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—— Abstract

In impredicative type theory (System F, also known as A2), it is possible to define inductive data
types, such as natural numbers and lists. It is also possible to define coinductive data types such
as streams. They work well in the sense that their (co)recursion principles obey the expected
computation rules (the S-rules). Unfortunately, they do not yield a (co)induction principle [13, 32],
because the necessary uniqueness principles are missing (the n-rules). Awodey, Frey, and Speight
[4] used an extension of the Calculus of Constructions [9] (AC) with 3-types, identity-types, and
functional extensionality to define System F style inductive types with an induction principle, by
encoding them as a well-chosen subtype, making them initial algebras.

In this paper, we extend their results to coinductive data types, and we detail the example of
the stream data type with the desired coinduction principle (also called bisimulation). To do that,
we first define quotient types (with the desired n-rules) and we also need a stronger form of the
definable existential types. We also show that we can use the original method by Awodey, Frey
and Speight for general inductive types by defining W-types with an induction principle. The dual
approach for streams can be extended to M-types, the generic notion of coinductive types, and the
dual of W-types.
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1 Introduction

In type theory based proof assistants, like Rocq [34] or Lean [11] or Agda [7], one can
define functions and prove properties about them, so they form an integrated system for
programming and proving. This is due to the combination of dependent types and inductive
types, which, under the Curry-Howard formulas-as-types embedding, allow one to define
inductive types with a recursion principle (to define functions by well-founded recursion) and
an induction principle (to do proofs by induction).

In polymorphic type theory [16, 29] (System F, also known as A2), it is possible to create
inductive data types, such as natural numbers and lists. It is also possible to create coinductive
data types such as streams. They work well in the sense that their (co)recursion principles
? Steven Bronsveld, Herman Geuver.s, and Niels van der Weide;
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obey the expected computation rules (the S-rules). In the Calculus of Constructions (AC),
which extends polymorphic type theory with dependent types and higher order types, one can
state induction principles for inductive data types and coinduction principles for coinductive
data types. Unfortunately, these (co)induction principles are not provable in the type theory,
because the necessary uniqueness principles are missing (the n-rules). Awodey, Frey, and
Speight [4] use an extension of the Calculus of Constructions with X-types, equality-types
and functional extensionality to provide System F style inductive types with an induction
principle by encoding them as a subtype, making them initial algebras.

In this paper, we extend the results of Awodey, Frey, and Speight, to coinductive types
and to general W-types. To deal with coinductive types, we first define a quotient type that
has the desired induction principle. Then we take the quotient of the (System F) definable
coinductive data type with an appropriate equivalence relation. We show that the type
obtained is a final coalgebra and thus satisfies the expected coinduction principle, stating
that bisimilarity and equality coincide. We show this in detail for the well-known type of
infinite streams. To emphasize that the approach is general and that we can use the technique
for general (co)inductive types, we show that we can define W-types as initial algebras,
with an induction principle, and dually, we can define M-types [36] as final coalgebras with
a coinduction principle. Categorically, initiality (finality) of an (co)algebra can be stated
in equivalent ways and we show that each of these can be used to define an initial (final)
(co)algebra in type theory.

Contributions. The contributions of this paper are as follows:
a construction of the type of streams as an impredicative encoding (Theorem 4.16);
a construction of W-types as an impredicative encoding (Theorem 6.7);
a construction of M-types as an impredicative encoding (Theorem 7.10).

We also prove suitable induction and bisimulation principles for them.

Related Work. Our work extends the work by Awodey, Frey, and Speight [4]. Compared to
their paper, we consider a wider variety of types, and, in particular, coinductive types like
streams and M-types. Another extension of their work was by Ripoll Echeveste [31], who
looked at how to extend the construction by Awodey, Frey, and Speight to types with an
arbitrary homotopy level.

Parametricity gives another way to fix impredicative encodings. More specifically, if one
assumes an internal version of the axiom of parametricity, then one can prove the induction
principle for impredicative encodings [3, 37, 38]. One can prove the consistency of such
systems using PER models [20].

There are various ways to construct quotient types. We use impredicative encodings
in this paper, but, assuming propositional resizing, one could also construct them via
equivalence classes [35]. Li [21] shows that various quotients in type theory are definable
using normalization functions.

There are also other ways to construct M-types. For instance, one can construct M-types
using W-types in an extensional setting [1, 36]. One can also perform such constructions
in intensional type theory [2], and even in such a way that computation rules hold defini-
tionally [28]. In our paper, we do not postulate the existence of W-types, and we directly
obtain computation rules that hold up to definitional equality without needing a refinement.
Hermida and Jacobs give a general construction of W-types and M-types in the context of
fibrations [17], and they show that final coalgebras can be constructed as quotients. Our
argument is slightly different: whereas the construction by Hermida and Jacobs is based on
the category of applicative bisimulations, we use weakly final coalgebras.
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Overview. In Section 2 we describe the type theory that we need. In Section 3 we show
how to define quotients in type theory with the appropriate universal property, which
we use in Section 4 to define the coinductive type of streams as a final coalgebra with a
coinduction principle. In Section 5 we discuss alternative ways to construct inductive types
via impredicative encodings. In Sections 6 and 7 we generalize inductive types to arbitrary
W-types and coinductive types to arbitrary M-types, respectively.

2  The type theory

The type system we work in is the Calculus of Constructions AC', extended with identity
types and X-types, and function extensionality and uniqueness of identity proofs. We work
with the impredicatively defined data-types that we know from polymorphic A-calculus. For
background we refer to [9, 16, 6, 23] and the full rules are given in the Appendix A. We
assume familiarity with typing judgments such as (I' F a : A) and S-reduction. We often
drop the context I' and write (a : A).

