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—— Abstract

Continuation semantics for simple programming languages can be axiomatized as a dialogue category:
a symmetric monoidal category equipped with a negation operation. This axiomatization makes
clear the relationship between game semantics, CPS transformations, and continuation monads.

In this paper we extend dialogue categories with 2-categorical structure and concurrent primitives.
This is inspired by a recent analysis of concurrency based on 2-categorical monads. We show that
the fine-grained structure of dialogue categories, not generally available in other semantic models,
can be exploited to give a type to concurrent primitives join and fork. Our main theorem is that
this simple axiomatization induces a concurrent continuation 2-monad. We also show that this
framework is expressive beyond call-by-value monadic programming.

The definitions in this paper are illustrated by concrete constructions in concurrent game
semantics, and our results give a formal categorical basis for concurrent strategies. From a more prac-
tical perspective, our approach suggests a candidate target language for linear CPS transformations
of concurrent programming languages.
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1 Introduction

Continuation models are special denotational models in which the semantics of types and
terms reflects the shape of continuation-passing style (CPS) transformations.

Our purpose in this paper is to import a recent 2-categorical analysis of concurrency [33] to
the theory of continuation models. Concretely, we look at continuation models in 2-categories,
and axiomatize two combinators (fork and join) which can be used for parallel programming
in combination with standard CPS constructs.

This work is inspired and motivated by existing constructions for concurrency in game
semantics. Game semantics is a well-known source of continuation models, and game models
often exhibit a linear structure which appears to be important for concurrency. We illustrate
our concurrent combinators with a simple game semantics based on pomsets.
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37 licensed under Creative Commons License CC-BY 4.0
10th International Conference on Formal Structures for Computation and Deduction (FSCD 2025).
Editor: Maribel Fernandez; Article No. 10; pp. 10:1-10:21

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:breuvart@lipn.univ-paris13.fr
https://lipn.univ-paris13.fr/~breuvart
https://orcid.org/0000-0002-0425-3270
mailto:hugo.paquet@inria.fr
https://www.di.ens.fr/~hpaquet/
https://orcid.org/0000-0002-8192-0321
https://doi.org/10.4230/LIPIcs.FSCD.2025.10
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

10:2

Categorical Continuation Semantics for Concurrency

1.1 Dialogue categories: an abstract notion of linear continuation model

We focus on continuation models axiomatized as dialogue categories [26]. A dialogue category
is a symmetric monoidal category equipped with an object L such that a function space
A — 1 exists for every object A. The object L is a return type for continuations, and
the condition reflects the fact that, after a CPS transformation, all functions should have
return type L. In a dialogue category, the object A —o L is typically written —A, and this
is a functor = : C — C°P which is involved in a “self-adjunction” — 4 —. This induces a
continuation monad A — ——A on C and a continuation comonad A — ——A on C°P. (The
respective Kleisli and coKleisli categories are dual to each other. This is connected to the
duality of call-by-value and call-by-name [38].)

It is significant that dialogue categories are taken to be monoidal rather than cartesian.
This way, the theory includes models of linear continuations and linear CPS transformations
(e.g. [14, 3]). Cartesian categories are a special case of monoidal categories, so standard con-
tinuation models are also included, but preliminary results suggest that to model concurrency
like we do in this paper, a linear model is convenient (§4.3).

In this paper we extend dialogue categories in two steps: first we move to a generalized
2-categorical setting (we define dialogue 2-categories, §2.2), then we add concurrency (§3.2).

1.2 The 2-categorical nature of concurrent computation

A 2-categorical semantic model has objects representing types, morphisms representing
programs or processes, and 2-cells (morphisms between morphisms). Invertible 2-cells
often represent program symmetries (e.g. [11, 19, 7]), but it is not generally clear what
non-invertible 2-cells represent.

Our purpose is to exploit the 2-cells for modelling concurrency. The motivation is that
maps between concurrent processes are used for a diversity of models, including Petri nets,
event structures, or asynchronous transition systems [39]. These maps typically encode a
simulation of one process inside another.

A form of 2-cell also appears in the axiomatic approach to concurrency advocated by
Hoare [15] (see also [16, 29]). In that framework, one has abstract operators for parallel (||)
and sequential (;) compositions of processes. one also has maps of (or, at least, a partial
order on) processes, used to encode usual associativity, unitary and commutativity laws, as
well as the weak interchange law between parallel and sequential composition:

(P | Q) (RIS) — (P R) [| (Q;5) (1)

As an example we look at the weak interchange law in pomsets, a very simple model of
concurrent, processes.

» Definition 1. For a fized set L, a pomset labelled in L is a finite partially ordered set
P = (|P|, <) equipped with a labelling function |P| — L. A configuration of P is a down-
closed subset. A map of pomsets P — P’ is an injective function |P| — |P’| which preserves
configurations and labelling.

The informal idea is that L is a set of possible computational events, and elements of P are
occurrences of these events. The partial order is a causal dependency relation: if p < ¢ in a
pomset P, then ¢ can only occur once p has occurred.

Pomsets support operations of parallel and sequential composition:
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» Proposition 2. For pomsets P and Q, define P || Q as the disjoint union (coproduct) of
labelled posets, and define P;Q as the disjoint union where additionally (1,p) <p.o (2,q)
for every p € |P| and q € |Q| (using the usual tagging for components of a disjoint union).
There is a map of pomsets (P || Q); (R || S) — (P; R) || (®;S), natural in P,Q, R, S.

A concrete example is given by the map of pomsets (@@ ) — (@ @), for a,b € L,
where an arrow between pomset elements indicates a causal dependency in <. This map is
an instance of Proposition 2 with @ = R=0, P= (@) and S = (@).

