come with a projection map 7 : A — A/R, and their
elimination captures the idea that a function out of a quotient must respect the relation, i.e.
map related inputs to equal outputs.

2.2 Inductive types

We extend CC°” with a form of first-class indexed inductive types, and explore their
interaction with observational equality. Our approach is exploratory, and we do not pretend
to have a fully fleshed-out design, especially since we do not carry any meta-theoretic study.

First-class indexed inductive types. Since our system does not distinguish between local
and global context, our inductive types are first-class [11, 8]: we can bind them to variables,
and generally treat them as any other value. They take the following form:

THFA:U {T,F:A—=UF B;:U}; {I,F:A—=U,z;: B[F]Fa;:A};
F}_,U,FA—>Z/[ [CZ‘Z(‘CCZ‘ZBZ‘)—)FGZ‘]ZA—}U

The variable F' is bound by p. A represents the type of indices. We have a finite list of
constructors, each with a name C;, an argument of type B;, and an index a;, which might
depend on the argument. The F' at the end of each constructor is mere syntax indicating
the type being constructed; it is not a free variable. In what follows, we use the following
shorteut: puF & uF : A —U. [C;: (v; : B;) = F a;], i.e. uF stands for a generic inductive.

We restrict inductive types to have exactly one index, and constructors to have exactly
one argument. This loses no expressivity since we can pack arguments or indices together
with ¥ types, and simplifies the implementation. For further simplification, we also do not
implement a positivity checker, so the typing rule allows non-strictly positive inductive types.
As for universes, this is mainly orthogonal to our main concerns.

Since inductive types are first class, parameters can be handled by A-abstraction, as
illustrated by the standard example of vectors:

VecEAA:U. pF:N = U[Nil: 1T FO0; Cons: (z:%(n:N). AxF n) — F(S(fst x))]

Constructors. Values of inductive types are created by the constructors. We use fording [22,
p. 65]: we allow all constructors to build a value of type (uF) a for any index a if they
provide a proof that a; ~4 a, where a; is the index computed from the argument of the
constructor. In the MLTT presentation of inductive types, this constraint is instead enforced
definitionally.

T'Ft: B;[uF/F) Tke:a;[uF/F t/x;] ~aa
TECi(tye): (uF:A—=U. [Ci:(z;:B;)) = Fa)a

Pattern-matching. Elimination of inductive types is single-level, total pattern matching:

Pt (uF:A—=U. [Ci:(x;:B;)) > Fa))a T,x:(uF)akC:s
{T,2; : B;[uF/F),e; : a;[uF,x;] ~a a b t;: C[(C; (x4,€;))/x]}i
I' - match ¢ as « return C with {C; (x;,¢e;) = t;} : C[t/x]
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This rule might appear strange, as the motive C' does not abstract over the index. Suppose
Vec as above, and we match on v : Vec 0, so z : Vec 0 - C : 5. In the Cons branch, we
substitute Cons into C. However, the index of Cons is S n, this looks ill-typed! But thanks
to fording we can have Cons(x,e) : Vec 0, given a proof of S m ~ 0, which we do have in
this branch. Moreover, since S m ~ 0 = L, we can use this to witness that this branch is in
fact unreachable. The  rule is straightforward, but for handling of the forded equality.

I' - match C; (t,e) as x return C with {C;(x;,e;) = t;} = t;[t/x;,e/e;] : C[Ci(t, e)/x]

Observational equality for inductive types. Observational equality between inductive
types does not equate inductive types structurally: types with propositionally equal but
definitionally different index and constructor types are not deemed equal.

'k (uF)a~y (WF)ad =a~ad :Q

The goal is twofold. First, this simplifies the implementation, as it means we avoid having to
compare telescopes of parameters with numerous casts. Second, a purely structural equality
of inductive types would equate all “boolean” inductive types (those with two argumentless
constructors), a severe case of boolean blindness [16].

When the two definitions are not convertible, observational equality is simply stuck,? i.e.
it does not reduce further. This covers the case of definitely different inductive types (where
we could be more eager and reduce to L), but also of parameterized inductive types. Indeed,
for two different variables A and A’, Vec A n ~y Vec A’ n is stuck, and will compute further
only if A and A’ are substituted by convertible types. This equality therefore does not imply
A ~y A’. We thus do not implement a conversion rule like the following:

cast(Vec A1,Vec A" 1,...,Cons(0,a, Nil(...))) = Cons(0,cast(A4,A’,...,a), Nil(...))

Deriving these definitional equalities roughly amounts to deriving a general map operation
for inductive types, a non-trivial enterprise which we did not attempt. Since the design of
our prototype, Pujet and Tabareau [29] have explored the question further, and proposed a
solution, which we did not try to reproduce.

Equality of general inductives behaves like that of natural numbers: when comparing
equal constructors, the proposition steps to equality of the contents, and when they are
different, it steps to L. These respectively reflect injectivity and no-confusion of constructors.

C; #Cj
I'Ci (te) ~urya Ci (u,e')y =t ~Bi[uF] W § ' Ci (t,e) ~urya Cj (u,e)y=1:Q

For casts on constructors, as explained above we do not need to — and indeed cannot —
propagate them deep in the structure. Instead, we merely need to handle indices, which
amounts to composing equality proofs. Note the use of the trans primitive.

Ik cast((uF) a, (pF) o' e,C; (t,€')) = C; (L, trans,, [up/Fi/e,],a0 € €): (1F) d

s

3 As noted by Pujet [26, 5.2.2], there is a lot of room in how much definitional equalities are imposed
on observational equality, the sole constraint — coming from canonicity — being that casts between
convertible closed types must compute.
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Mendler induction. Pattern matching as eliminator for inductive types does not let us
handle their recursive structure. That is, we have no notion of induction, as we can look
only one level at a time. To correct this, we introduce fix in a style extending Mendler
recursion [23] to dependent induction.

To express it, we first need an operation lift which applies a functor F to a type X.

THFA:U {T,F:A—=UF B;:U}; {I,F:A—=U,z;: B[F]Fa;:A};

This operation is defined by the following equation:

T b lift[uF) B=pF: A—U. [C;: (z;: Bi(B/F]) — F a;|B/F]] : U

In essence, lift[uF] B is an inductive type which is mute in the variable F, that is, non-
recursive. It represents adding a single “layer” of F-structure over the family B.

Using this primitive, we can express the type of Mendler-style induction. As above, we
abbreviate the inductive type to uF. The type C' is the one we want to inhabit by induction.

ING:A—U,p:A,x:Gpt-C:s
ILG:A—=U,f:T(p: A)(x: Gp).C|G,p,x],p: A,z : lift[uF|Gpt+ t : Clift[uF]| G, p, x]
FHfix [uFasG] fpax:C=t:M(p: A). U(z: (uF) p). CluF, p,x]

To type the body of the fixed point, Mendler induction operates by introducing a generic
type family, G and an inhabitant z of lift[uF] G p, and demands that we construct an
inhabitant of C' at x, while having access to “recursive calls” only on inhabitants of G via
the function f. Intuitively, we can pattern-match on x, recovering values of G corresponding
to “subterms”, that can be used for recursive calls. Since G is abstract, this is the only way
to call f, and so the fixed point we obtain is structurally decreasing.

The fix operation computes when applied to a constructor, as per the following rule. The
argument must be a constructor in order to prevent infinite unfolding.

fix; £ fix [uFasG|) fpx:C=t
['Ffixg u (G (v,¢)) = t{uF/G fixg/ f,u/p, (Ci (v,¢))/7]

Views and paramorphisms. Mendler induction ensures fix is well-founded by restricting
recursive appeals to the induction hypothesis. However, in this process, we lose informa-
tion: we only have access to recursive calls, but not to the current value of the inductive
type. In categorical parlance, fixed-points and pattern matching implement catamorphisms:
generalised folds over tree-like structures.

What we want instead are paramorphisms, which provide primitive recursion by giving
access to the current value. We thus introduce an extra function ¢ : H(p: A). G p — (uF) p
to view the opaque G as the inductive type it represents. Once the knot of the fixed point is
tied and the variable G is substituted for the inductive type, this becomes the identity.

To type the fixed point’s body we need to lift ¢ : II(p : A). G p — (uF) p into
J o (p = A). lift[uF] G p — (uF) p. Hence, we need again the action of the functor
wF on values, i.e. the associated map. As explained above, we do not provide infrastructure
to derive this operation. We instead allow an inductive definition to come with a user-provided
functor action.* Note that in the premise we use an inductive type without a functor.

4 We do not check this indeed is the functor action, since generating the equalities a correct map operation
satisfies is basically the same as deriving that operation itself.
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LX:A-UY : A=Uf:TIp: A) Xp—=>Ypp: Ax:lift[uF] X pkt:lift[uF) Y p

'FpuF:A—-U. [Ci:(z;:B;)) = Fa)functor XY fprx=t:A—=U

To be able to use this definition, we introduce the term fmap for projecting the func-
torial action from an inductive type and in, witnessing the isomorphism between pF and
lift [t F'] (uF'), which is the identity function on constructors: in (C; (¢,e)) = C; (,e).

I'EpF: U THt:lift[uF] F a

I'Ffmap [pF):I(X : A= U). II(Y : A= U). F'kFint: (uF) a
M(p:A). Xp—=>Y p) = Tp: A). lift[uF]) X p — lift[uF] Y p

With this infrastructure, we extend the typing rule for fixed-points.

/' 2 Ap. Az. in (fmap [uF] G pF o p ) id £ M\p. A\v. @
NG A—=U,:I(p: A).Gp— (uF)pp: Az:GpkC:s
IG:A—=U,.:TI(p: A). Gp— (uF) p, f:U(p: A). Uz : G p). C|G,¢,p,z],
p:Ayx: FIGpkt:C[F[G],/, p,x]
IHfix [uFasGview ) fpaz:C=t:Up: A). Uz : (uF) p). C[pF,id, p, z]

The variable ¢ is now accessible in both the motive C' and the body ¢ of the fixed-point,
facilitating primitive recursion. At the top level, ¢ is substituted by the identity function. By
functoriality, this means ¢/ is in o id, which also behaves as the identity.

In summary, if the user provides a map operation, we leverage that to upgrade our
Mendler-style catamorphisms to paramorphisms. Of course, in a full-fledged implementation
we would derive that operation automatically, and simply give access to the paramorphism.

3 Core Implementation

Let us start with the core features of CC°P®: strict propositions and inductive equality. The
implementation is written in Haskell, and makes extensive use of structural data types and
declarative style to keep the code as close as possible to the theory. Figure 1 gives an overview
of the implementation’s structure. We use — for the meta-level (i.e. Haskell’s) function type,
and a sans font for its types and functions.

3.1 Syntax

Syntax. We present CC°™ in Russell style [21, 25], so we have a common grammar for both
terms and types, given in Figure 2. This is roughly the one given in Pujet [26], with some
additions: let bindings and type annotations, which are important with bidirectional typing,
and, as explained in Section 2.1, constants for symmetry and transitivity.

We use a unit type 1, with the term-directed n-conversions ¢ = ! and ! = ¢t. These
break transitivity of a term-directed algorithmic conversion: in the context z,y : 1, we have
x =!=y but x #y. This is a trade-off: since we impose inductive types to have exactly one
index and constructors exactly one argument, this unit type is handy to pad these positions
with definitionally irrelevant content. In a more mature implementation, this would not be
necessary, and we could drop our ill-behaved 1, or adopt the more complex — and satisfactory
— solution proposed by Kovacs [20].

5:7
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String Source code
parse ey lvarse Parsing
Parse error PreTm Pre-syntax (Sec. 3.1)
infer errors infer Type inference and elaboration (Sec. 3.5)
Type error Tm All terms
G ‘X
TmH 2 NF 2 Tm® Relevant terms, normal forms and
irrelevant terms
II ]]Q qQ
LI¥ - . .
M Interpretation and quoting
DY D% Semantic values (Secs. 3.2 and 3.3)
conv conv errors
Conversion checking (Section 3.4) and
Success Unification error unification (Sec. 4.3)

Figure 1 A high-level overview of the interaction of the components in the type-checker.

S =U|O Universe sorts
A, B,C t,u,e ==z Variable
| s Universe
| Azs. t |t @ uw|II(z:s A). B Dependent functions

|0]St|rec[z.C](t,0 = to; (Sx)y — ts) | N Natural numbers
| (t,u)s |fst ¢t |sndt|Xx: AB|3Jzx: AB Dependent pairs

|aborta ¢t | L || T|1T]! False, true and unit types
| DA | ot | O-elim ¢t Box types

|t ~au|refl t|sym,, e]trans; .. e € Observational equality

| transp(t,z y. C,u,t’,e) | cast(A, B, e, t) Transport and casting
|let x:s A=t inu Let binding

| (t:A) Type annotation

Figure 2 Basic syntax for CC°P.

Box types A turn a type into a proposition — what is alternatively called squashing,
truncation, or inhabited — see Pujet [26] for details.

Application t @° u is tagged with the sort s of the argument u, and A-terms and pairs
with their domain sort. This is necessary for evaluation, but is always inferred during
type-checking; users need not give these annotations in the source syntax.

This grammar inductively defines the type PreTm of pre-terms: syntactically well-formed,
but untyped. We define another type Tm of well-typed terms. Every well-typed term has
a (unique) sort — U or -, the type of its type. We let Tm“ and Tm® be the set of terms
with sort U and € respectively. In the code we have separate types for PreTm and Tm, the
former using named variables and the latter de Bruijn indices. We cannot enforce in Haskell
that Tm contains only well-typed terms, but maintain this as an invariant.

In what follows, we do not always cover all cases, focusing on the most interesting or
illustrative ones. The code can be consulted for the complete picture.
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Normal forms. Normals and neutrals are defined mutually as predicates on Tm¥. In
contrast to Pujet [27], they are deep, so subterms are also required to be normal.

Nf > ow VW n|ls|d.v|(z:s V). W|[0|Sv|N|(v,0)u | X(z: V) W
(v,V)o |z V). W |L|T|!1
Ne > n,N zi|na¥v|na%t|rec[z.V](n,0 = v; (S z) y — w) | aborty t

vepw|nAanv|vann | n~yv |~y

cast(N,N, e, n) | cast(V,V,e,v) | cast(V, N, e,v)

We only need to characterize normal forms in Tm¥, i.e. relevant terms. Indeed, since
proof-irrelevant terms have no notion of evaluation, they all are “normal forms”. This means
that normal forms are only unique up to n-equality and proof irrelevance. Luckily, thanks
to typing constraints, irrelevant subterms of a relevant normal form can only appear as
arguments to abort, to cast, or an application tagged with €2, which lets us decide which
subterms (not) to compare purely syntactically, without typing information.

Normal forms, as standard, correspond to constructors — observational equality and cast
are viewed as destructors, and so are not normal forms. Neutral forms are somewhat more
involved. The observational equality type can be blocked in three places — the type, or either
of the terms — although there are no neutral forms when the equality is at a IT or X type, as
such equalities always reduce. Similarly, casts can also block in three positions: either of the
types, or the term being cast. Again, casts between universes, Il or X types always reduce,
and so cannot be blocked by the argument. To avoid quadratic blow-up in the presentation,
some cases overlap, for example n ~yn v and v ~y 1 both cover  ~y y.

Pujet [26, 5.2.2] discusses the definitional equalities observational equality should satisfy,
for instance whether II(z : A). B ~y X(z : A"). B’ should evaluate to L or be stuck. He
remarks we can replace the reduction of X(z : A). B ~y X(z : A’). B’ by two constants
corresponding to the two projections out of the would-be reduct:

eq-fst: (Xz: A B)~y Bx: A B') > A~y A eg-snd : ...

We chose to make conversion compute as much as possible as a minimal form of automation,
although it is not entirely clear whether this makes using the proof assistant really easier.

3.2 Evaluation in the relevant layer

The overall picture for NbE is similar to the standard case [1]: we give a semantic interpret-
ation into a domain of values, and a quoting function to reconstruct normal forms. The
main difficulty is to account for complex reduction rules for propositions and casts, and
proof-irrelevant propositions. We defer the latter to Section 3.3. Note that we implement
untyped rather than type-directed NbE. Although the latter would have avoided issues
around the unit type (see Sec. 3.1), we chose it to avoid an extra layer of complexity, and
check that even a complex type theory like CC°P can still be implemented this way.

Semantic domain. First, we construct the various domains data-structures in Figure 3.
The domains DY and D" represent respectively normal and neutral forms. The domain D%
represents propositional values and is explained in Section 3.3. D is the union of D¥ and D%,
and we often omit the injections V and P.

These are defined mutually with closures Clos}, indexed by their return sort s and their
arity k, as not all of them await a single argument. This is a landmark of defunctionalised
NbE, which replaces semantic functions by such closures, making the various domains first-
order strictly positive datatypes. Abel [1] needs a single kind of closure, consisting of an
environment and a term, representing a meta-level function of type Tm — Tm. Here, we
need to defunctionalise various evaluation functions, and thus have multiple forms.

5:9
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DY > a,b,A,B u= Us|Lams Fi |Pis ABi|Z]|Sal|Nat|te
| Exists A B1 | Empty | Unit
D" > e 2= Var, | App, ed | Rec Ai ea Fo|Eqa Ad' |Cast ABpa
D% > p,q,PQ = e (see Sec. 3.3)
D > d,f,g9,D = Val|Pp
Ew 5 p = 0l(d
Clos; 3> Cg = (Ab)p : Closj,
| Liftd : Clos},
| EqFuns fCig : Clos]
| EqPis D D' Ci Cy : Clos§
| EqPi's D D' CiCip : Clos}
Clost 5 Ay, By, Fe | CastPis DD CiCipf :Closi

Closf! > P, Qs

Figure 3 Semantic domains, environments and closures.

Neutral terms for observational equality and casting are simplified: we do not keep track
of which of the three arguments to Eq and Cast is blocking. This is a trade-off between
a precise semantic domain and a simpler interpretation function. As the goal here is to
implement the system, not prove its correctness, we choose the simpler representation.

Environments contain values from both sorts. An environment interprets a context, where
each variable has a sort. It is a program invariant that the domain sort in each position in
the environment matches the typing context.

[zo]“(p,a) = a u - u
u u [(z:s A). B[*p = Pis ([A]"p) (AB)p
el o) = e o 1%~ Lam
0 - z [t ~aulp = ea([t]"p, [A]"p, [ul“p)
[[S t]]l/{p —_ S(Ht]]b{p) HcaSt(Avaevt)ﬂup = @([A]]upvﬂ.B]]up’[[e]]ﬂp7|1tﬂup)
N¥p = Nat et w:c A=tinu]‘p = [u]“(p,[t]°)
el = ([0 -+ () Le: Fe = 1%
[rec(z.C](t,0 = to; (S @) y —+ ts)][“p = rec((AC)p, [1]"p, [t] p, (Ats)p)

Figure 4 Semantic interpretation for relevant terms into the semantic domain D¥.

Interpretation. Inputs to relevant interpretation are well-typed terms of sort Uf; that is, the
set TmY. Therefore, we construct the function

[ ] :Tm" — Env— DY

The interpretation is given in Figure 4. The underlined functions and -5 are semantic
counterpart to eliminators, and are defined mutually with evaluation, see below.
We also need a function for applying a closure to k values of either sort:

appu:CIOSZ—bD—on-—oD—bD“
| —
k

Applying to argument of the correct sort is a code invariant but not statically type-checked.®
We use the shorthand notation C[dy,...,dy] for app C dy ... dy.

5 This could be enforced with closures indexed a type-level list of sorts.
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As closures are used to defunctionalise specific operations, we define those alongside the
corresponding case for app. To begin with, we have the primary cases of a continuation,
(At)p, corresponding to substitution, and Lift, for a constant closure ignoring its argument.

app? M)p dy ... dp = [t]%(p,dy,- - ,dy) app” (Lifta) dy ... dr =a
Semantic application _ -5 : DY — D® — DY directly uses generic closure application.
(Lam s F) -5 d = F[d] (Te)sd="1(App, € d)

eq(f,Pis AB,g)=Pi A (EqFuns f B g)
eq(A,U Q, B) = Exists (Pi A (Lift B)) (Lift (Pi B (LiftA)))
eq(Nat, U U, Nat) = eq(U s,U U, U 5) = Unit
eq(A,U U, B) = Empty when A and B have different head constructors
eq(Pis A B,UU,Pis A" B') = Exists (eq(4’,U s, A)) (EqPis A A" B B')
eq(Z,Nat, Z) = Unit
eq(S a,Nat,S b) = eq(a, Nat, )
eq(S a,Nat, Z) = eq(Z, Nat, S a) = Empty

eq(a, A,a’) =1(Eqa A a') otherwise (one of A, a or a’ is neutral)

app” (EqFun s f B g) d = eq(f -« d, B[d], g -s d)
app" (EqPis A A’ BB )p=Pis A (EqPi' s A A’ B B p)
app” (EqP' U A A’ BB p) d = eq(Bla),U U, B'[a]) where a £ cast(A", A, p,a’)
app” (EqPi' @ A A" B B' p) ¢’ = eq(Blg],U U, B'[¢']) where ¢ £ PCast ¢(A") ¢(A) p ¢’

Figure 5 Semantic observational equality function, and the associated closures.

Semantic observational equality. To complete the semantic interpretation, we need to
define eq and cast, the semantic counterpart to the observational equality type and to cast,
which ;nplement their reduction behaviour. The former is given in Figure 5.

Semantic equality straightforwardly implements the computational behaviour of obser-
vational equality. Note the use of the two defunctionalising closures EqPi and EqPi’: EqPi
forwards the equality proof into a second closure EqPi’ which performs the computation.
This is necessary because we have two positions requiring arity-one closures, so they cannot
be combined. When the II types have an irrelevant domain, we need a propositional witness
of type A, so we use PCast and the freeze function ¢ : D < D’ for embedding relevant values
into the irrelevant domain, both of which will be introduced in Section 3.3.

Semantic cast. The final component to complete evaluation is the semantic cast function,
given in Figure 6, again straightforwardly implementing reduction rules for casts. Note the
proof manipulation implemented by propositional application PApp and projections PFst and
PSnd, and again the embedding ¢ : D < D.

TYPES 2024
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)=2Z
cast(Nat, Nat, p,S a) = S (cast(Nat, Nat, p, a))
cast(Us,Us,p,A)=A
cast(Pis A B,Pis A" B',p,f) = Lam s (CastPis A A" BB p f)
cast(A, B,p,a) = 1(Cast A B p a)

cast(Nat, Nat, p, Z

app” (CastPitd A A" BB p [) a' = cast(Bla], B'[a’], PAppg, (PSnd p) ¢(a’), f -u a)
where a £ cast(A’, A, PFst p,a’)

app” (CastPi Q A A" BB p f) ¢ = cast(Blq], B'[q'],PAppg, (PSnd p) ¢', f - q)
where ¢ £ PCast A" A (PFst p) ¢’

Figure 6 Semantic cast function, and the associated closure.

A (te) = a\(e) )

a'(Us) = s amc(Var) = zn_i—1

M2z = 0 A (App, e a) = (aM(e)) (a\(a))®

MSa) = 5@ a(Rec A e ag Fs) = reclals(vs¥ (A))]

Nf
L VI (an(e), an" (ao); o (vsH (Fs)))
q&fgp??fw; - H:q(nmng)n)( ) Eaeaa) = al@) s o)
n A lA) gNe(Cast ABpa) = cast(q\(A4),q) (B),q2(p),a\ (a))

(a1 (vs(B))

Figure 7 Implementation of quoting for CC°": g\ : DY — Nf and g\ : D" — Ne.

Quoting. The mutually recursive functions q\f : DY — Nf and q\® : D" — Ne let us quote
domain values back into normal and neutral forms, at de Bruijn level n. We rely on a helper
function vs¥ : Closy, — DY to fully apply a closure to fresh variables.

VSZ:(A) = A[T Varna s 7T Varn+k71]

Quoting is given in Figure 7, and follows the expected pattern. The cases for equality and
casting do not ensure statically that they produce neutral forms. However, it is a program
invariant that one position will be a blocking neutral, so the term is a neutral form in Ne.

3.3 Semantic propositions

Proofs, i.e. inhabitants of propositions, are all equal. We should thus never evaluate such
irrelevant terms, and this should be reflected in the design of the domain of semantic
propositions D?. We explored three different approaches, the first two of which (proof erasure
and syntactic propositions) we found unsatisfactory, until we reached the final design we are
happy with: implementing D as a semantic domain.

Proof erasure. The simplest strategy to handle proof-irrelevance is to rather brutally erase
irrelevant terms at evaluation, as suggested in Abel et al. [2]. This amounts to having a single
semantic proposition, i.e. defining D ::= Witness. This vastly simplifies the implementation,
by removing intricate proof manipulations.
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Although this approach is correct in terms of deciding the equational theory, it has a
major drawback: normal forms cannot be quoted back to terms. Indeed, since proofs are
erased, there is no information left to quote! This has nasty consequences. First, we must
deal with this missing information when printing terms back to users, for instance in error
messages. Quoting is also using during unification, to provide term solutions for unification
variables — see Sec. 4.3.

As a mitigation, Abel et al. propose to extend the language by a constant O which proves
every provable proposition. In practice, this would amount to indicate in quoted terms
where proofs exist, but without giving a precise witness. However, one must be careful to
exclude O from the source language, as it makes type-checking wildly undecidable by making
it depend on inhabitation. Decidability could be recovered by instead having O prove all
propositions, at the cost of making the type theory inconsistent, also far from ideal. Thus, in
this approach we have to maintain a careful and clumsy distinction between “user-issued”
terms and “kernel-generated” ones, with annoying consequences in the interaction with users:
for instance, it means they would not be able to copy code from messages. We thus chose to
reject this solution and look for another one.

Syntactic propositions. A natural alternative is to retain syntactic witnesses for proof terms
during evaluation: since we never need to evaluate propositions, there seems to be no point
in translating them to a domain such as DY, which is designed for efficient evaluation. This
amounts to setting D ::= Prop t p — a proof witness ¢ and an environment p interpreting
its free variables. Indeed, while they do not reduce, propositions still admit substitutions of
their variables, which happens when evaluating relevant terms, and must be accounted for.
This is the point of the stored environment, used to interpret free variables during quoting.

More challenging, though, is the proof manipulation which occurs in casting reduction
rules. This requires inserting a proof-relevant value into the proof witness and shifting
propositions to be well-typed in a different context. In this approach, evaluation and quoting
become mutually defined, and great care must be taken to transform witnesses correctly.
This entanglement of evaluation and quoting is both unsatisfying and error-prone.

Semantic propositions. We therefore introduce a third design: using a semantic domain
similar to DY. The idea is that values in this domain never reduce, they only admit substitution,
which is handled by closures, but they use de Bruijn levels, making it unnecessary to shift or
quote terms during evaluation. As relevant data might appear as subterms of propositions,
D% also embeds relevant terms. However, these do not reduce: they are “frozen”.

The domain of semantic propositions has a structure similar to terms, except for the use
of closures for bound variables, and de Bruijn levels. Even let bindings and type annotations
are represented, unevaluated. Calligraphic letters represent closures, which are the same as
in Section 3.2, but have values from D’ in place of D¥.

D? > P,Q,p,q == PVar; | PU s | PLet P p q | PAnn p P | PAbort P p | PEmpty
| PLam s Py | PApp, p ¢ | PPis P Q1 | PZ|PS p| PRec Q1 p ¢ P2 | PNat
| POne | PUnit | PPair p g | PFst p | PSnd p | PExists P Q
| PTransp p Q2 ¢ p' ¢ |PEq p P p' | PCast P Q p q | PRefl p

Next, we introduce freezing, the mapping ¢ : DY — D! of semantic relevant values into
semantic propositions, so that they may be used in proof terms. It is defined mutually with
®y, : Closi! — Closy! which embeds closures. Representative cases are given as follows:

5:13
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p(te) = ¢M(e) #V¢(Var)) = PVar
#(Us) = PUs N(App, e a) = PApp, (¢™(e)) (¢(a))
¢(Lams F) = Plams (®1(F)) o"(App, ep) = PApp, (¢™(e)) p
¢(Propp) = p ...

Freezing has to traverse the whole term, which is rather inefficient, especially if we repeatedly
freeze the same term. In retrospect, it might be possible to replace it by a mere constructor
which freely embeds DY into D.

Semantic interpretation for propositions, [_]®_: Tm — Env — D, is particularly easy
as there are no reductions. We give only a few cases, others are entirely similar.

[2]®(p,Pp) = p [\as. ] = Plams (Xt)p
[z0]%(p,V a) = ¢(a) [t ] = PApp, ([t1%) ([u]®p)
[zip1]%p,d) = [z:]%

Projections from the environment are like in relevant interpretation, although when the entry
is relevant, we freeze it with ¢ : DY — D*2. This handles substitution — syntactic variables z;
are substituted by values from the environment. A-expressions introduce a closure which can
be entered, but this never happens due to application, only during quoting. Interpretation of
application always produces a PApp, even when the interpretation of ¢ is PLam.

We also define a function app® : Closi2 — D — .- — D — D% for applying closures. This
works similarly to app", only no reduction occurs: compared to Figure 5, we replace each
semantic operator by a constructor. For example,

app® (EqFun s p Q p') ¢ = PEq (PApp, p q) Qlq] (PApp, 1’ q)

Finally, we also have quoting for semantic propositions qi, which computes in the same
way as quoting for DY, fully applying closures to fresh variables.

3.4 Conversion checking

Conversion checking is used to decide the conversion relation =, by operating on semantic
values. This relation is non-trivial because normalisation, due to being untyped, does not
handle extensionality rules. Yet, we still want to check equality up to n and irrelevance,
so this is implemented when comparing semantic values. Conversion checking is untyped
and term-directed, so n-expansion is triggered when one side of the conversion equation is a
constructor, and the other is neutral.® For II types, for instance, we get

T,z F[Varjy ] = t' -5 Varpp,
I'-Lams F=t

In practice, I' is replaced by an integer representing its length.

Conversion checking between irrelevant terms always succeeds. In fact, we only define
conversion checking between values in DY, and proof irrelevance is implemented by not
recursively comparing irrelevant terms. Consider for instance applications:

I'Hte=teé T'ta=d 'Fte=1¢
I'F1(Appy € a) =71 (Appy € d) L'+ 1(Appg € p) = 1(Appq € p')

5 This strategy is due to Coquand [10], and implemented in Coq and in Agda for functions.
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When arguments are irrelevant, p = p’ is automatic and thus not checked. This explains the
annotation of applications with the sort of their argument, to decide which rule to choose.

On top of n-conversion, we also implement the extra cast(A, A, e, t) = t equation. Treating
this rule as a reduction breaks determinism, as there are multiple paths to evaluate some cast
expressions. More worrying, it makes reduction and conversion checking mutually recursive.
Thus, it is easier to implement it during conversion checking, although this necessitates
backtracking. The implementation uses the following rules.

CAST-EQ-LEFT CAsT-EQ-RIGHT CaAsT-CONV
I'HA=B r-A =58 TFA=A '-B=B
F'ta=d 'a=d F'ta=d

I'Cast ABea=d I'a=Cast A B ¢ d I'Cast ABea=Cast A B ¢ d

When the left-hand side of the equality is a cast between A and B, we first try CAST-EQ-
LerT. If this fails, we proceed with CAST-EQ-RIGHT, and if that fails too, CAST-CONV.
Backtracking is necessary as it is impossible to know a priori which strategy succeeds.
Fortunately, eagerly applying CAST-EQ-LEFT and CAST-EQ-RIGHT is complete, i.e. it
does not lose solutions. Indeed, if CAST-EQ-LEFT and CAST-CONV both apply to derive
Cast A Bea=Cast A’ B’ ¢ d, then all four types A, B, A’ and B’ are convertible, and so
CAST-CONV can be replaced by CAST-EQ-LEFT and CAST-EQ-RIGHT.

3.5 Bidirectional type checking

Our approach to type-checking, based on bidirectional typing, is close to e.g. Gratzer et
al. [15], or what Agda implements [24]. We mutually implement the two judgements

I';pk-t= A (infer) I'spkt <« A (check)

Besides the context I', we have an environment p interpreting it, which is necessary to handle
let-binders, as explained below. Typing uses semantic types, A € DY. Although we do not
include it on paper, type-checking actually elaborates terms: while checking a pre-term in
PreTm, we generate a term in Tm, for instance annotating applications with a sort.

In this approach, constructors are checked, and destructors are inferred, and thus only
normal forms are typable. To allow for more flexibility, we add two mechanisms. Type
annotations let us locally record a type in a term to get back to type-checking when necessary,
as per the following rule:

MipA=Us Dipkt < [A]Y)
Fop (1 4) = [A[%

Let-bindings, on the other hand, can be checked or inferred, and the current mode is forwarded
to the body u, while the bound term ¢ is always checked against the (evaluation of the)
type A.