The system we use is the same as the one of Awodey, Frey, and Speight [4] and detailed in
the master thesis of Sam Speight [33]. The synopsis is that it is the Calculus of Constructions
(so we have dependent type theory with an impredicative bottom universe U) extended with
Y-types and identity types (equality types, or =-types), with n-rules for II-types and X-types
and with function extensionality and uniqueness of identity proofs (UIP). The system can
also be seen as a subset of homotopy type theory (HoTT) [35] with one impredicative bottom
universe. The relation with System F is often emphasized by various authors [4, 33, 31], as
the impredicative encodings of data types is a crucial point.

As usual, there are two notions of equality. First of all we have definitional equality,
generated from 3, denoted by ¢ E q, and n, denoted by ¢t L q. Then there is propositional
equality, which is a type in the system, given by the rules for the identity type, which we
denote by p : t =4 ¢ for t,q : A (p is a proof term of type t =4 ¢). We often omit the
subscript A. If two terms ¢ and ¢ are definitionally equal, they are indistinguishable for the
type system, i.e. we have refl : t =4 ¢, where refl is the reflexivity proof-term.

We add the following two axioms. Let X be a type and Y be a type family on X.

FunExt:II(f,¢g : lI(z: X),Y o). ((z: X).fa=g2) = f=y¢g

UIP: II(X : U) Il(z,y : X)(p,q: 2 =y).p=q

We use E-types to create subtypes. The type ¥(x : A).Px is seen as a subtype of A,
consisting of pairs (a,p) where p : Pa. It is in general not the case that a = a’ < (a,p) =
(a’,q). We only have this equivalence in case Pz is proof-irrelevant, that is, Pz is a type in
which all inhabitants are equal. As we assume UIP, predicates Pz of the form ... - ¢ =1

will be proof-irrelevant, and in most (all) of the situations that occur in this paper, a subtype
Y(x : A).Pz will be of that form. Hence, we frequently use the following Lemma.

» Lemma 2.1 (Sigma injection principle). For X :U and P : X — U with P x proof-irrelevant
(i.e. all terms of type P x are equal), we have (where prl: (X(x: X).P x) — X denotes the
first projection)
M(y,y :B(x: X).Pa)y=vy < priy=priy

Proof. From left to right is immediate. For the right to left implication, we first prove
M(z,2' : X)x =2 —1(z: Pz)Il(z : Pa')(x,z) = (2',2') using the elimination rule for
the identity type (see Appendix A) and proof-irrelevance of P x. Then the Lemma follows
from the n-rule for X-types. <
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3 Quotients

To define final coalgebras impredicatively, we first need quotient types. A quotient type
consists of terms of a given type D : U that are considered equivalent according to a relation
R:D — D — U. 1t is possible to define quotient types in impredicative type theory. Similar
to natural numbers and lists, this definition satisfies the expected -rule, but fails to satisfy
the np-rule. We show that it is possible to extend the technique of [4] to define quotients with
an 7n-rule. We use this improved quotient type to show that the class-function, that lifts an
element of the base type to an element of the quotient type, is indeed a surjective function.
In Section 4 we use the quotients as defined here to create stream types.

3.1 Impredicative quotient type

In the remainder of this section, we fix a type D : U and a relation R: D — D — U. First,
we define the predicate that states that a function behaves the same on all equivalence classes
of a relation R.

» Definition 3.1. We say that a function f respects R if for all z,y : D such that R x y,
we have f x = f y. We write EqCls f R for the type expressing that f respects R.

» Definition 3.2. We define the quotient type quot® D R to be II(C : U).II(f : D —
(C).EqCls f R — C. The class function cls* : D — quot™ D R is defined to be

cls® = A(d: D).NC:U)ANf:D— C).\H :EqCls f R).f d.
We sometimes write D/*R := quot™ D R.

We can lift a function (f : D — E) that respects R to a function (f quot* D R — E).
This lifting is done by the recursor for quotient types.

» Definition 3.3. We define the recursor for quotient types recy as follows.
recy == NC:U)A(f: D — C).\(H :EqCls f R).A(g:quot” D R).qC f H
We usually write f:: (\g. recg C f H q) if C and H are clear from the context.

The lifted function satisfies ]?o cls* = f, which is the S-rule for quotient types. This is
stated in the following lemma, which is proved by S-reduction.

» Lemma 3.4. Given f: D — C and H : (EqCls f R) we have that (rec, C f H)ocls" = f.
This means that the following diagram commutes.

*

cls

D —— D/*R
fg/?

» Lemma 3.5. If we have R x y, then we also have cls* © = cls* y.

Proof. The statement follows by function extensionality: for C' : U, f : D — C and H :
(EqCls f R) we prove cls* 2 C' f H = cl1s* y C' f H. This follows from c1ls* = C f H 2 fx
and the fact that f x = f y, which follows from R x y by (H : (EqCls f R)). <
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» Note 3.6. In the definition of quot* D R, we do not require R to be an equivalence
relation. A function f that acts on elements of quot*D R needs to satisfy EqCls f R. Hence,
quot*DR is the quotient of D by the smallest equivalence relation containing R.

We might expect that the function fis the unique lifted function, and that any function h
that satisfies the S-rule is equal to f This uniqueness requirement or n-rule is unfortunately
not satisfied'!. We now take a look at a categorical definition of quotients. Using this
definition and its uniqueness requirement, we can apply the same encoding technique as in
[4] to create a quotient type that satisfies the uniqueness property. Categorically, we want
quotients to satisfy the uniqueness rule in the left diagram of Figure 1.

Figure 1 Uniqueness rule for quotients; Commutative diagram of the n-rule for quotient types.