A trace of a pomset E is a word t € L* viewed as a totally-ordered pomset, equipped
with a map of pomsets z — t from a configuration z C E. It should be clear that for every
map E — E’ there is an inclusion of traces of F into traces of E’.

The starting point of this paper is a 2-categorical axiomatization, due to Rivas &
Jaskelioff [35], and further developed in [33], which puts together the weak interchange
law (1) and monadic models of program effects. In the present work we focus on the special
case of continuation monads on dialogue categories, and observe that a concurrent 2-monad
can be recovered using simple primitives for manipulating processes (join and fork, §3.2).

1.3 Contributions of this paper

This paper combines ideas from two lines of research: linear continuation models in dialogue
categories, and 2-categorical models for concurrency. It is organized as follows:
In §2, we recall basic notions of 2-category theory, and we show that properties of
dialogue categories generalize to this setting. For a toy language, we define call-by-value
and call-by-name semantics in a dialogue 2-category. We illustrate this with a simple
2-category from game semantics.
In §3, we introduce our notion of concurrent dialogue 2-category (Definition 20) and show
that it gives a concurrent continuation 2-monad for a parallel call-by-value semantics
(Theorem 22). We also suggest a possible use case for parallelism in call-by-name (§3.4).
In §4 we discuss concrete models, degenerate models, and we give a brief syntactic
perspective with a concurrent CPS target language (§4.4).

We motivate our definitions using examples and the toy calculus, but these are intended
to illustrate the basic ideas rather than the full power of the approach. In particular, our
language is linear and has no side effects, so issues of call-by-name and call-by-value may
seem irrelevant, but our methods will scale to more expressive languages and advanced
continuation models.

Our high-level objective is to provide a new bridge between the categorical semantics of
effects and the vast literature on models for concurrency. This work also brings new insights
to game semantics: we show that the causal patterns (forks and joins) found in complex
concurrent models can be given an algebraic basis.

2 Dialogue categories with 2-dimensional structure

Our first step is to generalize the notion of dialogue category to a 2-categorical setting.

In this section we recall the basics of 2-category theory (§2.1), then we define a notion
of dialogue 2-category (§2.2), and finally we show that 2-dimensional semantic structures
(in particular, a strong continuation 2-monad) can be derived just like in the ordinary
1-categorical setting (§2.3).
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2.1 Basic notions of 2-category theory
We give a short introduction to the main concepts. For a textbook reference, see [18].

» Definition 3. A 2-category C consists of:
a collection |C| of objects;
for every A,B € |C|, a category C(A, B) whose objects are called 1-cells and whose
morphisms are called 2-cells;
composition functors og p.c : C(B,C) x C(A,B) — C(A, C) simply denoted o; and
identity 1-cellsids € C(A, A).

Compositions and identities are subject to associativity and unit axioms, as expected.

Diagrams. A 2-category has an underlying 1-category, obtained by forgetting the 2-cells.
Thus, in particular, we can reason about equality of 1-cells using ordinary commutative
diagrams. We can also use diagrams to depict “vertical” and “horizontal” compositions
of 2-cells: vertical composition (on the left below) refers to the composition of morphisms
a:f—gand B:g— hin the category C(A, B), while horizontal composition (on the right)
refers to the image under o4 g ¢ of the morphism (o, ') : (f, f') = (g,¢’) in the product
category C(A, B) x C(B, C):

s f | /
g

A fea B — A—9—B A\ﬂa/}c _. 4 ﬂaB ﬂafc
f \\jiy — \é/‘\\gj

Horizontal composition of 2-cells induces the “whiskering” construction, in which a 2-cell
is precomposed or postcomposed with a 1-cell. This is defined by horizontal composition
with identity 2-cells:

f k f J
Y ) R AT
C L A « B—14D = C ﬂidk A ﬂa B ﬂid] D
N \\k/‘ \\g/‘ \\_/‘
9 J

Functors, transformations, and modifications. The main concepts of 2-category theory
are given in the definition below:

» Definition 4.
A 2-functor F' : C — D, between 2-categories C and D, consists of a map of objects
IC| — |D|, and a collection of functors C(A, B) — D(F A, FB), preserving identity and
composition.
A 2-natural transformation ¢ : F' — G between 2-functors F,G : C — D is a family of
1-cells o4 : FA — GA, indexed by objects A € |C|, satisfying the usual naturality axiom
for 1-cells, and the following axiom for all 2-cells ¢ : f — f':

FA %2, GA FA %2, GA
Ff ﬁ) Ff Gf' = Ff Gf c:;é Gf'

FB —— GB FB —— GB
YB ¥B
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A modification m : ¢ — ¥ between 2-natural transformations ,: F — G:C — D is a
family of 2-cells ma : pa — V4, indexed by objects A € |C|, subject to the equation below:

YA PpA
FA /ﬂm\f;" GA FAT a4
~_ Y
Ffl Pa le — Ffl ©B le
FB GB FB ™ |ms GB
YB YB

Finally, there are 2-categorical versions of symmetric monoidal categories and monads,
known as symmetric monoidal 2-categories and 2-monads. The definitions are the same
except that the functors involved must be 2-functors and the natural transformations must
be 2-natural transformations. The coherence axioms are all the same.

Remark on bicategories. The 2-categories in this paper are assumed to be strict, in the
sense that the associativity and identity axioms of composition require actual equality of
1-cells. A more general notion is that of bicategory (sometimes weak 2-category) where the
laws hold only up to invertible 2-cells, but then additional coherence axioms are needed on
those 2-cells, and this significantly complicates the theory.

Many models encountered in practice are bicategories (e.g. [10, 4, 1]) and so this level of
generality is very important. But every bicategory is biequivalent to a strict 2-category [21],
so in this paper we keep everything strict to focus on the key conceptual points and not the
coherence issues.