MipFA<Us Dipku<[AlYp T;pFA<Us Tipku< [AY)
T,z [A]Yp; (p, [u]°p) Ft = B L,z [A]Yp; (p, [u]°p) Ft < B
Dipkletz:s A=uint= B IipFletz:s A=uint< B

The environment is extended with the walue of the variable z, so that it can be used
transparently while typing u. We also get sharing, because a let-bound ¢ is only evaluated
once at its binding site. Compare with a S-redex, where the environment is extended by a
variable:

5:15
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DipFA=Us [, x5 A;(p,Varip)F B=Us
L,z 5 A; (p, Varjp)) = t <= B[Varjp] Diptu<s A
Tipk (Ax. t: Tz : A.B) u = Blu]

Finally, while in vanilla MLTT refl and the equality type are constructors, this is not true
in CC°". Since equality types reduce, it is unfeasible, given a semantic type, to guess which
equality a ~4 d’ it represents. For instance, many equalities reduce to L. The reasonable
solution is to have reflexivity infer, in line with viewing it as a destructor on the universe:

IipHt= A
;p b refl t = eq([1]Yp, A, [t]“p)

Note the use of the semantic equality type eq as the inferred type. So, for example, refl 0
will infer T, as we immediately reduce the type 0 ~n 0. Also note that this issue could have
been avoided by having an equality type which does not compute, which is in hindsight a
rather compelling argument for this approach.

4 Extensions

4.1 Quotient types

The ability to easily handle quotient types is one of the landmarks of observational type
theory, it is thus natural to consider them as our first extension. The adaptation of NbE is
actually relatively straightforward, and follows the same patterns as the core implementation.
We first extend normal and neutral forms:

Nf > v, w, VW =+ | V/(z y. W,z. R,z y zRy. Rs,x y z xRy yRz. Ry) | m v
Ne>n,N :=---| Q-elim[z. V](x. vy, z y zRy. t.,n)
Note that the proofs that the relation is an equivalence — in quotient formation — and
that the quotient is respected — in the eliminator — are arbitrary, as they are propositions.

We extend the semantic domains accordingly, introducing three new closures to defunc-
tionalise the equality type reduction between quotient types and its three binders.

DY :=...| Quotient A By P} P; P! | Qproj a

pre =---| Qelim By F1 Qs ¢

D% =---| PQuotient P Q2 P} P35 P% | PQproj p | PQelim P1 P; Qs p

Closj ::=---| EqQuotientY p a D D' C2 Ca | EqQuotientXp D D’ Cs Cs | EqQuotient D D’ C2 C2

Relevant interpretation for quotients follows the same pattern as the core NbE algorithm.
Quotient types are interpreted into the Quotient constructor, with the appropriate closures.
Projections are interpreted into the Qproj constructor. Elimination is defined by

[Q-elim[z.B](tx, t~, u)]“(p) = Qelim((AB)p, (Atx)p, (At~)p, [u]“p)

where Qelim reduces quotient eliminators applied to projections.

Qelim(B, Fr, P, Qproj b) = Fr[0]
Qelim(B, Fr, P~, 1 €) = 1(Qelim B Fr P~ )

Irrelevant interpretation, [_]*_, is trivially extended: once again, there is no reduction
when an eliminator is applied to a projection. Quoting also takes the same form as before.
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4.2 Inductive types and Mendler-style induction

Our next extension is to add inductive types, following the theory laid down in Section 2.2.
The normal forms are as follows — we omit the cases of inductive types without functor
instances and fixed-points without views; they follow the same shape as those presented.

(fix[VasG] fpz:W=v)wn
in n | lift[N] V' | fmap[N]

Nf = | pF:VoU[Ci:(zi: W;) = F o] functor XY fparx=v
| WF:V >U. [Ci:(zi:W;) = F o] functor XY fpax=v)w
|  Ci(vye) | fix [VasGview ] fpz: W =v
| (ix [VasGview (| fpz: W =v)w

Ne == -.-|matchn as z return V with {C; (z;,e;) = v }i
|
|

Both unapplied inductive type (families) and fixed points are new normal forms. Inductive
types applied to their indices are normal forms at the universe, and similarly for fixed-points.
Finally, a fixed point applied to an index is neutral when its second argument, on which the
fixed point computes, is itself neutral. The lift and fmap terms block when their inductive
type is unknown — we cannot lift type families and functions without the definition at hand
—, while in blocks when applied to a neutral.

Semantic domains. As usual, the first step is to extend the domains, driven by the structure
of the normal and neutral forms. Like before, we omit values for inductive types without

functor definitions (in the implementation, we have optional value for the functor definition).

D == ---|MuA (List (B1,A2)) F5 (Maybe a) | Cons Name a p | Fix A By F5 (Maybe a)
D" = ...|Match e B; (List A3) | FixApp A By Fsae|lne|Lift EA|Fmap E ABabc

The semantic value of inductive types, Mu, contains the index type, followed by a list of
pairs representing constructor types and indices. We have an optional value representing the
presence or absence of an index. Fixed-points have a similar structure. The neutral form
FixApp represents a fixed-point blocked by a neutral argument. Defunctionalizing closures
and semantic propositions are entirely unsurprising, and we omit them here.

Interpretation. First, we give the semantics of the newly added terms.

[WF: A—U.[C;: (x;: B;) — F a;] functor X Y fpax=t]4p=

Mu ([A]Yp) [(ABi)p, (Aa:)pl; (At)p Nothing

[Ci (t,e)]"p = Cons C; ([t]“p) ([e]?p)
[matchtas z return C with {t;};]%p = match([t]“ p, (AC)p, [(Aa:)p);)

[fix[M as G view ] f p x : C = t]"p = Fix ([M]“p) (AC)p (At)p Nothing
lin % = in([]")
[if6[M] AJYp = lift([M]“p, [A]“p)
[fmap[M](A, B, f,u, )] p = fmap(IM]“ p, [A]“p, [BI"p, [f1"p. [ul“p. [t]"p)

= e = = = =

The implementations of match, lift, fmap and in all branch on their argument being either

a constructor, in which case the relevant branch is taken, or a neutral, which leads to a
neutral. They are found in the code.
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Reduction of fixed points is handled by application, and we thus extend _ -5 as follows:

(Mu A cs F Nothing) iy a = Mu A ¢s F (Just a)
(Fix A C F Nothing) -,y a = Fix A C F (Just a)
(Fix A C F (Just a)) - (Cons C; b p) = F[A,id, Fix A C F Nothing, a, Cons C; b p]
(Fix AC F (Just a)) - (1) =1 (FixApp AC F ae)

When a semantic inductive type or fixed-point have not been applied to their index — indicated
by their final component being Nothing —, we move this index into the value. When a fixed-
point with an index is applied to a constructor, we invoke the closure F, i.e. the body of the
fixed point. Note how we pass the semantic identity function id £ [Ap x.z]¥ for the view.

4.3 Pattern unification

Pattern unification [3, 18] does not extend the theory, but makes writing terms more practical.
Our implementation combines the contextual metavariables of Abel and Pientka [1] and NbE.
Another interesting aspect, as we already mentioned, is that unification partly motivates
the structure we chose for semantic propositions in Section 3.3, as we will shortly explain.
Contrarily to other work, we do not insist on computing only most general solution, which
would require further modifications to the structure of neutral forms.

Storing solved metavariables. Pattern unification relies on metavariables, written ?m and
recorded in a metavariable context 3, which contains metavariables already solved through
unification, and yet unsolved ones, as follows.

Y= ‘ E,”ml | E,'?ml =1 ‘ 2,781 | E,?Si =5

Note that we have metavariables 7s for sorts, too. But what should ¢ be? That is, should
metavariables stand for terms or for semantic values? To answer this, we must understand
what operations we want to perform on them.

Metavariables are introduced during typing. As explained in Section 3.5, typing really is
an elaboration procedure, taking in a preterm and constructing a term. In the presence of
metavariables, it becomes stateful, as the metavariable context can be updated. The interest-
ing rule is that which handles a hole in the surface syntax, creating two new metavariables
representing the term and its type, and adding both to the metavariable context.

?m;, ?m; fresh in X

E,F F_ o~ ?my é‘?mj, Z, ?m]‘, m;

As any other term, we need to be able to evaluate metavariables into the semantic domains.
If a metavariable is unsolved, it behaves like a variable and blocks the term, creating a new
form of neutrals. We extend the semantic domain accordingly:

D" > e = -..|Meta?m;p
If a metavariable is defined, though, evaluation should reflect it. We achieve this as follows:

[2m%p = [t]4p when (?m; :=t) € 2
[?m%p = Meta ?m; p when ?m; € ¥

Indeed, we want solved metavariables to admit a substitution operation, so that we can
use them in a context different from the one they were created in. Evaluation of terms is
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tailored to handle an environment representing a substitution, leading to the definition above.

Semantic values, on the contrary, do not easily admit substitution. This leads to the choice
of taking ¢t € Tm above, and to use evaluation to handle the environment.

Solving metavariables. Metavariables are solved during conversion checking, from equations
of the form A F Meta ?7m; p = a. To solve such an equation, we create a partial function
invert : Env — Renaming which succeeds when the environment p satisfies the linearity
conditions necessary to invert it. Partial renamings are lists of variables (with de Bruijn
levels) and undefined values, f, i.e. they are given by the following datastructure

Renaming > 6 == ()| (6,Var) | (0,1)

We equivalently view them as partial functions on variables when this view is more useful.

In conversion, we always compare values. However, metavariable solutions are terms.

Therefore, when applying the renaming p~' to the value a, we simultaneously update free
variables and quote the semantic value into a term. This gives us an operation rename?,  :
DY — Renaming — Tm¥. Like with quoting, the level n representing the depth we rename
at. We also have access to the metavariable ?m; for the occurs check.

renamez,,, (Varg) 0 = zn_141 when 0(Vary) = Var;
rename?,, (Meta ?m;) 6 =7m; when ?m; #£?m;
rename?,,, (T (App n a)) 6 = (renamey,, (1 n)6) (renamey,, (a)f)
rename?,, (T (Lam s F)) 6 = As. (rename?ij(F[Varn])(G, Var,11))

The first rule ensures the variable Vary is not escaping, by checking it is defined in 6. The
second rule implements the occurs check by ensuring the metavariable ?m; does not appear
in its own solution. This way, we isolate it from linearity, which depends only on the
environment p. When going under a binder, we apply the closure to a fresh variable and
extend the renaming in the natural way. A similar renaming operation is defined for semantic
propositions in D, Since we want to obtain proper terms after renaming, we need D% to
contain enough information, explaining why the proof erasure semantics is not well-suited.

The final step is to piece these parts together to solve metavariables in conversion checking,
then update the metavariable context. Both invert and rename might (validly) fail, so we
take = to mean that the result is defined, and assigned to the variable on the left.

p~ 1 = invert(p) t= renamel_,i‘i (a)p

(2, 27m, ¥'); A F2mylp] = a; (2, 7m; = t,Y)

—1

4.4 A lightweight mechanism for goals

To be able to write complex terms, it is handy to build them incrementally. For this, we
need a form of interactivity, where the proof assistant informs us as to what we need to
provide to complete the proof: proof goals. In full-fledged proof assistants, goals are handled
by the IDE and displayed using a secondary window. Implementing this is heavy, but proof
goals are very necessary to be able to design even moderately-sized examples.

Instead, we implement a lightweight mechanism, where goals are inserted into the source
code to throw an error at the specific location we want to investigate. The error message
indicates the expected type at that point, if known. Additionally, goals optionally contain
lists of terms whose types are reported to the user. We write 7{t1, t2, ..., tn} for a
goal term and a list of terms ti. For example, consider the following code, in which we insert
a proof goal. Running the checker on the code on the left, we get the message on the right.
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[error]: Found proof goal.

let f : N o N = —>» <test-file>@8:7-8:14

AX. S X 8 | fof X
in : L Expected type [N] at goal.
let x : N = .
ins (5500 . List of relevant terms and their types:
f2{f, x} r E - N
X

Using this and pattern unification, we were able to build sizable examples. The first
implements booleans as a quotient on the natural numbers by the relation which relates
all numbers n > 1, leaving exactly two elements: zero and “everything else”. The second
reimplements Fiore’s NbE for the simply typed lambda calculus [12]. This proof demonstrates
the expressivity of the system, and makes extensive use of inductive types. We do not
reproduce these examples here for lack of space, but the code is available in the repository [31]
and dissertation [30].

5 Conclusion

We described an NbE implementation of a significant dependently-typed language, in partic-
ular featuring observational equality and Mendler-style induction. Despite requiring some
care and new ideas in the design of the implementation, especially around the semantic
representation of strict propositions, the standard concepts of NbE largely apply, witnessing
the robustness and power of the technique.

More generally, guiding principles drawn from the literature around unification, normal-
isation by evaluation, and dependent type theory in general were reliable and very useful
in the design of our system. Although still very much a prototype, critically missing a
proper universe system and a positivity checker, our language is usable: we have been able
to implement NbE for the simply typed A-calculus in the style of Fiore [12] in it.

That we were able to build such a system without major blockers and in a relatively
straightforward manner is a testament to the solidity of the state of the art in the im-
plementation of dependent type theories. On the other hand, many of the experimental
implementations we learned a lot from are relatively under-documented, and often unpub-
lished. We are surely not the only ones who would have benefitted from a more visible
literature on the subject, and we can only encourage the authors of these experimental
implementations to describe their valuable work in publications or talks!
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—— Abstract

We study two kinds of containers for data types with symmetries in homotopy type theory, and
clarify their relationship by introducing the intermediate notion of action containers. Quotient
containers are set-valued containers with groups of permissible permutations of positions, interpreted
as (possibly non-finitary) analytic functors on the category of sets. Symmetric containers encode
symmetries in a groupoid of shapes, and are interpreted accordingly as polynomial functors on the
2-category of groupoids.

Action containers are endowed with groups that act on their positions, with morphisms preserving
the actions. We show that, as a category, action containers are equivalent to the free coproduct
completion of a category of group actions. We derive that they model non-inductive single-variable
strictly positive types in the sense of Abbott et al.: The category of action containers is closed
under arbitrary (co)products and exponentiation with constants. We equip this category with the
structure of a locally groupoidal 2-category, and prove that it locally embeds into the 2-category of
symmetric containers. This follows from the embedding of a 2-category of groups into the 2-category
of groupoids, extending the delooping construction.
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1 Introduction

Containers are a representation of strictly positive data types, introduced by Abbott et al. [1].
A container consists of a type of shapes and a type of positions associated to each shape. For
example, the container of ordered lists consists of natural numbers n : N as shapes and finite
ordinals Fin(n) as positions, the idea being that each list has a length n and Fin(n)-many
locations that can hold data. Containers can be interpreted as polynomial endofunctors, the
latter being the polymorphic data types that the containers represent. For example, the
interpretation of the list container is the List functor.

Containers form a category. Its morphisms represent polymorphic functions between data
types, which are interpreted as natural transformations between the corresponding polynomial
endofunctors. This category is rich in structure; among other things it is cocartesian closed,
is closed under the construction of initial algebras and terminal coalgebras, and admits a
notion of derivative.

Traditionally, the theory of containers is studied in Set-like categories. When interpreted
in such categories, the data of containers may however be too restrictive to encode certain
data types of interest. This is especially the case if one wants to account for symmetries,
? Philipp Joram and. Niccolo Veltri;.
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i.e. identify configurations of positions when one can turn into the other via the action of
certain permutations. For example, one can represent ordered lists, but it is not possible to
represent cyclic lists or finite multisets as a container.

Some efforts have been made to enhance the expressivity of containers to represent data
types with symmetries. Abbott et al. [3] introduced quotient containers, which are containers
in which the assignment of values to positions is invariant under a collection of permutations
on positions. This is realized by requiring the presence of a subgroup of the symmetric group
on positions, corresponding to the collection of admissible permutations. Interpretation of
quotient containers embeds them as a subcategory of set-endofunctors, targeting certain
quotients of polynomial endofunctors. For quotient containers with finitary positions, these
correspond to Joyal’s analytic functors [15].

Symmetric containers, introduced by Gylterud [10], consist of a groupoid of shapes, with
positions being a set-valued functor over this groupoid. This means that the symmetries
are encoded directly in the isomorphisms of the shape groupoid. From the perspective of
(homotopy) type theory, symmetric containers correspond to set-bundles over homotopy-
groupoids. They form a locally univalent 2-category, and are interpreted as polynomial
endofunctors on the 2-category of groupoids.

Quotient and symmetric containers are two different ways to extend the expressivity of
ordinary containers to include symmetries between positions. Our interest lies in understand-
ing how these two approaches are related. To this end, we introduce an intermediate notion:
action containers. An action container consists of a set of shapes and, for each shape s, a set
of positions P; and a group G acting on Ps. On one side, such containers generalize quotient
containers, as the allowed permutations are determined by the action of an arbitrary group,
and are not restricted to subgroups of the symmetric groups. On the other, they are a special
case of symmetric containers: a Gs-action is a functor from G, (as a 1-object groupoid) to
Set, and summation of these functors over all shapes s yields a symmetric container.

We describe a notion of morphisms of action containers, inspired by (pre)morphisms
of quotient containers. Differently from the latter, morphisms of action containers have to
explicitly preserve the structure of the groups acting on positions. Action containers form
a category, and we show that this category is the free coproduct completion of a category
of group actions in the form of the Fam-construction. From this we derive closure under
arbitrary products and coproducts, as well as exponentials with constant domain.

To compare action containers with the 2-category of symmetric containers, we define a
notion of invertible 2-cell between these morphisms, enriching them to a 2-category. Crucially,
we observe that this 2-category can again be modularly constructed starting from a 2-category
of groups, group homomorphisms and conjugators [12] using the techniques of displayed
bicategories [6]: we first define a 2-category of group actions, displayed over this 2-category of
groups, then repeat a 2-categorical version of the Fam-construction, presenting the 2-category
of action containers as that of families of group actions.

We construct a 2-functor between the 2-categories of action containers and symmetric
containers; again in multiple steps. First we notice that the delooping of a group extends to
a 2-functor B : Group — hGpd between the 2-categories of groups and groupoids, and that
this is locally a weak equivalence. We show, again using the displayed machinery, how to lift
this to a local weak equivalence B : Action — SetBundle between the 2-categories of group
actions and set bundles.

The Fam-construction yields a 2-functor Fam(B) : Fam(Action) — Fam(SetBundle)
between the 2-categories of families of group actions, i.e. action containers, and families of
set bundles. We show that the action of Fam preserves local fully-faithfullness, but that
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preservation of local essential surjectivity requires an application of the axiom of choice.
Finally, we describe a 2-functor ¥ : Fam(SetBundle) — SetBundle performing summations of
family of set bundles, implicitly employing the universal property of the Fam-construction
as free coproduct completion. The latter does not seem to be fully faithful, however its
restriction to set bundles with connected bases is. This implies that the composite 2-
functor ¥ o Fam(B) : Fam(Action) — SetBundle is locally fully faithful. This means that,
not only do action containers correspond to certain symmetric containers, but so do their
morphisms: conjugators between action container morphisms represent exactly identifications
of symmetric container morphisms.

We implement our results using the Agda proof assistant, building on top of the
agda/cubical [19] and cubical-categorical-logic [17] libraries. Our code is freely
available at https://github.com/phijor/cubical-containers. The repository contains
a README linking results of this paper to the corresponding formalization in the code.

1.1 Notation and Background

Our work takes place in homotopy type theory, which is a well-suited foundational framework
for our investigation. This is mostly due to the fact that we can work with syntethic
groupoids, i.e. h-groupoids, in place of categorical groupoids, which considerably simplify the
described constructions. We take full advantage of higher inductive types (HITs) to define
mere existence via propositional truncation, set quotients and the delooping of groups. In
this short section, we recall some basic terminology and fix the notation we use. More details
can be found in the HoTT book [20].

We write [[,. 4, B(a) for dependent products, A — B for their non-dependent variant,
and >, , B(a) for dependent sums. Two-argument function application is written f(a,b)
or, to reduce visual clutter, f,(b). Most of our constructions are universe-polymorphic, but
for the sake of readability in the paper we use only the lowest universe of types, denoted U.
The type of h-sets is hSet, the type of h-groupoids is hGpd. We will often simply talk about
sets and groupoids instead of h-sets and h-groupoids. We suppress proofs of truncation level
when they are routine, e.g. for nested - and Il-types. The type of natural numbers is N
and the finite ordinals Fin : N — hSet. For x,y : A, we denote their type of identifications by
x =y, and call p : x = y either an identification or a path. Given a family B over A and
terms z’ : B(x), ¥’ : B(y), we write 2’ =p,) v for the type of dependent paths, or 2’ =, ¢’
when B can be inferred. Defining equalities are denoted = := y; for judgmentally equal = and
y, we write x = y. For functions into X-types, we use binders to name the projections: given
f:X =3, 4B(a), we write Az. (a(x),b(x)) or Az. (az,b;) for a :=fstof and b:=sndof.

The propositional truncation of a type X is || X||-1, the set truncation of X is || X||o. Notice
that there are two competing conventions for indexing truncation levels: (-2)-based (HoTT-
book style) and 0-based (Voevodsky-style). Our formalization, done in Cubical Agda, is
0-based, yet this paper, which is written in HoTT-book style, starts indexing at -2. Whenever
possible however, we will explicitly use the words “proposition”, “set” and “groupoid” to
avoid confusion. Mere existential quantification is defined as 3,., B(a) == ||>_,.4 B(a)|-1.
The set quotient of a type A by a (possibly non-propositional) relation R is A/R. The circle
S1 is a HIT with constructors e : S' and loop : @ = e. Propositional and set truncations, as
well as set quotients and the circle, are defined as higher inductive types. The main HIT
employed in this paper is the delooping of a group, introduced in Section 2.3.

Given a pointed type (X, zp), its loop space is Q(X, o) := (zo = x0), and its fundamental

group is its set truncation m (X, zo) := ||Q(X, x0)|lo. The connected components of a type
X are collected in its set truncation mo(X) := || X||o. We say that X is connected if || X||q is
contractible.

6:3

TYPES 2024


https://github.com/agda/cubical/
https://github.com/maxsnew/cubical-categorical-logic
https://github.com/phijor/cubical-containers
https://phijor.github.io/cubical-containers/README.html

6:4

Data Types with Symmetries via Action Containers

For groups G and H we denote the type of group homomorphisms by G = H. We
denote the type of subgroup inclusions by G < H := Y (v : G = H).isInjective(t). The
symmetric group of a set X is &(X) := Q(hSet, X). The unit of this group is reflexivity refl,
multiplication is composition of paths p-q, inverse is path reversal. Recall that, by univalence,
S(X) is equivalent to the type of equivalences X ~ X. We abbreviate &(n) := &(Fin(n)).
An action of G on a set X is a group homomorphism o : G = &(X). For g : G, we denote
transport(o(g)) : X — X simply by o(g), and apply it to some z : X either as o(g,z) or
o4(x). The action is said to be faithful if o is injective. The set of o-orbits is denoted X/G,
and defined as the set quotient of X by the orbit relation z ~ y := 3g : G.x = 04(y).

1.2 2-Categories

In this paper, we make use of higher categories in the form of (2,1)-categories. We follow
the definitions of bicategorical concepts of [13], and adapt them to the setting of homotopy
type theory: a 2-category C consist of a type of objects z,y : Co, 1-cells f,g: C1(z,y), and
2-cells 7, s : Co(f, g), with horizontal composition of 1- and 2-cells, and vertical composition
of 2-cells, subject to suitable axioms. In particular, all types of 2-cells Co(f, g) are assumed
to be h-sets. Composition of 1-cells is unital and associative up to a chosen identification,
not just a 2-cell. All instances of 2-categories considered here are either locally strict (i.e.
1-cells form sets) or locally univalent; such 2-categories always admit a unique coherently
strict structure.

If C is understood from context, we write f,g:x — y for f,¢g: Ci(z,y),and r: f =g
for 7 : Co(f,g). We compose cells in diagrammatic order. Juxtaposition denotes horizontal
composition, whereas vertical composition of 2-cells is denoted r e s.

Let f,g : « — y. Under vertical composition, 2-cells Co(f,g) form the morphisms of
an (ordinary) category, called the local category at x and y, denoted by its type of objects
Ci(z,y). If a proposition P holds for all local categories of a 2-category, we say that it is
locally P. A (2,1)-category is thus defined to be a locally groupoidal 2-category, that is, one
for which 2-cells in each local category are invertible. A 2-category is locally thin if Co(f,g)
is a proposition for each pair of 1-cells f, g : Ci(z,y), i.e. there is at most one 2-cell from
f to g. Any ordinary category C forms a locally thin 2-category: 2-cells are homotopies of
1-cells, Co(f,g) := (f = g).

We use the machinery of displayed bicategories [6] to define complex 2-categories from
modular gadgets. A displayed 2-category D over a base 2-category C consists of a fam-
ily of objects Dg : Co — U, a family of 1-cells Dy : Ci(x,y) — Do(x) — Do(y) — U,
and a family of 2-cells Dy : Co(f,g9) — Di(f;z,y) — Di(g;%,y) — U, satisfying de-
pendent analogues of the 2-category axioms. If unambiguous, we write f : & — ¢ y for
f :Di(f;2,7), as well as 7 : f =, g for 7 : Da(r; f,g). The total 2-category of D over
C is denoted [ D, and is a 2-categorical analouge of ) -types: objects are pairs of ob-
jects [,D:=3",.c, Do(2), 1-cells are [\D((z,7), (4, 9)) := X t.c, (24 D1(f;9,7), and 2-cells
L,D((f 1), (9,9)) = ZT:Cg(f,g) Ds(r; f, ). To highlight the dependency on C, we sometimes
write [ D or even [ D(x).

We go between 2-categories via 2-functors. For a 2-functor F' : C — D we denote its
action on objects, 1-, and 2-cells by Fy, Fy and F5 respectively. They are assumed to strictly
preserve composition and units of 1-cells, that is up to an identification of 1-cells in the
codomain. The actions on 1- and 2-cells define functors of local categories, and we call F
locally P if all local functors satisfy a proposition P.

We define a notion of displayed 2-functor F : C —p D between 2-categories displayed
over C and D and a (base) 2-functor F': C — D. To cells in C it assigns cells in D displayed
over the image of F: it consists of assignments of objects Fy : Co(x) — Do(Fy(x)), 1-cells
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Fy 2 Gi(f;2,9) = Di(F1(f); Fo(@), Fo()) and 2-cells F : Co(r; f,g) — Da(For; F1f, F1g),
satisfying dependent analogues of the 2-functor axioms. A displayed 2-functor induces a
2-functor between total 2-categories, denoted [F: [ C — [ D.

The 2-category of h-groupoids is denoted by hGpd. Its 1-cells are functions between the
underlying types and 2-cells are homotopies between functions.

2  Quotient and Symmetric Containers

In this section we recall the notions of quotient and symmetric containers, as well as their
morphisms.

2.1 Quotient Containers

Quotient containers were introduced by Abbott et al. [3] as a way to add symmetries to
containers in an extensional type theory with quotient types. Here we state their definition
in HoT'T.

» Definition 1. A quotient container (S > P/G) consists of a set of shapes S, a family of
positions P : S — hSet and symmetry groups ¢s : Gy < &(Ps) for each s : S.

Each group element g : G4 defines a path t4(g) : P; = Ps. By transport, this induces a map
P, — P,; in the remainder, we will identify g and this map.

» Example 2. The quotient container of unordered n-tuples U,, := (1> Fin(n)/ &(n)) has a
single shape, and over it positions Fin(n). On these n positions, the full group of permutations
S(Fin(n)) acts as its symmetry group. We call Uy the identity container; it has a single
shape, on which the trivial group acts.

Like an ordinary container, a quotient container defines an endofunctor on the category
of sets, called its extension. Whereas for ordinary containers this is a polynomial functor, for
quotient containers it is a sum of quotients of representables:

» Definition 3 (extension of quotient containers). The extension of (S > P/G) is the map
[S>P/G], : hSet — hSet given by

P,— X
[[SDP/G]]/(X)::ZL, vswi=d g v=wog a

~

s:8 8
When positions are finite sets, the extension is an analytic functor in the sense of Joyal [15].

» Example 4 (unordered n-tuples). The extension of U,, is the type of unordered n-tuples:
[Un]/(X) =) (Fin(n) = X)/~ = X" /~em)
_:1
where & ~gy, ¥ if and only if z; = y,(;) for some permutation o : &(n). When n =1, we

obtain the identity function [U;],X = X.

» Definition 5. A premorphism of quotient containers, (u> f): (S>P/G) — (T>Q/H)
constists of a map of shapes u : S — T, a map of positions f : [[,.¢ Qus = Ps, and a proof
that f preserves symmetries, [[,.¢ ngGs Fnm,, 90 fs = fsoh.

Morphisms of quotient containers are defined up to permutation of positions, i.e. as equivalence
classes of premorphisms.
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» Definition 6. The type of morphisms F' — G of quotient containers is the set quotient of
the type of premorphisms F — G by the relation (defined by path induction)

(e fym@'sf)= > f~)f, Fea, =] 9 fe="fioh 4

pru=u’ $:S h:Hys

Whenever u = v’, this relation posits the mere existence of a triangle filler

(uv f) = (u> f) =~ fx ﬁ

» Definition 7. Quotient containers and their morphisms form a category QuotCont.

Extension of quotient containers is a functor [~], : QuotCont — Endo(hSet), which is
full and faithful. Each premorphism (u > f) : F' = G defines a natural transformation
[ue f1,: [F]; = [G],, with component at X : hSet a map

[us F15 0D (Pe— X/me) = Y (Qr — X/~)
s:8 T

defined by induction on set quotients as [u > fﬂf(s, [4]) := (us, [¢ o f]). This is well-defined
on morphisms of quotient containers: If (u> f) ~ (u' > f') then [ur f]]f = [uv' > f’]]f

2.2 Symmetric Containers

Symmetric containers were introduced by Gylterud [10] as a way of defining polynomial
functors between categorical groupoids. In this section we reformulate their definition in the
language of HoTT using homotopy groupoids instead.

» Definition 8. A symmetric container (S < P) consists of shapes S : hGpd and a family of
positions P : S — hSet.

» Definition 9. A morphism of symmetric containers (u< f): (S<P) — (T'<Q) consists of
a map of shapes u : S — T and a family f : [[,.q Qus = Ps of maps of positions.

In a (homotopy) type-theoretic setting, the types of morphisms C(x,y) of a category C are
understood to be h-sets. Morphisms of symmetric containers, however, form h-groupoids.’

» Definition 10. The 2-category SymmCont has as objects symmetric containers, as 1-cells
morphisms of symmetric containers, and as 2-cells identifications of such morphisms.

» Definition 11. The extension of a symmetric container (S<P) is a function of h-groupoids,
[S < P] : hGpd — hGpd, defined as [S<P](X) =) sPs — X.

Extension of symmetric containers defines a 2-functor [—] : Symm — Endo(hGpd).
For any morphism (u< f) : (S<P) — (T < @), there is a pseudonatural transformation
[u< f]:[S<P]=[T<Q] with components given by precomposition

fuaflx =Y (P = X) = S (Q = X) [usflx(s,0) = (us, Qus % Py % X)

s:S t:T

L Observe that (S <0) — (T <0) ~ (S — T), which is an h-groupoid since T is.
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This 2-functor is locally an equivalence of 2-categories [10, Theorem 2.2.1], thus embeds
symmetric containers into endofunctors of groupoids.

One advantage of internalizing symmetric containers as h-groupoids is that we are free
to define groupoids of shapes as higher inductive types, encoding the desired symmetries
directly in their constructors. For example, cyclic lists can be described using the symmetries
of the circle, S*:

» Example 12. The symmetric container of cyclic lists, Cyc, is defined as follows:

Shapes are pairs N x S!. The first component contains the length of the list. The second
has a single point, base : S, but its loops base = base are going to induce cyclic shifts on
positions.

Positions Sh : N x S1 — hSet are defined by induction on the circle S'. Over the point,
we have n distinct positions, Sh(n, base) := Fin(n). On the non-trivial path, Sh identifies
positions by a cyclic shift, Sh(refl,,, loop) := shift. Here, shift : Fin(n) = Fin(n) is the path
obtained by univalence from the successor equivalence

suc : Fin(n) ~ Fin(n)
suc(k) ;== (k+1) modn

Since S is freely generated by a single non-trivial path, Sh identifies positions by arbitrary
cyclic shifts. Let v := (x,y,2), w := (y, 2, ) terms of type Fin(3) — X. We are going
to exhibit a path ((3, base),v) = ((3, base),w) in [Cyc](X). Since [Cyc](X) is an iterated
Y-type, such a path is given by a triple of paths p: 3 = 3, ¢ : base = base, and r : v =, w.
Set p := refl and g := loop -loop. The path r is dependent over ¢, and it suffices to give a
path v = w o shift o shift. But we see that the right side computes to (x,y, z), which is v.

2.3 Lifting Quotient Containers

The data of both quotient and symmetric containers define semantics for datatypes with
symmetries. As we will see, it is possible to see any quotient container as a symmetric one.
However, this analogy does not extend to (polymorphic) functions between such types, since
it is generally not possible to lift a morphism of quotient containers to one of symmetric
containers, as the former truncate evidence on how symmetries are preserved.