We can give categorically equivalent definition of uniqueness. Suppose we have morphisms
(9: D — X)and (¢’ : D —Y) that respect R, so we have (EqCls g R) and (EqCls ¢’ R). By
the S-rule, we know that gocls* = g and ;’o cls* = ¢’. If we have a morphism (f : X = Y),
such that ¢’ = fog, we want to have that ¢/ = fog (the bottom right triangle in the diagram
on the right in Figure 1). This is the n-rule for quotient types.

3.2 Impredicative encoding of quotients with 1

We now define an impredicative encoding of quotients that satisfies the n-rule. We basically
follow the same approach as for the natural numbers in [4].

» Definition 3.7. We define the inductive quotient type, which we denote by quot, as
Y (g : quot* D R).LimQuot ¢ where LimQuot (¢ : quot™ D R) says that for all types X, Y : U,
functions g : D — X and ¢’ : D — Y that respect R, and functions f : X — Y, we have
[ (reci X g H q) =recy Y g" H' q whenever fog=g. We define the recursor as follows.

recq : = A(C : U)A(f: D — C).A\(H :EqCls f R).A(u:quot D R).rec; C f H (prl u)

We usually write f := (AMu.recq C f H u) if C' and H are clear from context. We sometimes
write D/R := quot D R.

To define the new cls function, we need to show LimQuot (cls* d) for all d : D. This
follows from S-reduction.

» Lemma 3.8 (LimQuotCls?). We have a term Lim@uotCls: [[(d : D).LimQuot (cls* d).

! The technique in [13] can be used to create a counter model.
2 When we make use of a witness of a statement, we name that witness after the theorem number.
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» Definition 3.9. We define the class function cls to be A(d : D).(c1ls* d, LimQuotCls d).
We still have that cls x = cls y for all z,y : D such that R x y.
» Lemma 3.10 (EqC1s2). For all x,y: D we have cls x = clsy if R x y.

Proof. From R z y we get cls* z = c1ls* y by Lemma 3.5. Now the results follows from
cls z = (cls™ x, LimQuotCls z) = (cls* y, LimQuotCls y) = cls y,

where the middle equation follows from Lemma 2.1 and the fact that LimQuot is a proof-
irrelevant predicate, since it ends in an equality. |

We are now ready to prove the computation rule (8-rule) for the new quotient type quot.

» Lemma 3.11. Given (C :U), (9: D — C) and (H : EqCls g R) we have that (recy C g H)o
cls=g.

Proof. The proof follows from function extensionality and S-reduction. <
Next, we show that the identity case of the n-rule holds: cIs = idp/g.
» Lemma 3.12 (IdLift). We have recy D/R cls EqCls2= idp/p.

Proof. The proof is by function extensionality and the fact that to prove an equality of terms
of type quot D R we only have to prove the equality of their first projections (Lemma 2.1).
This means we have to prove that pri (recq D/R cls EqC1ls2 u) C' g H and (pri u) C g H
are equal for all u, C, g, and H. This follows from LimQuot (prl u). <

Using the previous lemma, we show that the general n-rule is satisfied.

» Theorem 3.13. Suppose that we have a type (C : U) and a function (g : D — C) with
(H : (EqCls g R)). For every (f : D/R — C) with f o cls=g, we have f =7.

Proof. Assume we have D, R,C,g,H and f as described. We want to show that f =
recq C g H. Let ((¢,p) : D/R) where (q : quot*D R) and (p : LimQuot ¢). We have that
f ocls = g by assumption. Obviously, we have (H' : EqCls (f o cls) R). We thus have that
all requirements of p are satisfied. The statement follows by function extensionality.

fla,p) "= f (vrecq D/R cls EqC1s2 (q,p)) £ recqy C g H {q,p) <

We conclude this section by proving the induction principle, which says that whenever
a proof-irrelevant property P holds for all (cls (d : D)), we also have that P holds for all
u: D/R. The improved quot type satisfies this property since it follows from the n-rule. We
show this in the following theorem.

» Theorem 3.14. For proof-irrelevant (P : D/R — U), if Ill(x : D). P (cls x), then
II(u: D/R). P u.

Proof. Let (A : II(z : D). P (cls z)) and consider g : D — (3(u : D/R).P u) defined by
g(x) := (cls x, A x). We will show that pr2og:II(u: D/R). P u.

We have R x y = cls x = cls y by Lemma 3.10 and so g * = g y by Lemma 2.1. So we
can lift g to g and we have gocls = g. So prlogocls = prlog = cls and by Theorem 3.13
(taking pr1og for f and cls for g in the Theorem), we find priog = cls = idp /g (where
the last equality is Lemma 3.12). But then for (u : D/R), we have pr2 (g u) : P u. We
conclude that pr2og: II(u: D/R). P u. <
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4 Streams

We now treat the type of streams as an example of an impredicative encoding of a coinductive
type. We show that this type satisfies the expected g-rules and the n-rule. Coinductive types
are dual to inductive types and describe (possibly) infinite data structures. These streams,
or infinite lists, shall range over some element type (E : U). To construct streams, we use
existential types, the type theoretical analog of the existential quantifier. We first give the
wel-known impredicative definition of streams and show that the S-rules are satisfied. Next,
we take a look at the categorical definition of coinductive streams as a final coalgebra, which
we use to give an impredicative encoding of a stream type that also satisfies the n-rule and
the coinduction principle.

4.1 Existential types

» Definition 4.1. We define the impredicative existential type 3*(X : U).P X to be
(Y : U).(I(X : U).(PX) = Y) = Y. The pack® constructor is defined to be

pack” := AN X : U)AEt: PX)ONY :U)NE:T(X :U).(PX)—=>Y)Ek Xt
So pack® : II(X : U).(P X) — 3*(X : U).P X. We define the recursor rec to be
rect =AY :U)ANf:I(Z :U).(PZ)—=Y)Ne:T*X.P)eY f
We denote these existential types using the shorthand notation 3*X.P := 3*(X : U).P X.