2.2 Dialogue 2-categories

We sketched the definition of dialogue category in §1. Here we give a formal definition of
dialogue 2-category, which generalizes the 1-categorical definition [26, 25].

» Definition 5. Let (C,®,1I) be a symmetric monoidal 2-category and A, B be objects of
C. An internal hom from A to B is an object A — B € C together with an isomorphism of
categories C(C ® A, B) 2 C(C, A — B) which is natural in C.

» Definition 6. In a symmetric monoidal 2-category (C,®,1), a return object is an object
1 € C equipped with a choice of internal hom A — L, for every object A € C.

A symmetric monoidal 2-category is closed when it has all internal homs A — B, and in
this case any object can be a return object. By contrast, in a dialogue 2-category we require
only one return object L. This is sufficient to model terms in continuation-passing style,
using | as the return type of continuations.

» Definition 7. A dialogue 2-category is a pair consisting of a symmetric monoidal 2-category
(C,®,I) and a return object L € C.

In the logical analysis of continuations, it makes sense to regard the construction — — 1
as a form of negation [13], and as is common we write = A for A — L.

An important observation is that negation induces a contravariant 2-functor on C. This
is expressed in terms of the opposite 2-category C°P, defined to have reversed 1-cells but not
2-cells: C°P(A, B) :=C(B, A).

» Proposition 8. In a dialogue 2-category (C,®,1, 1), the operation A — —A extends to a
2-functor — : C°? — C.
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Proof. For objects A and B, the action of the 2-functor = on C(A, B) is defined by a
composition of functors

evp,ro(idp 1 ®—)

C(A, B) C((B—1)®A,1) = C(B—oL,A—ol),

where evp 1 : (B — 1) ® B — L is the image of idg_,; under the isomorphism C(B —o
1,B—-o1)¥C((B—1)®B,1). |

A basic property of a dialogue 2-category is the existence of a 2-adjunction between the
negation 2-functor and its opposite:

Cor (2)

This is expressed more concretely by a family of natural isomorphisms C(A, ~B) = C°P(-A, B) =
C(B,—A) between categories of 1-cells in C.

These isomorphisms are in fact induced by a stronger parametrized family of isomorphisms,
which can be regarded as the essential property of a dialogue 2-category:

» Lemma 9. In a dialogue 2-category (C,®,1,1), there is a family of isomorphisms of
categories <I>g7B :C(C®A,-B) =, C(C ® B,—A) natural in A, B,C.
The adjunction (2) is deduced by setting C = I, and applying the monoidal unit isomorphisms.

o

We abuse notation and write ® 4 g for the resulting isomorphism C(A,~B) — C(B, ~A).

2.3 Semantics in a dialogue 2-category

In the 1-categorical setting, the situation of Lemma 9 gives what is sometimes known as a
strong adjunction, because the monad induced by the adjunction is automatically strong [22].

A strong adjunction is a fine-grained categorical structure which induces a semantic
model for call-by-value and one for call-by-name. To illustrate this in the context of dialogue
2-categories we consider a very simple lambda-calculus with linear types:

A B:=1|A—-B Nx:AFt:B T'kFt:A—B AkFs: A
57t:()|gj|)\gjt|ts r:AFxz: A I'FXeit:A—oB F,A}_tSB

together with an axiom F () : I. We now give the call-by-value and call-by-name continuation
semantics. (This is closely related to existing translations of the calculus into linear call-by-
push-value [8] or tensorial logic [30]. See the end of this section for further details.)

Call-by-value semantics. In the categorical semantics of call-by-value, the main ingredients
are a strong monad and Kleisli exponentials [31].

» Lemma 10 (Continuation 2-monad). For a dialogue 2-category (C,®, I, L), the endofunctor
on C given by the composition C —= C°P? —= C has the structure of a strong 2-monad.

The only novelty is the 2-dimensional structure, but everything is completely analogous to
the standard setting. The strong 2-monad structure is as follows:
na:A——-=A na = P-4 4(id-4)
lu,A—\—|—|—\A—)—|—\A IJLA:_'n—\A
tap: A® =B = -=(A® B) tap = ‘I)f(A@gB),ﬁﬁB(WﬁB ° ‘pg,ﬁ(A@B)(WA@B))
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» Lemma 11 (Kleisli exponentials). For objects A and B of a dialogue 2-category (C,®,1, 1),
the object =(A ® —B) is an internal hom from A to =—B in C. In particular we have an
evaluation I-cellevy g : 7(A® -B)® A — —-—B.

Proof. For every X, C(X,~(A®-B)) =ZC(X®A®-B,1)=C(X ®A,-—B). <

Given a strong 2-monad and Kleisli exponentials, the semantics of the calculus is standard:
a type defines an object of C, inductively as [I]” = I and [A — B]* = =([A]"®—-[B]"). Then
aterm zy : Ay,..., 2, Ay F ¢ B defines a morphism [t]? : [A1]* ® - - ® [A,]” — —-—[B]",
as in the following (we use the same contexts and types as in the rules above): a variable x
is interpreted as the unit 740, an abstraction Az.t is interpreted as the image of [t]* under
the isomorphism

C([A]* ® -~ @ [An]" @ [A]", ~=[B]") = C([A1]" @ - - @ [An]", ~([A]” @ =[B]")),
post-composed with the unit 7-ajv@-[B]+)), and finally an application ¢ s is interpreted as
v ATY [t]°®[s]” ik Bl AT?
[[1° @ [A]" ——— ~—([A]" ® -[B]") ® ==[A]
—— == (=([A]" ® =[B]") ® [A]") = =——=[B]" ** -~[B]"
where for the arrow labelled («) we must choose between left-right or right-left evaluation

order.