In order to create a symmetric container from a quotient container, we have to come up
with a groupoid of shapes that encodes the symmetries present in the quotient container.
We borrow an idea from algebraic topology: any group G gives rise to a unique pointed,
connected groupoid (BG, e) such that Q(BG, e) ~ G, called its delooping. This type is an
instance of an Eilenberg—MacLane space, i.e. a type with a single non-trivial homotopy group.
Eilenberg-MacLane spaces have been studied in HoTT [16], and our presentation of BG
coincides with K (G, 1) there. We define BG as a higher inductive type with constructors

g:G g,h:G
o: BG loopg:e=e loop-comp(g, h) : loop g - loop h = loop gh

plus one constructor asserting that BG is an h-groupoid. Its recursion principle states that,
to define a map BG — X for some groupoid X, it suffices to give a point xg : X and a group
homomorphism ¢ : G = Q (X, z9): a map f: BG — X is then determined by f(e) := x¢
and f(loop g) := ¢(g). The recursor characterizes functions out of BG, in the following sense:

» Proposition 13. The recursor is an equivalence (3, .y G = Q(X,x0)) ~ (BG — X), for
X a groupoid. When X is a set, we have (3_, .x G — 7o = 79) ~ (BG — X).
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The dependent eliminator lets us define sections [[,.g B(x) of families B : BG — hGpd by
providing a point by : B(e), dependent paths ¢ : Hg:G(bO =B(loopg) Do), and a coherence
condition for composition of dependent paths: for all g, h : G, there needs to be a path from
©(g) - o(h) to p(gh), dependent over loop-comp(g, h).

Note that loop-comp : G — Q(BG,e) preserves the product of G, hence is a mor-
phism of groups. This lets us derive other expected coherences, such as loop 1¢ = refl and
loop (97!) = (loopg)~".

Delooping acts on group homomorphisms:

» Definition 14. Any group homomorphism ¢ : G — H induces a map of groupoids
By : BG — BH, defined by induction:

Bp(e) := e, Be(loop g) := loop ¢(g)

A G-action is a particular homomorphism, so the above defines a type family BG — hSet.
Let us spell this out:

» Definition 15 (associated bundle). Let G act on a set X via o : G = &(X). Its associated
bundle Bo : BG — hSet is defined by recursion on BG as

Bo(e) := X, Bo(loop g) := o (g),
Note that for each g : G, o(g) is a path X = X.

In the context of quotient containers, we are dealing with faithful group actions, that is
actions of G on X such that 0 : G — &(X) is an embedding. In this case, the associated
bundle is an embedding on its path spaces, i.e. a set-truncated function [20, 7.6.1]:

» Proposition 16. If o : G — &(X) acts faithfully, the fibers of Bo : BG — hSet are sets.

Proof. By [20, Lemma 7.6.2], Bo has set-valued fibers iff cong Bo : © = y — Bo(z) = Bo(y)
is an embedding for all z,y : BG. This is a proposition, therefore it suffices to show this at
x =y = o. There, we have cong(BJ) oloop = o. But loop : G — e = e is an equivalence
and ¢ an embedding, hence cong Bo is an embedding as well. |

For any quotient container we define a groupoid that is the collection of its delooped
symmetry groups:

» Definition 17. The delooping of a quotient container (S>P/G) is the symmetric container
B(S©> P/G) := (S <P) consisting of

shapes S := 3 ¢ BG,, and

positions P : 3" ¢ BGy — hSet, P(s, —) := B(1s),
where Ly is the inclusion of symmetry groups Gs — &(X).

We think of the shapes S as consisting of the points of S, with loops given by elements in
G freely added. Indeed, if we compute its connected components, we see that

FO(S) = ||ZSZS BGSHO = ZS:SHBGSHO ~S8

where the last step follows from connectivity of BGs. Similarly, we compute its first
fundamental group: S is a set and s = s is contractible, thus

m1 (S, (s,z)) ~ Zp:szs(x =pz) ~ (z=12) @m(BGs, z) ~ Gy

That each G, acts faithfully is reflected in the action of the groupoid S, in the sense that
the bundle P embeds paths of S:



P. Joram and N. Veltri

» Proposition 18. The family P : S — hSet is a set-truncated function.

Proof. For each X : hSet, we have fiberp X ~ Zs:sﬁber}ébs X, which is a set: S is a set,
and since we assume ¢4 to be faithful, so are the fibers of Bty by Proposition 16. <

This way of obtaining a symmetric container is in some sense conservative: when comparing
the associated extensions (and set-truncating that of the symmetric container), we see that
they are the same function of sets:

» Theorem 19. For a quotient container @ and X : hSet, there is an equivalence of sets

IBRIX) [lo ~ [@],(X)

Proof. Let us unfold the definitions of [—] and B,

IBQIX) llo = || X5 Xaipe, Ba(z) = X || (1)

and, as S is a set, move the truncation under the sum

= ZSZS H Zz:BGs BLS(x) - X HO (2)

Notice that G acts on the function type Ps — X via precomposition, and that its associated
bundle is (Bis(—) — X) : BG5 — hSet. By Lemma 20 below, the connected components of
this bundle correspond to orbits of the action,

~ > (P. = X)/G, (3)
s:S

which is exactly how extension of a quotient container is defined:

:Z(Ps_)X)/Ns:[[Q]]/(X) <
5:8

» Lemma 20. Let o a G-action on X. The connected components of the total space of its
assoctated bundle and o-orbits are in bijection, that is || Y, 5o Bo(x) o ~ X/G.

Proof. Let us define the left-to-right direction. Since the codomain is a set, it suffices to
give f : [[,.5c Bo(z) — X/G by induction on BG. Let f(e) := [-] : X — X/G the
surjection onto the quotient. It remains to show that this is well-defined on loops, which
reduces to [[,.;[1,.x[z] = [o4(2)]. This holds since x ~ o4(z) by definition of the orbit
relation. The inverse is defined by recursion on the set quotient X/G and maps z : X to
(o,7) : Y., o Bo(x). From p : © = 0,(y), one constructs a path (e,x) = (e,y): the first
component is given by loop g, the second as dependent path from p. |

Theorem 19 states that, as functions between types, the diagram

SymmCont ﬂ> (hGpd — hGpd)

BT L\FHF(HHO

QuotCont - (hSet — hSet)
-1
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commutes. We are interested to see whether this generalizes to a natural isomorphism of
functors. To do so, we would have to suitably extend B to a functor. Unfortunately, it is not
clear how to define its action on morphisms of quotient containers. Given a premorphism
(u f): (S>P/G) — (T'>Q/H), we would have to provide a morphism of shapes

ZS:S BG& — Zt:T BHt
(s,x) > (us,?)

To define 7 : BG; — BH,;, it would suffice to provide a morphism of groups Gy = H,;.
However, we are not given this information: we know that f preserves symmetries, but this
only tells us that, for each g : G, there is merely some h : H,s. Even if we were given an
explicit function Gy — H,s, it would not have to be a group homomorphism. In fact, it is
easy to construct counterexamples:

» Example 21. Consider (idp!) : Uy — Us. The terminal map !: 2 — 1 trivially preserves
symmetries: the diagram

2
S"gl
2

—_

!
_
!

—_

—

commutes for any choice of ¢, in particular for ¢ : (1) — &(2), p_ := swap, which is not
a group homomorphism.

Since morphisms of quotient containers are equivalence classes, it might be possible to
find another premorphism in the same class for which this assignment is a morphism of
groups. In fact, in the above example one could pick ¢4 := id, which clearly is. Doing so
however for arbitrary symmetry groups seems constructively impossible, without invoking
some form of choice principle.

Instead, we will be looking to enhance the definition of quotient containers to include the
necessary information, and investigate their relation to symmetric containers more closely.

3 Action Containers

In this section we define action containers and assemble them into a 1-category. Morphisms
in this category are akin to premorphisms of quotient containers. In particular, they are not
quotiented by a relation on positions. Later, in Section 4, we enrich this category to obtain a
(2,1)-category whose 2-cells capture this relation.

Different from quotient containers, the symmetries of action containers are not limited to
subgroups of permutations of positions. Instead, an action container has, for each shape, a
chosen group acting on the set of positions. This lets us flexibly introduce symmetries, e.g.
by letting the integers under addition act on a finite set, instead of having to identify the
image of this action, see the forthcoming Example 23.

The category of action containers admits a number of limits and colimits, and we will
derive the usual container algebra of products and coproducts from a presentation of this
category as a category of families in Section 3.1.

» Definition 22. An action container (5S> P <% G) consists of a set of shapes S, a family of
positions P : .S — hSet and group actions o : G5 — &(Ps) for each s : S.
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In the following, the word “container” refers to action containers; other kinds of containers
are qualified explicitly. In Example 12, we defined cyclic lists as a symmetric container in
which loops of the circle act by cyclic shifts. Since Q(S!) = Z, we are inspired to define a
container of cyclic lists by means of a Z-action:

» Example 23 (cyclic lists as an action container). The container Cyc := (N> Fin<Z) has Z
acting on Fin(n) as follows: for each n, let o, : Z — &(n), op(k) := M. (£ + k) mod n. Note
that this action is not faithful: the kernel of o, consists of the integers nZ = {nk |k € Z }.

In general, it is easy to define Z-actions: Z is the free group on one generator, thus it
suffices to define the action of 1 : Z. In the example of cyclic lists, it suffices to define the
cyclic shift by one position, 0,(1) := M. (¢ + 1) mod n. This is impossible for quotient
containers with finitely many positions: Z is simply never a subgroup of finite symmetry
groups.

Unlike premorphisms of quotient containers, morphism of action containers are required
to preserve the full structure of containers, including their symmetries:

» Definition 24. A morphism of action containers (ut> f<ap): (S>P<° G) = (T>Q <" H)
consists of a map of shapes uw: S — T, a map of positions f : [[,.q Qus = Ps, a family of
group homomorphisms ¢ : [[,. Gs = Hys, and a proof that f is equivariant: for all s : S
and g : Gs a commutative square

fs
Qus — Ps

e oal)| Lu(g)

Qus T> Ps
Calling f equivariant is justified: each fs is a morphism between G,-sets (Ps,05) and
(Qus, Tus © ¥s) [18, Definition 1.2]. Theorem 27 will explain how this notion of morphism
arises naturally from a category of group actions and equivariant maps between them.

» Definition 25. Action containers and their morphisms form a category ActCont.

3.1 Algebra of Action Containers

Like other categories of containers, action containers are closed under a number of construc-
tions. In particular, ActCont has all products and coproducts. To show this, we could define
each of them by hand. In that process, we would have to carefully track the variance of parts
of a container. For example, the binary product of containers is a product of shapes and
symmetry groups, but a (pointwise) coproduct of families of positions.

Instead, we opt to present ActCont as a category of families of group actions, from which
(co)limits are easy to read off. First, we define a category of group actions. It is a version of
the category of G-sets (for a fixed group G), in which equivariant maps are permitted to go
between sets with actions of different groups.

» Definition 26. We denote by Action the category of group actions and equivariant maps.
It is obtained as the total category of the following category displayed over Group x hSet®P:
Given objects G : Group, and X : hSetgP, displayed objects are G-actions on X, i.e. group
homomorphisms Actiong(G, X) := (G = 6(X)).
Displayed morphisms between actions o : Actiong(G,X) and 7 : Actiong(H,Y) over
(p: G H,f: X «Y) are proofs of the proposition “f is equivariant over ¢”: Let
Action: ((¢, f); o, 7) := isEquivariant, (0, 7) :=]],.c0(g9) o f = foT(pg).

6:11

TYPES 2024



6:12 Data Types with Symmetries via Action Containers

Diagrammatically, equivariant maps compose by horizontal pasting of proofs of equivariance:

Xl v vee gz x ez
o(g) m(eg) . 7(h) v(h) .— o(g) v(¢eg)
X <T Y Y——— 7 X T Z

Observe how over each shape, the data of a container (S > P <° G) is exactly that of a
group action: for any s : S, G5 acts on Ps via o,. Thus, on objects, the category of action
containers consists of “families” of group actions. Let us ensure that this analogy extends to
morphisms of this category.

Recall that for any category C, its free coproduct completion is the category of families
Fam(C) [4, §2]. Its objects are families ;... I — Co, morphisms are families of maps
between them.

» Theorem 27. The category of action containers is equivalent to families of group actions.
In particular, the functor F : ActCont — Fam(Action) with action on objects given by
F(S> P < G) := (S, As. (Gs, Ps,05)) is an equivalence of categories.

» Remark (univalence of ActCont). The above implies that ActCont is a univalent category:
Fam preserves univalence, and Action is a univalent displayed category by [7, Proposition 7.3].

From this presentation of ActCont, we read off closure under sums and products:

» Proposition 28. Action has K-indexed products for all sets K. In particular, the trivial
group acting on the singleton set is an initial object.

» Corollary 29. Action containers are closed under products and coproducts.

Proof. Fam(C) is the free coproduct completion of any category C, thus ActCont is closed un-
der coproducts. Similarly, Action is closed under products (Proposition 28), and Theorem 2.11
of [4] implies that families over it are as well. <

Like ordinary containers [2, Proposition 3.9], constant action containers are exponentiable:

» Proposition 30 (constant containers are exponentiable). The constant container of a set
K is kK := (K>0<91). Given a container F = (S P <° G), the exponential container
FK .= (8*> P* <% G*) is defined to have

shapes S* .= K — S,

positions P := > ok Prs

symmetries G := [ .. Gyx, and

actions o : G} — G(P;) given by action of o on the second component of Py: for

9 I1 Grr, let o3 (g) == Ak, p). (k,041(9))
Let f: K — S and k : K. The evaluation morphism ev : FX x kK — F is given by function
application fk : S on shapes, pairing P, — 0+ >, P, on positions, and the projection
homomorphisms 1 x [[,, G = G i on symmetries.

We believe that the above is an instance of constant exponentials in families: Let C have
K-fold products for any set K; in particular an initial object 1¢ and binary products. It
should be possible to show that the constant family (K, Ak.1¢) is exponentiable.
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» Remark (composition of action containers). When seen as endofunctors, composite data
types are constructed as compositions of functors. For ordinary containers [2, 3.6] and
symmetric containers [10, 2.2.5], this construction is reflected along [—]: Given containers
F and G, there is a container F[G] such that [F[G]] = [F] o [G], upgrading [—] to a
strong monoidal functor. In a set-theoretic setting, Hasegawa [11, Corollary 1.18] gives a
construction of composition for analytic functors in terms of wreath products of symmetry
groups. Analytic functors are presented by quotient containers with finitary positions, and
such a restriction of positions to a subuniverse of sets seems necessary when porting the
result to action containers: positions and symmetries of the composite can otherwise not be
defined coherently by induction on set quotients. This indicates to us that the definition of a
composition-monoidal structure of action containers is not entirely straightforward, and we
postpone its study for now.

4 The 2-Category of Action Containers

In Section 2.3 we observed that quotient containers lift to symmetric containers, but that
the same does not apply to their morphisms. We defined the category of action containers to
include the missing data, and are now ready to define an appropriate lifting:

» Proposition 31. The delooping of a container (S P <° G) is the symmetric container
B(S»>P<’ Q) = (Y., ¢BGs<aBoy). Each morphism (ut> f <) : (S> P G) = (T>Q<" H)
defines a morphism between deloopings, (p< f): B(S>P<° G) - B(T>Q <" H).

Proof. The family ¢ yields a map of shapes of type ¢ : Y ¢ BGs — >, BH, defined as
&(s,2) := (us, Bys(z)). The map on positions has (uncurried) type

i [les1l.Bec. B7.s(By(z)) = Bos(z)

and is defined by induction on x : BG,. On the point, let f(s,®) := f, : Qus — Ps. It
remains to show that f is well-defined on loops in BG,. For all g, we have to provide a
dependent path f; =p(oopg) fs Where F(z) = Br,(By(z)) — Bo,(z). By [20, Lemma
2.9.6], this is equivalent to giving paths [[ ., 0s(fs(q)) = fs((Tuss 9) ¢), which we obtain
from the proof that f is equivariant. <

As noted in Section 2.2, symmetric containers do not form an ordinary category, but a
2-category. Thus, in order to show that the above construction is functorial, we must first
enrich action containers by a type of 2-cells, defining a 2-category. We do so by pulling back
2-cells of symmetric containers, and will see that this corresponds to the quotiented sets of
quotient container morphisms.

We split the construction of the 2-functor taking action containers into symmetric
containers into smaller steps. As in Section 3, we first seek to understand the problem
for a single action, before considering entire families of such. We observe that symmetric
containers, from a homotopical viewpoint, are set-bundles over groupoids: both consist of
some base B : hGpd together with a family of fibers F' : B — hSet. Previously, we have
seen that each action defines such a bundle, namely its associated bundle (Definition 15).
We define 2-categories of actions (Action, Definition 37) and set bundles (Definition 38),
and show that taking the associated bundle is a weak equivalence of their local categories
(Theorem 42). This means that maps of actions are in 1-to-1 correspondence with functions
on their associated bundles. By changing our point of view, and seeing actions as single-
shape containers and bundles as symmetric containers, this fully classifies morphisms of
(single-shape) action containers in terms of morphisms of symmetric containers.

6:13
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To understand the case of many-shape containers, we give an analogue of the Fam-
construction in 2-categories, and define the 2-category of action containers as ActCont :=
Fam(Action). The objects and 1-cells of this category are exactly as in Definition 26. We
unfold the type of 2-cells induced by this construction (Proposition 47) and show that it is
closely related to the quotient on premorphisms of quotient containers (Definition 6). We
observe that set-bundles are, in a suitable sense, closed under X-types, and we lift the functor
B : Action — SetBundle to

— Fam (B —
ActCont —— Fam(Action) o (B) Fam (SetBundle) —=— SetBundle —— SymmCont
finally establishing the connection between action containers and symmetric containers.

4.1 A 2-Category of Groups

We think of the type of h-groupoids, hGpd, as an internal notion of categorical groupoids:
The 2-category hGpd has as objects h-groupoids, as morphisms functions of such, and as
2-cells homotopies between them. Our goal is to extend the delooping to a 2-functor taking
groups into hGpd in a way that characterizes 2-cells in hGpd. We thus equip the 1-category
of groups with the structure of a (2,1)-category [12]:

» Definition 32. The category Group of groups and group homomorphisms forms a (2,1)-
category if equipped with the following 2-cells: Let ¢, : Group, (G, H). We say that r : H is
a conjugator of ¢ and ¥ if

isConjugator,, ,(r) := H o(g)-r=r-19(g)
g:G
The 2-cells Groupy(p, 1) := 3.1y isConjugator,, (1) compose vertically by multiplication in
H. The horizontal composites of r : Groups(p, 1) and s : Groupy (', ¢') is s - ' (r).

Note that Group is not locally univalent: the identity type of group homomorphisms, ¢ = 1,
is a proposition, but the type of conjugators Group,(p, 1) is a set.

» Lemma 33. Delooping extends to a 2-functor B : Group — hGpd.

Proof. A 1-cell v : Group,(G, H) is sent to By : BG — BH, as in Definition 14. On
2-cells, let r : Groupy (¢, ) a conjugator of homomorphisms. Delooping assigns a 2-cell
By = By as follows: By function extensionality, it suffices to give By(x) = By (z) for any
z : BG. By induction on z, we are left to give some ¢ : « = @ in BH such that for all g : G,
loop p(g) - ¢ = q - loop(g). Choose ¢ := loopr, and compute

loop ¢(g) - loop 7 = loop (#(g)r) < loop (rib(g)) = loop - loop 1s(g),

where () uses that r is a conjugator of ¢ and . By a similar argument, one shows that
these assignments preserve composition and identities. |

Defined this way, we see that B preserves the local structure of Group:

» Theorem 34. The functor B : Group — hGpd is locally a weak equivalence of categories, i.e.
for all groups G, H, there merely exists an inverse functor hGpd,(BG,BH) — Group,(G, H).
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Note that this cannot be strengthened to a full equivalence with explicit inverse: equivalence
of categories preserves properties, but hGpd is by definition locally univalent, whereas Group
is not.

We prove Theorem 34 by showing that locally, B is fully faithful and essentially surjective.

» Proposition 35. Delooping is a locally fully faithful functor: For groups G, H, the local
functor B : Group, (G, H) — hGpd,(BG,BH) is an equivalence of categories.

Proof. Let o, : Group, (G, H). We establish a chain of equivalences between the sets of
2-cells Group,(p, 1) and By = B. Starting from the definition,

Groupy (¢, %) ~ > [ #(9)h = he(g)

h:H g:G

we apply the equivalence of groups, loop : H ~ Q(BH) twice

~ Z H loop ¢(g) - loop h = loop h - loop 1 (g)

h:H g:G
~ > JJloopelg) - £ =1t-loopi(g)

(:Q(BH) g:G

By the recursion principle, this is exactly a type of dependent functions out of BG, namely

~ [[ Be() = Bi(x)

z:BG

which, by function extensionality, is equivalent to

~ By =By
One verifies that the map underlying this chain is that of Lemma 33. <
» Proposition 36. Delooping is a locally essentially surjective functor.

Proof. Let G, H groups, and f: BG — BH a morphism of groupoids. We show the mere
existence of some ¢ : Group, (G, H) together with an isomorphism By = f in the local
category hGpd(BG, BH). By definition, morphisms in this category are homotopies, and it
suffices to exhibit some h : [[,. 5o Be(x) = f(x). Since BH is a connected groupoid, there
merely exists a path p: f(e) = e, and conjugation by p induces an equivalence of groups,

conj(p) : Q(BH, f(e)) — Q(BH,e)
(g:f(@)=f(®)=p"qp

We define ¢ to be the composite

loop™*

)

G 2% OBG, o) Y BH, (o)) % (BH, o) H

By induction on x : BG, we show that [], 5o By(x) = f(x). On the point, this is given by
pt:e= f(e). On loops, we construct Hg:G By(loopg) -pt =p ! f(loopg) as follows: let

g : G, then By(loop g) - p~t = loop (loop™ (p! - f(loopg) - p)) - pt = p~L - f(loopg) <
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4.2 A 2-Category of Group Actions

Any G-action o comes with an associated bundle, Bo : loop G — hSet (Definition 15). Let
us define 2-categories of actions and of set bundles, and show that “taking the associated
bundle” is a functorial construction.

» Definition 37 (2-category of actions). The 2-category Action of group actions displayed
over Group consists of the following data:

For each group G, objects are G-actions Actiong(G) := > y.heee G = S(X).

1-cells between actions (X, o) : Actiong(G) and (Y, 7) : Actiong(H) over ¢ : Group, (G, H)

are equivariant maps Actiony (¢; (G, o), (H,T)) := Zf:XHY isEquivariant,, ¢(o,7), where

isEquivariant is as in Definition 26.

The type of 2-cells between f : Actioni(p; (X, o), (Y, 7)) and g : Actiony (¢; (X, o), (Y, 7))

over a conjugator 1 : Groupy (g, 1) is Actiona(r; f,g) := (f = g o 7(r)). a
The type of 2-cells says that 1-cells agree up to a permutation of their domain. Since it is a
proposition, verifying the axioms of a displayed 2-category reduces to defining some identity-
and composite 2-cells. The vertical composite pe q : f =, h of 2-cells p : f =, g and
q: g =s h, is some identification f = ho7(rs). Since 7 is an action, we define the composite
aspeq:=(f Lgor(r)yL hor(s)or(r) =ho 7(rs)). Similarly, horizontal composition
depends on 2-cells of Group being conjugators of group homomorphisms.

» Definition 38 (set bundles). The 2-category of set bundles, displayed over hGpd, consists
of the following data:

Given G : hGpd,), set bundles on G are families SetBundleg(G) := G — hSet.

Over ¢ : hGpd,(G, H), morphisms from X : SetBundle(G) to Y : SetBundle(H) are

dependent functions, SetBundlei (p; X,Y) :=[[ . Y(vg) = X(9)

Displayed 2-cells between f : SetBundle;(p; X,Y) and g : SetBundle; (¢; X,Y) over a

2-cell p: p =1 are dependent identifications, SetBundlex(p; f,9) = f =, g. 1
For an object (G, F) : SetBundley in the total category, we call G the base of the bundle, and
F its fibers.

We are now ready to show that taking the bundle associated to an action is a well-behaved
functorial operation. In particular, each equivariant map of actions induces a morphism
between associated bundles:

» Definition 39. Let o : Action(G,X), 7 : Action(H,Y), and ¢ : Group,(G,H). Let
f: Y+~ X andp: isEquivariant%f(U,T). The bundle morphism associated to f has type
Bf : [I,5cB7(Byx) = Bo(z), and is defined using the induction principle of BG. On
the point it has type Ef(o) 1Y — X and is given by f. On a loop, we need to prove that
Bo(loopg) o f = f o Br(Byp(loop g)) for all g : G. This reduces to o(g) o f = fo1(e(g)),
which is given by p.

Both Action and SetBundle are total categories, and B : Group — hGpd is a 2-functor
between their bases. We thus define a 2-functor only on the displayed parts:

» Definition 40. Tuking associated bundles is a displayed 2-functor B : Action —g SetBundle,
consisting of the following data:
On objects, it sends a G-action o to its associated bundle Bo : BG — hSet.
On 1-cells, it associates to an equivariant map f : Actiony (¢; o, T) its morphism of bundles
Bf : SetBundle; (By; Bo, BT).
Over a 2-cell v : Group,(G, H), a proof p : Actiona(r; f,g) = (f = g7(r)) is sent to a
homotopy of bundle maps using the induction principle of BG.
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Both actions on 1- and 2-cells are defined by induction, and thus are equivalences in the
sense of Proposition 13:

» Lemma 41. The action on 1-cells By : Action;(p;0,7) — SetBundle; (By; Bo, BT) and
2-cells By : Actiona(r; f, g) — SetBundles(Br; Bf, Bg) are equivalences of types.

» Theorem 42. Taking associated bundles IB : Action — SetBundle is locally a weak
equivalence.

Proof. The total functor [ B is locally fully faithful if f2]§ is an equivalence, but this
is a map on X-types built from By and Bs, which are both equivalences by Theorem 34
and Lemma 41. Local essential surjectivity is proved similarly to Proposition 36, and uses
that By is an equivalence of types. <

The above theorem implies that the local category SetBundle(BG, BH) is the Rezk completion
of Action(G, H). As such the 2-category SetBundle should be the local univalent completion
of Action in the sense of [6, Conjecture 5.6].

4.3 A 2-Categorical Fam-Construction

In the previous section we have seen how containers with a single action relate to set bundles.

To lift this relationship to families of actions, we introduce a 2-categorical Fam-construction,
again employing displayed machinery.

» Definition 43 (2-category of families). Let C be a 2-category. The 2-category Fam(C')
displayed over hSet consists of the following data:
For J : hSetg, the displayed objects are families of C-objects, Famgy(J) := J — Cp.
Let J, K : hSetg and families X : Famg(J), Y : Famg(K). The type of 1-cells displayed
over some ¢ : hSet (J, K) is Famq (¢; X, Y) == [, ; C1(X;, Yy;).
Displayed 2-cells are a family Fams : (¢ =) — Famy (¢, X,Y) = Fam, (¢, X,Y) - U
defined by path-induction on 2-cells in hSet: Fams(refl,; f,g) :== [[,.; C2(f, 95)

» Definition 44. Any 2-functor F : C — D lifts to a functor Fam(F) : Fam(C) — Fam(D).
This lifting is defined as a total functor Fam(F) : [, o Fam(C)(J) — [, ¢ Fam(D)(J)
over the identity 2-functor on the base hSet.

» Proposition 45. Lifting F : C — D to a 2-functor of families inherits the following

properties:

1. If F is locally fully-faithful, so is Fam(F).

2. If F is locally split-essentially surjective, so is Fam(F).

3. Assuming the axiom of choice for h-sets and that C is locally strict, if F is locally
essentially surjective, so is Fam(F').

Proof. Local fully-faithfulness follows from the pointwise definition of Fams: if Co(f,g)
is an equivalence, then so is Famo(refl; —, —) = Af,g.[[; C2(fj, ;). Local split essential
surjectivity follows from a similar pointwise argument.

In the non-split case, fix x,y : Famg(C), and a 1-cell (¢, g) : Famg(z) — Famg(y). It
suffices to provide merely a family of sections, [[T[;.; >_ F1(f) = g;ll-1; the conclusion follows
using the induction principle of the truncation. The assumption that F is locally eso yields
Hj:JHZf:cl(m,-7yw) F1(f) = gjll-1, and we use choice to move the truncation outward: J is a
set, and so are Cy(xj, yy;) (by local strictness of C) and local isomorphisms Fi(f) = g,;. <
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4.4 Action Containers as a 2-Category of Families
As promised, we define the 2-category of action containers as a 2-category of families:

» Definition 46 (2-category of action containers). The 2-category of action containers is that
of families of actions, ActCont := Fam(Action).

By algebra of ¥- and Il-types, we see that the objects and 1-cells coincide with those of the
1-category of action containers (cf. Definition 25). In particular, we have for objects

ActConto~ > > > J]Action(G,, P.),

S:hSet P:S—hSet G:S—Group s:S

and for 1-cells,

ActConty ((S, As. (Ps, Gs,05)), (T, At. (Q, He, 7))

~ Z H Z ZisEquivariant@’f(aS,Tus)

w:S—T 5:S ¢:Gs—=Hys fiPs+Qus
Unfolding the newly added type of 2-cells, we recover a familiar condition:

» Proposition 47. Let E,F : ActConty and denote E = (S, As. (Ps,Gs,05)) and F =
(T, M. (Q¢, Hyy1)). Letw = S — T and f,g : ActConty(u; E,F). The type of 2-cells
ActConty((u, f), (u, g)) is equivalent to

H Z isConjugator,, , (1) X fi = g& o Tus(r),

s:S 1r:Hys

in which @, : [[,Gs = Hys and f', g : [, Qus — Ps are the maps of symmetries and
positions of f and g, respectively.

Note the occurrence of the proposition f, = g. o 7,s(r): it has already appeared in the
definition of quotient container morphisms as a quotient of premorphisms (Definition 6). In
[3, Definition 4.1] it is explained as a necessary condition for labellings of container maps

to be defined upto quotient. In our case it is necessary to characterize homotopies between
induced bundle maps B1(f!) and B1(¢g.) (Lemma 41).

Lifting the 2-functor B : Action — SetBundle to families, we immediately obtain the follow-
ing characterization of 1-cells of action containers. Substituting ActCont = Fam(SetBundle)

and SymmCont = SetBundle, we see:

» Corollary 48. The lifting Fam(B) : ActCont — Fam(SymmCont) is:
1. locally fully faithful
2. assuming the axiom of choice, locally a weak equivalence

Proof. By application of Proposition 45: The 2-category Action is locally strict, and B
locally a weak equivalence (Theorem 42). |

This says that constructively, morphisms of action containers correspond to a subcategory of
morphisms of (families of) symmetric containers. By using the axiom of choice, one sees that
this construction indeed covers all such morphism.

To connect action containers to symmetric ones, and not just families of the latter, note
the following: Any family of set bundles (hence symmetric containers) can be combined
into a single bundle: given (J, (A\j. (Bj, F};)) : Fam(SetBundle), we can consider the bundle of
fibers over the sum of bases, >, ; B;. This construction defines a 2-functor:
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Definition 49 (summation of set bundles). Summation of set bundles is a 2-functor
: Fam(SetBundle) — SetBundle, with the following data
- Xo(J, AJ. (By, F})) consists of the base .. ; Bj, and fibers A(j,b). F;(b).
- X1(u, M. (@5, f5)) is a pair of a reindexing function (u,p-) : > ;B = >, C and a map
of fibers, - Tl Gus (3 (8) = F(b).
3. On 2-cells, it takes a family of identities of bundle maps to an identity of their sums via
function extensionality: Yo (refly, Aj. (rj,7;)) := funext \(j, b). cong,,; _,(75),7;(b). N

N =MV

The construction turning action containers into symmetric ones now factors as follows:

ActCont — Fam(Action) Fam(®), Fam (SetBundle) = SetBundle = SymmCont

In general, we do not know whether ¥ is locally fully faithful or not. We can however

consider its restriction to objects in the image of Fam(B), and deduce fully-faithfulness for
some of its local functors:

» Lemma 50. Let X,Y : Famg(SetBundle). If all bundles in X have connected bases, then
the local functor ¥1 : Fam;(X,Y) — SetBundle(Xo(X), X0(Y)) is fully faithful.

Proof. The proof proceeds by showing that there is an equivalence of 2-cells. The assumption
on connectedness is used as follows: Recall that X = (J, Aj. (Bj;, F})) has connected bases if all
B; are connected groupoids. The base of the bundle £y(X) is > ; Bj, and maps between such
bases are typed j B; — >, By,. To characterize identifications of these maps, it is necessary
show, given morphisms u,v : J — K, that the function u(j) = v(j) = (B; — u(j) = v(j))
constant in B; is an equivalence. But this follows from connectedness of B; and the fact
that u(j) = v(j) is a proposition [20, 7.5.9]. <

» Theorem 51. The composite 3. o Fam(B) : ActCont — SymmCont is locally fully faithful.