The recursor satisfies the usual S-equality, which says that rec} Y f (pack* X t) g fXt
When we unpack an existential type (e : 3*X.P) using the recursor rec}, we obtain values
(X :U) and (¢t : P(X)). These values are unrelated to the values we used to create the
member e. This is by design. However, if we use the pack* function, to re-package the X
and t values €' := pack™ X ¢, we want to have e = ¢’. In other words, if we unpack an
(e : 3*X.P), and then re-pack it, we would like it to be equal to e. To make sure that this is
the case, we define 3X.P as a subtype of 3*X.P.

» Definition 4.2. We define the existential type 3(X: U).P(X) tobe ¥(y : F*X.P X).Limg y,
where Lims(y : 3*X.P X) is defined to be 3*(X : ). 3*(t : PX).y = pack* Xt 3 The
constructor pack is defined to be

pack := A(X : U).A\(t: P X).(pack™ X t,pack® X (pack® trefl))

(Note that indeed pack* X (pack*trefl): 3*(X':U).3*(t' : P X').pack* X t = pack* X't'.)
We define the recursor recy as follows.

recy: =AY :UNSf:II(Z:U).(PZ) = Y)Ne:3IX.P)reci Y f (prle).
We denote these existential types using the shorthand notation 3X.P:=3(X : U).P X.

Note that the definition above makes sense, because pack™ X ¢ £ pack® X t,so reflisa

proof of this equality. The expected S-equality still holds, so we have rec3 Y [ (pack X t) g

f X t. We give the main results about 3X.P that we need, especially in Lemma 4.12.

3 Another way to define Limg is by using J-morphisms and requiring them to be unique, similar to
quotients in Definition 3.7. This is equivalent, but the proofs of the Lemmas are slightly longer.
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» Lemma 4.3. For all e : AX.P there are X : U and t : P X such that e = pack X t. In
addition, we have recy (3X.P) pack = idax.p.

Proof. Given e : 3X.P we have prie: 3*X.P X and pr2e: 3*X.3*t.pr1 e = pack* X t. We
use pr2e to eliminate the 3* and find X and ¢ for which pr1 e = pack® X ¢. For this X and
t we have e equals (prle,pr2e) = (pack* X t,pack* X (pack*trefl)) = pack X t. Finally,
we prove that recg (3X.P) pack e = e for all e : 3X.P. From e we get X and ¢ such that
e = pack X t, so recy (3X.P) pack e = recg (3X.P) pack (pack X t) =packXt=e. <

4.2 Impredicative stream type

We first give the well-known impredicative definition of a stream type with its “head” and
“tail” destructors and its corecursor. This definition satisfies the computation rules.

» Definition 4.4. We define the impredicative stream type, denoted by Stream®, to
be 3(X : U).X x (X — E) x (X — X). The destructor hd*(s : Stream®) is defined as
recy E (AX. Mz, h,t). h x) s, and the destructor t1*(s : Stream*) is

recg E (AX. Az, h,t). pack X (t z,h,t)) s : Stream”.
Finally, we define the corecursor corec? as follows.
corecy == AMX :U)ANh: X = E)At: X = X) Az : X).pack X (z,h,1).

It is a simple check that the introduction rule (the corecursor) and elimination rules (the
head and tail functions) compute as one would expect.

hd*(corecl X h t x) Ly t1*(coreci X ht x) 2 corecy X ht (tx)

In category theory, we define streams as the final coalgebra of the endofunctor S(X) :=
E x X. We have a category of S-coalgebras denoted as S-CoAlg with objects (X, (h,t))
where X is a set and (h: X — E) and (t : X — X) are functions. Morphisms in S-
CoAlg satisfy the equations h/ o f = h and t' o f = f ot, expressed in Figure 2. The
final object (F, (hd,t1)) of the category of S-coalgebras S-CoAlg has exactly one morphism
(ux : (X, (h,t)) — (F,(hd,tl))) for each coalgebra (X, (h,t)). In formulas, this means that
for each S-CoAlg morphism (f : X — Y), we have that uy o f = ux.

<h7t>
X — Ex X

(hot)
X — 5 ExX fl - lsm
(W)
fl = lsm | =Y — 5 Exy
(h oty
Y — S Exy uyl - i

(hd,t1)
F —— ExXF

Figure 2 Diagram for S-CoAlg morphisms (left) and for the final S-coalgebra (right).

Next, we translate the categorical notion of final S-coalgebra back to type theory. We
define the predicate MorphStream that states that f : X — Y forms an S-coalgebra morphism.
This predicate mirrors the commutative diagram from the categorical definition in Figure 2
(left). For (X, Y : U), (h: X - E),t: X - X),W:Y - E),t : Y =-Y) and
(f: X =), we define MorphStrean as follows.



S. Bronsveld, H. Geuvers, and N. van der Weide

MorphStream X ht Y A't' f:X =Y = KWof=h At of=fot

We want to define an encoding of Stream® that satisfies the n-rule, which is taken from the
final coalgebra of S as shown in Figure 2 (right). Given a morphism (f : X — Y), we want
that uy o f = ux, where (ux : X — F) and (uy : Y — F) are the morphisms created using
the corecursor for Stream*: uy := corecl X h t and uy := corec: Y h' t'.

In the case of quotients (and for natural numbers, see [4]), we created a subtype of
quot®™ D R, by pairing each element with a proof that it satisfies the n-rule. This made
quot D R a subtype of quot® D R. In the case of streams, we take the dual notion of a
subtype: a quotient. The quotient equates two streams that are related by uy o f = ux. To
define this quotient, we define a relation CoLimStr that relates streams o and 7 if they can
be translated into each other by some S-morphism f. The relation CoLimStr is given below.