Call-by-name semantics. The semantics of call-by-name takes place in the coKleisli 2-
category for the 2-comonad —— on C°P [22]. We use an equivalent presentation of this coKleisli
2-category: we interpret types as objects of C, with [I]™ = =I and [A — B]" = =[A]"®[B]".
There is an evaluation map ev_papn gy @ 7(=[A]" @ [B]") ® =[A]" — =[B]" induced by
the dialogue structure. Each term judgement z; : Ay,...,x, : A, F ¢ : B is interpreted as a
1-cell -[A1]"® - - ® —[A,]" — —[B]™ in C. For the judgements in the type system above, a
variable = : A gives an identity morphism on —[A]", an abstraction A\x.t is interpreted using
the isomorphism

CEA]" @ @-[Au" @=[A]" -[B]") = C-[A]" @ - @ = [A]", ~(-[Al" ® [B]")),
applied to [t]™, and finally an application ¢ s is interpreted as
n n Ht]]"®|1'5]]n n n n eV_,[[ ]]”»[[ ]l" n
[T]" ® [A]" = ~(=[A]" ® [B]") ® =[A]" —~= =[B]". 3)
As an aside, we note a duality which is the hallmark of continuation semantics (e.g. [38]):

» Proposition 12 (Duality of call-by-value and call-by-name). For a dialogue cat-
egory (C,®,1,1), there is an isomorphism of 2-categories

KU(—°P 0 =) = coK¥(— o =P)°P

for the Kleisli and coKleisli constructions associated with the induced 2-monad on C and
2-comonad on C°P, respectively.
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Connections to tensorial logic and call-by-push-value. Dialogue categories are semantic
models for tensorial logic, a linear sequent calculus involving only connectives ® and —. Our
call-by-value and call-by-name semantics correspond precisely to the standard translation of
intuitionistic linear logic (restricted to our simple language) into tensorial logic [30].

In a different direction, the strong adjunction induced by a dialogue category is a model
for a linear version of call-by-push-value [22, 8], and the call-by-name and call-by-value
semantics correspond to translations into linear call-by-push-value. An interesting research
direction is towards general 2-categorical strong adjunctions and models for CBPV, but this
would require enriched or “locally graded” 2-categories. We can avoid this in the paper
because continuation models are a very special case.

2.4 lllustration in a concrete model

To illustrate the role of 2-cells in continuation models we look at an example from game
semantics. This is a deterministic game model based on pomsets, in which the 2-cells are
maps between strategies. (We have chosen as simple an example as possible: our model does
not support basic features like sum types, non-linear types, recursion, or nondeterminism.
But we emphasize that the abstract structures in this paper also cover the more sophisticated
game models in the literature.)

A simple game semantics. We consider a concurrent game semantics based on pomsets.
This example serves to illustrate the 2-categorical extension of dialogue categories as well as
the concurrent extension discussed in §4.1. This is a simplified deterministic and finitary
version of the model in [34], which we give in terms of pomsets (i.e. finite partial orders,
recall Definition 1) labelled in the two-element set P := {—,+}. For a pomset A, the pomset
A1 has the same underlying poset but the polarity labelling is flipped.

» Definition 13. A game is a pomset A = (|A], <a) (all pomsets are labelled in P ), which
is negative in the sense that all minimal elements are labelled by —.

A strategy A — B is a negative pomset S = (|S|,<g), equipped with a map of pomsets
ps : S — At || B satisfying a lifting condition.® A map of strategies from (S, ps) to (S',ps)
is a map of pomsets S — S' which commutes with the maps to A+ || B.

Strategies A — B and B — C compose by playing different roles in the middle game B,
and there is an identity A — A which forwards moves from one copy to the next [34]. This
gives a bicategory, but to bypass the coherence issues we define a 2-category G of games, such
that each G(A, B) is a skeleton of the category of strategies A — B and maps between them.

(Note: using skeletons of hom categories does not generally work as a method for building
a 2-category out of a bicategory. Thanks to the anonymous reviewer for emphasizing this. It
does work for our example, because the bicategory has no non-identity 2-automorphisms.
For more general game models, coherence issues need to be properly addressed.)

» Proposition 14. The 2-category G has a symmetric monoidal structure induced by the
operation || on pomsets. The monoidal unit is the empty game, denoted I. The singleton
game L = {x} has the structure of a return object in (G, ||, I).

1 We state the condition for the record, although it plays no role in the paper: for a configuration z of S,
if either psz C~ y or y D psx for a configuration y of A+ || B (where the polarity is a condition on
all events in the set difference), then there should be a unique lifting of y to S.
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In G, the construction —A takes A+ and appends a minimal negative move * (cf. models
in [23, 24]). We omit the full proof but illustrate the dialogue structure for singleton games.

» Example 15 (Negation in games). For games A = {a} and B = {b}, the pomsets below are
(A || B)* || L and A+ || =B. In diagrams, positive moves are coloured in blue and negative
moves in red, and the arrow represents the only nontrivial part of the partial order (x < b).

@ @ @ B

Strategies on the left-hand game are also strategies on the right-hand game: by negativity
of the pomsets, in a strategy S of type A || B — L, the element whose image is * must
necessarily occur first according to the order in S. Therefore, the extra constraint imposed
by the arrow in the right-hand game is always obeyed in S, and thus S can also be given
the type A — —B. The converse property is immediate, so we have a correspondence, which
extends easily to maps of strategies, i.e. there is an isomorphism G(A || B, L) = G(A,—B).

Applications of 2-cells.