5 Conclusions

We introduced action containers for studying data types with symmetries. This class of
containers is inspired by quotient containers, but are different from the latter in two key
aspects: First, symmetries are encoded by arbitrary groups acting on positions, allowing
for more freedom in presenting permutations of positions. Second, morphisms are required
to respect symmetries in a coherent way, and are additionally not equivalence classes of an
ad-hoc relation. Instead, the category of action containers is presented universally as a free
coproduct completion of a category of groups and actions, from which limits and colimits of
action containers are easy to read off. We reintroduce the relation between morphisms in
terms of a 2-categorical structure, and show that the 2-category of action containers embeds
into that of symmetric containers.

A missing piece in our analysis is the relationship between quotient and action containers.

The latter subsume the former, but morphisms of action containers are more constrained than
those of quotient containers. Finding a functorial connection is not straightforward: Each
action container (S>P<”(G) can be mapped to a quotient container with the same set of shapes

and positions, but for each s : S changing the group to Im(oy), which is a subgroup of &(Ps).

Unfortunately this operation does not act on morphism (ut>f<y) : (S>P<°G) — (T>Q<" H),
since group homomorphisms ¢, : Gy = H,s; do not generally restrict to the image of
the actions Im(os) = Im(7ys). When restricted to a 1-subcategory of action containers
with faithful actions, this construction at least yields an isomorphism-on-objects functor
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ActConts,itn — QuotCont. In the opposite direction, one could search for a functor between
the category QuotCont and the homotopy category of ActCont, i.e. the category with the same
objects but with sets of morphisms obtained by set quotienting 1-cells by 2-cells. We have a
candidate if we modify Definition 5 of premorphism by turning the existential quantifier in
the preservation of symmetries into a dependent sum: send a quotient container (S > P/Q)
to the action container with the same set of shapes and positions, but for each s : S changing
the group to the free group generated by G, which also acts on P, though not in a faithful
way. This modification shows at least the existence of an action of morphisms. We postpone
a deeper investigation in this direction to future work.

In Section 3.1 we analyzed some properties of the category of action containers. Ordinary
containers enjoy further properties that make them suitable as a model of data types:
Altenkirch et al. [8] show that the category of ordinary containers is cartesian closed, and
Abbott et al. [3] construct initial algebras and final coalgebras of containers in one parameter.
In the future, we plan to investigate whether action containers also enjoy these properties as
well. From previous investigations [14], we know that direct construction of final coalgebras
for quotient containers fails constructively. In [5] however, Ahrens et al. show that for
any U-valued container (with no restriction on truncation level of shapes or positions), its
extension as a polynomial in ¢ admits a final coalgebra. Since extensions of symmetric
containers are U-polynomials as well, we would like to internalize this construction: first,
find a symmetric container representing this coalgebra, then investigate if this restricts to the
inclusion of action containers. This in particular requires studying the composition-monoidal
structure of action containers. Similarly, it should be possible to lift the closure properties of
Section 3.1 from the underlying 1-category to proper 2-(co)limits in Action.

In another direction we are interested to see if the heavy machinery of 2-categories can
be avoided, or at least be postponed. This is guided by the following insight: The image
on objects of the 2-functor B is not only groupoids, but pointed, connected groupoids. The
2-category of such groupoids and pointed maps, displayed over hGpd is, surprisingly, locally
thin [9, Lemma 4.4.12]. In other words, pointed, connected groupoids and pointed maps
form a 1-category hGroup. A slight modification of the proof of Proposition 36 shows that
the 1-category of ordinary groups is equivalent to hGroup, and that this equivalence extends
to categories of actions. The same argument shows that the 2-category of skeletal groupoids®
and skeleton-preserving maps is locally thin. We believe that this extends to an equivalence
between the 1-categories of action containers (without additional relation between morphisms)
and skeletal symmetric containers, i.e. those whose shapes are skeletal groupoids, and whose
morphisms preserve such skeleta. This would identify a structure on symmetric containers
such that equality of morphisms becomes propositional, giving rise to a convenient 1-category
of containers with symmetries.
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—— Abstract

The field of directed type theory seeks to design type theories capable of reasoning synthetically about
(higher) categories, by generalizing the symmetric identity types of Martin-Lof Type Theory to
asymmetric hom-types. We articulate the directed type theory of the category model, with appropriate
modalities for keeping track of variances and a powerful directed-J rule capable of proving results
about arbitrary terms of hom-types; we put this rule to use in making several constructions in
synthetic 1-category theory. Because this theory is expressed entirely in terms of generalized algebraic
theories, we know automatically that this directed type theory admits a syntax model.
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1 Introduction

A key motivation behind the emergent field of homotopy type theory (HoTT) [34] is the
interpretation that types are co-groupoids [35]. Homotopy type theory can be understood
as a synthetic theory of co-groupoids: all the higher structure is generated by the simple
rules for manipulating identity types in Martin-L6f Type Theory [23, 24], permitting efficient
reasoning with these complex structures.

Not long after homotopy type theory was established, the search for directed homotopy
type theory — a synthetic theory of (higher) categories — began. In a directed type theory,
the identity types of ordinary Martin-Lof Type Theory — which are provably symmetric
in the theory, i.e. a witness p: Id(¢,#') can be turned into p~': Id(#,t) — are replaced by
asymmetric hom-types. However, building a type theory to effectively work with these
hom-types is beset by difficulties, in particular the need to carefully track the variances of
terms. A common feature of many approaches to directed type theory (e.g. [22, 29, 28])
is to track these variances by adopting some kind of modal typing discipline. However, no
consensus ever emerged for exactly how to do this. The most developed branch of directed
type theory (initiated by Riehl and Shulman [30]) avoids these issues by adopting a more
indirect approach inspired by simplicial spaces. The resulting theory provides a synthetic
language for oo-categories, albeit at the cost of a more elaborate, multi-layered theory.

To synthetically study 0- and 1-categories, however, a more modest theory will suffice. This
was true in the undirected/groupoidal case: the setoid model [15, 2] provides semantics for a
synthetic theory of setoids (i.e. 0-groupoids) and the groupoid model [17] provides semantics
for a synthetic theory of 1-groupoids. Both of these models are an instance of categories with
families (CwFs) [12], which are the generalized algebraic theory (GAT) [9] articulation of
the semantics of type theory. Working within the framework of GATs comes with numerous
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advantages: the universal algebraic features of GATs — such as homomorphisms, displayed
models, products and coproducts of models, free and cofree models — are well-understood [20].
In particular, every GAT has an initial model, the syntax model, which can be constructed
as a quotient inductive-inductive type [18]. Adopting CwFs as our notion of ‘model of type
theory” makes all this machinery available.

The purpose of the present work is, then, to propose a synthetic theory of 1-categories,
whose semantics are given as a generalized algebraic theory, i.e. as a CwF with additional
structure. Our intended model will be the category model, which is directly analogous to the
groupoid and setoid models. We closely mirror the kind of metatheoretic arguments made by
Hofmann and Streicher [17] and develop a directed analogue of their universe extensionality,
an early statement of univalence. Like earlier directed type theories, our theory adopts a
modal typing discipline to control variance (and prevent the theory from “collapsing” into
undirected type theory); our hope is that a GAT-based study of this (relatively simple) modal
type theory will help foster a connection between the study of multi-modal type theories [13]
and second-order GATs [33, 32, 8, 19], though connecting the present work to either of these
theories is left to future study.

1.1 Related Work

The present work draws some constructs from the theory of Licata and Harper [22], particu-
larly their treatment of the opposite category construction as a modality on contexts and
context extension, as well as their treatment of II-types in the directed setting. Our theory
is closest to that of North [28]; in particular, her semantics matches our ‘category model’ in
the interpretation of the basic structural rules of type theory. However, we have different
approaches to typing refl within our modal typing discipline: North restricts to groupoid
types whereas we restrict to groupoid contexts. Recent extensions to North’s theory [11] do
include modalities on contexts, suggesting that we may be converging on a common theory.

Our theory, like North’s, is “1-dimensional” in the sense of Licata-Harper in that we
maintain judgmental equality as a symmetric notion, as opposed to “2-dimensional” theories
[22, 29, 1] which introduce a theory of directed reductions. As with the identity types in
Martin-Lof type theory, all our category-theoretic structure is emergent from the hom-type
formation rule and all our reasoning about hom-types is done by the directed J-rule; this is
in contrast to directed type theories (such as [22] and [27]) which must build in the synthetic
category structure “by hand”. As mentioned, we adopt a modal typing discipline for handling
variances, unlike the theories of [30, 21, 37, 37, 14] and [36], which adopt approaches akin to
simplicial and cubical type theories, respectively.

1.2 Contribution and Organization

We present a directed type theory satisfying the following constraints.

(1) Tt is presented as a generalized algebraic theory — our notion of “model” is a (GAT)
extension of the GAT of categories with families.

(2) It is 1-dimensional in the sense of Licata-Harper: there are no ‘directed reductions’
introduced judgmentally.

(3) It is deeply-polarized: there is a modal typing discipline to keep track of variances, which
operates not just on types but on contexts, substitutions, and context extension.

(4) The directed J-rule (directed path induction) permits reasoning about arbitrary terms of
hom-types.

(5) Hom-types can be iterated, expressing synthetic higher categorical structure (though in
the present work we only consider 1-category theoretic structure).
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To our knowledge, there is no existing type theory satisfying all these criteria. The Licata-
Harper theory satisfies (3), but their hom-types are not inductively structured (ruling out
(4)), and cannot be iterated (ruling out (5)). North’s theory satisfies (2), (4), and (5), but only
has what we’ll call shallow polarity — negation on types, but not contexts and substitutions —
and consequently cannot have II-types. The simplicial type theory of Riehl-Shulman does
not satisfy (3) or (4) — they don’t adopt a polarity calculus in the sense contemplated here,
nor assert hom-types as primitive with judgmental rules — but do satisfy (2) and particularly
(5) — it is in this sense that they provide a synthetic theory of co-categories. No directed
type theory, to our knowledge, explicitly satisfies (1), though some of their model notions
may be equivalent to an extension of the GAT of CwFs.

Starting with Section 2, we adopt a semantics-driven approach by investigating a particular
model, the category model and abstracting its key features into a series of abstract notions of
model (Section 3). These notions are all GATs (indeed, CwFs with additional structure),
and therefore each give rise to a syntax model. Our main notion is that of a Directed CwF
(DCwF), a generalized algebraic theory of directed types with adequate polarity structure to
properly track variances.

Achieving (4) while maintaining a modal typing discipline requires a novel approach. In
the typing rules of existing directed type theories (including ours), the endpoint terms ¢ and ¢
of a hom-type Hom (¢, t") are assigned opposite variances: ¢ negative and ¢’ positive. However,
this poses a difficulty for typing the identity morphism refl,: Hom(¢,t) since ¢ must assume
both variances. North [28] solves this by restricting ¢ to be a term of a core type (interpreted
semantically by groupoids), but the consequent J-rule only operates on hom-terms with a
core endpoint, not arbitrary ones. Our solution instead uses groupoid contezts rather than
groupoid types.

In Section 4, we show that this is a viable framework for conducting synthetic category
theory. In this section, we adopt an informal style reminiscent of [34], showing how this
theory can be operated and how the groupoid context can be carefully maintained by a simple
syntactic rule. We use our directed J-rule to give several basic constructions in synthetic
(1-)category theory.

Finally, we consider the directed universe of sets in the category model, which serves as
the category of sets. The existence of a directed universe allows us to make the metatheoretic
argument that the syntax of DCwFs cannot prove the symmetry of hom-types (i.e. this is
a genuinely directed type theory) or the uniqueness of homs (analogous to Hofmann and
Streicher’s proof that the groupoid model refutes the uniqueness of identity proofs). We
conclude by sketching several possible routes for further study.

An expanded version of this work with more detailed calculations and further discussion
is available on the arXiv, as [26]. A much more thorough development — including more
careful development of the neutral-context method, ¥-types, and synthetic category theory
in (1,1)-directed type theory — is given in the first author’s forthcoming PhD thesis [25].

1.3 Metatheory and Notation

Throughout, we work in an informal type-theoretic metatheory, using pseudo-AGDA notation
to specify GATs, make category-theoretic constructions, and define terms in the syntax of
Directed CwFs. We use the notations

(z: X) — P(x) and (z: X) x P(x)

for the dependent function and dependent sum types, respectively. When defining dependent
functions, we’ll enclose arguments in curly brackets to indicate that they’re implicit. Any
variables appearing free are also assumed to be implicitly universally quantified. We sometimes
use underscores to indicate where the arguments to a function are written.
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For equality, we’ll use the AGDA convention (which, note, is the opposite of the con-
vention used in the HoTT Book [34]): use = to mean definitional or judgmental equality
in our metatheory, whereas = means propositional equality (though there’s no reason they
couldn’t coincide, i.e. in an extensional metatheory). We tacitly make use of appropriate
extensionality principles (particularly function extensionality) for both notions of equality,
and the uniqueness of identity proofs for =. We write Prop for the type of h-propositions in
our metatheory, i.e. those P such that p = p’ for all p,p’: P.

We assume basic familiarity with category theory. The set of objects of a category I'
is denoted |T'|, the set of I'-morphisms from vy to 7; is denoted T [vg,71], and identities
are written as id. The discrete groupoid/category on a set X is the category whose objects
are elements of X and whose morphisms from x(y to x; are inhabitants of the identity type
xg = x1. The opposite category construction is understood to be definitionally involutive,
i.e. |I'°P| is defined to be |I'| and T'°P [y, 1] is defined to be T [y, v0], and thus (I'°P)°P =T
We’ll use the notation C = D for the type of functors from C to D.

2 The Category Interpretation of Type Theory

As mentioned, generalized algebraic theories (GATS) are a desirable formalism for expressing
models of type theory, particularly when modelling numerous extensions to a ‘basic’ type
theory. When a theory is given as a GAT, all operations and equations are made clear and
explicit, making it easier to compare and contrast similar theories. The theory of Categories
with Families (CwFs) (originally defined by Dybjer [12]) present the fundamental operations
of type theory — contexts, variables, terms, types, and substitutions — encoded as a GAT;
upon this basic framework, an endless variety of different type theories can be studied.

We assume basic familiarity with CwFs. The main components of a CwF are a category
Con of contexts, whose morphisms are called substitutions (write Sub A T' for the set of
substitutions from A to T'); a presheaf Ty on Con (whose morphism part we denote _ [ ])!
and a dependent presheaf Tm over Ty;? and a context extension operation > guaranteeing
that Tm is locally representable (in the sense of [8]). That is, there is an isomorphism (natural
in A) between the type of pairs (o,t) with o: Sub AT and ¢: Tm(A, Afo]) and the type of
substitutions from A to I'> A. The left-to-right direction of this isomorphism is denoted
(_,_) and the opposite direction as po __,v[_], so

T=(por,v[7]) and o =poo,t) and t =v[(o,t)]

for any o,t as above and 7: Sub A (I'> A).

Two paradigm examples of CwFs are the setoid model of [15, 2] and the groupoid model
of [17]. In the former, the contexts are setoids (i.e. sets equipped with equivalence relations),
the types are families of setoids (functorially) indexed over their context setoid, and terms
are given by the appropriate notion of section of their type (see the CoQ formalization of [3]
for a precise definition). The groupoid model is quite similar: contexts are groupoids, types
are families of groupoids functorially indexed over their context groupoid, and terms are the
appropriate notion of section. Indeed, we can view the groupoid model as generalizing the
setoid model: a setoid can be viewed as a groupoid whose hom-sets are subsingletons (or
propositions, in the terminology of [34]), sets with at most one element. In other words, the
groupoid model is what results when the assumption of proof-irrelevance is dropped from
the setoid model.

! Te ifo: Sub AT and A: Ty T, then Afo]: Ty A.
2 That is, a presheaf on the category of elements of Ty. Tts morphism part is also denoted _[_], so if
t: Tm(T, A), then t[o]: Tm(A, Alo]).
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Both these models provide interpretations for numerous type formers, in particular the
dependent types, identity types, and universes characteristic of Martin-L6f Type Theory [23,
24]. The difference in these models is reflected in the type theories they interpret: while both
models permit arbitrary iteration of the identity type former (expressing identities between
identities, and identities between identities between identities, and so on), these iterated
identity types become trivial more quickly in the setoid model. More precisely, the setoid
model validates the uniqueness of identity proofs principle, meaning that any two terms of an
identity type, p,q: Tm(T,ld(z,y)) are themselves identical, UIP(p, q): Tm(T',1d(p, q)). The
groupoid model famously violates this principle: in the type theory of the groupoid model,
there are types (in particular, the universe of sets) which are not h-sets, i.e. they possess
terms which are proved identical by multiple, distinct identity proofs.

This provides a roadmap for how we might develop a model of directed type theory.

Since directed type theory can be described as “dependent type theory, but with asymmetric
identity types”, this leads us to suspect that models of directed type theory will result if we
simply drop the assumption of symmetry from the setoid and groupoid models. A setoid
without symmetry is a preorder, and a groupoid without symmetry is a category. A close
inspection of the definition of the groupoid model reveals that nothing in its interpretation
of just the CwF structure requires symmetry (i.e. that morphisms are invertible),3 and thus

we can define the preorder model of type theory and the category model of type theory.

The category model is just a generalization of the groupoid model, obtained by dropping
symmetry: contexts are categories (and substitutions are functors); types are families of
categories and terms are sections, as written more precisely in Figure 1. We won’t focus
on the preorder model here, but leave it to future work to develop the directed analogue of
setoid-model-specific considerations (e.g. [3]). Instead, we’ll highlight those features of the
category model which are relevant for modelling directed type theory, before abstracting
those features into the notion of a directed CwF' in the next section.

—— A: Tyl means A: T — Cat
record Ty (I" : Con) : Set where
field
obj : |T'| — Cat
map : I'[ 7o, 71 ] — Cat[ obj 7o, obj 71 |
fid : map (idy) = idopj(4)
fomp - map (712 © Y01) = (Map 712) © (Map 7o1)

record Tm (T : Con) (A : Ty I') : Set where
field
obj : (v : [I) = |A(7)]
map : (vo1 : I'[ 70, 71 ]) = (A 71) [A 701 (0bj 7o), obj(y1)]
fid : map (id,) = idopj()
fcomp : map (v12 © y01) = (map y12) o (A y12 (map yo1))

Figure 1 The family structure of the category model.

3 Indeed, [18, Sect. 7] shows that any GAT gives rise to a CwF of algebras and displayed algebras. The
groupoid model and setoid model are not literally instances of this construction, but can be viewed as
the CwF of groupoids and displayed groupoids (resp. setoids and displayed setoids) with added fibrancy
conditions attached (see [25, Chap. 2]). The same can be done with preorders and categories, yielding
the preorder and category models.
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While the basic CwF' structure of the groupoid model doesn’t require symmetry (i.e. that
all morphisms are invertible), its interpretations of further type formers certainly do. After
all, our hope is that by passing from the groupoid model to the category model, the symmetric
identity types of the former will become asymmetric hom-types in the latter. Consider the
semantics of the identity type former in the groupoid model. Here, and henceforth, we define
a type (in this case Id(¢,t’)) by giving its object- and morphism-parts, which are both written
as just Id(¢,t').

Id: Tm(T', A) - Tm(T', A) - TyI'  —— Taken from [17, Section 4.10]
(dtt) vy = (Ay) [ty t' 9] —— Discrete groupoid

(Id(t,t")) (vor : T vo » 71 1) : (A 7o) [t 7o, t" vo] = (A vy1) [t v1, t' 1]
(1d(t,t')) Y01 %0 = (t' 701) © (A Y01 X0) © (t Y01) ™"

Here, the fact that A(y1) is a groupoid is used in an essential way (we must take the inverse
of t(701)), and hence this definition doesn’t work in the category model. But notice the
following: the term ¢ is in the “negative” position (the domain) and the term ¢’ is in the
“positive” position. Fittingly, we only use the inverse of t(vp1) — never t(7o1) itself — and
only use t'(7p1) but not its inverse. This observation will provide the key to adapting this
definition for the category model.

What is needed is for ¢ to be a contravariant term of type A, while keeping t' as
covariant. We can treat this variance in the type theory of the category model, using a
fundamental construct from category theory: opposite categories. A type A: Ty I' in the
category model consists of a family of categories A(y) for each object v: |I'| and a functor
A(v01): A(y0) = A(y1) for each morphism 7o1: I'[y0,71]. Given such a family of categories
A, we can form a new family A~, where A~ (7) is defined as the opposite category of A(7).
This extends to the morphism part as well, because any functor f: C' = D can be viewed
as a functor on their opposites, f: C°P = D°P. Alternatively, we could view A as a functor
I' = Cat, and define A~ to be the composition of A with the endofunctor (_)°P: Cat = Cat.
We can state generally that the category model validates the following rule:

A:TyT
A TyT.

If t: Tm(T, A7), this means that the object part of ¢ will still send objects v: |T'| to objects
of A(7), since A(y) and A~ () have the same objects. But observe the type of its morphism
part:

t: (yo1: T [v0,7]) = (A1) [t 71, A vo1 (E70)]-

This is precisely what we need to give the definition of hom-types in the category model: see
Figure 2. This definition is almost exactly the same as the semantics of Id in the groupoid
model, but with ¢ changed to be a term of A~, thus eliminating the need for the categories
A(7;) to be groupoids. Here’s the hom-type formation, expressed as a rule:

t: Tm(I,A™) ¢': Tm(T, A)
Hom(¢,¢'): Ty T.

The type annotation of ¢ as a “negative” term and the implicit annotation of ¢’ as “positive”
serve as a kind of modal typing discipline for keeping track of the variances of terms.

For now, we just state the formation rule for hom-types; introducing and eliminating
terms of hom-types will require more machinery. To see what kind of machinery, let’s instead
consider dependent function types. Like with the formation of hom-types, II-types involve
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Hom : Tm(T', A=) = Tm(T, A) — Ty T
(Hom(t,t") v = (A ) [t v, t' 1] Discrete category

(Hom(t,t") (vo1 : T[v0 , 71 1) : (A 7o) [t vo. t" o] = (A y1) [t 71, t" 1]
(Hom(t,t")) 701 X0 = (t' 7o01) © (A Y01 X0) © (t Y01)

Figure 2 Semantics of the Hom-type former in the category model.

positive and negative “variance”: a function is contravariant in its argument and covariant
in its result. Therefore, as we might expect, the interpretation of II-types in the groupoid

model ([17, Section 4.6]) makes essential use of the invertibility of morphisms in a groupoid.

Again, it only comes into play when defining the morphism part of the interpretation: the
object part (reproduced in Figure 4) defines for each v: |I'| an auxiliary type B, in context

A(7), and then specifies the category II(A, B) v with terms 6: Tm(A(y), By) as objects.

This works fine in the category model. However, defining the morphism part of II(A, B)
requires a kind of negative variance deeper than the shallow contravariance of A~: in the
type Hom(,t') it was a term that occurred negatively (¢), in the type II(A, B) it’s a type
(A) that occurs negatively.

To make sense of this, we must consider the opposite category operation, not just as
acting on each A(7) in a family of categories over a context I', but as acting on the contexts
themselves. In the category model, we have the following rules.

I': Con oc:SubAT
I'": Con o :Sub AT T~

That is, we can negate contexts and substitutions as well as types: I'™ is interpreted as I'°P,
and this operation is (covariantly) lifted onto functors as before. Now consider the difference
in the morphism parts of terms with these different kinds of variance.

——t:Tm(T, A) where A : Ty T’
tyo1 0 (Av1) [ Ao (tv0) t 1]
——t: Tm(, A=) where A: Ty T
tyo1 1 (Ay1) [ty Ao (t0)]
——t:Tm(T~, A) where A: Ty '~
tv01 : (Av0) [t v0, Avor (t 1) ]

This is why we referred to this as “shallow” and “deep” negation: the difference between the
first two is that we’ve flipped around each A(7), whereas in the third term, the dependence
of A on I has itself been flipped around (A is now contravariant, so A o1 takes objects of
A(v1) to objects of A(~g)). It is this latter kind of contravariance that describes A’s position
in TI(A, B).

With this in mind, we might try to state the II-formation rule as follows

A: Ty(T7) B: Ty(T > A)
II(A,B): Ty T.

However, this doesn’t get the variances quite right. The type A depends negatively on I'; as
desired, but so does B: the morphism part of some B: Ty(I'” > A) has shape

B: (yo1: I [v1,7]) = (zo: (A 70) [Av01 a1, a0]) = B(y1,a1) = B(70,a0)-

77
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This is too much contravariance. Semantically, to define the morphism part of II(A, B)
— as we do precisely in [26] — we need B to depend covariantly on T, but A to depend
contravariantly on I'. Syntactically, this matches our understanding of A being in “negative
position” and B “positive position” in the type II(A, B).

To achieve the desired arrangement of variances in the (modified) CwF we’re building,
we must introduce not one, but two notions of context extension. The first, or positive
context extension, is the usual one: when A: Ty I' then I' may be covariantly extended by A.
As explicitly spelled out in Figure 3, the resulting context (which we’ll henceforth denote
I'>t A, and use (_,4 _) for its associated pairing operation and p, for the substitution from
I'>t A toT), is interpreted in the category model by a Grothendieck construction for the
category-valued covariant functor A. But if instead A: Ty I'", then, instead of forming the
context I'” >+ A — which, as discussed above, has the wrong arrangement of variances — we
could instead form I'>~ A, the negative context extension by A. A type B in context I'>~ A
would have our desired variances for II-types: B depends covariantly on both I', even though
A depends contravariantly on T

More concretely, the negative context extension operator satisfies the following “modal
local representability”, a version of the local representability condition required of the context
extension operator of a CwF, which incorporates context negation, type negation, and
negative context extension:

Sub A (D>~ A) = (5: Sub AT) x (Tm(A™, A[o"]7)) (1)

for any A: Ty I'". We'll write (_,_ _) for the right-to-left direction of this isomorphism, and
write p— 4: Sub (I'>™ A) I"and v _4: Tm((I'>~ A)~, A[p” ,]7) for the data obtained from
applying the left-to-right direction to the identity morphism on I' >~ A.

Notice that the o on the left is from A to I' (not I'"), and that a I' >~ A morphism
from (7o, a0) to (y1,a1) consists of a I'-morphism from 7o to 1 (not 71 to o). This is what
we mean when we say types and terms in I' >~ A depend positively on I', but A depends
negatively on I': a substitution into I' >~ A must consist of a substitution into I' — not I'~
— paired with a context- and type-negated term. Though perhaps initially daunting, the
number of negations on the right-hand side become much less of a problem later on, since
for our practical purpose we’ll restrict to the case where I' is a groupoid.

With this, we have everything needed to give the semantics of the II-type former; this is
partly done in Figure 4 — see [26, Appendix A] for full detail. The formation rule is

A: Ty(I'") B:Ty(I'v~ A)
I(A,B): Tyl (2)

As expected for II-types, we have an isomorphism between Tm(T',II(A, B)) and Tm(I'>~ A, B),
the application and lambda-abstraction rules. This is omitted here for reasons of space, but
included in the appendix of [26], along with accompanying calculations.

Let’s now return to the key feature of directed type theory, hom-types. Above, we gave
just the formation rule for hom-types, but said nothing of how to introduce or eliminate
terms of this type. Stating the introduction rule, the term refl inhabiting Hom (¢, ¢) for each
term ¢ proves rather subtle. The difficulty stems from the following mized-variance problem:
since our formation rule demands the domain term ¢ be of type A~ and the codomain term
t' to be of type A, it’s not immediately clear how to make Hom (¢,t) well-formed. There is,
in general, no way to coerce terms of type A into terms of type A~ or vice versa, and we
have no rule permitting us to use a term in both variances.
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_>t_:([':Con) = Ty ' — Con

IT >+ Al = (v:[T]) x |A~]

(r > A)[ (70, @0) , (71, a1) ] = (vor : T [ 70, 71 1) X (A1) [ A 701 a0, a1 ]
>~ _:(C:Con) » Ty I'" — Con

T o= Al = (v: [T) x |A~]
(T>= A)[ (70, a0) (v, a1) ] =(vor : T [v0, 71 ]) x (Av1)[ a0 . A o1 a1 ]

Figure 3 Semantics of context extension in the category model.

I:(A:TyI'") - Ty('>- A) - Ty T
[TI(A.B) 7| = Tm(A(7). B,)

where
B, : Ty(A )
B, a=B(va)

B, (x: (A7), 2 ) = Bid, %)
Figure 4 Semantics of the II-type former in the category model.

A solution which avoids this shortcoming is revealed by considering hom-types in the
empty context. In the empty context, a type A is the same thing* as a category, and a
term of type A is the same thing® as an object of type A. So then there’s no difference
between terms of type A and terms of type A~ , since a category and its opposite have the
same objects. Therefore, in the empty context, there is no mixed-variance problem, and we
can state the introduction rule for refl; simply by coercing t to be positive and negative as
needed.

This doesn’t extend to arbitrary contexts: as we saw above, terms t: Tm(T'; A~) and
t': Tm(T, A) have different morphism parts. But here’s the key observation: if I' is a groupoid,
then we can still coerce between A and A™: given ¢: Tm(T", A7), we can obtain —¢: Tm(T', A),
and vice-versa. The definition is given in Figure 5; there (and henceforth), we use I': NeutCon
to indicate that I" is a groupoid, and therefore can invert I'-morphisms as needed. So, rather
than introduce a new type A® whose terms can be either positive or negative, we instead
have identified those contexts — neutral contexts — where terms of the familiar types A and
A~ can be inter-converted. Given this, we can introduce refl:

I': NeutCon A: Ty ¢t: Tm(I', A7)
refl,: Tm(T, Hom (¢, —t)).

We only need to assert refl; for ¢ of type A™, because the analogous rule for ¢’ of type A can

be derived: given ¢': Tm(T', A), we observe that ¢’ = —(—t), so refl_y : Tm(I", Hom(—t',¢')).

The solution to this problem proposed by North [28] is not groupoid contexts, rather
to use (core) groupoid types. This solution consists of asserting a new type A° for each
A (interpreted in the category model as the (fiberwise) “core groupoid” of A), equipped
with coercions Tm(T', A%) — Tm(T", A) and Tm(T", A°) — Tm(T', A~). Then, for a term

4 Gilently coerce along 1 = Cat = Cat.
5 Silently coerce along 1 = A = |A| for any category A.

7:9
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— : {T : NeutCon}{A : Ty '} - Tm(T',A) — Tm(T",A™)
—t'y=t7v
—t" y01 = A yo1 (t'(v017h))

— :{T : NeutCon}{A : TyT'} - Tm(T',A~) — Tm(T",A)
—ty=ty
—t y01 = A vo1 (t(y017 1))

Figure 5 Semantics of neutral-context coercion in the category model.

t: Tm(T, A), it makes sense to write Hom(#,¢), as t can be coerced to both the positive and
negative modality, in order to fit the Hom formation rule. From there, a directed J-rule®
can be stated for eliminating hom terms. The issue with this solution is that it forces homs
to have core endpoints: the directed J-rule can only be used to prove claims about homs
anchored at a term of type A® — the only terms t for which refl, can even be formed. A
priori, it’s not clear that proofs about arbitrary homs can be made with such a J-rule (recall
that this was a key desideratum, number 4, for the present theory).

North’s solution has the advantage of working in an arbitrary, non-groupoid context. But
we find that the restriction to neutral contexts is needed anyway: as developed in [25, Chap.
2], the II-types of the category model are generally unworkable outside of a groupoid context.
Below, when we define the identity function and the composition of functions, notice that we
make use of the groupoid-context facilities to do so. Moreover, characterizing the opposites
and hom-types of X-types, defining the morphism part of functions as synthetic functors,
and working with the universe of sets also need a groupoid context to work. So we might as
well use this assumption to state refl too. We suspect that, if we work in a groupoid context
but also have access to North’s core types, then our rule of directed path induction (see
below) becomes equivalent to North’s, so the theories are fundamentally compatible.

Let’s conclude this section by giving an eliminator for our hom-type, known as the
directed J-rule or directed path induction. Following [17, Section 4.10], we study directed path
induction in the empty context first, which can then be extended to an arbitrary neutral
context. Given A: Ty e and t: Tm(e, A™) and some M: Ty(e>" A>T Hom(¢[pa],v)), our
goal is to be able to prove M[id,1 t',4 f] for arbitrary ¢’ and f, just by supplying a term m
of M[—t,refl;]. Translated into the category model semantics: A is a category, ¢ and t’ are
objects of A, M is a functor from the coslice category t/A into Cat, f is an A-morphism
from ¢ to ¢, and m is an object of the category M (¢,id;). The key observation is that f is
then also a morphism in the coslice category from (t,id) to (¢, f).

o N

t— .

Therefore,
M(f) M(taldt) = M(tlvf)

and so the object part of this functor turns objects of M (¢,id;) into objects of M (¢, f), that
is, it turns terms m: Tm(e, M[id, —t, refl]) into terms

(e m) fid, ¢4 f]: Tm(e, M(id, '+ f]).