» Definition 4.5. We define the relation CoLimStr between streams (o, 7 : Stream®) where
(CoLimStr o 7) holds if o and 7 are related by some S-coalgebra morphism.

. h:X—FE X=X
CoLimStr o 7 := 3I(X,Y :Z/{).Héh,:Y:E)).H((f,:YzY))El(f X —=Y)3I(z: X)
(MorphStream X ht Y h't f) A

o=corec X htx AN 7=corect Y W't (fx)
We use the infix notation (o = 7) to denote that (CoLimStr ¢ 7) holds.

» Note 4.6. The relation CoLimStr is neither symmetric nor transitive. By Note 3.6, this
does not hinder us since the equality relation on (cls z) is an equivalence relation.

We now define the Stream type as a quotient and then we define the adapted “head” and
“tail” function on this quotient type.

» Definition 4.7. We define the coinductive stream type, which we denote by Stream,
as quot Stream” CoLimStr.

To define the new head and tail functions hd and t1 as lifted functions of hd* and t1*
we need to show that hd* and t1* are well-defined.

» Lemma 4.8. We have EqHd : (EqCls hd* =), the head function hd" is constant on all
equivalence classes of CoLimStr and EqTL : (EqCls (clso tl*) =), the lifted tail function
clso tl* is constant on all equivalence classes of CoLimStr.

(0,7 : Stream®). (c =7) = (hd" 0 = hd" 7T)
II(o,7: Stream™). (c =7) = cls (t1* o) =cls (t1* 7)

Proof. Suppose that we have (o, 7 : Stream®) such that (¢ = 7). This means that we have
o =coreci X htxand 7= corec:Y W' t' (f x) for suitably typed X,Y, h, 1/, ¢, ¢, f, and
2 such that ho f =1 and t' o f = f ot. Note that by assumption we have ha = h/(f x),
and we conclude that hd* ¢ = hz = h'(f z) = hd* 7.

Next, we show that cls (t1* o) = cls (t1* 7), and it suffices to prove t1* o = t1* 7.

Note that we have t1* 7 = corect Y h' ¢/ (t' o (f x)) and t1*c = corec X h t (t ). By
assumption, we also have corec* Y I/ t/ (' o (f z)) = corec* Y b/ t/ (fo(t x)). The desired
statement follows because corec® Y b/ ¢ (f o (t x)) = corect X ht (t x). <

We define the new head and tail functions hd and t1 and the corecursor as lifted functions.
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» Definition 4.9. We define the destructor hd : Stream — E to be hd* = recq F hd* EqHd,
and the destructor tl : Stream — Stream to be cls o t1* = recq Stream (cls o t1*) EqTL.
Finally, we define the corecursor corecs : II(X : U).(X — FE) — (X — X) to be clsocorec;.

In the remainder of this section, we show that Stream is the final coalgebra. We
first remark that this stream type still satisfies the [-rules. More specifically, we have
hd (corecs X ht x) Z b 2 and t1 (corecs X htx) g corecs X ht (t x).

Next, we have that (corec’ X h t) and cls are S-morphisms, which again follows from
the f-rules of Stream* and quot.

» Lemma 4.10. The class function (cls : Stream* — Stream) is an S-morphism. In
addition, for all (X :U), (h: X - E), (t: X — X) and (z : X), we have that (corect X ht)
forms an S-morphism (X — Stream®).

Before we show that the n-rule holds for Stream, we first prove the following lemmas.

» Lemma 4.11. Given (o : Stream*), we have
(corec; Stream” hd* t1* o) = (corec; Stream hd tl (cls 0)).

Proof. By Lemma 4.10, we have that cls is a morphism. Therefore, the CoLimStr predicate,
instantiated using the obvious choices for X,Y, h,h/,t,t’, f and z follows directly. |

» Lemma 4.12. Given (o : Stream®), we have (corect Stream* hd* t1* o) =o.

Proof. Following the definition of CoLimStr in Definition 4.5, we need to find some X : U,
r:X,h: X — X,t: X —- X and a stream morphism f : X — Stream® such that
o = corec X htxand o = f x. We have o : Stream*, where Stream”* = 3(X :
U).XXx(X > E)x(X — X). Wedestruct o toget X : U, z: X, h: X - X,t: X — X with
o = pack X (x,h,t) = corect X ht x. For the other requirement, we take f := corec’ X ht,
which is indeed a morphism by Lemma 4.10. |

» Lemma 4.13. We have corecs Stream hd t1 = idgirean-

Proof. See the Appendix (Lemma B.1). <

We are now ready to show that the recursor is unique.

» Theorem 4.14. For all (X :U),(h: X = E),(t: X —- X) and (f : X — Stream), if
(MorphStream X h t Stream hd tl f), then we have (f = corecs X h t)

Proof. By function extensionality, it is enough to prove (f © = corecg X ht z) for all (z : X).
We apply Lemma 4.13 and the fact that (corec? X ht z) and (corec? Stream hd t1 (f x))

are related by CoLimStr: f z e corec} Stream hd t1 (f x) = corect X ht . <

4.3 Stream bisimulation principle

We now prove the coinduction principle, which states that two streams are equal if they
are bisimilar, that is: they have the same observable behavior. Formally, two streams are
bisimilar if there is a bisimulation relation that relates them. We define the notion of R
being a bisimulation relation, and then we define the relation BiSim that relates two streams
if they can be related via some bisimulation R.



S. Bronsveld, H. Geuvers, and N. van der Weide

» Definition 4.15. We say that R is a bisimilation if for all 0,7 : Stream we have that
hd o =hd 7 and R (t1 o) (t1 7) whenever R o 7. The type expressing that R is a bisimulation
is denoted by IsBiSim R. We say that o and 7 are bisimilar if there a bisimulation R such
that R o 7. We write (o ~ 7) or BiSim o 7 to denote that o and 7 are bisimilar.