» Example 16 (Sequential and parallel execution). Consider the game U = &—>@, modelling
processes which are started by an external input and then eventually send a termination
signal. (There are only two possible strategies: one for the process that sends a signal, and
one for the process that doesn’t.) Now, given two input processes of this type, we can run
one after the other, or both in parallel. Corresponding to this there are three strategies
U || U — U, and 2-cells between them, relating the possible behaviours:

Ut Ut U Ut Ut U Ut
>

)"
M-I -

» Remark 17. Our focus is on concurrency, but some other applications of 2-cells in semantics
are already well-established: models for recursion are typically cpo-enriched categories,
which are a special case of 2-categories. In various examples the order is even defined by
the existence of a structure-preserving embedding [32], making the 2-categorical aspects
explicit. Similarly in models of non-determinism one typically has an embedding or inclusion
[t] — [t @ t'], where @ is binary nondeterministic choice. The 2-categorical setup, in which
we can compose 2-cells horizontally and vertically, enables compositional reasoning about
possible returned values.

In summary, we have introduced a notion of dialogue 2-category, in which one can give
continuation semantics in call-by-value or call-by-name. This is just like in the 1-dimensional
case, but now 2-cells are included and can be manipulated in combination with the logical
structure of the model. This is the setting we propose for concurrent continuation models.

3 Concurrent combinators for dialogue 2-categories

In this section we define an extended notion of dialogue 2-category with additional concurrent
structure based on two families of combinators fork and join, typed as follows:

forksy p: "A®-B — —(A® B) joing p: 7(A®B) — -A®-B

10:9
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The definition will be set up to ensure, in particular, that the composite 1-cells

fork—a,-B —joing g

give = the structure of a concurrent 2-monad [35, 33, Definition 18 below]. Although this
looks similar to the data for a monoidal monad, the 2-dimensional properties are weaker. (A
continuation monad is only monoidal in very degenerate cases, as noticed by Thielecke [37]
and later Hasegawa [30, Prop. 1].)

Outline. The section is structured as follows. In §3.1 we give a definition of concurrent
2-monads adapted to the strict 2-categorical setting of this paper. Then in §3.2 we introduce
concurrent dialogue 2-categories, axiomatized with fork and join. Finally §3.3 and §3.4 we
look separately at call-by-name and call-by-value concurrent evaluation. Note that in this
section we only discuss abstract categorical notions. We will mention concrete models in §4.

3.1 Concurrent 2-monads

We first give our notion of concurrent 2-monad, adapted from [35] and [33]. To avoid oversized
diagrams, we denote tensor products by juxtaposition, and applications by subscripts, e.g.
T2 5 means T(T(A ® B)); and we sometimes omit subscripts for transformation components.

» Definition 18. A concurrent 2-monad on a symmetric monoidal 2-category (C,®,1I) is a
2-monad (T, n, 1) on C equipped with a 2-natural transformation xa.p : TA®TB — T(A® B)
and a modification

XTA,TB Txa,B

TTA®TTB ™ T(TA® TB) =25 TT(A® B)

MA®MBJ( lﬂA,B
KA,B

TA®TB T(A® B)

XA,B

subject to the following axioms:
Weakly symmetric monoidal 2-monad: The tuple (T,n,x) defines a symmetric
monotdal 2-functor; the 2-natural transformation 1 is monoidal, meaning that the diagram

AB NANB TATB

—
\ lXA,B
NAB
Tan

commutes; and the 2-natural transformation p, equipped with k, is symmetric monoidal
in a laz sense specified by the following equality of 2-cells®:

T2 T2T, T
(T3TH)TE —— TI(TATZ) =3 T3Tr,1. = T3TEo —5 Trampe — T35,

I |
u(iu) ﬂidu " P‘f HK lﬂ

TA(TeTc) Ta(Tc) X TaBO)

Tax

2 At first sight it looks like our 2-cell equations are not well typed. This is because (for unfortunate space
reasons) we have only included the non-identity parts of the pasting diagrams. In other words, our
diagrams do type-check, because the 1-cell boundaries are equal, but this equality must be reconstructed
using diagrams of 1-cells.
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T2 T, T2
(TiTé)T(QJ' M TTATBTé' - TiBTg‘ i) TTABTC H T?

(AB)C
w(u)J{ Hﬂidu Juu ﬂﬁ Ju
_ (TaTg)Tc v TaTc X Tapyec — Taeo)
T T
1272 25 372 25 Tpypy, -5 T2, T2T% 25 Tror, -5 T2,
NILJ/ ‘U'KAYB J/:Uf F”P‘J/ \UHA*B J/IL
TaTp ————— Tap _  TTa ———— Tpa —> Tap

Hiding: The whiskered 2-cell below is an identity 2-cell.

2 2 2m2 X Tx 2
ATB sz TaTy nTﬁ T3Tg —— Tryry —— Tap

’ i uul ﬂ” lu

TATB X TAB

» Remark 19. Compared to the general bicategorical theory in [33], the only novelties are
the strict 2-categorical setting and the symmetry of the monoidal structure. Note that it
is standard for monoidal monads that the monoidal unit I — T'I should coincide with the
monad unit at I. Lax-monoidal transformations must also be compatible with monoidal
units, but here it is automatic.

The hiding axiom in the definition has a different nature. Intuitively, composing with an

effect-free program in parallel or sequentially should make no difference. More formally, the

purpose is to ensure that the composite A ® T'B MELERENG ) ® TB X2, T(A ® B) satisfies

the axioms for a strength. “Hiding” is game semantics terminology: precomposing with non
hides the effectful part in the left-hand component of the game 75 ® T'3.

3.2 Concurrent dialogue 2-categories

We now state the central definition of this paper.

» Definition 20 (Concurrent dialogue 2-category). A concurrent dialogue 2-category is a
dialogue 2-category (C,®, ) with the additional data of 2-natural transformations

forksy p: "A®-B — —(A® B) joing p: =2(A®B) — -A®-B
and a modification o : join o fork — id, such that fork o join = id, as per the diagrams below.