5 Or, rather, two directed J-rules
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And, since M(id) is the identity functor, we have the [ law, saying that

Ji.m mfid,y —t,4 refl;] = m. The general law replaces e with an arbitrary neutral con-
text:
I": NeutCon A:TyT
t: Tm(T, A7) M: Ty(T>T At Hom(t[pal,v))
m: Tm(T, M[{id, —t, refl;)])
Jivrm : Tm(T >t AsT Hom(t[pal,v), M) (3)

but the category model interpretation — see Figure 6 — essentially follows this same idea.
If M doesn’t need to depend on the term of type Hom(¢,v), then we can instead use the
simpler rule

I': NeutCon A:TyT
t: Tm(T, A7) M:Ty(Tet A) m: Tm(T, M[id,; —t])
Jear m: Tm(ToF Ao Hom(¢[pal, v), M[Prom (t[palv]) (4)

In Section 4 we put this rule to use in synthetic category theory constructions and proofs.

J:(t:Tm(@, A7) = (M: Ty (T o™ At Hom(t[pa].v)))
— Tm(T, M[(id,+—t, ¢ refl)]) = Tm(T > A>T Hom(t[pa],v), M)
(Jemm) s (v:[0)) = (a:[Aq]) = (x: (Ay) [ty . a]) = [M(y, a x) |
(Jem m)yax=M (idy, x, p)) (M) — p:xo0 Aid, idyy o tid, = x

(Jem m) : (o1 : T [vo1]) = (201 : Aya [A o1 a0, a1])

— (w01 : a01 © (A Y01 %0) © t(v01) = x1)

— M(71, a1, x1)[ M(701,301.%01) ((Je.m M) Yo a0 o), ((Jem m) 1 a1 x1) |

(Jem M) Y01 a1 po1 = M(id-,, x1, p1) (M yo1)—— p1 - x1 0 Aid,, idy, o tid, = x

B (Jemm) [(id,—t, yrefl)] = m

Figure 6 Semantics of directed path induction in the category model.

3 Directed Categories with Families

The aim of the present work is not just to establish the category model as a suitable
interpretation of directed type theory, but to abstract the category model to a general,
abstract notion of ‘model’ of directed type theory. Specifically, we wish to present this model
notion as a generalized algebraic theory, that is, as a CwF with further structure. We do
so in several stages, progressively capturing more of the structure described in the previous
section. In addition to making the complex and multifaceted notion of ‘directed CwF’ more
digestible, this approach will also give us several intermediate notions, each of which is worthy
of further study in its own right. First, we encapsulate the ‘negation’ structure.

» Definition 1 (Polarized CwF). A polarized category with families (PCwF) consists
of a CwF C = (Con, Ty, Tm,>T,...) equipped with the following operations.
An endofunctor (_)~: Con — Con such that ([7)" =T and (67)” =0 for allT and o
A natural transformation (_)~: Ty — Ty such that (A7)~ = A for all A.

7:11
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So a PCwF is just a CwF equipped with context-, substitution-, and type-negation involutions.
The fact that the type-negation operation is a natural transformation just says that it is
stable under substitution, i.e. A[o]” = A~ [0]. Now, notably absent from this definition is
the negative context extension operation >~ ; by this definition, a PCwF only has the positive
one. This is because the negative operation is, in fact, definable: in the category model, the
following equation holds for any I' and any A: Ty I':

Tt A" =T~ A, (5)

Here we use the fact that (I'")~ =T, and hence A: Ty (I'")~, making the right-hand side
well-formed. Consequently, we can turn this equation around to define negative context
extension: for A: Ty(I'"), let T~ A be (I'” >™ A7)~. The isomorphism characterizing >~
(Equation 1) can then be proved as a consequence of the one for >*.

Also absent from Definition 1 is any mechanism connecting the context/substitution
negation endofunctor to the type-negation operation. It’s unclear if this ought to be rectified,
or if their connection is just a peculiarity of the category model. Not every CwF fits the
same mold of “contexts are structures, types are families of structures”, so it’s not possible to
require in general that the type-negation operation is just post-composition with the context-
negation functor. There are suitably abstract ways of connecting the two — for instance,
we can note that the category model is democratic in the sense of [10, Defn. 3]: there is
an isomorphism K between contexts I' and closed types; this isomorphism is compatible
with both negation operations, in that K(I'") = K(T')~. However, we don’t need need such
strong assumptions for the results of Section 4, so we omit them from the general definition
of PCwFs.

Of course, the category model and the preorder model are both examples of PCwkFs,
where the negation is the ‘opposite’ construction. But so are the groupoid and setoid models.
Indeed, the groupoid model is a sub-PCwF of the category model: a groupoid I is a category,
and so it makes perfect sense to take the opposite category of I', obtaining I'™, which is
also a groupoid. What makes the groupoid model a peculiar instance of a PCwF is that
' =T~ for every I', and A(y) = A~ (y) for every A. Tt is what we’'ll call a symmetric PCwF.
The setoid model is also a symmetric PCwF, but strictly so: there, I' = I'". The situation
exemplified by the groupoid/category and setoid/preorder models — a symmetric sub-PCwF
of another PCwF — is what we capture in our next notion.”

» Definition 2 (Neutral-Polarized CwF). A sub-PCwF ® D of a PCwF C consists of
predicates’ Dcon: Con — Prop and D1y: {I': Con} — Ty I' — Prop such that

Dcon ®;

if Dcon(T), then Dcon(I'7);

if D1y(A), then Dyy(A™);

if A: Ty T' is such that D1y (A), then D1y (A[o]) for any o: Sub AT'; and

if Dcon(I') and Dy (A), then Deon(I'> A).

The definition given here is, admittedly, somewhat ad hoc. These are just the constructs we’ll need in
order to make the subsequent definitions and synthetic category theory development proceed. A more
detailed explication of this definition is given in [25, Chap. 2].

A more descriptive name might be “full and locally full sub-PCwF”: it’s a full subcategory DCon — Con
in that DCon [A,T] = Sub A T, but also “locally full” in the sense that Tmp (T, A) = Tm¢(T', A) for
T: DCon and A: DTy(T).

The first part of this definition articulates a notion of “Prop-valued logical predicate” D =
(Dcon; Dsub, DTy; DT, - . .) on the PCwF C, except we don’t mention the components Dsy, and Dt
because fullness and local fullness means that Dsyp, and Dt (respectively) are always satisfied.
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We indicate a sub-PCwF by D = (DCon,DTy) to indicate that DCon is the subcategory of
Dcon-contexts, and DTy is the subpresheaf of Dy -types.
A neutral-polarized category with families (NPCwF) consists of a PCwF C and a
sub-PCwF N = (NeutCon, NeutTy) such that
NeutCon is symmetric: every I': NeutCon comes equipped with an e: Sub I'™ T' such that
e : SubT'T'™ is an inverse of e; moreover, this isomorphism is natural in the sense that,
for A, T': NeutCon and o: Sub AT, we have 0 =er oo™ oe,;
if T is neutral and A: Ty T, then there is a coercion operation —: Tm(I'y A=) — Tm(T, A)
such that —(—t) =t for all t and such that (—t)[o] = —(t[o]) for any o: Sub A T' where
A is neutral;
for every T': NeutCon and A: Ty T there is an isomorphism

ee: 'p™ Ale] 2T'npt A

such that

P+,A 0 €€ = P_ Al
for every A,T': NeutCon, o: Sub AT, A: Ty T and every s: Tm(A, Alo]),

eeo (0,4 ) = (0, (~s)[e]). (6)

To summarize: an NPCwF is a PCwF with a (locally) full sub-PCwF of “neutral” contexts and
types, which come equipped with machinery for overcoming the polarity calculus (coercing
between the context and its opposite, and between a type and its opposite). Our goal is to
talk about the category model: we want to take the category theoretic statement “Grpd is
a full subcategory of Cat” and extend it to a statement about the semantics of polarized
type theory: “the groupoid model is a (full and locally full) symmetric sub-PCwF of the
category model”. This is what we do in Definition 2: an “NPCwF” is PCwF equipped with
an appropriate symmetric sub-PCwF.

Let us also note that a common feature in directed type theories (e.g. [29, 28]) is to include
core types, i.e. an operation of the form (_ )°: Ty I' — NeutTy I'. In the category model, this
is interpreted as applying the core groupoid construction to each category A(7y), producing a
family of groupoids indexed over I'. We might as well have a deep version too, and consider
the core groupoid construction as operating on contexts (_)°: Con — NeutCon too. So the
operation on contexts is the coreflector, the right adjoint, of the inclusion NeutCon < Con; the
operation on types is a “local coreflector”, a dependent right adjoint [7] to NeutTy < Ty. What
this means in the category model (equipped with core types) is that Tm(T', 4) = Tm(T, A%)
for every I': NeutCon and A: Ty I'. So this is another coercion, between terms of A° and
A, in addition to the NPCwF coercion operations Tm(I', A7) = Tm(T', A). This is why the
above-mentioned concern about North’s theory — that the directed J-rule is restricted to only
core terms — is resolved in a neutral context, because in neutral contexts we can coerce freely
between A, A~, and A°. We'll only need neutral contexts and types for the present work,
not core contexts and types, but a thorough study of the latter is certainly needed in order
to join the present theory to either North or to multi-modal type theory[13].

Recall that CwFs are not a single notion of model for a single type theory, but rather that
CwFs encode the basic structural operations of type theory, upon which innumerable different
type theories can be specified by defining the desired term- and type-formers. We have
arrived at the same point in our development of a semantics for directed type theory: the
notion of NPCwF consists solely of structural components, but nothing that actually allows
for the construction of interesting types and terms. So let’s rectify this by giving the directed
analogue of the standard core of undirected type theory: identity types, dependent function
types, and universes. We start with the directed analogue of identity types, hom-types.

7:13
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» Definition 3 (Directed CwF). A directed CwF (DCwF) is a NPCwF equipped with the
following structure:
a type former

Hom: {I': Con}{A: TyI'} - Tm(I';A”) > Tm(I",A) - Ty T
which is stable under substitution:
Hom(t,t')[o] = Hom(t[o],t'[0]);

in any I': NeutCon, a term refl;: Hom(t,—t) for each term t: Tm(I', A7), also stable

under substitution by o: Sub AT for A: NeutCon; and

a term former J as given in Equation 3, also appropriately stable under substitution.
For any T': Con and A: NeutTy T, write Id(t,t') for Hom(t,t').10

The naming of Hom versus Id is suggestive: the types in a DCwF are supposed to function
like synthetic categories (with Hom encoding their morphisms), and the neutral types are
synthetic groupoids, whose homs are symmetric like an identity type. This point is best
illustrated by the following claim.

» Proposition 4. Every DCwF has an operation

symm: {I': NeutCon}{A: NeutTy}{t: Tm(T, A7) }{¢': Tm(T, A)}
— Tm(T, 1d(, ¢')) — Tm(T, 1d(—t, 1))

Proof. By the following construction in the DCwF syntax:

symm : {T" : NeutCon}{A : NeutTy I'}{t : Tm(T', A=) }{t' : Tm(T, A)}
— Tm(T, Id(t, t')) — Tm(T, Id(—t’, —t))
symm f = (Jys refly)[id .4 t',+ f] where
S: Ty (>t A)
S=ld(—v, —t)

<

This proof relies on the neutrality of A in a very subtle, but critical way: in the definition
of the type family S, the variable term v: Tm(I'>" A, A[p4]) is negated, so that it is of type
Alpa]~ and therefore able to stand as the first argument to Id. But this is only possible if
I'>* A: NeutCon, because term-negation is only defined in neutral contexts. This reasoning
will prove important for the style of reasoning we employ in Section 4, so we isolate it as a
principle.

» Principle (Var Neg). For T': NeutCon, the variable term v: Tm(I'>* A, A[p4]) can only be
negated (i.e. forming —v) if A: NeutTy T".

In Section 5, we’ll argue that there’s no way to construct this symmetry term (for arbitrary
DCwFs!!) if A is not assumed to be neutral.

Before proceeding, it’s worth explaining what is “the DCwF syntax” mentioned in the
proof above. This is where it becomes relevant that DCwFs are presented as generalized
algebraic theories: as mentioned in the introduction, [18] proves that any GAT has an

101y general, we'll usually want to require that, if A is neutral, then so are its identity types. However, in
the present theory, we’ll require that all hom-types are neutral (see below).
1 with some nontrivial amount of structure.



J. Neumann and T. Altenkirch

initial syntax model. Therefore, any construction done in the syntax model (such as the
construction of symm above) can be interpreted into any DCwF. This is why a syntactic
construction was adequate to prove a claim about all DCwFs in the foregoing proof. In the
next section, our proofs will all be syntactic, and thereby apply to arbitrary DCwkFs.

Let us make an important observation about the syntax of DCwFs. An important criterion
for our theory is that hom-types can be iterated, that is, our syntax allows for the formation
of homs between homs, and homs between homs between homs, and so on. The iteration of
identity types is, after all, how homotopy type theory is able to serve as a synthetic language
for higher groupoids; and since hom types are iterable in the DCwF syntax, it is a synthetic
language for higher categories. However, a given model may be truncated, in that the higher
structure may become trivial after a certain point. This is the case with the groupoid model:
while its types do not all obey the uniqueness of identity proofs (UIP) principle and are
therefore not mere h-sets, they do obey “UIP, one level up”: in the groupoid model, identity
proofs of identity proofs are unique.

The same happens in the category model: in general, there may be terms f of type
Hom(t,¢')~ and g of type Hom(¢,t") but no term of type Hom(f,g) — the same way the
groupoid model doesn’t validate the uniqueness of identities, the category model doesn’t
validate the uniqueness of homs. But it does trivialize “one level up”: the type Hom(f,g)
may be either inhabited or uninhabited, sure, but Hom(f, g) is an h-prop, a subsingleton
type; it has at most one element. This is to say that the category model doesn’t support
synthetic higher categories: the synthetic category structure of Hom(¢,¢’) is a synthetic
preorder. But there’s another sense in which the category model structure trivializes “one
level up”: all the hom-types are interpreted as discrete categories, which are necessarily
groupoids. So Hom(t,t') is not just a synthetic preorder, it’s actually a synthetic setoid. This
is appropriate for doing synthetic 1-category theory: it makes sense that the hom-types
are trivial as categories: to do 1-category theoretic arguments, we want our hom-sets to be
hom-sets, that is, types whose only synthetic category-theoretic structure is propositional,
symmetric identity types.

We encapsulate DCwFs like this into a definition for further study.

» Definition 5. A (1,1)-truncated DCwF is a DCwF such that
Hom(¢,t') is a neutral type for any terms t,t'; and
UIP holds for identities of hom-terms:

UIP': (a: Tm(T,1d(p,q)7)) = (B: Tm(T,1d(p,q))) — Tm(I, Id(av, B))

The numbering follows the well-known indexing of (n, m)-categories (see e.g. [6, Defn. 8])
to refer to oco-categories where all parallel k-morphisms are equal when k£ > n and all
k-morphisms are invertible for k£ > m. We could define (n, m)-truncated DCwFs for arbitrary
n and m (for instance, the preorder model would be (0, 1)-truncated, the groupoid model
(1,0)-truncated, etc.), but that would take us too far afield. For the present work, we will
work with (1,1)-truncated DCwFs, and develop the theory of synthetic 1-category theory
(i.e. synthetic (1, 1)-category theory) in that language. The practical consequence of working
in the syntax of (1,1)-truncated DCwFs is that we only have one “layer” of homs, and the
type Hom(t,t’) itself is neutral, i.e. its homs are symmetric identity types.

To conclude this section, we return to a key construct from the previous section, namely
II-types, and define what they look like in NPCwkFs. This is just the appropriately-polarized
analogue of [16, Defn. 3.15], and is approximately the same rule for II-types in [22].
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» Definition 6. A PCwF supports polarized I1-types if it comes equipped with a type former
II: (A: TyI'") > Ty(T'p™ A) = Ty T

which is stable under substitution, along with a natural isomorphism
lam: Tm(T'>~ A, B) = Tm([,II(A4, B)): app.

The S-law is that app o lam = id and the n-law the other way around.

Now, the operation of II-types provide an independent reason to work in neutral contexts:
in a non-neutral context, these polarized II-types are rather difficult to work with. For
instance, consider the task of writing the identity function on some type A: Ty I'. The type
A — A is not even well-formed, as the domain type of a function must be a type in context
I'™ but the codomain in context I'. If T" is neutral, we can fix this using the e isomorphism,
taking Ale] — A to be the type of endofunctions on A. Likewise, it’s unclear how to write
the identity function without using the tools of neutral contexts, as the variable term v is an
element of Tm(T'>T A, Alp]), but lam needs an element of Tm(I'>~ Ale], Ale][p_]). Here, the
ee isomorphism solves the problem:

lam(v[ee]): Tm(T, Ale] — A).

Likewise for application: if we define the application operator by F $ t = (app F)[id,— t], it
will have type

~$ :Tm(T, Ale] — B) = Tm(I'", Ale] ") — Tm(T, B).

This is a bit unfortunate: a function and its argument need to come from different contexts!
Using that I': NeutCon, however, then we can freely substitute terms between I' and I'~
using e, and coerce terms between A and A~ using the term-negation operator, alleviating
this difficulty and allowing us to, for instance, construct the composition of functions.

_o_ :{l': NeutCon}{ABC: Ty T} —
Tm(T, Ble] = C) — Tm(T, Ale] = B) — Tm(T, Ale] — C)
GoF =lam( (app G)[ee ™ ][ p—.a .+ app F])

There are several other ways which neutral contexts prove necessary — see [25, Chap.
2] for a more thorough exploration. We view the neutral-context method as essential to
making the type theory of the category model viable: they provide not just an alternative
solution to the issue of refl’s divariance, but, as we can see here with II-types, solve numerous
problems caused by the polarity calculus in arbitrary contexts being too strict. Working
in a neutral context in the syntax of (1,1)-directed type theory with II-types, we're able to
actually develop synthetic category theory; we turn our attention to that task now.

4  Synthetic Category Theory

In this section, we work in an arbitrary (1, 1)-truncated DCwF with polarized II-types by
only working in the syntax. In the main body of the text, we’ll adopt an informal type
theoretic style (inspired by [34]). We assume that we’re working in some neutral context T',
though we don’t explicitly reference I'. We’ll write ¢: A to indicate ¢: Tm(T', A). In what
follows, we’ll use the letters p, q,r, s,t,u,v,w, f,g to name terms (of various types) in T,
whereas the letters x, y, z will be the names of variables obtained by extending I'. We’ll have
to be careful to abide by the variable negation rule:
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» Principle (Var Neg). An expression e can only be negated if all the variables occurring in
it are of neutral types.

We suppress the distinction between I' and I'", since we can substitute back and forth with
e behind the scenes, as needed. Negative context extension will just behave like positive
extension by a negative type: recall that v_ 4: Tm((I'>~ A)~, A[p:,A]_) ie.

voa: Tm(T ot A7, Alpa-17)

so, if we're suppressing the distinction between I' and I'~, then this is just a variable x of
A~. Accordingly, we’ll apply and form functions like this:

fiIl@: a-yBl@) t: A” x: A Fe: B(x)
7 B Az A7) = 0): 1, 4 Bla)

Finally, here’s our principle of directed path induction:

» Principle (Directed Path Induction). For every ¢t: A™, if M(x,y) is a type family depending
on z: A and y: Hom(¢, x), then, for each m: M (—t,refl;), we get an indps(m, z,y): M(z,y)
for all x,y.

So, for instance, the construction of symmetry above (the proof of Proposition 4) would
be expressed informally as follows: given a neutral type A and a term t: A~ define a type
family over x: A,y: Id(t,z) by S(z,y) = |d(—z, —t). We have not violated (Var Neg) because
x: A and A is neutral. We have a term of type S(—t,refl;), i.e. 1d(t, —t), namely refl;. So
therefore we get S(x,y) for arbitrary z,y. If we have a particular ¢': A and p: Id(¢,¢'), we
can put symm p = indg(refl;, ¢, p). Again, we emphasize that it is (Var Neg) which prevents
this argument from working for non-neutral types, as desired. Below, we are more casual
with our application of directed path induction (e.g. not defining the type family explicitly)
in cases where (Var Neg) is not a concern.

With that, we can proceed to the informal constructions. Along the way, the explicit
constructions in the DCwF syntax are carried out in the accompanying figures. For the full
details, see the calculations in [26].

4.1 Composition of Homs (Figure 7)

As mentioned, a type A in directed type theory is supposed to be a synthetic category.

The terms ¢ : A represent objects, and the terms p: Hom(¢,t') represent morphisms. For
this to truly be category theory, however, we must be able to compose morphisms. We’ll
write composition in diagrammatic order: given t,u: A~ and v': A, we should be able to
compose p: Hom(t, —u) with ¢: Hom(u,v’) to get p-¢: Hom(¢,v"). We do this by directed
path induction on ¢, by putting p - refl, = p.

The refl terms serve as the identity morphisms of the category: by the above, we know
that p - refl, = p, and thus refl,: |d(p - refl,, p). As for the other unit law, we must again use
directed path induction: since refl,, - refl,, = refl,, we have that refl,es, : Id(refl,, - refl,, refl,,),
and, by induction we get for each ¢: Hom(u,v’) a term

r—unit ¢ = ind(reflieq, , v, q): 1d(refly, - g, q).

Finally, we get that the composition operation is associative. Given t,u,v: A~ and w’': A
as well as p: Hom(t, —u), ¢: Hom(u, —v), and r: Hom (v, w’), we construct

assocpgr:ld(p-(q-7),(p-q)-7)
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by directed path induction on r. If r = refl,, then ¢-r=¢gand (p-¢q) - =p-q. Thus, we
have refl,.,: 1d(p - (¢ - refl,), (p - q) - refl,), and then the induction carries through, and we get
assoc p q r as desired.

C:{t: Tm(T, A7)} = Ty (' > A >™ Hom(t'[pa], v))
C = Hom(t[pa].va)l p ]

ottt Tm(T, A" - Tm(T, A)} — Tm(T, Hom(t,—t')) — Tm(T, Hom(t',t""))
— Tm(T, Hom(t,t""))
f-g=UechHlidyt" gl

Figure 7 Composition of Homs.

4.2 Synthetic Functors (Figure 8)

If types A, B are synthetic categories, it should come as no surprise that terms F: A — B
are synthetic functors. The object part is given by the usual function application, but the
variances are somewhat mixed: if ¢: A, then we can say f(¢): B. However, we can still
apply f to a term ¢': A, we just have to put a minus on t/, i.e. f(—t').

Unlike usual (“analytic”) category theory, we don’t have to explicitly define the morphism
part of a functor; any term of type A — B we can write down will come with a morphism
part for free. To obtain this morphism part, again we use directed path induction: given an
F: A— B and some t: A~, we can define a B-morphism

map F f: Hom(=F(t), F(—t"))

for every t': A and f: Hom(t,t') by defining map F' refl; to be refl_p(;). By definition (J§),
this operation preserves identities (sending refl to refl), and respects composition: if we
have t,u: A~ and f: Hom(t, —u), then, since map F refl, = refl_p(,) and f - refl, = f and
(map F f) - refl_p(,) = map F f, we have

reflimap 7 £y : Id(map F (f - refl,), (map F' f) - (map F refl;)).

By induction, we get an identity between map F (f - g) and (map F f) - (map F g) for
arbitrary g.

_$_ :(Tm(T, Ale] = B)) » Tm(T',A~) — Tm(T,B)
F$t=(app F)[ id ,_ t[e] ]

map : {T" : NeutCon}{A}B}(f: Tm(T, Ale] — B)){t: Tm(T,A~)}{t' : Tm(T',A)}
— (Tm(T, Hom(t,t"))) — Tm(T, Hom( —(F $t) , F $ (—t")))
map F f = (Jymap refl_rgy)fid .. t' .4 f] where
MAP : Ty (T >+ A)
MAP = Hom( (—(F $ t))[pa], (app F)[ ee™1 ] ) —— See Equation 6

Figure 8 Morphism part of Functors.
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5  Further observations about the Category Model

As the previous section showed, the syntax of 1-truncated Directed CwFs provides a nice
setting for some very basic constructions in synthetic category theory. However, further
expansion of the DCwF syntax is needed to be able to capture the full range of constructions
in category theory. In this section, we’ll observe some constructions that can be made
(and some equivalences that hold) in the category model, which require further study to be
internalized into the DCwF syntax.

Probably the most significant omission from the synthetic category theory of the previous
section is natural transformations. As we discuss in [26, Sect. 5], there is some work to
be done to appropriately accommodate natural transformations in our framework. But for
the present work, we’ll focus on another important feature: universes. The category model
comes equipped with several type universes, most significantly the universe of sets. More
precisely, we can regard the category Set as a type in each context I' of the category model,
interpreted by the category of sets and functions. The operation El: Tm(T",Set) — NeutTy I'
takes a set X and views it as a discrete category. We can then define

Hom—to—func: Tm(T', Hom(—X,Y")) — Tm(e, EI(X)[e] — EI(Y))

by directed path induction: Hom—to—func refl_x is the identity function, lam (v[ee]) of type
Tm(T,EI(X)[e] — EI(X)). We can use this to state the following principle.

» Principle (Directed Univalence). Hom—to—func is a bijection.

Spelling out the category model semantics, we see that every function is sent to itself.
Sufficiently internalized, this principle of Directed Univalence serves as the directed analogue
of Hofmann and Streicher’s universe extensionality axiom [17, Section 5.4]. Further work is
required to better develop the theory of isomorphisms in the synthetic category theory, and
to compare this principle of directed univalence to existing ones (e.g. [21, 14]).

Let us conclude by observing that the existence of a universe allows for metatheoretic
reasoning as well, specifically negative proofs about what cannot be done in the syntax.
We can view the directed universe Set as a source of nontrivial directedness: if we affirm
Directed Univalence, then Set cannot possibly be a neutral type. We show that, in DCwFs
equipped with a directed univalent universe Set, hom-types must be asymmetric in general.
That is, we cannot construct a term symm like in Proposition 4 for non-neutral types in the
syntax DCwF+Set (the initial model of the GAT of DCwFs with a universe Set). We do so
the same way Hofmann and Streicher [17] proved that ordinary Martin-Lof Type Theory
couldn’t prove the Uniqueness of Identity Proofs: by countermodel. Hofmann and Streicher’s
countermodel was the groupoid model, and, of course, ours is the category model.

» Proposition 7. There cannot be an operation
symm’: {THAMH¢t: Tm(T, A7) Ht': Tm(T, A)} — Tm(T,Hom(¢,t")) — Tm(T,Hom(—t", —t))
definable in the syntazx of DCwFs+Set.

Proof. If the syntax model of DCwF+Set had such an operation symm’, then, by ini-
tiality, so too would every DCwF with Set, in particular the category model. But then
for any X: Tm(e,Set™) and Y: Tm(e,Set) and f: Tm(e,Hom(X,Y")), we would obtain
symm’ f: Tm(e,Hom (Y, X)). But this is absurd, because the function ?: § — 1 is a term
of type EI(f)) — EI(1) in the category model, and, by Directed Univalence, corresponds to
a term of type Hom(, 1), but there cannot be any terms of Hom (1, (), because the set of
terms of this type is in bijection with the set of functors EI(1) to EI(@), of which there are
none. <
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Basically the same argument will show the uniqueness of homs principle — that for any
hom terms p: Tm(T', Hom(¢,%')7) and ¢: Tm(T,Hom(t,t')), there is a witness of Id(p, q) — is
violated in the category model (a counterexample being Set-homs from the two-element set
to itself), and therefore not provable in the syntax of DCwFs+Set. Indeed, in the same way
that Hofmann and Streicher remark that UIP is contradicted by their universe extensionality,
our Directed Univalence is incompatible with the uniqueness of homs. So, in sum, we can
conclude that the difference between (1, 1)-truncated DCwFs, (1, 0)-truncated DCwFs, and
(0, 1)-truncated CwFs is reflected internally in the syntax.

6 Conclusion and Future Work

We have laid the foundation for a generalized algebraic theory of directed types, and began
to conduct synthetic category theory in that setting. Our semantics-forward approach
was to study the category model first, and extract its key features into a series of abstract
definitions — the GATS of polarized CwFs, neutral-polar CwFs, directed CwFs, (1, 1)-truncated
directed CwFs, and directed CwFs with features like polarized dependent types and a directed
univalent set universe. Working within the directed type theory of these models, we found
that it was possible to work informally with the powerful directed path induction principle
to make basic constructions in category theory, with our careful discipline about variable
negation preventing the directed type theory from collapsing into undirected type theory.

The reviewers have claimed that our system isn’t closed under substitution: the negation
operation is only applicable in a neutral context, but there may be a substitution from
a context that is not neutral and then reducing the substitution would result in a non-
welltyped term. However, since we formulated our theory as a GAT, substitution is an
explicit operation and hence this isn’t an issue for our presentation. Indeed the naturality
equation (—t)[o] = —(t[o]) only applies if ¢ is a substitution between neutral contexts. This
does entail for an implementation that applying substitutions to negated terms has to be
delayed, i.e. we need to deal with explicit closures of the form (—t)[o], if the domain of o is
not a neutral context.

Much remains to be done.'?> The category theory of Section 4 serves as a proof-of-
concept, but needs to be fleshed out into a full theory. As mentioned, work is needed
to articulate natural transformations in the theory; our current investigations concern
possible generalization of II-types to di-variant end types which address some of the above-
mentioned variance issues with natural transformations. For reasons of space, we omitted
dependent sum types from the theory. But with them added, much of basic category
theory should be expressible in this language, such as isomorphisms, (co)slice categories,
(co)limits, exponentials, and adjunctions.'® Better development of the category of sets
should put representability and some properties of presheaf categories into reach, though
internal statement and proof of the Yoneda Lemma will likely rely on the resolution of the
above-mentioned dilemma regarding natural transformations. We also leave it to future work
to study whether this theory can capture higher category theory by weakening or dropping
the assumption of (1,1)-truncation, and, if so, how it compares to existing synthetic higher
category frameworks, such as [30].

128ome details which are omitted here are included in the extended arxiv version of this paper, [26]. A
broader and more thorough treatment of this material is given in the first author’s forthcoming PhD
thesis [25]. There, some of the issues listed here are addressed.

13 See [25, Chap. 4].
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There are further avenues for developing the type theory of DCwFs. Two important
metatheoretic results about the syntax of DCwFs currently being pursued are canonicity and
normalization (modulo the concern above about closure under substitution). Moreover, we
would like to verify the correctness of these results by formalizing them in a computer proof
assistant. A further goal would be to implement the syntax of DCwFs as a computer proof
language itself, hopefully with syntax nearly as convenient as the constructions of Section 4,
and formalize larger swaths of category theory in it.

A further motivation for the present work’s focus on generalized algebraic theories is
the possibility of expressing this style of directed types theory in a second-order generalized
algebraic theory, following [8, 33, 32, 4, 19]. Since our notions of PCwFs and NPCwFs include
explicit operations on contexts (as seen in the substructural character of the (Var Neg) rule),
it’s clear that either an extension to the SOGAT signature language of [19], and/or a partial
internalization of the first-order theory into the second-order theory — & la [4] — will be
necessary. Another task is to compare our (_ )~ modality (and the (_)° modality definable
in the category model using core groupoids) to the modalities studied in [13], particularly
the kinds employed in directed type theory [37]. We indicated above that the core modality
ought to be a dependent right adjoint in the appropriate sense, but work remains to spell
out this explicitly. Another possible avenue: this work is conducted with a possible future
connection to higher observational type theory [31, 5, 4] in mind; to begin to prepare the way
for such a project, at the very least further study of the observational equivalences of this
theory (e.g. a characterization of the Hom-types of II-types) is needed.

Finally, the present framework provides a setting for studying directed higher-inductive
types — inductively-defined types with both term constructors and hom constructors. Some
simple examples would be the directed interval (as is studied in [36, 30]) and a directed
analogue of the circle type [34, Section 6.2]. These examples are modelled by the category
model, and can therefore be soundly added to the present theory. Higher examples (such as
directed versions of higher tori and spheres) would require more careful metatheoretic work
to justify, but could perhaps lead to a number of interesting considerations.
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—— Abstract

We investigate effective Kan fibrations in the context of the semantics of Homotopy Type Theory

(HoT'T). Effective Kan fibrations were proposed by Benno van den Berg and Eric Faber as constructive
alternatives to classical Kan fibrations for modeling HoTT. Our work specifically explores their
interaction with W-types in HoTT, which are inductive types representing well-founded trees, and
extends this exploration to variants such as M-types. By using the categorical properties of W-types,
we show that effective Kan fibrations model them. Additionally, we examine the behavior of quotient
maps and discuss that certain cases can also be classified as effective Kan fibrations.
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1 Introduction

1.1 Background and motivation

Homotopy Type Theory (HoTT) started with the homotopy-theoretic interpretation of
Martin-Lof’s dependent type theory and the discovery of the univalence axiom by Voevodsky
in the 2000s [11] [12]. Awodey and Warren, and independently Voevodsky, provided this
homotopy interpretation. A certain form of Martin-L6f type theory can be modeled in
any Quillen model category [1], giving HoTT a semantics with topological intuition. The
category of simplicial sets, one of the most significant model categories, models types as Kan
complexes and dependent types as Kan fibrations, as proposed by Voevodsky.

Kan fibrations, a key construct in this model, possess a lifting property analogous to the
homotopy lifting property in classical homotopy theory. However, the initial Kan fibration
model is non-constructive, as closure under pushforward of Kan fibrations is unprovable [2].