» Theorem 4.16. We have the coinduction proof principle, which means that for all o, 7 :
Stream, we have o ~ 7 if and only if o = 7.

Proof. ( <= ) follows because = is a bisimulation. For ( = ), assume we have o ~ 7.

Consider the following quotient Stream/~:= quot Stream BiSim. We define a function
f : Stream/~— Stream such that f o cls. : Stream — Stream is a S-morphism. (See the
Appendix, Theorem 2 for details.) By the n-rule for streams (Theorem 4.14), we find that
f = idstrean- Therefore o = f(cls. o) = f(cls. 7) = 7. <

5 Ensuring the n-rules in general

We used the limit predicate to encode the inductive data types, similar to [4]. For coinductive
data types, we dually used the colimit. It is also possible to use other predicates. For example,
one can directly encode the induction principle within the embedding, by creating a predicate
Ind as was done in [31]. It is also possible to encode the n-rule directly by representing the
uniqueness requirement, using a predicate Unq. More precisely, in terms of the quotient type
example: we define quot from quot™ as a subtype

quot (D:U) (R: D — D —U) :=3%(q: quot™ D R).QuotPred ¢
where QuotPred expresses the n-rule. We have different choices for QuotPred

LimQuot (¢:quot™ D R) := IN(X,Y :u).I(575) (f: X - Y).

II(H : (EqCls g R))(H': (EqCls ¢’ R)).

fog=9¢9 = f(rec; X gHyq)=rec;Y g H ¢
UngQuot (g :quot® D R) := II(X :U)I(g: D — X).II(f : quot™ D R — X).

II(H : (EqCls g R)).

(Il(d : D).f(cls"d) = gd) = fq=rec; X g H q
IndQuot (¢ :quot® D R) := II(P:quot* D R—U).

(II(d : D).P(cls*d)) = Pgq

For LimQuot and UngQuot, the types we obtain are equivalent, because LimQuot and
UnqQuot are proof-irrelevant. For IndQuot this is only the case if we define IndQuot by
quantifying only over hProp valued predicates. A similar analysis can be made for the Stream
data type. In the rest of the paper (and the Appendix) these predicates will appear for
W-types and M-types. The table below summarizes the different encodings and where they
can be found for W-types and M-types in this paper.

LimW Definition 6.2 | CoLimM Definition 7.2
UngW Theorem 6.6 UngM Theorem 7.8
IndW Theorem 6.7 CoIndM Theorem 7.10
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6 W-types

We introduce W-types, which generalize inductive types such as natural numbers, lists,
and trees. They were introduced by Martin-Lof [22, Wellorderings] as a way to define
inductive data structures within type theory. We give the well-known impredicative definition
of W-types. This impredicative definition yields the expected [-rule. We then define an
impredicative encoding that ensures the n-rule also holds. Using this n-rule one can prove
the induction principle for W-types. In the literature, e.g. [35, 5.3 W-Types], W-types are
defined as the initial algebra of the functor W given by W(X) := ¥(a : A).B(a) — X.

» Definition 6.1. We define the impredicative W-type W*(a : A).B(a) as the type
I(X :U).(I(a: A).(B(a) > X) = X) = X. Fora: Aand r: B(a) — W}z, we define

sup® a r:=AX :U)ANg:U(a: A).(B(a) > X) = X).ga (Abr b X g).

Finally, given X : U and g : II(a : A).(B(a) — X) — X, we define rec); X g to be
Mw: Wig)w X g.

Note that recj X g (sup* a r) g g a ((recy X g)or). Next, we study the categorical
definition of W-types as the initial algebra of the W-functor. We first define W-morphisms.

9 Y(a:A).Bla) =1 —— I
Y(a:A).Ba) > X ——— X l qu
<m,fow2>§ _ 5 S A)MB) X — X = |
v o J oy l
Y(a:A).B(a) Y —— Y g

g’ Y(a:A).Bla) =Y — Y

Figure 3 Commutative diagram of W-morphisms (left); Uniqueness requirement of the initial
Wh-algebra (right).

Suppose that we have (X,Y : U), (g : H(a : A).(B(a) = X) — X) and (¢ : II(a :
A).(B(a) > Y)—=Y). Amap (f : X = Y) is a W-morphism if we have f(g({(a,t)) =
g ({a, f(t)) (V(a : A),(t : B(a) = X)), which is illustrated in Figure 3 (left). We write
MorphW f for the type that states that f is a W-morphism.

We write out the uniqueness requirement of the initial W-algebra. This n-rule states
that for each W-morphism (f : X — Y'), we have f ouyx = uy. We encode this requirement
within the definition of an inductive W-type, which is an embedding of the previously defined
impredicative definition Definition 6.1. So we have W (a : A).B(a) < W*(a : A).B(a). We
use a X-type to encode a proof term of the uniqueness requirement of Figure 3 (right).

» Definition 6.2 (LimW). An element w : W*(a : A).B(a) satisfies the predicate LimW if for
all types X,Y : U and functions g : (II(a : A).B(a) = X) — X and ¢’ : (Il(a : A).B(a) —
Y) = Y we have f (rec; X g w) = rec; Y ¢’ w for all W-morphisms f. The inductive
W-type W(a : A).B(a) is defined to be ¥(w : W*(a : A).B(a)).LimW w. Finally, for
all (X :U) and (g : II(a : A).(B(a) - X) — X) we define its recursor recy X ¢ to be
Mw :W(a: A).B(a)).rec; X g (prl w).

We have to show that elements of the original W-type satisfy the LimW predicate.