—\(A®B) -A®-B

forka,p joinyg g joiny p forka, B
/ HO'A,B \ / \

This data is subject to additional axioms given below.
Associativity and braiding: Writing a and 8 for the associator and braiding in the
symmetric monoidal structure of C, the diagrams

fork ARf rk
~A®-B A8 e B) Ae (Bo -0 2O o (B AP (4 g (Ba )
BﬁA‘ﬁBJ/ J{ -8B,A aﬁA,ﬁB,ﬁcT J{“OLA,B,C
-B®-A 4> —~(B®A) -A®-B)® C — 2(A® B) ® -C —— A® B
® fork @ ( ® )@ ngkA B ®— é © CfVOI‘kA®B C<( ®©B)@C)
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commute, as well as the analogous two diagrams for join, and two coherence laws hold
for components of o:

-(A® B) ~(B® A)
forka, s joing p forkg. a joing 4
TA,B _— %Aﬂv \
-A® B ————————— ﬂA@“B?ﬂB@“A ‘\A(X)“B—)‘!B@‘!A “B®-A
—A®forkp, o

(FA®-B)®-C —% 3 “A® (~B®-C) —> =A®~(B®C)

fOrkA,B®C
< AQo = <«
(T\

AR (BRC) ¢— ~(A®(B®C(C)) $— "A® (-B® -C)

“(A®B)®C)

fOI‘kA®B,cT W(@B,C

o —_—

-(A® B) g 7 -(A® B) ® -C ﬁA®joinB’C joiny pgc
fOékAéB T oc®—C J/jOinA,B ®-C
(mA®-B)®-C =— (mA®-B)®-C T> -A® (=B ®-C)

For these coherence laws, we provide full pasting diagrams in Appendixz A.
Compatibility with monoidal units: The following diagram commutes:

Al @ A (T @A) (T A)
m®w{ |-
I 3 ——A P ——A

The corresponding diagram for the the right unitor p holds as a consequence. Note that fork
and join themselves have no unit, so this axiom involves both transformations together.
Compatibility of fork and negation: The following diagram commutes:

NA®B

A® B ———— —-—(AQ® B)

nA ®WBJ/ J{ﬁ forka, B

_\_|A ® _‘_‘BfoﬁkﬁAyﬁB_‘(_‘A ® _\B)

This is only required for fork, whose domain has a top-level tensor. No such axiom can
be expressed for join (nor is it needed).
Hiding: The following whiskered 2-cell should be an identity:

join -A
~4eB) 28 ae-B 2 Ag-—-B "ﬂ A B 28 A g meB 1K (4@ emB)

fork join
(A

®
J
J

&)

This definition has a clear intuitive meaning in game semantics (detailed later in §4.1),
and convenient abstract properties we discuss below in this section. We also note the following
useful consequence of the compatibility of fork and negation:

» Lemma 21. In a concurrent dialogue 2-category, the two maps

fork -, f .
Aw-BMEE 4B (LA B) AoB A8 o B AP (6B

correspond to each other under the bijection ® ag-B,~agp nduced by the adjunction.
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3.3 Call-by-value semantics with concurrent evaluation

We look at applications of this concurrent structure. Our most significant result is:

» Theorem 22. In a concurrent dialogue 2-category, the continuation 2-monad —— is a
fork — join

concurrent 2-monad, with xap = =—~A® -—-B — —~(mA® -B) —— -—=(A® B). In

B Me 8, A --B X% (A B).

particular, it admits a strength A ® ——
» Remark 23. The continuation 2-monad —— already has a canonical strength (Lemma 10),
and nothing seems to imply that the two should coincide, since monads can have several
strengths. But it is expected that in concrete examples they will be the same (e.g. §2.4).

The proof of Theorem 22 involves constructing the modification k, and verifying all
axioms. This is mostly routine, but we give some details in Appendix B.

We can use this structure to design a variation on the usual call-by-value semantics for
our linear A-calculus (§2.3). The construction is straightforward: the semantics of types is
exactly the same, and the semantics of terms is also the same except for the transformation
named («), which we replace by the transformation x. Write [¢]} for the semantics of a term
t in this model.

» Proposition 24. For types A and B, any concurrent dialogue 2-category has a 2-cell

<>

— ., T
~=([A]" ® =[B]") ® ~=[A]" ﬂ ~=(=([A]" ® =[B]") ® [A]")

where « is any of the two possible sequential evaluation orders induced by the strength of ——.
By compositionality of the semantics, we get a 2-cell [t]]ﬁ — [t]¥ for every term t.

The meaning of this 2-cell will depend on the model: it might be used to compare
convergence, possible returned values, probabilities, etc. in the two semantics.

3.4 Call-by-name semantics with concurrent evaluation

To illustrate that these combinators can be applied beyond call-by-value, we sketch a parallel
semantics in which, whenever an evaluation term (Az.t) s is encountered, both function and
argument are evaluated in parallel. unlike in call-by-value, if the function returns without a
call to z, then the whole program can return immediately.

This semantics follows the structure of the call-by-name semantics in §2.3. The only
difference is that we use a new evaluation 1-cell evll, defined only for CBN types, using that
they are all interpreted as tensor products of negated objects (clear by induction).

» Definition 25 (Parallel evaluation for CBN types). In a dialogue 2-category (C,®,1,1),
consider objects A and B with A = ~A; ® --- @ = A,,. Write forks : Q;_, == A4; = —A for
the n-ary fork, evjoina for the 1-cell

1~®1 o ®ﬁﬁ1 e ® (—A; ® A;) Méﬁﬂi@ﬂi

i=1 =1
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and finally define eV[A)B as

~(~A® B) @ ~A SR, (A g B A) Ja OB, (RQ)—-4,© B® A)
i=1

n L. .
= (Bo Q)4 @ —A,) “EE, (e 1) 2 B,

=1

Using this alternative evaluation 1-cell (and everything else kept the same) gives a new
semantics of terms, which we write [¢]j.
» Proposition 26. For A and B as in Definition 25, there is a 2-cell ev_4 p — eVlA’B,
and thus a 2-cell [t]" — [[t]m for every term t of our language.