To develop constructive models, cubical sets were proposed as an alternative to simplicial
sets. Nevertheless, the original Kan fibration concept is still appealing, and there have been
endeavors to create a constructive version that maintains Voevodsky’s ideas. Gambino and
Sattler proposed a model treating Kan fibrations as structure rather than property [6]. Then,
to overcome difficulties in this approach, van den Berg and Faber introduced effective Kan
fibrations [2], which is the primary focus of our paper.

Verification of effective Kan fibrations modeling HoTT includes modeling all type formers,
such as II-types, and a primary focus of this thesis is W-types, which represent well-founded
trees (e.g., natural numbers) introduced by Martin-Lof in [10]. W-types, already modeled by
classical HOTT semantics using Kan fibrations [3], are examined here using effective Kan
fibrations.

Prior research regarding this concept includes [5] and [7]. The latter defined a special case
of effective Kan fibrations, called symmetric effective Kan fibrations. The primary difference
between effective Kan fibrations and symmetric effective Kan fibrations lies in the fact that,
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except for certain exceptions, each horn problem in effective Kan fibrations has two solutions
— positive and negative — whereas this distinction does not exist in symmetric effective Kan
fibrations. This paper focuses on effective Kan fibrations and employs a slightly modified
version of the framework introduced in [7] to incorporate the distinction between positive
and negative solutions.

As will be mentioned, constructing W-types categorically involves transfinite induction.
To ensure the entire argument is fully constructive, we must deal with this constructively,
which is currently an open problem.

1.2 Outline

The first section introduces preliminary information about simplicial sets, providing essential
foundational knowledge for the subsequent sections.

Then, based on the paper [3] on W-types in HoTT in the classical setting, we will extend
this study using a constructive approach. We define the categories of effective Kan fibrations
and their variants. This categorical framework is crucial for describing W-types and M-types
as certain kinds of colimits and limits, respectively.

Next, we explore whether effective Kan fibrations can model W-types and M-types by
examining the existence and behavior of filtered colimits and limits in these categories. We
then explain how W-types are generated by polynomial functors, and investigate the role of
these functors as maps in the categorical structures defined in previous sections.

Finally, we proceed to the main theorem: Effective Kan fibrations can indeed model W-
types and their variants, providing a comprehensive conclusion to the theoretical framework
developed.

Additionally, for future work, to explore potential applications of W-types in constructive
mathematics, we will examine their role in defining quotients and discuss related challenges.
Specifically, we address issues involving epimorphisms by introducing additional structures
on effective Kan fibrations. A potential goal of this approach is to show that such structures
could enable effective Kan complexes and fibrations to model quotient types and quotient
maps, respectively, in a constructive framework.

2 Effective Kan fibrations/complexes

2.1 Simplicial sets

» Definition 1. The simplex category A is a category whose objects are the finite, non-empty,
linearly ordered sets [n] = {0,...,n} for each n > 0, and whose morphisms [n] — [m] are
nondecreasing maps.

For each n > 0, there are two important types of morphisms in A. An injection d;: [n—1] —
[n] that omits the i-th element is called the i-th face map. A surjection s;: [n + 1] — [n]
that maps two distinct elements to ¢ is called the i-th degeneracy map. Specifically,

i iti<i i iti<i,
di(j) = 4", Lo si) =490 e
j+1 ifj >4, j—1 ifj>q.
These maps satisfy the simplicial identities:
dp_10s; ifk>j4+1,

Sjodk: id ika{j,j+1},
dk (e} Sj,1 lf ]C < j,

djody =dpy10d; (if k> j), and s; 08 = sk 08541 (if 7 > k).
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» Definition 2. A contravariant functor A — Set, namely a presheaf on A, is called a
simplicial set. The category of simplicial sets is denoted by sSet.

Given a simplicial set X, we write X, := X([n]), making X a graded set {X,, },en. Since
X is contravariant, the face maps and degeneracy maps induce actions X (d;): X,, = X,,—1
and X (s;): X,, = X,,41, respectively. For any locally small category C and C € ob(C), the
Yoneda lemma identifies the natural bijection Homggcor (yc, F)) = F'C for every presheaf F
with the representable presheaf yo = Home(—, C). Setting C = A, we have:

» Definition 3. In sSet, for each [n], the representable functor is called the n-standard
simplex and denoted by A™ instead of yp,), i.e., A™([m]) = Homa ([m], [n]).

A face map dj, € Homa ([n — 1], [n]). This corresponds to a face map di: A"~! — A™ in
sSet. Similarly, we have degeneracy maps in sSet.

» Definition 4. The boundary OA™ of A™ is the union of all its (n — 1)-dimensional faces:
oA™ = Jdi(A™H).
i=0

» Definition 5. Let n > 1 and 0 < m < n. The m-th horn of A" is the simplicial subset:

Ay = | diam
0<i<n
i#Em
If 0 <m < n, A%, is called an inner horn, and if m € {0,n}, it is called an outer horn.

By the density theorem, every presheaf is a colimit of representable presheaves. That is,
a horn A7, is a colimit of standard simplices. This is expressed as follows [8]:

» Lemma 6. A horn A}, can be expressed by the following coequalizer in the following
commutative “fork”.

An—2 L) An—1
J:i”i<.7 i""'J: \
n—2 — ST 78 P
Uo<icjen A" 0 Ui A" 22555 , AT

e

An72 y Anfl
i

Besides this lemma, we will also see another perspective of constructing horns in the next
section. The following lemma will be used frequently, so we state it here for reference. The
proof follows from the universal property of the coequalizer and coproduct in Lemma 6.

» Lemma 7. In sSet, given f,g: A, = S, if fody =gody for all k with 0 <k <n and
k #m, then f =g, i.e., (di)rzm are jointly epic.

TYPES 2024
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2.2 Preliminaries on effective Kan fibrations/complexes
Now, let us see an alternative construction of a horn described in [7].

» Construction 8. Let € € {0,1}. In the commutative squares (1) each of which is a pullback

square, a horn A?jll_e is alternatively constructed as the pushout of the left square.

OA" —— sF(OA™) —— OA™
- J
An An+1 An

diye Si

Notice that except for the edge cases (m = 0 or m = n + 1), there are two ways to obtain
AL since two pairs (i,€) = (m — 1,0) and (m, 1) satisfy i +1 —e=m for 0 <m < n + 1.
At the edge cases, however, only one pair satisfies the condition: (i,¢) = (0,1) when m =0
and (i,€) = (n,0) when m = n + 1. Thus A% for 0 < m < n + 1 is created by d,,,—1 (when

€ =0) or djpt1 (when e = 1) in (1). We call a horn negative if € = 0 and positive if € = 1,
and denote it by (A7, £). Note that at the edges, (A§™', +) and (AT}, —) do not exist.

m

» Definition 9. In sSet, let p be a Kan fibration, i.e., for every horn inclusion i: (A%, +) —
A" every pair of maps x and y with px = yi as in the right square in (4), there exists a lift.
For each such p, we can define a function lift, that assigns a lift lift,(x,y) for each lifting
problem which is represented as a pair (x,y).

As mentioned in the introduction, this paper uses a framework from [7], which is described
below, with a modification to distinguish between positive and negative solutions discussed
above.

» Definition 10. Let p be a Kan fibration equipped with lift,. For every lifting problem (x,y)
and sj: A"t — A™ with 0 < j <n as in (4), a horn map s§(z): (A" 4+) — X, where m*
is as given in (2), is defined by (3).

{m} if m<y zosjody if k#£4,7+1,m*
mee fmm 1} i m=j (2) SO e ki{kj’ﬂf} ®)
{m+ 1} if ' m > j, and k 7 m”.

» Definition 11. A map p: X — Y in sSet is an effective Kan fibration if it comes
equipped with lift,, and satisfies the compatibility (or uniformity) condition: lift,(s7(z),ys;) =
lift, (2, y) o s; for every 0 < j <n, m*, and sj(x). In (4), two horns have the same % signs.

s3 (@)
n+1 n z
Am* AnL B X
i T
. T 4
i PRI S\ )
el s
An+1 — An 7 Y
J

When Y = {x}, the one-point simplicial set, the lower triangle is trivial and X is called an
effective Kan complex.

The =+ distinction is important for bookkeeping since mere existence of a lift is not
sufficient anymore in the effective setting. However, for simplicity, we will mostly drop +
and — signs from horns throughout the rest of this paper.
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» Remark 12. Formally, an effective Kan fibration is a pair (p, lift,). Also, in the case of
an effective Kan complex, the fibration is the unique map !x: X — {*} but we write it
(X, liftx) instead of (!x,lifti, ). Also, we just denote liftx (z) instead of lift;, (z,!an).

By a slight abuse of notation, we sometimes refer to X in the pair (X, liftx) simply as an
effective Kan complex, and we say that X is in EffKanCplx. Similarly, the same convention
applies in the case of fibrations.

» Definition 13. EffKanFib is the category of effective Kan fibrations whose objects and
morphisms are as follows.

Objects: Effective Kan fibrations (p, lifty).
Morphisms: A morphism (¢,v): p — q is a pair of maps p: X — 'Y and
¥: A — B such that qo ¢ =1 op, and for an arbitrary horn
(A%, +), a map x: (AT, £) = X and a map a: A™ — A such
that px = at, each triangle of the following diagram commutes.
In particular, ¢ o lift,(x, a) = lifty(pz, Ya).

»

An, — X LY
N7 wa\

L \‘\’W@’ { \\i’ﬁquﬁ ‘/q

A" A B

Note that the classical Kan fibrations are maps in sSet. This EffKanFib is further
endowed with additional structures.

» Definition 14. The category EffKan/A of effective Kan fibrations whose codomain is a
simplicial set A is defined in a similar way to Definition 13. In that definition, let B := A
and Y = 14.

» Definition 15. The category EffKanCplx of effective Kan complezes is defined as
EffKan/1.

As mentioned in Remark12, we just regard the objects in EffKanCplx as (X, liftx)
instead of (!x, lifti, ).

2.3 Properties of effective Kan fibrations/complexes

In this section, we will examine filtered colimits and limits in the categories in the previous

section, as they play important roles in the construction of W-types and the variants later.

Recall that a filtered diagram F: T — C satisfies that (1) Z has at least one object, (2) for
each pair i,j € Z, there is k € Z with a pair of morphisms ¢ — k and j — k of Z, (3) for
each pair i,j € Z and each pair a,b: i — j, there is a morphism c¢: j — k of Z such that
F(coa)=F(cob)in C. And a filtered colimit is the colimit of a filtered diagram. Also, in
Set, filtered colimits can be explicitly calculated: For a filtered diagram F': Z — Set, we
have colim;ez F; = (Hiez Fz)/ ~, where z; ~ x; if and only if there exist k € Z,p: ¢ = k
and ¢: j — k such that F(p)(z;) = F(¢)(x;), for 4,j € I, x; € F; and z; € F}.

Applying the above calculation to hom-sets, we can obtain useful facts for sSet. First,
more generally, recall that we have Homgget (A™, X) = X, by the Yoneda lemma, and colimits
in sSet are computed degree-wise. Thus, every evaluation functor Homgget (A™, —): sSet —
Set preserves all small colimits, i.e., for any small diagram F:Z — sSet, we have

8:5
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Homgget (A™, colim;er F;) = colim;ez Homgget (A™, F;). Moreover, suppose F is also filtered.
A horn A}, is a finite colimit of standard n-simplices, namely finitely presentable, and thus
the functor Homgget (A}, —): sSet — Set preserves all filtered colimits. In particular, we
have the following.

» Lemma 16. Let F: T — sSet be a filtered diagram with filtered colimit X. Denote
F(i) = X; fori €T and write §;: X; — X for the coprojections. For each n > 1 and each
0 <m < n, every morphism x: A}, — X into the colimit factors through a coprojection:
there exists i € T and a map x;: Ay, — X; such that © = f; o z;.

» Lemma 17. With the same notation, suppose a map x: Ay, — X admits two factorizations
x = fox; and x = B ox; through X; and X;. Then there exists k € I and morphisms
fri—=kandg:j—kinZ such that zy, = F(f)ox;, = F(g)ox; and x = By o zx.

Let us rewrite the maps of the form F(f) or F(g) in the Lemma 17 as ;i or ¢, respectively.
Also, let us call them mediating maps.

The next proposition is an important tool for our main theorem. Similar results hold for
EffKan/A and for EffKanFib in place of EfKanCplx. While the result for EffKanFib
would immediately imply the results for EfKanCplx and EffKan/A, since the core idea
behind the proofs of all three versions is essentially the same, we choose to focus on the
simplest case for EfKanCplx.

» Proposition 18. The forgetful functor EfKanCplx — sSet creates small filtered colimits.

Proof. Let F': 7 — EffKanCplx be a small filtered diagram. Let F (i) := (X}, liftx,). Let
U: EffKanCplx — sSet denote the forgetful functor that sends (Xj, liftx,) to X;. Suppose
X is the filtered colimit of (X;: ¢ € 7) in sSet (under U o F). Our goal is to equip X with a
horn-filler operation lifty, thereby obtaining an effective Kan complex (X, liftx) and showing
that it is a filtered colimit in EffKanCplx.

Fix an arbitrary horn A7, and a map x: A, — X. First, let us define liftx(x) for z. By
Lemma 16, we observed that x factors through some X; with the coprojection ;. We define

|iftX (%) = Bi o |IftXL (.131) (5)

As discussed earlier, the factorization is not unique. However, this is well-defined, since we
can show that it does not depend on the particular choice. For, suppose there are two different
factorizations via X; and X;. By Lemma 17, there is X} with x) = x; 0 i = x; 0 ;1 as
follows:

A’IL

m
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Then, since ¢;;, and ¢;, are morphisms in EffKanCplx, we have ¢, o liftx, (z;) =
liftx, (zx) = @jk o liftx, (x;). From this, we can observe that f; o liftx,(z;) = Bk o @ir ©
liftx, (i) = Br o @ji o liftx, (x;) = B; o liftx,(x;). That is, the definition of liftx () is not
dependent on the particular factorization.

To verify the compatibility condition, we pull back the horn along s, for any 0 < p <
n, and we also consider sy(r): A" — X defined in Definition 10, and we will show
liftx (s;()) = liftx (z) o 5, as in Definition 11. For any i € Z, consider the map sy (z;) of
r; along s, as shown in the diagram below. We claim that sj(z) factors through X; with
sy(x) = Bi o sy(w;). To see this, it suffices to show that s;(z) o dy = B; o s;(x;) o d, for all
q € [n]\ {m*} by Lemma 7. By Definition 10,

() o dy = rxospod, ifg#pp+1,m*
P T liftx(x)  ifg e {p.p+ 13\ {m*),
and also
Bioxzjospody ifqg#p,p+1,m*
Bi o liftx, (x;) ifge{p,p+1}\{m*}.

Now, comparing both cases for ¢, we see that z o s, 0 d; = 3; o x; 0 5, 0 d, for the first case,
since © = f; o x;. Also, liftx(z) = f; o liftx, (z;) for the second case by the definition of
liftx (z) provided earlier in (5). Hence, this proves the claim about the factorization.

B; o s;(:ci) ody = {

5,(z)

A —

e
)

Due to this factorization, we can use (5) to define liftx (s;(x)) = B; o liftx, (s;(2;)) independ-
ently of 4. Then, using the compatibility for X;, we have liftx (s;(z)) = B; o liftx, (s;(z;)) =
Bi oliftx, ((x;) o sp) = liftx (x) o sp, which is the compatibility for X, and thus (X, liftx) is an
effective Kan complex.

Next, we check the coprojections are maps in EffKanCplx. For each §; and each
T;: A", — X;, we have liftx(8; o T;) = f; o liftx,; by definition, meaning exactly that j3; is
in EffKanCplx.

Finally, we show that the cocone ((X,IiftX),{ﬁi: X, — X}ieI) is colimiting. Let

((Y7 lifty ), {vi: Xi — Y}ie[) be any cocone of the morphisms in EffKanCplx over F'.

Forgetting the data regarding the lifting structure, the maps 7; form a cocone of simplicial-set
maps over U o F. Since X = colim;c; X; in sSet, the universal property of the colimit gives
a unique map 6: X — Y such that 8 o 3; = ~; for all ¢ € Z. Then 6 preserves lifts as follows:

90|iftx($) =0op;0 |iftx,i($i) =% O|iftXi (a:l) = |ifty(’yi oxi) = |ifty(90ﬁi oxi) = |ifty(90$).

Hence 6 is a morphism in EfKanCplx. For the uniqueness, suppose ¥: X — Y is another
morphism with ¢ o 3; = ~; for all ¢ € Z. But then U(v)) = U(0) implies ¢ = 6 by the
faithfulness of U.

8:7
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Consequently the cocone ((X, liftx), {ﬁi}ig) is colimiting in EffKanCplx, and thus
(X, liftx) is a filtered colimit in EffKanCplx. <

» Remark 19. As mentioned before, using analogous reasoning, this proposition can be
extended to the category EffKan/A easily, and further generalized to Eff KanFib, provided
that similar assumptions hold for the mediating maps in both cases, although we only require
the cases for EffKanCplx and EffKan/A in this paper.

Let us also look at limits.
» Proposition 20. The forgetful functor EfKanCplx — sSet creates small limits.

Proof. Let F: Z — EffKanCplx be a diagram for a small category Z. Denote F (i) =
(X, liftx,). Using the forgetful functor U: EffKanCplx — sSet that sends (X, liftx,) to
X;, we want to show that if X is the limit of (X;: i € Z) in sSet (under U o F'), and each
X has the structure of an effective Kan complex (X, lifty,), then so does X.

For each i € Z, let m;: X — X, denote the projection. Fix an arbitrary horn problem
x: A, — X. For each X;, the composition m; o z: A?, — X, admits a lift liftx,(m; o
x): A" — X;. Now, since each ¢;;: X; — X/ is a morphism in EffKanCplx, we have
i o liftx,(m; o x) = Iiftxlg((pii/ omox) = |iftX1((7ri: ox) for all 4,4/ € Z. Hence, the
collection of maps liftx, (7 o ) over k € Z forms a cone over the diagram F. By the
universal property of X, there exists the unique map (liftx, (7 o x))rez: A™ — X such that
;o (liftx, (7 0 x))rer = liftx, (m; o x) for all j € Z.

Az,

— X

s e

We claim that liftx (z) := (liftx, (75 o 2))kez gives the desired structure. We need to show
its compatibility. Consider A’-t' and an arbitrary s,. We need to show liftx (s () =
liftx(x) o sp, i.e., using the definition of liftx that we have just given, we need to show

(liftx, (mx 0 55 (2))) kez = (liftx, (mx 0 T)) ez © Sp-

5, ()
n+1 /\
AE Am, _ X
R
Y
&
*@\\\,\T' i
R :
K \\“*“@ ij
W e X, — X
: T T
) LW KA _ - //,/’
N e -7
. ) ,’// - .’ofﬁ\
///: - \'\(‘Xjk
An+1 An =
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First, we claim sy(m; 0 2) = m; o s%(x) for each j € Z. As before, we examine all possible
faces d, to see s;(mj o x)od, =m;0s5(x)ody.

. _ Jmjoxos,od, ifq#p,p+1,m*
sy(mjox)ody =4 . *
|Iftx(71'j01') ifqe {P,P+1}\{m }

mjoxos,od, ifq#p,p+1,m*
m;olifty, (x)  ifqge{p,p+1}\{m*}.

In the first case they coincide. In the second case, using liftx defined earlier, we have
wj o liftx (z) = m; o (liftx, (mx o x))rer = liftx(mj o x). Thus, both sides are equal for all
possible faces and the claim follows.

Now, because of this claim, our goal is to show (liftx, (s;(m;0)))rez = (liftx, (Tr0x))kezo
sp. By the compatibility condition for X;, we have liftx, (s;(m; ox)) liftx, (m; ox)osy. Then
by the universal property of X, we see that (liftx, (s;(m; o :v))) = (liftx, (mk 0 )) ke © Sp,
as desired. Thus, (X, liftx) is an effective Kan complex.

It is immediate that the projections are morphisms in EffKanCplx, as m; o liftx (z) =

o (liftx, () o x)>k€[ = liftx, (m; o «) by the definition of our lift liftx.

Let ((Y, lifty ), {r;: Y — Xi}iel) be any other cone in EffKanCplx over F'. Forgetting
fillers, the maps {7;} form a cone in sSet over U o F',| so the universal property of the limit
gives a unique map 6: Y — X such that m; 0 8 = 7; for all « € Z. To show that 6 preserves

T os;(m) od, = {

lifts, we have m; o folifty (x) = 7; olifty (z) = liftx, (1, 0x) = liftx, (m;000x) = m; oliftx (f o x).

Since the projections are jointly monic in sSet, we have 6 o lifty (x) = liftx (6 o ). Thus, 6
is a morphism in EffKanCplx. For the uniqueness, if ¢ : Y — X is another morphism in
EffKanCplx with m; 01 = 7;, then U(¢) = U () by the uniqueness of the limit in sSet, and
by the faithfulness of U, we have 1) = 6. Therefore, the cone ((X7 liftx), {7'('7;}2'6]) is limiting
in EfKanCplx, and thus (X, liftx) is a limit in EfKanCplx. <

3 W-types and variations

We introduce the categorical definition of W-types to show that effective Kan complexes
model them. While our primary goal is this categorical perspective, a brief note about the
type-theoretic development is as follows: W-types were introduced by Martin-Lo6f in the late
1970s in [10], and most recently their type-theoretic aspects are summarized in “the HoTT
book” [12]. These types generalize structures such as natural numbers, lists, and binary
trees, encapsulating the recursive properties of inductive types.

3.1 W-types

We summarize the categorical formulation of W-types as described in [3]. For an endofunctor
F: & — &, an algebra is a pair (X, ) with a: FX — X, and morphisms ¢: (X, a) — (Y, )
satisfy ¢ o = B o F. The initial algebra is the initial object in this category of F-algebras,
if it exists.

In a locally cartesian closed category &, for every f: A — B, the pullback functor
f*: £/B — £ /A has left and right adjoints, ¥y and I, forming ¥y - f* 4 II;. In particular,
for the unique morphism !: A — 1, the adjunction ¥, 4!* 4TI, is written as X4 4 A* 411 4.
Note that A* is also written as — x A.

8:9
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» Definition 21. In a locally cartesian closed category &, given f: A — B, the polynomial
functor Py is the composite ¥4 o Il o B*.

P& e/ g/ 2 e, (6)
The W-type W (f) is the initial algebra of Py, if it exists.

To describe W-types in sSet, it suffices to describe them in presheaves.

3.1.1 W-types in Set

Given a polynomial functor Py(X) =Y ., X5, where B, = f~'(a), a W-type consists
of labeled, well-founded trees with edges directed towards the root. Each a € A is a node,
and b € B, is an edge leading to the node a. Each ¢ € A with By = @ is the end of
a branch (namely, a leaf node) in the tree. Thus, for example, a branch would look like

t%q i> a' % a-- — r with the root r being some non-leaf node.

For a Pr-algebra (X, ) with structure map p: Pr(X) — X, restricting p to the a-th
summand induces the component map ji,: XP+ — X. With this in mind, we see how an
important structure map called sup is obtained. The collection W (f) of well-founded trees
is inductively constructed as follows: Each tree is of the form sup,(t), where a € A and
t: B, — W(f) assigns subtrees to branches labeled by B,. The base case includes trees with
no branches (B, = (}). Larger trees are constructed by attaching ¢(b) € W (f) for each b € B,.
The map sup: Pr(W(f)) — W(f) given by sup,: W(f)B+ — W(f) equips W(f) with a
Pj-algebra structure. Then, inductively we can see that for any other Py-algebra (X, p1), there
is a unique map ¢: W(f) — X with p(sup,(t)) = pa(pot) for any a € A and t € W(f)Pe,
which shows that W (f) is the W-type associated to f. Concretely, the rank function
rk: W(f) — Ord assigns ordinals to trees based on their well-foundedness: rk(sup,(t)) =
sup{rk(¢(b)) + 1 | b € B,}. Furthermore, we define W(f)<o := {w € W(f) : rk(w) < a}.
Then, W(f)<o =0, W(f)<at1 = Pr(W(f)<a), and W(f)<x = colimqerxW(f)<aq, for limit
ordinals A. By transfinite induction on w € W(f), we can show that rk(w) < & for some
sufficiently large regular cardinal &, implying W (f) = W (f)<,. This transfinite chain of sets:

Pr(h) Pp(Pr(1)

05 Py(0) 2% Py(Pp(0) L Py(Py(Py(0))) S,

(7)

converges to W(f). Here, 0 denotes the initial object, which is & in Set. Note that
PF(0) = W(f)<a-

3.1.2  W-types in Set”

We show that the category of presheaves Setcop, where C is a small category, has all
W-types. Given a map f: B — A in Set®”, define A = {(C,a) | C € C, a € A(C)}
and B(c@) ={(a: D = C, b € B(D)) | fp(b) = a*(a)}, where a*(a) := Aa(a). Let
f: Z(C,a)EA B(C,a) — A be the projection. Since A and B’(qa) are sets, we consider

A

W (f). Since (W(f),sup) is the initial Pj-algebra, by Lambek’s lemma, the structure
map Ssup: PfW(f) = W (f) is an isomorphism, so every w € W (f) is uniquely of the
form sup(c 4)(t) with ¢ € W(f)Bw»a). We give W(f) a presheaf structure over C. On
objects, W(f)(C) consists of trees rooted at C. On morphisms, for a: D — C, define
o (sup(aa)(t)) = SUD(p o+ () (@"t), Where a*t is defined by (a*t)(8,b) = t(afB,b). Then,
we can see that this is functorial, so W(f) i§ a presheaf. Assign ranks to elemeAnts by
rk(sup(c,q)(t)) = sup{rk(t(3,b)) + 1| (8,b) € B(c,a)}. Define subpresheaves as W(f)<a =

A

{w € W(f) | tk(w) < a}. To obtain W(f), select hereditarily natural trees: A tree
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SUp(c,q)(t) is natural if for all (a: D — C, b) € B(C,a) and B: E — D, it lives in the
fiber over dom(a), and t(ap, 8*(b)) = B*(t(a,b)). A tree is hereditarily natural if all its

A

subtrees are natural. These hereditarily natural trees form a subpresheaf W(f) C W(f),
and W(f)<q = W(f)<a NW (f) is also a presheaf. Then, again, W(f)<o =0, W(f)<at+1 =
Pr(W(f)<a) and W(f)<r = colimqcr W(f)<a(for limit X). This chain, the same as (7),
converges to W (f), since W(f) = W(f)< for large enough .

Setting C = A, we view W-types W (f) in sSet as filtered colimits, which motivated our

prior investigation.

» Remark 22. The categorical construction of W-types matches their definition in HoTT [12].
Given a type A and a type family B: A — U, the inductive type W-type W (4. 4) B(a) is defined
by the constructor sup and induction principle. The constructor is specified as follows: For
each a : A and function f: B(a) — W(q.4)B(a), there exists a term sup(a, f) : W(q.4)B(a).

3.2 Initial algebras for dependent polynomial functors

Now let us introduce the first variation. As seen above, a W-type is the initial algebra for a
polynomial functor. We can generalize the notion of polynomial functors as follows:

» Definition 23. Suppose we are given a diagram of the form
B A
C C

in a locally cartesian closed category £. Then this diagram determines an endofunctor on
E/C, the dependent polynomial functor

T N

D gjc s e/B My g/a 2 g

In Set, it behaves as Df(X). = >°,ca. [lpep, Xnw)- The initial algebra for Dy is a
subset of W(f), defined by the condition that an edge labeled by b € B with source node
labeled by a € A satisfies g(a) = h(b). The concept of rank extends naturally from W-types,
and this initial algebra generalizes from Set to presheaves, in particular sSet.

3.3 M-types

As a dual to a W-type, an M-type is defined as the final coalgebra of a polynomial functor
associated with a morphism f: B — A in a locally cartesian closed category £.

In both Set and sSet, this final coalgebra, denoted M (f), captures both well-founded and
non-well-founded trees labeled according to f. The construction of M(f) can be understood
as the limit of the following chain:

- — Pp(Pp(Pr(1))) — Pr(Pr(1)) — Pr(1) — 1,

where Py is the polynomial functor associated with f, and 1 denotes the terminal
object. Notably, this sequence stabilizes at the ordinal w, leading to the isomorphism
M(f) = lim,en P} (1). Thus, unlike certain W-types which require transfinite recursion to
generate new well-founded trees, M-types do not require it.

8:11
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4  P; on effective Kan fibrations

Before stating the main theorem, we lift each functor in the composite Dy from a functor
on the slice categories of sSet to a functor on the categories of EffKan/(—). In particular,
we obtain the result for Py. Recall that Dy is of the form X I h*. First let us look at the
second component, IT¢. The result was established by van den Berg and Faber [2]:

» Lemma 24. The functor Iy : sSet/B — sSet/A lifts to 11y : EffKan/B — EffKan/A
with an effective Kan fibration f: B — A.

For the first component (the pullback functor) of Dy, we first
» Lemma 25. Effective Kan fibrations are stable under pullbacks along any map.

Proof. Let (p, lift,) with p: X — A be an effective Kan fibration, and a: B — A be any
simplicial map. Consider an arbitrary horn problem (z,b) against the map a*p. Then, we
have the lift lift, (¢ o ,a o b), which we denote by ~.

In the inner left commutative square below, by the universal property of B x4 X, there
exists a unique morphism (v, b), as shown in the diagram. We claim lift,-,(x, b) := (v,b) is
well-defined.

Al —=—— Bxa X % X
B -
- g -
b e -
(v ) .- P - »
P
SR
A 2 B - A

First, to see it is a lift, clearly the lower triangle commutes (a*p o (7, b) = b). For the
upper triangle, we have o (y,b) or =~vo01 =¢ox, and a*po (y,b) ot =bor=a*pou.
Then, by universal property of B x 4 X, we obtain (7,b) ot = z.

Next, we need to show this lift satisfies the compatibility condition. For every possible j
and m*, we have the following diagram.

53 (@)

n+1 x ¥

AL A7 BxaX — = X
LT ; e

. - 1

-7 A" P
5i)__- R
(o) - T 70877 _--"]a’p
AN s AM == ; B - A
J

By the compatibility of p, lift,(¢ o sj(x),a0bos;) = yos;. Then, by the universal
property of B x4 X, we obtain (y o s;,bo0 s;), and lifte:(s}(2),b05;) = (yo0s5,b0s;)

for the same reason as above. Now, since p o (yo s;,bos;) = yos; = po(y,b)os;
and a*po (yosj,bos;) =bos; =a*po (y,b) os;, by the universal property, we obtain
(vyosj,bos;) = (y,b)os;, which shows the compatibility of a*p. <

» Lemma 26. For a simplicial-set map h: B — C, the functor h*: sSet/C — sSet/B lifts
to h*: EffKan/C — EffKan/B.
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Proof. First, let us see how it is defined on objects. Given an effective Kan fibration (k, lifty)
with k: X — C, let us define h*((k, Iiftk)) = (h*k, liftp+r), where lifty+ is described in
Lemma 25, by extending h*: sSet/C — sSet/B. This is well-defined: The first component
is inherited from the underlying simplicial sets, and the second component is uniquely
determined by the universal property of the pullback.

Next, we see that it is well-defined on morphisms. Take (k, lifty), (1, lift;) € EffKan/C.
Suppose we are given a pair of maps p: X — Y and 1¢: C — C which together form a
morphism (k, lifty) — (1, lift;) in EffKan/C . We need to show that a pair of maps h*p and
1p is a morphism in EffKan/B. That is, for an arbitrary horn problem as in the following,
we need to show h*p o Ly = Lo, where Ly = lifty«x(x,b) and Lo = lifty«;(h*p o z,b).

X —* vy

As a prism diagram, each face of this cube is commutative. We see that

"hoh*poliftpsp(x,b) = @ o k*h o lifty«(z, b) (top face of the cube)
= poliftg(k*h oz, h o b) (by Lemma 25)
= lift;(p o k*h oz, h o b) (p is a map in EffKan/C)
= lifty({*h o h*p o x,h o b) (top face of the cube)
= [*holiftp (h*p o x,b) (by Lemma 25).

Also,

h*lo h*poliftpp(x,b) = W'k o lifty(x, b) (front face of the cube)
=b (by Lemma 25)
= h*loliftp«;(h*p o z,b). (by Lemma 25)

Thus, by the universal property of B x¢ Y, we have h*p o liftp«;(z,b) = liftp«;(h*p o x,b)

as desired, and h* preserves a morphism in EffKan/B. It obviously preserves the identity.

Also, for ¢: Y — Z, we have h* (((p, 1o)o (2, 10)) = h*(p,1c)oh* (¢, 1¢), especially because
¢ and v are morphisms in EffKan/C, and they respect lifts. <

Setting C' = 1, we have the following.
» Corollary 27. We obtain the functor B*: EfKanCplx — EffKan/B.
For the last component ¥(_y of Dy, we first show this lemma.

» Lemma 28. Effective Kan fibrations are stable under composition.

8:13
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Proof. Let (p,lift,) with p: X — A be an effective Kan fibration, and g: A — C be an
effective Kan fibration. Consider an arbitrary horn problem (z,c¢) against the map g o p.
Using lift, we have lifty(p o x, c). Then we obtain the lift lift,(z, lifty(p o , ¢)), which we call
« in the diagram.