» Lemma 6.3 (LimWSup). We have LimW (sup* a (pr1 or)) for (a : A) and (r : B(a) = Wap).
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Proof. Let (X,Y : U), (¢ : H(a : A).(B(a) - X) — X), (¢ : U(a : A).(B(a) —
Y) > Y)and (f : X = Y) be given with (MorphW X g Y ¢’ f). We need to show
f (recy X g (sup*a(prior))) =rec; Y ¢’ (sup*a(prlor)). Note that by instantiating
(MorphW X ¢ Y ¢’ f) with a and (rec); X g) o prlor, we obtain the following equation.

f(ga((recy X g)oprior)) =g a (fo(recy X g)oprior) (1)

For all (b: B(a)) we have (r b) : Wap and so (pr2 (r b) : (LimW (prl (r b))). From this we
derive the following equation.

fo(rec X g)o(prl or)= (rec; Y g')o(prl or) (2)

We conclude as follows.

f (reci X g (sup™ a (prl or))) 5 /(g a((reci X g)o(pr or) &

g a(fo(rec); X g))o(prl or)) = ¢ a(rec;Y ¢')o(prl or))
= rec; Y ¢ (sup* a (prl or))

—

2

—
-

» Definition 6.4. For all (a: A) and (r : B(a) — Wyp) we define the constructor sup a r
to be (sup* a (prl or), LimWSup a (prl or)).

Note that the S-rule holds for W(a : A).B(a), meaning that we have recy X g (sup a r) g
g a ((recy X g)or). Next, we look at the n-rule, which says that the morphism (recy X g)
is unique. To prove the complete 7n-rule, we first show a special case.

» Lemma 6.5 (RecWId). We have recy Wap sup = idw, .

Proof. Using function extensionality and Lemma 2.1, it suffices to prove that (pr1 w) X g is
equal to (prl (recy Wyp sup w)) X gforall X : U, g:Il(a: A).(B(a) > X) — X) and w :
Wap. Since (pr2 w) is of type LimW (prl w), we have (recy X ¢g) (rec) Wap sup (pri1w)) =
(recy; X g (prl w)). The desired statement now follows from the definitions of recy and
rec) and the fact that recy X g is a W-morphism. |

We now show the n-rule for the W-type, stating that the recursors (recy X g) are unique.

» Theorem 6.6 (UngW). Given (X :U), (g :1(a: A).(B(a) - X) = X) and (f : Wap —
X), we have f = recy X g whenever (MorphW Wup sup X g f).

Proof. Let f be a W-morphism and let (w : W4p). We have to show that f w = recy X g w.
By Theorem 6.6, it suffices to show that f (recy Wap sup w) = rec) X ¢ (prl w).

Since (p := pr2 w) has type LimW (prl w), we have that f (rec;; Wap sup (prl w)) and
rec) X g (prl w) are equal. The desired statement follows from the following equalities.

f (recy Wap sup w) = f (recy Wap sup (prl w)) = recy X g (prl w). <

We now show that we have an induction principle for our impredicative encoding Wap.
We follow the same approach as in the proof for quotients which has also been used in [5] and
already appears in [10]. Let P be a predicate on Wap. For (a: A), and (r: (B a) = Wap),
we write Hypy, a 7 for the type II(h : II(b: B a).P (r b)) = P (sup a r). The induction
principle of W-types says that we have P w for each (w : Wap) whenever we have
Hypy, a r for all (a: A) and (7 : (B a) = Wap). To prove this induction principle holds for
Wan, we use Theorem 6.6.
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» Theorem 6.7 (IndW). The Wap satisfies the induction principle for W -types.

Proof. Let (P : Wap — U). We assume that we have a term (H a r : (Hypy, a 7)) for all

(a:A)and (r: (B a) = Wag). The proof proceeds as follows.

1. Using H we show that (T := X(w : Wyup).P w) together with some function h forms a
W-algebra.

2. We have that pr1 is a W-morphism (prl: 7T — Wap).
3. We have the unique W-morphism (recy T h: Wap — T).
4. We have that (prlo (recy T h)) is a W-morphsim (prlo (recy T h) : Wap — Wag).
5. We have that idw,, is also an W-morphism from Wap to Wap.
6. By the n-rule we conclude that that prio (recy T h) = idw,,.
7. For all (w : Wap) we have that pr1 (recy T h w) = w and thus conclude that
(pr2 (recy T hw): P w).
sup
W(WAB) e WAB
W(recy T h)l = lrecw Th
h <
W(T) ——— T 14w,
W(prl)l = J{Prl
W(Wup) —— Wap
7 M-types

Finally, we look at impredicative encodings of M-types [36], which are the dual notion of -
types. They generalize coinductive types such as streams, infinite lists, and non-wellfounded
trees. We follow the approach of Section 4: we first give an impredicative definition, which
only satisfies the desired S-rule. Then we take a quotient to ensure the n-rule. We finish this
section by proving the coinduction principle for M-types.

M-types are described by specifying the destructors. More specifically, we look at the
final coalgebra of the functor M given by ¥(a : A).B(a) — X. Note that the functor M is
defined in the same way as W in Section 6 since both represent polynomial endofunctors.
However, we use a different name that is more suggestive in the context of M-types. The
impredicative encoding for M-types is defined using existential types.

» Definition 7.1. We define the impredicative M-type M*(a : A).B(a) to be 3(X :
U).X x (X = X(a:A).Bla) = X). For (X :U),(r: X - %(a:A).Bla) > X), and z : X,
we define corecursor corec;; X r z to be pack X (z,r). Finally, we define the coalgebra
map elimM* : M5 — 3(a: A).B(a) - M} 5 to be

recy (X(a: A).B(a) = Mig)(AX. Xz, f). (prl (f x), Ab.pack X (pr2 (f z) b, f) ) ).