Although we save a full account for further work, this combinatorial presentation recovers
existing constructions given directly in concurrent games on event structures [5, 6].

4  Further illustrations and degenerate models

4.1 Game semantics

We return to our simple game model, in which the fork and join combinators are particularly
clear. Recall from §2.4 that for a game A, —A is the pomset AL with an appended negative
initial element *. The dialogue 2-category G admits a concurrent structure, drawn below.
(The “...” indicate the point at which a strategy behaves like an identity on A || B.)

join o fork

-A|-B———-A| -B

fork join

—A ﬂB—H(AH B) (AIIB)—> -A| -B
P
... ...

On the right above is the composite join o fork, which should be contrasted with the
identity strategy on —A || —B: the latter would have two “parallel arrows” in the partial
order. A 2-cell o with the required properties can easily be defined, essentially as an instance
of Proposition 2.

» Example 27. We contrast the strategy ev_4 p with the parallel variant evl AB from

Definition 25, in the case A = B = —I. Let a and b denote the unique moves of A and B.

4.2 Degenerate models in dialogue 1-categories

Every category can be regarded as a locally discrete 2-category, i.e. with only identity 2-cells.
This way every dialogue category is also a dialogue 2-category, and we can look for concurrent
structures there.
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But locally discrete concurrent dialogue 2-categories are necessarily degenerate: ¢ must
be the identity, and so -4 ® =B and —(A ® B) are isomorphic objects. The derived 2-cell
associated with the continuation 2-monad is also the identity. In that case the concurrent
2-monad is just a monoidal monad on the underlying category, and it is well known that
monoidal monads are the same as commutative monads [20]. But continuation 2-monads are
commutative if and only if they are idempotent — a drastic restriction for modelling program
effects.®> Thus the expressivity of concurrent dialogue 1-categories is very limited, and only
covers models in which (A ® B) 2 A ® -B and A — ——A is a closure operator.

4.3 Degenerate models in cartesian closed 2-categories

The structures we introduce appear to be of limited applicability when the monoidal product ®
coincides with a cartesian product x in the underlying 2-category C. In that case, the type
of join, g forces it to be the pairing of two functions —(A x B) — =A and =(A x B) — =B,
which goes against the informal intuition that the output of join should be a pair of “entangled”
continuations. A full no-go theorem is left for further work, but we show a limitation in the
case of a cartesian closed 2-category with an initial object (e.g. Cat).

» Proposition 28. Let C be a cartesian closed 2-category with an initial object 0, and consider
the dialogue structure induced by any object R € C (so A=A = R). If C has concurrent
structure, then R must be a terminal object.

Proof. We instantiate the naturality of the transformation join at 1-cells ! : 0 — A and
idg : B — B. Since C is cartesian closed, we have 0 x B =0, andso 0 x B= R=1. We
deduce that join, p must be equal to

(join 4 g,joing g)

(AxB)=R (A= R)x (B=R)
for all A and B. Taking A = B = 1 we then obtain that the morphism ! : R — 1 has a
. (joiny ¢,joing 1) forky 1 ~
retraction 1 Rx R R. So R=1. |

4.4 Syntactic illustration in a CPS language

Finally we look at what our combinators may look like in a typed target language for CPS
transformations. In what follows we call source language the linear A-calculus of the previous
section. The target language has types and terms given by

AB:=I|1L|A®B|-A
sstu=0)]z|dxt]|st|s@t]let z®y=sint]|joint | forkt

with typing rules given below. We also use syntactic sugar A(x ®y).t := Ap.(let zQ@y = pin t).

Tx: ARt L I'ks:-A At A I'ts: A AF-t:B

I'Xzxt:-A AkFst:L F(O:TI INNAFs®t:A® B

's:A® B Ajz:Ay:BFt:C 'kt:-A®-B '+t:-(A®B)
IAFletz@y=sint:C '+ forkt: (A ® B) I'kjoint: ~A® -B

3 Note that, by itself, the commutativity of a 2-monad does not mean that all concurrent structures on it
are uninteresting [33, Example 6.2]. This is only true for continuation monads, because commutativity
implies idempotence.
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It is well-established that the core of this language (without fork and join) is an appropriate
target language for call-by-value and call-by-name CPS transformations. With the new
primitives we can look for parallel variants of CPS. As an example, we contrast the standard
call-by-value translation (arbitrarily fixing a left-first evaluation) with a parallel version.
The translations are respectively denoted (—)” and (—)j. Types are translated inductively
as (]I[)“:(]I[)ﬁ:[and(]A—OB[) —(]A—OB[)| —ﬁ(q ) ® ~(B)¥). Aterm T'H1¢: Ais
translated as (I)" = (¢)* : ==(A)" (and the same for (—)}), as described in the table:

Source ¢ Standard CPS (t)* Parallel CPS (¢)j
0 Ak () M.k ()
x Ak x Ak x
Azt Ak k(A(z @ h).(t)"h) Mek(A(z @ R).(t)} R
st Ak () (AS-(8)" (Azk (f @) | Ak fork((s)} @ (t)))(Join(A(u ® a).u(a ® k)))

For a language with side-effects and a proper 2-dimensional structure on terms (consider for
instance the partial order induced by may-termination in a non-deterministic language, or
the 2-dimensional syntax of [11]), our concurrent dialogue 2-categories will be a basis for
soundness and adequacy theorems, with compositional reasoning principles at this level.

5 Conclusion: related and further work

We have given a categorical axiomatization of concurrent continuation models based on
dialogue 2-categories extended with join and fork combinators. The 2-categorical structure
is essential for this axiomatization. It has a clear operational meaning in game semantics
and we have also showcased other applications.