€T

AL — X

/

o\
// &QO‘M
/
S Jg
K

Then, this « is also a lift for g o p, since the lower triangle commutes: gopoa =
golifty(pox,c) = x. Thus, we can define liftyop(z, ¢) := o. The compatibility follows from
the compatibility of lift, and lifty: for every possible j and m*, we have liftyo,(2,¢) 055 =
lift, (@, lifty(p o @, ¢)) 0 55 = lift, (55 (), liftg(p o @, ¢) 0 s5) = lift,, (5 (2), lifty(po s} (), cos5)) =
liftgop(sj(x), cos;). The last equation is by our definition of liftgop. <

» Corollary 29. Given an effective Kan fibration p: X — A, if A is an effective Kan complez,
then so is X.

Proof. By Lemma 28, the unique map !4 op =!x is effective Kan, i.e., X is effective Kan. =

» Lemma 30. X,: EffKan/A — EffKan/C for an effective Kan fibration g: A — C is a
functor.

Proof. For objects in EffKan/A, ¥, is defined by postcomposition with g. Thus, 3, is
well-defined on objects as seen in Lemma 28.

For morphisms, let (p, lift,), (¢/, lift,/) € EffKan/A. Suppose we have maps ¢: X — Y
and 14: A — A such that (¢,14) is a morphism in EffKan/A from (p, lift,) to (p/, lift,).
We need to show that 3,(¢,14) is a morphism in EffKan/C. This follows immediately.
By construction, as established in Lemma 28, the lifts associated with g op and gop’ are
created by p and p’, respectively. Also it is immediate that ¥, preserves the identities and
respects composition. <

Setting C' = 1, we have the following.

» Corollary 31. We obtain the functor ¥4 : EffKan/A — EffKanCplx for an effective Kan
complez A.

Due to the functoriality of each component of Py in Lemma 24, Corollary 27, and
Corollary 31, a polynomial functor P; on sSet is extended to a functor on EffKanCplx,
preserving morphisms in EffKanCplx in particular.

» Corollary 32. We have a functor Py: EffKanCplx — EffKanCplx for an effective Kan
fibration f: B — A.

Let us observe the following as well.

» Lemma 33. The map Pr(X) — A, where f: B — A is an effective Kan fibration and X
and A are effective Kan complexes, is an effective Kan fibration.
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Proof. The composite II¢!%; preserves effective Kan fibrations, and IT;!; (X — 1) = Py(X) —
A. <

Then, by Corollary 29, the following holds.

» Corollary 34. For an effective Kan fibration f: B — A between effective Kan complezes,
if X is an effective Kan complex, so is Py(X).

5 Main results

5.1 W-types

Now, we present the main theorem in this paper. However, readers are advised to refer to
Remark 36 following the proof, which offers additional considerations on the limitations of
the argument presented.

» Theorem 35. If f: B — A is an effective Kan fibration between effective Kan complezes,
then, for any ordinal o, the map W (f)<o — A is also an effective Kan fibration with W(f)<a
being an effective Kan complex; in particular, W(f) — A is an effective Kan fibration with
W(f) being an effective Kan complez.

Proof. We argue by transfinite induction. For the base case o = 0, the claim vacuously holds.
Also, the unique mediating map !: 0 — P;(0), which is trivially a morphism in EffKanCplx,
is carried to the morphism II; B*(!) in EffKan/A.

For a successor ordinal a + 1, suppose Pf(0) — A is effective Kan, and P¢(!): Pf(0) —
P})‘+1(O) is a morphism in EffKanCplx. Then, by Lemma 33 and Corollary 34, P;(P(0)) —
A, namely W(f)<at1 — A, is an effective Kan fibration with W(f) <441 being an effective
Kan complex. Also P}”l(!) is a morphism in EffKanCplx by Corollary 32, so the mediating
map I B* (PJ?‘H(!)) is in EffKan/A.

For a limit ordinal «, suppose PJ?‘(O) — A is effective Kan for all A < «, and all the relevant
mediating maps are in EffKan/A. Then, by Remark 19, the filtered colimit W (f)<, — A in
EffKan/A is also an effective Kan fibration, with W (f)<, being an effective Kan complex.

As a result of this transfinite induction, since W (f) = W(f)<, for a large enough « as
seen in the construction of W-types, W(f) — A is an effective Kan fibration and W (f) is an
effective Kan complex, as desired. |

» Remark 36. As will be discussed in the conclusion, the transfinite induction employed
here relies on the classical concept of ordinals. Therefore, a future challenge is to develop a
constructive approach in this context.

5.2 Initial algebras for dependent polynomial functors

» Proposition 37. If we have a diagram

B A
C C

of Kan fibrations in EffKan/C, then the initial Dy-algebra is in EffKan/C.

T N
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Proof. We saw that this endofunctor Dy is well-defined on EffKan/C' in the previous section
(each component of the composite Dy preserves morphisms in its category, which is by Lemma
24, 26 and 30). EffKan/C has a filtered colimit by Remark 19, and it has an initial algebra
which can be built as the filtered colimit of a sufficiently long chain of Df(0). Thus, this
initial algebra is in EffKan/C. |

5.3 M-types

» Theorem 38. If f: B — A is an effective Kan fibration between effective Kan complexes,
then M(f) is an effective Kan complex as well.

Proof. We have Py(1) = A, which is in EffKanCplx by assumption. We know M (f) =
lim,en P}l(l) as mentioned in section 3.3, and P is an endofunctor on EffKanCplx. Thus,
by Proposition 20 this M (f) is in EfKanCplx, i.e., it is an effective Kan complex. <

6 Future work

Constructively extending the scope of the original research on W-types [3], we focused on
the modeling of W-types using Kan fibrations. As an application of W-types, the original
research discussed quotients. Specifically, it addressed the universal Kan fibration 7: £ — U,
characterized by the property that any other Kan fibration can be obtained as a pullback
of w. Then, it explored the application of W-types associated with 7, namely W(x). As
discussed in [3], quotients are required in this application (under certain conditions, quotient
types and maps are modeled by fibrant objects and fibrations, respectively). Inspired by
this, our potential application would be to develop similar arguments within a constructive
framework. Also, regardless of the context, considering quotient types still remain significant.
However, this poses challenges, because dealing with epimorphisms in sSet requires selecting
individual elements from their fibers, a process that depends on the axiom of choice. To
avoid this, one must establish constructive rules for such selections. These rules, however,
need to be carefully designed to maintain consistency across all dimensions while remaining
compatible with the constructive model we adopt.

The most challenging part is to show the constructive version of the following proposition.

» Proposition 39. In sSet, suppose in a commutative triangle

X —r Ly

N

where p is an epi, and both p and g are Kan fibrations. Then f is also a Kan fibration.

The proof for this can be found in [3]. However, in a constructive setting, unless we
impose additional structures on the fibrations, it is likely that this cannot even be proven
for effective Kan fibrations. As mentioned above, this p needs to be equipped with some
structured way to have a section. For this, [5] and [7] formulated the following version of
effective Kan fibrations with additional structures:

» Definition 40. Let (p, lift,) be an effective Kan fibration. We say that lift,, gives the structure
of a degenerate-preferring Kan fibration, if for alln € N, all g € X,,, all possible j in s; and

m in AT that makes the following diagram commute, the lift satisfies lift,(gs;ji, pgs;) = gs;.
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We say a fibration with such lifting structure is in D-pkf (for the case of fibrant objects X
we say X is in D-pkf).

gsjt

ARt ——— 5 X
L

An+1 *> A" — Y

If we give the maps in Proposition 39 D-pkf structure, we can prove the constructive
version of this proposition [5].

» Proposition 41. Suppose in a commutative triangle

X —r 4y

N

where p is an ept, and both p and g are D-pkf. Also, suppose p has a section py: Yo — Xo
at the vertices level. Then f is also D-pkf.

Since we need more results besides Proposition 39 for quotient types, first we need to
define the following (by [7]).

» Definition 42. Let q: X =Y be a map of simplicial sets. Let § = (Gn: Y = Xy )nen be
a collection of functions. We call ¢ a degeneracy-section of q if and only if

q has a right inverse ¢ such that go g = 1y.
forallm € N and all 0 < j <n, we have §n11(5}(y)) = s ((jn(y))

Here, y is a map y: A™ — 'Y identified as y € Y,, by Yoneda lemma (and by abuse of
notation,).

Note that the second condition can be also viewed just as Gn4+1(y © s;) = Gn(y) 0 5;.

» Definition 43. If an effective Kan fibration p has this degeneraracy-section, we say that p
is in DS.

First of all, even with the assumption of degeneracy-sections alone, we can at least prove
that quotient maps are modeled by effective Kan fibrations.

» Proposition 44. If R is an equivalence relation on X, q: X — X/R is in DS with a
degeneracy-section ¢ and both projections m;: R — X (i = 1,2) are effective Kan fibrations
(with structures lifty, and lift,,, respectively), then so is X — X/R.

For the proof, we can modify the proof of the classical version in [3]. This extra
assumption of degeneracy-sections allows us to check the compatibility condition of effective
Kan fibrations.

However, to see that the quotient type X/R is modeled by a fibrant object, we need the

constructive version of Proposition 39, and as mentioned earlier, at least D-pkf proves it.

Thus, let us first consider the following.

» Definition 45. In Definition 40, if the D-pkf map p has a degeneracy-section p, we call
it D-pkfn DS (also we use this N notation for other instances).
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Using this, we could attempt to prove the constructive version of the corollary for X/R
(originally it is “Corollary 4.4 in [3]).

First recall that a pseudo-equivalence relation (s,t) : R — X x X satisfies:

Reflexivity: There exists p : X — R such that (s,t)p is the diagonal map Ax.

Symmetry: There exists 0 : R — R with sc =t and to = s.

Transitivity: In the pullback diagram below, there exists 7 : P — R such that st = spj2

and tT = tpas.

=y

P P12

P23J/

)
R S

=

b

The constructive version of “Corollary 4.4 in [3] would then be formulated as follows:

[Quotient : D-pkf N DS] “Suppose R is a pseudo-equivalence relation on X, the quotient
map q: X — X/R has a degeneracy-section ¢, and R — X x X is an effective Kan fibration.
Moreover, suppose that X is in D-pkf. Then the quotient map X % X/R is in D-pkfn DS,
and X/R is in D-pkf.”

Once we can show that ¢ is in D-pkf N DS in this statement, the last part about X/R
being in D-pkf is immediate by setting A = 1 in Proposition 41. However, it may not
be possible to show ¢ is in D-pkf (while showing that it is effective Kan is immediate by
Proposition 44, showing that it is degenerate-preferring is not). Thus, to achieve more ideal
conditions, we try to weaken the assumptions of Proposition 41, thereby establishing a more
comprehensive result.

Then, we propose yet another version of effective Kan fibrations with additional structure
as follows:

» Definition 46. Assume (p, lift,) is an effective Kan fibration with a degeneracy-section p.
(p, lift,) is said to be degeneracy-section-preferring, if lift, (Prn+1(ys;)e, ys;) = Pnt1(ys;) for a
horn problem as in the following commutative diagram for all n € N, all possible j in s; and
m in AL We call this DS-pkf.

Pn+1 Ysj)t
Antl _ Prialvsi)e X
Pn(y)
L
APl — A" —— Y

Note that it is straightforward to check that this lift, indeed satisfies the compatibility
condition of effective Kan fibrations. It is also straightforward to see that any D-pkfN DS
is DS-pkf, although D-pkf ¢ DS-pkf and DS-pkf ¢ D-pkf.

We have checked that if we assume a similar statement to Proposition 41 where we
replace D-pkf with DS-pkf instead of holds, then we are able to show the constructive
version of “Corollary 4.4” in [3], which would be formulated as follows:

[Quotient : DS-pkf] “Suppose R is a pseudo-equivalence relation on X, the quotient map
q: X — X/R has a degeneracy-section ¢, and R S X x X is an effective Kan fibration.
Moreover, suppose that X is in DS-pkf. Then the quotient map X 4 X/R is in DS-pkf,
and X/R is in DS-pkf.”

We have also defined even more general structures which do not depend on degeneracy-
sections as follows:
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» Definition 47. Assume (p, lift,) is an effective Kan fibration with a section po: Yo — Xo at
vertices. (p,lift,) is called vertez-section-preferring, if lift, (9o (y), yso) = po(y)so for a horn
problem of the following commutative diagram with m = 0,1. We call this VS-pkf (and
VS-pkc for the case of fibrant objects).

A'}n Po(y) X

Po(y)
Al — A0 — Y

Note that although Al = AY for both m = 0,1, the inclusion « depends on m. Also, it is
immediate that any DS-pkf is VS-pkf.

In this way, we can broaden our search for the candidate in the constructive version
of “Corollary 4.4 in [3]. However, it is also required that those maps have to satisfy
Proposition 41 too.

To sum up, we have

VS-pkf O VS-pkfn DS
U
DS-pkf
U
D-pkf > D-pkfnDS

Under the condition of D-pkf, we can prove Proposition 41. However, this degenerate-
preferring structure is quite strong, making it hard to solve [Quotient : D-pkf N DS]. On
the other hand, VS-pkf might be too general for the condition in Proposition 41. The
condition of D-pkf with a section on vertices in Proposition 41 is vastly generalized, and
that would make the proof more combinatorially complicated. However, it is still expected
to be achievable: it has a section only at the vertices level, but a lift construction algorithm
is expected to work from the vertices level to higher levels using the compatibility condition
of the fibrations and the universal properties of horn construction. It would then improve
[Quotient : DS-pkf] by replacing DS-pkf by VS-pkf.

7 Conclusion

In this paper, we have demonstrated that effective Kan fibrations indeed model W-types
as expected. The transition from classical to constructive proofs was generally smooth,
though certain challenges arose. In particular, constructively, choices can be subtle. In
Proposition 18, we addressed the issue of arbitrariness in the choice of factorizations
by imposing conditions such that the mediating maps are in EffKanCplx or EffKan/A.
Fortunately, these conditions posed no issues for W-types, as their categorical interpretation
ensures that all the relevant mediating maps in W-types are such maps.

One significant challenge is that as mentioned in Remark 36, the W-types employed here
are non-constructive due to their reliance on linearly ordered transfinite ordinals, invoking
the Law of Excluded Middle (LEM). Addressing this issue was beyond the scope of this paper,
leading us to adopt a classical transfinite argument. Constructive alternatives to ordinals
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remain a promising avenue for future work. Various attempts, such as those in [9] and more
recently in [4], focus on countable ordinals. However, there are difficulties representing other
limit ordinals. Nevertheless, our strategy of interpreting W-types as certain filtered colimits
suggests that it may apply to constructive ordinals, which, though not linearly ordered, are
anticipated to form a filtered poset. In this context, Proposition 18 and the result that
polynomial functors can be set on the category of effective Kan complexes are expected to
remain relevant.

Also, for future work, we discussed various additional structures on effective Kan fibrations,
such as D-pkf, DS-pkf, and VS-pkf, to constructively model quotient types and establish
key propositions in constructive settings. This direction is beneficial not only for applications
of W-types but also for broadening the applicability of these methods within the related
fields of constructive semantics for HoTT.
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coNP-Complete Examples
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—— Abstract

We provide a comprehensive classification of the cofibration entailment problem, COFENT, for the
cofibration logics of various cubical type theories in use today. The problem COFENT arose from
the need of cubical proof assistants to automate reasoning about cubical complexes included in an
n-dimensional hypercube. Intuitively, it asks: given logical descriptions of two such complexes, is one
a subcomplex of the other? We show that the common variants of COFENT are coNP-complete.

2012 ACM Subject Classification Theory of computation — Type theory

Keywords and phrases cubical sets, internal language, intuitionistic logic, dependent type theory,
homotopy type theory, decision procedures

Digital Object Identifier 10.4230/LIPIcs. TYPES.2024.9

Funding This material is based upon work supported by the Air Force Office of Scientific Research
under Grant No.FA9550-21-0009 (Tristan Nguyen, program manager). Any opinions, findings, and
conclusions or recommendations expressed in this material are those of the author and do not
necessarily reflect the views of the Air Force Office of Scientific Research.

Robert Rose: US Air Force Research Lab, FA-95502110009 and FA-95501510053

Daniel R. Licata: US Air Force Research Lab, FA-95502110009 and FA-95501510053

1 Introduction

A well-known tool in topos theory for reasoning about a given topos is its Mitchell-Bénabou
language [5] (or simply, its “language”), a formal abstraction of the topos as a typed (i.e.,
multi-sorted) first-order intuitionistic language with a fixed interpretation in that topos.
Because the syntax of the Mitchell-Bénabou language is defined directly from the topos (e.g.,
the types of the logic are just the objects of the topos), this interpretation is nearly trivial:
terms denote morphisms and are represented by syntax for certain categorical operations
which produce morphisms, such as pairing or post-composition with a given morphism;
formulas are, idiosyncratically, terms whose type is the subobject classifier of the topos (or a
subobject thereof).

Proving or disproving that a topos has a given property expressed in the Mitchell-Bénabou
language is greatly facilitated by the Kripke-Joyal semantics (or “sheaf semantics”, for a
topos of sheaves), which provides a rigorous translation of arguments in this language to
ordinary classical mathematics. The semantics has the familiar form of a Tarskian truth
definition. (However, because the interpretation is fixed, the forcing relation is defined a
priori in terms of this definition, and the semantics is presented as a theorem.)

This semantics affords a convenient point of departure for investigating the computability
and complexity theoretic properties of formal first-order reasoning in a topos. Specifically,
this area gives rise to generalizations of the model-checking problem. 1t is a rich area which
has received relatively little attention.
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1.1 Language fragments for cubical homotopy theory

One application of Mitchell-Bénabou language is to the homotopy theory of cubical sets,
where by cubical set we mean a contravariant functor on a particular indexing category C
(a “cube category”). The topos is the category of cubical sets which are sheaves for a given
Grothendieck topology on C. In this paper, this topology is trivial: the toposes are presheaf
toposes.

The language of a topos of cubical sets is expressive enough to define important ho-
motopical structure: notably, to specify which morphisms of cubical sets qualify as maps
of spaces (i.e., “fibrations”) and which maps of spaces further qualify as equivalences (i.e.,
“trivial fibrations”). This is usually achieved first by selecting a collection of subfunctors of
representable functors (e.g., in the case of simplicial homotopy theory, a standard choice is
the “horn inclusions”) and hence by taking a fibration to be a morphism f for which any
map from a select subfunctor inclusion to f affords an extension to the base representable.
Trivial fibrations have this extension property with respect to a larger selection of such sub-
functors. These collections of subfunctors form the bases for generating classes of morphisms
called, respectively, “trivial cofibrations” and “cofibrations”. Extension of maps along trivial
cofibrations is the fundamental operation provided by homotopical structure.

While these extension properties are readily expressible in the language of the topos, a
more restricted usage of the language may suffice in certain frameworks (e.g., homotopy
type theory). For example, the language of the topos may be used just for the purposes
of specifying cofibrations into representables and expressing their inclusion relation. Since
cofibrations are classified by €2, the inclusion relation is naturally expressed by entailment
in the language. The sacrifice in expressivity brings significant computational benefits. In
Section 3, we will define a number of such language fragments.

1.2 Applications for cubical type theory

Our interest in decision problems arising from the language of a topos indeed began with a
practical need. A key component of a proof assistant we were designing would automatically
decide formula entailment in a fragment of the language of a topos: namely, presheaves on
the finite-product theory of distributive lattices, an important definitional variant of the
category of cubical sets. Analogous decision procedures are core components in existing
implementations of cubical type theories. For example, entailment in a fragment of the
language of the topos of presheaves on the finite-product theory of De Morgan algebras
is decided in the proof assistant Agda’s cubical mode, which is an implementation of the
cubical type theory presented in [3]. Entailment in a fragment of the language of the topos
of presheaves on the finite-product theory of bipointed sets is decided in the proof assistant
cooltt, which is an implementation of the cubical type theory presented in [1]. Our original
motivation began with investigating the feasibility of implementing the directed cubical
type theory presented in [7], which is an adaptation of the directed simplicial type theory
presented in [6].

2 Motivating examples

For the sake of intuition, we present some instances and non-instances of the decision problems
of interest before launching into the technical development.
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2.1 Cube boundary inclusion

Consider a 3-dimensional cube, with 8 corner points (0,0,0),...,(1,1,1). As a cubical set, it
is modeled by a representable functor Hom(—,X?). The object X is a formal element which
corresponds to a single dimension. The identity morphism on X corresponds to a variable
along that dimension. Hence, the object X?® corresponds to three dimensions; and z1, 25 and
x3 each correspond to a dimension in the given cube. Let us picture 1 as varying from left
to right; x5 as varying bottom to top; and x3 as varying from front to back.

By means of equations involving these variables and end points 0 and 1, we can describe
certain parts of this cube. For example, the equation (z7 = 0) describes just the left face,
and (z1; = 1) describes just the right face. We can combine these using V to get exactly
the left and the right faces: (z1 =0) V (z; = 1). The entire 2-dimensional boundary of the
3-cube is described by the formula

We can also describe the 1-dimensional edges of the 3-cube by combining formulas
describing faces using A. For example, the top-front edge is described by the formula
(x2 = 1) A (z3 = 0). The 1-dimensional boundary of the 3-cube is described by the formula

(z1=0)A(z2=0) V (z1=0)A(z2=1) V (z1=0)A(z3=0)
V(g =0)A(x3=1) V (1 =1)A(x2=0) V (z1=1)A(z2=1)
V(e =1)Ax3=0) V (z1=1)A(xzg3=1) V (z2=0)A(x3=0)
V (e=0A(xz3=1) V (z2=1)A(z3=0) V (z2=1)A(z3=1) (2)

(Recall that A has higher precedence than V.)

Let ¢1 be the formula (1), and let ¢o be the formula (2). Here are two queries for a
decision problem: does ¢; entail ¢27 or does ¢ entail ¢17 Geometric intuition tells us no
and yes. The internal language of the topos of cubical sets will also tell us this.

2.2 Simplex and pyramid

The last pair of problems are common to all of the cubical type theories mentioned in
Section 1.2. We now present an example which, among the three, can be expressed only in
the language fragment used in [7].

We just saw how to combine equations using A and V to describe parts of a cube. It is
also possible to combine variables directly to describe the minimum of two variables or the
maximum of two variables. The notation is the same: 7 A x2 denotes the min of z; and x5,
while 21 V x5 denotes their max.

The 2-simplex below the diagonal from (0,0) to (1,1) of the solid square (2-cube) is
described by (21 = z1 V x2) (or alternatively by (x2 = z1 A 22)). The same formula can be
used to describe part of the 3-cube: it is the wedge containing the right face and the bottom
face. Similarly, (zo = 22 V x3) describes the wedge formed between the 2-simplices above the
diagonal on the left and right faces. Combining the two wedges with A yields a 3-simplex:

(3’51 =12 \/1‘2) N (.’L‘g = X9 \/I3)

The pyramid whose apex is the corner point (0,0,0) and whose base is the right face
of the 3-cube is described by (z1 = 1 V 22 V x3). Thus, we have two more queries for a
decision problem. Is this formula valid?

(.1‘12331 \/33‘2)/\(.732:$2\/Ig) = (.731:331 \/332\/563) (3)
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Or this one?

(.Il:JCl \/172\/583) = (1‘121‘1\/56‘2)/\(1‘22132\/1‘3) (4)

2.3 Example reduction

In what follows, we will show that the instances (2) = (1), (1) = (2), (3), and (4) may be
decided by an efficient translation into second-order logic, where the problem of checking the
truth of the corresponding formula in a suitable model is in the complexity class coNP. For
example, the translation of (3) to second-order logic is

VR (x3 = Vz (R(z) = 21 =21V 22) A Va (R(z) — x2 = 22 V x3)
=V (R(z) = x1 =21 V 22 V a3))

where x3 is a formula encoding the constraint that ternary relations assigned to R have
minimal and maximal elements. The entailment (3) holds if and only if the formula above is
true in the model A = ({0,1},04 = 0,14 = 1, A" = min, V4 = max).

The translation alone provides the core of a practical decision procedure. What remains is
boilerplate and optimizations. The model-checking instance above may in turn be efficiently
encoded in propositional logic and checked with a state-of-the-art SAT-solver. Alternatively,
the model-checking instance may be handed almost as-is (after some lightweight wrangling)
to an SMT-solver like z3 or to an answer-set programming system like clingo.

3 Decision problems

Because terms in the language of a topos are built directly from its morphisms, this language
is not in general recursively enumerable, and is often a proper class. Thus, it may not be
that the entire language of a topos can be encoded as a countable set of strings over a finite
alphabet. In computability and complexity theory, however, decision problems are ordinarily
framed as such. For example, in a sheaf topos, any set at all induces a sheaf, and hence a
type in the language. But for the purposes of defining a conventional decision problem, we
can reasonably expect to encode no more than a countable number of types.

Furthermore, because terms in the language of a topos are formal combinations of
morphisms, morphism equality is reducible to term equality: in particular, if morphism
equality is undecidable, so is term equality. In contrast, equality of instances of a conventional
decision problem is efficiently reducible to equality of strings over a finite alphabet.

Hence, one straightforward strategy is simply to limit one’s focus to a suitable fragment
of the language of the topos, and to define our decision problems relative to this fragment. To
this end, we will next consider fragments which are “finitely presented” by formula languages.

3.1 Formula languages

Given a set A, we will denote a generic element of A™ by a € A™ where a = (ay,...,an).
We will extend this notational convention to variables, parameters, and terms: x will
denote an m-tuple of variables x = (z1,...,z,,); and likewise for « = (ay, ..., ) and for
s = (81,-.-,8m). Annotations or constructors may be “broadcast” over an m-tuple: for
example, Vz ¢ abbreviates Vi - - -V, . The concatenation of a k-tuple a and an m-tuple
b will be denoted by a;b. We will freely omit parentheses when they may be inferred.
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3.1.1 Types and terms

We will define a term language T prior to the formula language in the conventional way.
Fix a finite set F' of morphisms in €. The term types of the fragment are generated by the
domains and codomains appearing in F. The terms of the formula language will be the
fragment of the language of the topos generated by the identity morphisms on term types
under the term-forming operations corresponding to post-composition by morphisms f € F
post-composition by projections 7;, and pairing [5, Section VI.5]. Thus, terms can be viewed
as composable chains of tuples of morphisms, generated from a finite set of morphisms and
projections. For any given domain type S X --- X S,,, we fix a variable set {z1,..., 2z}
where each z; is interpreted by the corresponding projection. We will refer to such a term
language as finitely presented. Equality of terms (“syntactic equality”) is clearly efficient to
decide.

3.1.2 Parameterized first-order formulas

We consider formulas with parameters, or metavariables. From the point of view of the
language of the topos, parameters are just variables defined on a subobject of 2. In addition
to term types, the definition of the fragment includes a finite collection of subobjects
®, C Q. For convenience, we assume that formulas are given with domain in the form
S1 X X S X Py x -+ x Py We fix a variable set {aq, ag, ... } where each «; is interpreted
by the corresponding projection from ®;.

» Definition 1. Let T be a finitely presented term language. The corresponding language of
formulas L1 sy is inductively defined by:

1 € Lrsxe
T € Lrsxa
o; € Lrgywe wherel <i<k
(f=g9) € Lrsxe where f,g: S — ReT for someRe &
$1Nd2 € Lrsxe for ¢1,¢2 € Lt sxa
$2V o2 € Lrsxe for ¢1,¢2 € Lt s5x9
¢2 = ¢2 € Lrsxe for ¢1,02 € L1 sxa
ATmi19Y € Lrsxe fory € L1 sxs,, 1x
Vemi1Y € Lrsxe fory € Lt sxs, . xo

We define the language Lt = Ugyp L7T,sx®. For a given ¢ € L denotes the set of
subformulas of ¢.

We will usually abbreviate Ly gxo to Lg when T" and @ are inferable from context or
are arbitrary. When the term type language is generated by a single type, we will index L
by the length of S instead.

3.2 Semantics

Our focus in this paper is on the problem of deciding when a formula in the language of the
topos holds when interpreted “locally”. One way to make this concept precise is in terms of
a forcing relation, which is the basis the sheaf semantics.
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3.2.1 Forcing relation

For an object C' in a category C, t(C') will denote the sieve |, Hom(D,C). We first recall
the definition of forcing in toposes of sheaves from [5, Section VI.7]:

» Definition 2. Let £ be a topos of sheaves with indexing category C, and let S € €. Let ¢
be a formula defined on S in the language of £. Let X € C, and let s € SX. The forcing
relation is defined by

XIEg(s) iff se{z|o(x)}X

where

{z]¢(x)} —

is a pullback square.

We will refer to the element s € SX in Definition 2 as a local assignment. When we say
“X forces ¢ with local assignment s” we mean that X |- ¢ (s).

The forcing relation models a form of “truth definition”, which is attributed to Kripke
and Joyal, and which we also call the sheaf semantics. Furthermore, the truth definition may
be usefully refined in light of specific features of the topos of sheaves in question.

3.2.2 Presheaf semantics

Next we present the presheaf semantics for a language fragment L (Definition 1). The
following theorem is adapted from [5, Theorem VI.7.1]. Tt will be our main tool for proving
the correctness of mapping reductions. We recall that for an element s € SX and a morphism
f:Y — X the restriction of s along f, denoted by s - f, is defined as S(f)(s).

» Theorem 3. Let C be a category, and let £ be the topos of presheaves on C. Let S =
S1 X XS, Smy1 €E. Let ® = Oy x - - x Oy € € with each &; C Q. Let ¢1,¢2: SXP —
and ¥ : S X Spp1 X © — Q be formulas. Let X € C, let s € SX, and let h € ®X.

X IFT(s;h)
X W L (s;h)
XIE(f=g)(s;h) iff fx(s) = gx(s)
X IFa;(s;h) iff hi = t(X)
X IF¢1 Ao (s;h) iff X -1 (s;h) and X IF ¢o (s; h)
X IF g1V a(s;h) iff X1 (s;h) or X 1F o (s;h)
X IF¢1= ¢a(s;h) iff for allY € C and t € Hom(Y, X),
Yoy (s-t;h-t) impliesY Ik gpa(s-t;h-t)
X IF3zmi19 (s5h) iff there exists Sp11 € Smy1X such that
X9 (s58mt13h)
X IFV2ymi19 (s h) iff for allY € C,t € Hom(Y, X), and $p11 € Si11Y,

Y|F¢(5t,5m+1,ht)
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When Sy+1 = Home (—, U) for some U € C and C is Cartesian, the semantics of the universal
quantifier simplifies to

X IFVamp1v(s;h) WX xUIEY (s -71;ma5h-m1)

» Remark 4. We may extend Theorem 3 to formulas in the language of the topos of the form
Vag --- Vag ¢ where ¢ € L and k is the maximal parameter index in ¢:

X IFVoy ---Var¢(s) iffforallY € C,t € Hom(Y, X), and h € &1 x --- x ®,Y,
YIF¢(s-t;h)

» Corollary 5. In the context of Theorem 3, the semantics of the universal quantifier when
Sm+1 = Home(—,U) for some U € C and C is Cartesian validates the following equivalence:

X Ve (Y1 V 12) < Vg1 Y1V VTt 2 (2)

3.3 Languages of representable types

One natural way to obtain a finitely presented formula language is to restrict attention to
sheaves of the form S = Hom(—,U) for a selection of U € C. Elements of S would just be
morphisms in C from X to U. Thus, we may induce a formula language from a collection of
morphisms from C.

Coincidentally, elements of SX = Hom(X,U) then have a compositional structure
analogous to that induced by a formal term system. Below, this coincidence will be taken
further: the indexing category C will be presented as a quotiented term language, and the
term language defining C will take the place of the term language used to define the formula
language. Conveniently, restrictions will then be computed by term substitution.

3.4 Indexing category from a finite algebra

The indexing categories for cubical sets — “cube categories” — are readily and usefully definable
as quotients of formal term languages.

Beyond encodability, another requirement for bringing a decision problem under the
purview of complexity theory is that it be decidable. But an indexing category C may fail to
have decidable equality of morphisms; and so even validity of the atomic formulas of the
language may fail to be decidable. The following method of construction however ensures
that the morphisms of C at least have decidable equality.!

3.4.1 Generation by a finite algebra

Fix a finite algebraic signature o. Let 7, , be the term algebra of type o over the variable set
{z1,...,2,}. We will abbreviate T, to T,. For m > 0, the m-fold (left-associated) product

algebra 7, X --- x T, will be denoted by 7,7*. The term algebra T is defined by 7 = J,, Tx.

For s € Tp, and t € T, the simultaneous substitution of the terms ¢; for variables z;
in s will be denoted by s[t1/x1, ..., tm/Tm], by s[t/z], or simply by st. Let A be a finite
o-algebra. The equational theory of A contains the universally quantified equations of terms
satisfied by A. The variety of this theory, denoted by V(.A), contains the o-algebras which
satisfy this theory (i.e., its models). Examples of varieties generated by a finite algebra A

1 We are grateful to Alex Kruckman for directing our attention to the central role played by finite algebras
in this area. See also [2].
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include Boolean algebras, De Morgan algebras, (bounded) distributive lattices, (bounded)
meet (join) semi-lattices, bi-pointed sets, pointed sets, and sets. All save Boolean algebras
and sets have been used in the construction of indexing categories of cubical sets. Bounded
distributive lattices have also been used to construct the indexing category in a variant
definition of simplicial sets.

We may use the term algebra T, to give a formal definition of a free algebra in V(A)
generated by variables z1,...,z,. We will denote these algebras by F 4 ,, or more briefly by
Fn. Given terms r, s € T,, we say that r and s denote the same elements in F,, if and only
if 74 = s (i.e., their interpretation as term functions on A™ are equal). Recall that this
relation respects term substitution: for s € 7,, and ¢t € T,™, s[t/z]* = s4 o tA.

3.4.2 Finite product theories

From here, we may use the free algebras F,, to give a formal definition of an indexing category
C. We will denote these categories by C 4, or more briefly by C. The object set of C 4 contains
a formal object X, and its remaining objects are formal n-fold (left-associated) products of
X for n > 0. The set of morphisms from X" to X" is simply the (left-associated) product
algebra F,". Thus, morphisms are denoted by m-tuples of terms in n-variables, and two
morphisms denoted by tuples of terms r and s are equal if and only if their interpretations
as term functions on A" are equal. For n > 0, the identity morphism on X" is (z1,...,2,).
Composition of morphisms is given by composition of denoted term functions; which factors
through the substitution of the representing tuples of terms.

The category C 4 is an example of a finite-product theory (or Lawvere theory). A well-
known alternative view of this construction is as the category opposite to a chosen skeleton
of the category of free algebras on a finite number of generators and homomorphisms. Note
however that the language of a topos is interpreted by contravariant functors on C4. This
usage is different than the usage for which the concept of a finite-product theory was developed
by Lawvere: the categorification of universal algebra. Models of this finite-product theory
would be product-preserving functors on C4, not arbitrary functors on C} satisfying sheaf
conditions.

3.5 Cofibration formulas

From now on, we will assume that the formula language L is defined over a term algebra
T corresponding to a finite algebra A which induces the indexing category C, and that the
term translation is the natural one. The letter ¢ will denote a generic constant term in the
signature of A.

Standard cofibration formulas (i.e., those used in cubical type theories) constitute only a
small fragment of L: specifically, the entailment connective = and existential quantifier 3 do
not appear in cofibration formulas. Another restriction which appears concerns allowable
atomic equations: in some cubical type theories, an equation may compare a given non-
constant term f only to a constant.

» Definition 6. We define several fragments of L by inductive generation:

Lo is generated by L, T, (f =g), A, V, and V

Leosic is generated by L, T, (f =¢), A, V, and ¥

Lcopoe is generated by L, T, (x; =c¢), A\, V, and ¥V
FEach fragment above also has a variant — Lycor, Lpcoftc; Lpcofoe — Whose generators also
contain o.
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A formula in L.,y is called a cofibration formula. The variants L.op. and Lcope are called
term-constant and variable-constant. The variants containing «; are called parameterized.
Although the focus of our study is on these fragments, it is natural to investigate related
decision problems for the full language. In several cases, the methods we use below do apply
more generally. In the future, the provisional definition above of what is a cofibration formula
may merit revisiting.

3.6 Entailment problems
We are at last in position to define the decision problems we aim to classify in this paper.

» Definition 7. Let A be a finite algebra with signature o. Let T be the term algebra of
type o over variable set {x1,xa,...}, let C be the finite-product theory induced by A, and let
X be the generating object of C. The cofibration entailment problem for A is the subset of
Leop X Leos defined by

COFENT = {(¢1,¢2) | 3m X™ I ¢1 = ¢ (2)}

The parameterized cofibration entailment problem for A and ® s the subset of Lpcor X Lpcof
defined by

PCOFENT = {(¢1,¢2) | 3m X™ Ik Va (61 = ¢2) (x)}

Lastly, for algebras A with at least one constant, we denote the term-constant and variable-
constant variants of each problem with the suffixres TC and VC.

3.7 Problem characterization in terms of derivability

Given the proof-theoretic character of many presentations of cubical type theories, it is
reasonable to wonder if there is an alternative, logical characterization of COFENT. Is there
a suitable notion of derivability such that COFENT = {(¢1, ¢2) | ¢1 F ¢2}?

For this discussion, let us consider the cube category corresponding to the theory of
bounded distributive lattices. We know that the language of a topos can be viewed as an
intuitionistic first-order logic. A natural first pass is intuitionistic derivability from this
theory. This notion of derivability is sound with respect to the Kripke-Joyal semantics.
Unsurprisingly, it is not complete. For example,

(371/\.2?2:())@(.’[71 :0)\/(1‘2:0)

is valid in the language of the topos; but a corresponding derivation does not exist (not
even classically: consider the smallest congruence on the free distributive lattice on two
generators which identifies the meet of the generators and 0). Another example is Corollary 5,
which is certainly not derivable. The notion of derivability above, it seems, would need
to be significantly augmented with axioms to accommodate the structural peculiarities of
categories of cubical sets as well as semantic properties specific to the choice of generating
algebra and of language fragment.

However, even given a complete axiomatization, we do not expect a notion of derivability
to yield an efficient-enough decision procedure to prove our main results. In practice, where
this approach has been made to work, it remains the case that the smallest-known derivability
proofs may be exponential in the length of the given instance. So instead, we ask, what
form might a “short witness” of ¢1 ¥ ¢o take? The answer in logic traditionally has been a
countermodel.

9:9
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4 Results

To classify COFENT and related problems for various cube categories, we will first show
uniformly that they are all coNP-hard by a reduction from the canonical coNP-hard problem
UNSAT. Next we will show more-or-less on a case-by-case basis that they belong to coNP
via efficient translations to the fragment of second-order logic VSO. Here we rely on Fagin’s
theorem, the foundational result in descriptive complexity theory (cf. [4, Section 9.2]). Note
that the Cook-Levin theorem is an easy corollary of Fagin’s theorem, and its typical proof
contains an efficient translation to UNSAT (ibid.); so these translations may also be viewed
as indirect reductions to UNSAT.

4.1 Reduction from UNSAT

» Proposition 8. If 0¢ has constants 0 and 1 denoting distinct elements of A, then the
decision problem COFENTVC is coNP-hard.

Proof. Let F' be a formula of propositional logic in disjunctive normal form. Assume wlog
that Var(F) C {z1,...,2m}. Let F' € Lo m be the formula induced by mapping positive
literals z; to equations (x; = 1) and negative literals to equations (z; = 0). The edge cases:
empty clauses are mapped to T while empty formulas are mapped to 1. We claim that

F € UNSAT iff X" I F = L (x)

First, we prove the case where F' is a single clause C'. Suppose that C' is unsatisfiable.
Then C contains literals z; and —z; for some i. So (x; = 1),(x; = 0) € SF(F’). Let
s € T,™. Note that X" IF C (s) implies both s; = 0 and s; = 1, which is a contradiction.
So X" ¥ C (s), as desired. Conversely, suppose that C' is satisfiable. Let b € {0,1}™ be a
satisfying assignment (whereby z; — b;). Note that for z; € Var(C), b; = 0 if and only if C
contains —z;. Hence, for x; € Var(C), b; = 0 if and only if (z; = 0) € SF(C’") and b; = 1 if
and only if (z; = 1) € SF(C"). Therefore, X" IF C’ (b).

We finish with an induction on F'. If F' is the empty formula, then F' is unsatisfiable
while X™ I L = 1 (z). Now suppose F' = F; V F;. On the one hand, observe that
Fi1 V F5 is unsatisfiable if and only if F} and F5 are unsatisfiable. On the other hand,
X™ I F{ VvV F) = 1(x)if and only if X" IF F] = 1 (z) and X" IF F} = 1 (x). The
conclusion follows by induction. |

» Corollary 9. If o9 has constants 0 and 1 denoting distinct elements of A, then any of the
decision problems defined in Definition 7 is coNP-hard.

4.2 Reduction to VSO
4.2.1 Translation of L., to second-order logic

Consider the equation (f = g) € L. We would like to transform this equation into the
sentence Va (R(x) — f(x) = g(z)). Informally, this sentence holds if the equation holds for
all m-tuples satisfying R. Given ¢ € Lf, the purpose of the following transformation is to
replace equations (f = g) € SF(¢) with such formulas.

Below, F denotes the conventional formula satisfaction relation from mathematical logic
for second-order logic ([4, Section 7.1]). The term function interpreting a tuple of terms
s € 7,™ will be denoted by s# : A" — A™.
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» Definition 10. Let m,n >0, and let ¢ € Leof . We define the second-order formula ¢,
with a free second-order variable R of arity n as follows:

1 =1
T op=T
g = |V (RE@) = f@) =g@) é=(f=9)
B YO ¢ =1 A ¢
1V P5, ¢ =01V o
V1 Yy, ¢ =V

When n = m, we will abbreviate ¢, to ¢'. Note that ¢ has no free first-order variables.

» Remark 11. The transformation in Definition 10 admits a reduction of the universal
quantifier:

AEVZ, 0, (M) it AEY, | (M x A)

4.2.2 First schema

As it turns out, if a formula in the fragment L. is forced by a given index with local
assignment s, it is forced by any other index and local assignment provided it has the same
term-functional image as s. We now present a reduction schema which takes advantage of
this fact to obtain a bound on the number of tuples of terms which must be considered to
force an entailment.

» Lemma 12 (Term image invariance). Let ¢ € Leofm- Let s € T)" and let t € T". If
img(s4) = img(t*) and X" I ¢ (s), then X I ¢ (t).
Proof. Induction on ¢. The only interesting case is when ¢ = (f = ¢). Then it suffices to

prove that if fsA = gs#, then ft*A = gt*. Let a € AP. By assumption, there exists b € A"
such that s(b) = t*4(a). But then

ftAa) = fsh(b) = gs*(b) = gt'(a) «

As a consequence, forcing of a cofibration formula ¢ with a local assignment s is reducible
to checking that ¢’ holds with respect to the term-functional image of s given an assignment
to the second-order variable R.

» Lemma 13. Let m,n >0, let ¢ € Leofm, and let s € T;™. Let M = img(s™). Then
X" o (s) iff AEQ (M)

Proof. Induction on ¢. We omit the cases which follow directly by induction.
Suppose ¢ = L or ¢ = T. Immediate.
Suppose ¢ = (f = g). Fix a € A™, and suppose that a € M. Let b € A" satisfy
s4(b) = a. By assumption, X" I- (f = g)(s), and so fs* = gs*. Hence fA(a) =
fsA(b) = gs*(b) = g*(a).
For the converse, we need to show that fs* = gs*. Fix b € A". Because s*(b) € M,
fsA(b) = gs”(b) by assumption.
Suppose ¢ = VY, 41 . Recall that X" IF Va1 ¢ (s) if and only if X" I ) (s, 2y41);
while the induction hypothesis is that

X" o (s,2041) F AE Q0 (M x A)

The conclusion follows by Remark 11. |

9:11
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In the event that the cofibration ¢ is a conjunction of atomic formulas, we can dispense
with the translation (Definition 10) altogether:

» Corollary 14. Let m,n > 0, and let ¢ € Leofr.m be a conjunction of atomic formulas. Let
s €T, and let M = img(s*). Then

X"IFo(s) iff forallae M, AE ¢(a)

To extend the translation (Definition 10) of formulas to entailment instances, we must
reduce the quantification over all m-tuples of terms. Term image invariance allows us to
reduce this to quantification over all term-functional images included by A™. Whence
stems the decidability of the problem as well as its inefficiency. Notice that while belonging
to a term-functional image of a given s € T defines an m-ary relation over A, being a
term-functional image defines a property of m-ary relations over A, one which we may try to
capture by a second-order formula:

» Definition 15. Let m > 0. Let x,, be a formula in the second-order language over the
signature of A whose only free variable is the second-order variable R with arity m. We say
that x,, characterizes images for A-term functions whenever the following conditions are
equivalent for all M C A™:

1. AE xm (M)

2. there exist n >0 and s € T,;™ such that M = img(s*)

Indeed, a second-order characterization of term-functional images is all that is needed for
this reduction schema.

» Theorem 16. Let m > 0, let ¢1,¢2 € Leof,m. Let xm be a formula which characterizes
images for A-term functions. Then

X" g1 = ¢o(z) iff AhVR(Xm — @) — gb’2)

Proof. Fix M C A™ and a € A™. Suppose that A F x,, (M). Fixn >0 and s € T,
according to Definition 15. Specializing the assumption, we have that X" IF ¢; (s) implies
X" IF ¢ (s). Hence, by Lemma 13, we have that A E ¢} (M) implies A E ¢}, (M).

For the converse, fix n > 0 and s € 7,;™. Let M = img(s*). According to Definition 15,
we have that A F x,, (M). And by assumption, A F ¢} (M) implies A E ¢, (M). So, by
Lemma 13, X" I ¢] (s) implies X" I- ¢} (s). <

4.2.3 Second schema

We will now present a reduction schema which applies to generating algebras with language
fragments which have the property of local factorization (Definition 17). To abstract
over the choice of language fragment, we let the variable v denote a generic element of

{cof , coftc, cofuc}.

» Definition 17. Let m > 0. A formula p € L. ., is locally prime if p does not entail
L, and for all ¢1,¢2 € Ly, if p entails ¢1 V ¢a, then either p entails ¢p1 or p entails ¢a.
An algebra A paired with a language fragment L., has local factorization if for all m and
formulas ¢ € L.y, ¢ is equivalent to the disjunction (in L. ) of locally prime formulas
which entail ¢.

We assume for the remainder of this section that (A, L) has local factorization.
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» Lemma 18. Let m >0, and let ¢,p € Ly . Let M = {a € A™ | AE p(a)}. Assume that
for all terms f,g € Trn,

X"lp=(f=g)(x) f AF(f=g) (M)
If p is locally prime, then
X"p=¢(x) iff AE¢ (M)

Proof. Induction on ¢.
Suppose ¢ = L or ¢ = T. Trivial.
Suppose ¢ = (f = g). By assumption.
Suppose ¢ = ¢1 A ¢o. Directly by induction.
Suppose ¢ = ¢1 V ¢g. Suppose that X™ Ik p = ¢1 V ¢ (x). Because p is V-prime, either
X™IF p= ¢1(x) or X IF p = ¢2 (z). The conclusion follows by induction. The converse
also follows directly by induction.
Suppose ¢ = V41 19. Recall that X™ Ik p = Va1 9 () if and only if X™ ! IF p =
¥ (z); while the induction hypothesis is that

X"k p=y(x) iff AE Y1 (M x A)
The conclusion follows by Remark 11. |

» Lemma 19. Let m >0, and let ¢1,¢2 € Ly . Let P be the set of locally prime formulas
in Ly . Then

X"k g1 = ¢o(z) iff
forall p e P, X™ Ik p = ¢1 () implies X |- p = ¢ (x)

Proof. The forward direction follows directly by the semantics. For the converse, let s € 7,)*
and suppose that X" |- ¢;(s). Let P/ = {p € P | X™ IF p = ¢1(x)}. From local
factorization, we have

X" ¢ e \/ pl@)
peEP’
Fix p € P’ such that X" I p(s). By definition of P’ and hypothesis, X I p = ¢5 (). In
particular, X™ Ik ¢q (s). <

» Definition 20. Let m > 0. Let P be the set of locally prime formulas in Ly . Let Xm
be a formula in the second-order language over the signature of A whose only free variable
is the second-order variable R with arity m. We say that X,, defines P (the locally prime
formulas in L, .,) when the following are equivalent for all M C A™:

AFE Xm (M)

there exists p € P such that M = {a € A™ | AE p(a)}

» Theorem 21. Let m > 0, and let ¢1,¢2 € Ly . Let P be the set of locally prime formulas
in Ly . Let the formula xm define P (Definition 20). If for all p € P, and for all terms

1,9 € T,
X"Fp=(f=g)(x) iff AE(f=g) (M)
then

X" g1 = ¢2 (33) iff AFVR (Xm — ¢/1 - ¢l2)

9:13
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Proof. By Lemma 19, it suffices to show that

for all p e P, X" IF p = ¢y (z) implies X" Ik p = ¢2 (2)

iff AEVR(xm — ¢} — ¢5)

Let M C A™, and suppose that AFE x,, (M) and A F ¢} (M). Then, by Lemma 18, there
exists p € P such that X" IF p = ¢; (x); and by assumption, A F ¢, (M).

For the converse, suppose p € P, and that X™ I+ p = ¢ (z). Let M = {a € A™ |
AE p(a)}. Then A E xp, (M), and by Lemma 18, A E ¢} (M); and by assumption,
X" p= ¢ (). <
4.3 Parameter elimination

In this section we will prove the following proposition, which will allow us to transport a
classification of COFENT to PCOFENT:

» Proposition 22. There exist efficient mapping reductions from PCOFENT to COFENT,
from PCOFENTTC to COFENTTC, and from PCOFENTVC to COFENTVC.

Proof. Corollaries 24 and 29 |
For the remainder of this subsection, let B C Q be defined by BC' = {0, t(C)} for all

C € C. Let @ be an arbitrary subobject satisfying the constraint B C & C Q.

4.3.1 Bivalent parameters

» Lemma 23. Let ¢ € Lycor.m- Let k be the mazimal parameter index of ¢. Let n > 0, let
s € Home(X™, X™), and let h € ®X". Define b, € B¥X™ by

h; h; =t(X"
bh,i = { ( )

0 otherwise
Then X" Ik ¢ (s;bp) if and only if X" I+ ¢ (s; h).
Proof. Induction on ¢. When ¢ = «;, we have
X"l o (s;by) iff b =t(X")
iff  h; =4(X")
iff X" IFa;(s;h)

When ¢ is otherwise atomic, then X" Ik ¢ (s;b,) if and only if X" IF ¢ (s); and likewise for
X" IF ¢ (s;h). The induction cases are straightforward. <

» Corollary 24. Let ¢1,¢2 € Lypcopm- Let k be the mazimal parameter index of ¢1 = ¢o.
Then

X" v (61 = ¢2) (x) iff X" IFVa® (61 = ¢2) ()

Proof. The forward direction is trivial. For the converse, fix n > 0, s € Hom¢ (X", X™),
and h € ®*X". Our goal is to show that X" IF ¢; = ¢ (s;h). Hence, fix p > 0 and
t € Home (XP, X™), and suppose that XP Ik ¢ (st; f-t). We must show that XP IF ¢ (st; f-1).
By Lemma 23, it suffices to check that X IF ¢y (st;bs.); and by assumption, that X? IF
&1 (st;by.); which follows again from Lemma 23. <
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4.3.2 Formula lifting

Next we introduce a piece of technical machinery to weaken a formula in L,,: that is, add to
the list of available free variables, irrespective of their non-occurrence. Because variables are
bound in order of decreasing index, dummy free variables should be inserted before existing
variables.

» Definition 25. Let [,m > 0, and let ¢ € L,,. We define lift; , : Ly, = Liym by

1 ¢o=_1
T =T
(f=9lris1/z1, . e /Tm] o= (f =9)
Q; O =q;

lifts,m (@) =  lifty pn(P1) Alifty (o) ¢ =91 NP2
lifty m (1) V Lifts 1 (P2) O =91V P2
ity 1 (¢1) = Lifts m (d2) O =9¢1= 92
21 me1 Lifb 1 (1) ¢ =ITmi1 7
Vo yma1 lifty i1 (¢) ¢ =T

» Proposition 26. Let k,l,m > 0. Let ¢ € L,,, with mazimal index k. Let & = &1 X -+ - X Oy,
where ®; C Q for alli. Let R= Ry X --- X Ry and let S =Sy x---x S,,. Let X € C, let
he®X, letr € RX, and let s € SX. Then X I+ ¢ (s;h) if and only if X |- 1ift(¢) (r;s;h).

4.3.3 Grounding

In Lemmas 27 and 28 and Corollary 29 below, given k > 0, let € € L’gk be the k-tuple of
equations defined so that ¢; = (x; = xp4y).

» Lemma 27. Let ¢ € Lpcof.m- Let k be the mazimal parameter index of ¢. Let n,p > 0, let
s € Home (X", X™), and let t € Home(XP, X¥*™). Define b, € BF X? by

b — t(XP) ¢, =1
b 0 otherwise

The following are equivalent:
Xp H‘ ¢(S(tk+1, . 7tk+n) ; bt)
XP I lift(¢) [e/a] (t1, - tes L, .o 1y s(hgts - oo thgn)

Proof. Induction on ¢. When ¢ = «;, we have

Xp I+ (67 (S(tk+1, e ;tk+n) ; bt)

iff by ; = t(X"™)

ifft; =1

iff XPI- (2 = opq) (b1, oo tes L, 15 8(tegty - o oo thn)
When ¢ is otherwise atomic, then

Xp I+ ¢(S(tk+1a"'7tk+n);bt) iff Xp I- ¢(S(tk+17"'atk+n))
This holds, by Proposition 26, if and only if

XP I ift(¢) [e/a] (t1, .. thi L, 138(Eksts - - oy thgn)

The induction cases are straightforward. <

TYPES 2024
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» Lemma 28. Let ¢ € Lycor.m- Let k be the mazimal parameter index of ¢. Let n > 0, let
s € Home(X"™,X™), and let b € B¥X™. Define a € B¥ X" by

{1 b = t(X")
Ap5 =

0 otherwise
Then
X"IFo(s;b) dff X"IF1ift(e) [e/a] (ap;1l,...,155)
Proof. Induction on ¢. When ¢ = «;, we have

X"IFa;(s;b) iff b =t6(X™)
iff ap,i =1
iff X" (x; = xpsi) (ap;1,...,158)

When ¢ is otherwise atomic, then X" IF ¢ (s;b) if and only if X" IF ¢ (s); which holds, by
Proposition 26, if and only if X" IF lift(¢)[e/a] (ap;1,...,1;s). The induction cases are
straightforward. <

» Corollary 29. Let ¢1,¢2 € Lypcop,m- Let k be the mazimal parameter index of 1 = ¢o.
The following are equivalent:

X™ |k Yo (gzbl = (bg) (x)

XFE R it (¢ = do) [e/a] (21, oo trs Lo, 15Tty -y D)

Proof. Fix n > 0 and s € Home (X", X¥*™) and suppose that

X" IF lift(¢1) [e/a] ($1,---,8k; 1oy 1 8ka1y- ey Sktm)

By Lemma 27 and by assumption, X" IF ¢2 (Sg41, .- -, Skt+m ; 0:). And again by Lemma 27,

X" - hft((bg)[e/oz] (81,.--7Sk;1,...71;8k+1,...,Sk+m)

For the converse, fix n > 0, s € Home(X™, X™), and b € B¥ X", Our goal is to check that
X" - ¢1 = ¢2 (s;b). So fix p > 0 and t € Home(XP,X"), and suppose that X Ik ¢q (st;b-t).
By Lemma 28 and by assumption,

X I lift(¢2) [e/a] (apt31,...,1;5t)

So by Lemma 28, XP Ik ¢ (st ;b - t). <

4.4 Applications

To apply the first reduction schema to a concrete algebra A, it suffices to supply a formula y
(Definition 15) characterizing local images for A. To apply the second reduction schema to a
concrete algebra A and language L., it suffices to supply a formula x (Definition 20) which
defines the locally prime formulas of L.

For either schema, if the prenex normal form of y contains no universal second-order
quantifiers, and it is efficiently computable from m, then the sentence checked in Theorem 16
is in VSO; and by Fagin’s theorem, the corresponding model-checking problem is in coNP (cf.
[4, Section 9.2]). This is the case for all of the following applications.

Below, < will denote the standard ordering on the set {0,1}, as well as this ordering
extended component-wise to {0,1}". We will denote the minimal and maximal elements of
the poset {0,1}"™ also by 0 and 1.
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4.4.1 Bipointed sets

For a theory of bipointed sets, the signature will be o = {0,1}. We take the generating
algebra A to be {0,1} with the constants interpreted as 04 =0 and 1”4 = 1. When needed,
we will annotate constructions associated to this algebra with bp.

We apply the first schema. The following second order formula encodes each term function
st A™ — A as a second-order variable T™%!: the first conjunct ensures that 7' encodes
either a projection or a constant, and the second conjunct ensures that R is indeed the image
of functions encoded by the T;.

» Definition 30. Let m > 0. Define x., (for bp terms) to be the formula

Iyt 3 (/\(\/VW (Tilysz) & z=y;)
i J
Vv VyVa (T;(y;z) < z=0)

V Yy Vo (Tl(y,x) T = 1))
AVz (R(z) Hy(/\Ti(y;xi))))

» Remark 31. Let s € 7" be an m-tuple of bipointed-set terms. There exist indices
i1 <idg < --- < iy in {l,...,n} and s’ € 77 such that s = §'[z;, /@1,..., 2, /2] In
particular, for all n > 0 and s € T,™, there exists s’ € 7,7 such that img(s"4) = img(s*).

» Proposition 32. Let m > 0. The formula x,, in Definition 30 characterizes images of bp
term functions.

» Corollary 33. The decision problem PCOFENT}, is coNP-complete.

4.4.2 Distributive lattices

For the theory of bounded distributive lattices, the signature will be g = {0,1} and
o9 = {A,V}. We take the generating algebra A to be {0, 1} with the constants interpreted
as 04 = 0 and 1 = 1, and with the basic operations defined as A** = min and VA = max.
When needed, we will annotate constructions associated to this algebra with dl.

» Lemma 34.
(s A" > A|seT,} = {f: A" = Al f is monotone }

Proof. Let s € 7,,. That s is monotone follows from the fact that the constant functions,
the projections, min and max are all monotone.

Conversely, let f be a monotone function. There are many ways to define s € T,, so that
s4 = f, and here is one way. Define s by

=V A

fla)=1ar=1

Suppose f(a) = 1. Since (A, _; xk)A(a) =
s(a) = 1. Then there exists a’ such that f(a’) =1

But f is monotone, so f(a) = 1. <

1, s*(a) = 1. Conversely, suppose that
and

» Lemma 35. Let B C A™. Then B contains min(B) and max(B) if and only if there exist
n >0 and s € T,™ such that img(s*) = B.

n

(Ayr =1 7)(a) = 1. Hence, o’ < a.
k

9:17
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Proof. Let {b1,...,b,} be an enumeration of B. Define the monotone function f : A" — A™
by
min(B) a=0
fla) =4 b, ap=1iff j=k

max(B) otherwise

By Lemma 34, there exists an m-tuple of terms s € 7, such that s* = f.

For the converse, observe that min(img(s*)) = s4(0) and max(img(s*)) = s*(1). <
» Definition 36. Let m > 0. Define x,, (for dl terms) to be the formula

3z (R(x) AVy (R(y) = N;(zi = 2 Ai)))

A Fz (R(z) AVy (R(y) = Ni(yi = 2 A i)

» Proposition 37. Let m > 0. The formula ., in Definition 36 characterizes images for dl
term functions.

» Corollary 38. The decision problem PCOFENTy; is coNP-complete.

4.4.3 Variable-constant fragments

We will now apply the second schema to show that irrespective of the choice of algebra A,
PCOFENTYVC belongs to coNP.

» Lemma 39. Let m > 0. On the one hand, if A C {c*}, then Y, 1 (Tt = c) is valid;
and if not, Ve,41 (Tmy1 = ¢) is equivalent to L. On the other hand, for (x; = c¢) € Leof.m,
Vma1 (z; = ¢) is equivalent to (z; = ¢).

» Remark 40. Let m > 0, and let ¢ € Lcofpe,m- By Corollary 5 and Lemma 39, we may
assume wlog that ¢ is, up to equivalence, either L, T, or a disjunction of conjunctions of
equations.

» Proposition 41. Let ¢ € Leofoe,m- Then

X"l¢=(zj=c)(x) iff AEVa(d—z;=c)

Proof. Induction on ¢ (in disjunctive form).
Suppose ¢ = | or ¢ = T. Immediate.
Suppose that ¢ = A\, (z; = ¢;) where I C {1,...,m}.

Suppose that j € I and ¢; = c. Immediate.
Suppose that j ¢ I and ¢; = c. Suppose that X™ IF A, (z; = ¢;) = (z; = ¢) (x). In
particular, X™ I (z; = ¢) (s) when

c kel
Sk =
T otherwise

Therefore, A = {c*}, and the conclusion follows trivially. The converse is analogous.
Suppose that j € I and ¢; # c¢. But X" ¥ A, (2; = ¢;) = (z; = ¢) (x) because
X% Ik (27 = ¢;) (¢j) while X" W (z; = ¢) (¢;). And likewise, A ¥ Nicr(wi = ¢;) —

(zj =c)(cj).

Suppose ¢ = ¢1 V ¢o. Directly by induction. |
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» Proposition 42. Let m > 0, and let S1,52 € QX™. Let E be the sieve denoted by the
equation (x; = ¢) € Leofue,m: that is,

E={s:X">X"|n>0,s =c} QX"
If EC S51US,, then either EC Sy or EC Ss.

Proof. Observe that F is principal: i.e., every morphism in F factors through
s = (xl, ey Li—1,C T4y - - ,Z‘m)

Soif s€S; (s € 853), then EC Sy (E CS9). <

» Corollary 43. Equations in Lo are locally prime.

» Lemma 44. Let m > 0. A formula p € Leofoe,m @5 locally prime if and only it is equivalent
to a formula of the form

p = /\(Jr:Z =¢;) wherecy, ..., cm € 0
il
for some non-empty I C {1,...,m}.

» Definition 45. Let m > 0. Define x,, (for variable-constant fragments) to be the formula

3¢, ...3C,, (/\\/ (Cile;) V (21 = ¢5))
AANN (Cile) v Ciler))

i g j<k
A (VCile)
.
where c1, ..., ¢4y IS an enumeration of og.

» Proposition 46. Let m > 0. The formula x,, tn Definition 45 defines the locally prime
formulas in Leofyc.

» Corollary 47. If oy has constants 0 and 1 denoting distinct elements of A, the decision
problem PCOFENTVC is coNP-complete.

Proof. By Propositions 8, 41, and 46 and Theorem 21. |

4.4.4 De Morgan algebras

Lastly, we turn to the theory of De Morgan algebras and the term-constant fragment Lo,
which provide the cofibration layer of the cubical type theory in [3]. The strategy below
is adapted from [3]: it amounts to reducing the term-constant variant of COFENT to the
variable-constant variant.

The signature of De Morgan algebras will be og = {0,1}, 01 = {—}, and 02 = {A, V}.
We take the generating algebra A to be {0,1}? with the constants interpreted as 04 = (0,0)
and 1% = (1,1), and with the basic binary operations defined as A = min and V4 = max.
The operation of De Morgan negation on {0,1}? is

z_ | ()
0,0) | (1,1)
(1,0) | (1,0)
(0,1) | (0,1)
(1,1) | (0,0)

TYPES 2024
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Note that while Boolean negation swaps (0,1) and (1,0) as well as (0,0) and (1,1), De
Morgan negation fixes (0,1) and (1,0), and swaps just (0,0) and (1,1). When needed, we
will annotate constructions associated to this algebra with dm.

The following definition is adapted from [3]:

» Definition 48. Let m > 0, and let ¢ € Leopre,m.-

L p=1Lor(d =c)withd #c
T o=Tor(c=c
(f=1" ¢o=(f=0)
(zi=1) ¢=(z;=1)

o+ = (f=1)" p=(~f=1)
(fi=D)"A(fo=1)" ¢o=(irnfo=1)
(i=D"V(fo=1)% ¢=(fiVa=1)
Y ¢ =01\
o1V Py ¢ =1V o2
Vg1 T ¢ =VTmi1
(=1 6=/ =0)
(zi =0) ¢=(z;=1)

¢ =q(f=1" p=(f=1)
(fi=1)"V(fe=1)" ¢=(Lrf2=1)
(fi=)"A(fo=1)" o=(hV=1)

» Proposition 49. Let m > 0, and let ¢ € Leoficm- The formula ¢ € Leoppe,m is equivalent
to ¢ and is proportional in length.

» Corollary 50. The decision problem PCOFENTTCy, is coNP-complete.

5 Conclusion

In this paper, we have assembled a capable framework for studying the computational
character of key fragments of the internal languages of cubical sets. We have also put it to
use and obtained theoretical results with practical importance: not only have we determined
the complexity of variants of COFENT, we have reasonable decision procedures. That said,
this framework is capable of more:
We plan to extend our results to simplicial sets. The cofibration language in [6] corresponds
not to all presheaves on the cube category, but to sheaves for a specific Grothendieck
topology which defines a topos equivalent to simplicial sets. Preliminary work indicates
that our results, summarized above, on presheaves on cubical categories will extend
to simplicial sets via this equivalence. This would provide the means to automate the
cofibration language layer of a directed type theory based on simplicial sets. It would
also provide the means to automate the dependently-typed internal language of simplicial
sets.
We plan to extend our results to full first-order cofibration languages. For certain finite
algebras A, either or both schemas will apply: for the first schema, it needs to be shown
that term-invariance holds for the more expressive fragment; and for the second schema,
that the more expressive fragment has local factorization. Deciding validity in this context
will give rise to fresh examples of PSPACE-complete problems.
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