Instead of dialogue categories we could have used an alternative notion of continuation
model (e.g. [37, 17, 36]). Relationships between these models are fairly well understood, and
we expect that principles for concurrency can be transferred.

We emphasize that the non-cartesian tensor exploited here is not ultimately a barrier to
the interpretation of non-linear languages. Indeed, with an appropriate resource modality
on a dialogue category, one recovers a semantic model for full call-by-push-value with
continuations [8]. We expect that this will not interfere with the concurrent combinators.

On the side of concrete models, we note that game semantics and concurrency already
have a significant shared history, including e.g. [12, 9, 28]. This appears to be the first
time that parallel combinators are given a categorical axiomatization, and game models for
parallel execution should all fit in this framework. An idea in this direction was already
suggested by Mellies [27, p. 243].

In this short paper our focus has been on motivation and illustration of the 2-categorical
setting. In further work we will study concurrency in non-linear settings with sum types and
recursion. Our axiomatization will provide a solid foundation. Another avenue is in connection
with the use of parallel evaluation in normalization proofs for the A-calculus [2]. Finally,
we will investigate more general 2-categorical models for concurrent effectful programming,
including call-by-value and call-by-name but going beyond the special case of continuation
models.
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A  Full coherence laws for o in a concurrent dialogue 2-categories

The two coherence laws for components of ¢ in Definition 20 are given below.

Braiding.
(A B) 224 (B A)
foer \. . jOinB,A
UA’BH joiny g \
~
B-a,-B
~(A® B) 224 (B A)
_ foer forkB,A) O_BH ) %,A
- v
-A® B —— -B®-A -B®-A
B-a,-B
Associativity.
~(A@ (B®C)) A ~(A® B)®C)
forkA'B[X)CT /
A® _‘(B ® C) forkags,c ol e joinggp,c
ﬁA®f01"kB,CT
ﬁA@(ﬁB@ﬁC) ﬁ(A@B)@ﬁC:ﬁ(A(X)B)@ﬁC
= Z
aﬁA,ﬁB,ﬁcT forka, g ®-C oca,B®C J/jOinA,B ®-C
- 4
(—A®-B)® -C (—A®-B)®-C
~(4® (BeC) e ~(A®B)® 0)
forkA,B@cT \G\A)B®C Joiny pgc
ﬁA®ﬁ(B®C)“: —A® (B () joinggp,c
X ~
— —\A®f0rkB,CT —AQoB,c ﬁA®joinB®C
X ~
-A® (-B®-C) -A® (-B®-C) -(A® B) ® -C
OcﬁA,ﬂB,—.cT a:L,ﬁBﬁc\) J{joinAyB ®-C
(mA®-B)®@ -C (mA®-B)® -C
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B Proof notes: the continuation monad —— is concurrent

Symmetric monoidal functor. The following diagram commutes by associativity of join
and fork, and by naturality:

-(A® B) ® -=C
—‘JOIHV w)
®ﬁﬁ — join
(ﬁﬁA®ﬁﬁB)®ﬁﬁ FA@;ﬁB ®-~C “(7(A®B)®-C) — ~((A® B)® ()

—
=(join ®——C)
\j;;:\\\$ —

~((FA® —B) ® -C)
\

« e’ e’
+
—(mA® (-B®~C))
/ ~
f —~(-A®join)
— ~
2A® (--B®-=C) — ~2A® ~(-B® ~C) —(mA®~(B®C)) — —~(A® (B®C(C))
- A®fork — join

—A®-~(B®C)

The left unit diagram commutes by definition and the right unit diagram below commutes
by symmetry.

The 2-natural transformation 7 is monoidal. The proof amounts to the diagram below, in
which the top subdiagram uses the compatibility of negation with fork.

A®--B na®oob ~—A®-—-B

NA®-—-B
N lfork

“(A®-B) 2K (4@ ~-B) 2O (4 g - B)

A®nB T
1\ =(~A®-nsB)

——(A®ns) ‘ —join
ﬁ(ﬁfl@‘jB)

T
- fork

A® B

-—(A® B) -—(A® B)

The 2-natural transformation p is lax-monoidal. The modification component k4 5 is

given by
A ® B — 2y (A @ ~-B) — 2 (=~ A® - B)
w/ lﬁﬁfork
= fork (A ®-B)
MN-A®MN-B lﬂﬂﬂ join
(- A® ——-B) Mm-ae-s —-—-=(A® B)
ﬁ(nﬁA@FB)l / J/“nﬁA(X)B

fork — join
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The proof that this x is coherent involves a tedious sequence of rewriting steps on 2-cells. The
key steps uses the coherence axioms on ¢. For illustration we include one of the coherence
axioms for x in full form:

TAB TC

. \

(T3TE)TE 2% Tryp, T2 —— T SENG/ I
B TaTs (TaTs)Te 77 LTupTc (AB)C

ix T3 Tx

T3 T,
(TATB)TC T3(T3TE) — T3Tr,r, T3TEo —— Tratye —— Ti(ne)

T e i e I [

TA(TsTc) Ta(Tpe) X Tao)

Tax

T3 T, T2 T
22\ 2 _X'C 2 x*c 2 2 X X 2
(TATB)TC > Tryrs TS » Taple P Trapte T(AB)C

0| [, [ Jr |» \

(TaTB)Tc T TapTc ~ TaByc T3 o)

T )

Ta(TsTe) —— Ta(Tsc) Ta(se)

Hiding. The hiding condition for concurrent 2-monads is derived from the hiding condition
for concurrent dialogue 2-categories, by rearranging the pasting diagram for the whiskering

o (nﬁ_\A ®ido——p)o(Na ® id_.ﬁ_\_.B)

in several steps. We omit the details for reasons of space.
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