The function elimM* takes an (m : M%) and produces a value of type (X(a : A).B(a) —
M3 ). It does so using the recursor of the existential type to obtain a type (X : U), an
element (z : X), and a function (X — ¥(a: A).B(a) — X). This allows us to construct the

desired element. Note that the S-rule holds for M} g, since we have elimM* (corecy X r x) 2
(prl (r x), (corecy X 7)o (pr2 (r x))).
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The next step is to refine the type M}z to obtain the final coalgebra for M. We first
define M-morphisms. Suppose that we have types X and Y with functions g : X — 3(a :
A).B(a) > X and ¢ : Y — X(a: A).B(a) = Y. A function (f : X — Y) is an M-morphism
if g o f = (m, fom)og. We write MorphM f for the type that expresses that f is an
M-morphism. The uniqueness requirement for a final M-coalgebra F' states that for each
M-morphism (f : X = Y), we have ux = f o uy as indicated in the diagram below.

g

X — Y(a:A).Bla) > X

F —— Y(a:A).B(a) = F

As we saw with Stream®, we define a colimit relation CoLimM that relates two M-types if
they are related by an M-morphism. We then create a quotient using this relation such that
two M-types that are related by CoLimM are equated. We finally prove that this quotient
satisfies the n-rule.

» Definition 7.2 (CoLimM). Let (m,n : M4p). The predicate (CoLimM m n) holds if there
are coalgebras (X, g) and (Y, ¢'), a M-morphism f from (X, g) to (Y,¢’), and = : X such that

m = corecy X g x and n = corecyy Y ¢’ (f x). We write (m = n) to denote (CoLimM m n).

» Definition 7.3. We define the coinductive M-type to be quot (M*(a : A).B(a)) CoLim},
and we denote this type by Map. For (X :U), (r: X — X(a: A).B(a) —» X), and z : X,
we define corecy X 7 x to be cls (corecy X r z).

In order to lift the elimM* function, we need to show that it respects the relation CoLimM.

» Lemma 7.4. If m = n, then we have (prl (elimM* m)) = (prl (elimM* n)) and
(cls (pr2 (elimM* m))) = (cls (pr2 (elimf* n))).

The first statement in Lemma 7.4 follows from unfolding the definitions, and the other is
proven in Appendix (Lemma B.3). Now we lift elimM*.

» Definition 7.5. We define elimM : II(m : Map) = Map — X(a: A).B(a) = Map to be
(prl,cls o pr2) o elimM*.

This improved M-type satisfies the expected computation rule, which follows by unfolding
the definitions and doing the computations. More specifically, we have:

elimM (corecy X 7 x) 2 (prl (r x), corecy X r (pr2 (r z)))

Next, we prove that the n-rule holds. We first note that (corecy; X g) and cls are
M-morphisms. This follows by unfolding the definitions. As a consequence, we get that
(corecy MY elimM* (cls m)) = (corecy; Map elimM m) for each m : M} 5.

We need two lemmas, which are proven in Appendix (Lemma B.4 and Lemma B.5).

» Lemma 7.6. We have m = (corecy; Mg elimM* m) for each (m: M}%g).

» Lemma 7.7. We have corecy Map elimM = idy, .
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» Theorem 7.8 (UngM). For all (X :U), (9: X — X(a: A).B(a) » X) and (f : X — Map)
we have (f = corecy X g) whenever (MorphM X g Map elimM f).

Proof. We use function extensionality by fixing some (x : X). Note that (corecy X g x)
and (corecy Map elimM (f x)) are related by CoLimM, so we get

f = corecy Map elimM (f x) = corecy X ¢ x. <

We now show that M4 p satisfies the coinduction principle. This principle states that
two inhabitants of M 4p are equal if they are bisimilar. We start by defining bisimilarity.

» Definition 7.9. A relation R : Map — Map — U is a bisimulation if for all (m,n :
Map) such that R m n, we have pr1 (elimM m) = prl (elimM n) and if for each b :
B(pr1 (elimM m)), we have R (pr2 (elimM m) b) (pr2 (elimM n) b). We say that m,n : Map
are bisimilar if there is a bisimulation R such that R m n. We write IsBisimM R for the
type expressing that R is a bisimulation, and we write BiSimM m n or m ~ n to indicate
that m and n are bisimilar.

Note that propositional equality on M-types is a bisimulation. We finish this section
with coinduction for M-types.

» Theorem 7.10 (CoIndM). For al (m,n: Mag) we have m ~ n if and only if m = n.

Proof. ( <= ) This follows because equality is a bisimulation.
(=) Let (m,n: Map) be M-types and assume (m ~ n). We define the following quotient.

Myp/ ~:= quot Mp BiSimM

By (m ~ n) there exists an bisimulation (R : Map — Map — U). Let R be that bisimulation.
We lift the M-destructor and define elimX := (pri,cls. o pr2) o elimM. This construction
is well-defined by the definition of IsBisimM and a proof is almost identical to the (lengthy
though not complicated) proof of Lemma 7.4. We show that the following diagram commutes:

idMmyp

Map

Mup
c]& N 4&3@1 (Mag/~) elimM

Mag/ ~

We define f := (corecy (Map/ ~) elimX) o c1s.. We have that (f : Map — Map) forms
an M-morphism, which follows from these equations, for (z : X):

prl (elimM (f z)) = prl (elimM z) (3)
pr2 (elimM (f z)) = f o (pr2 (elimM z)) (4)

Both equations can be shown using the S-rule for quotients and the S-rule for M-types.
From the 7-rule of M-types (Theorem 7.8), we derive that

f := (corecy Map elimX)ocls. = (corecy Map elimM) (5)
Because (m ~ n) we also have

cls. m =cls.n (6)
Now we derive the following to conclude m = n.

m = corecy Map elimMm = corecy (Map/ ~) elimX (cls. m)

N}
N}

5

5 corecy (Map/ ~) elimX (cls. n) corecy Mg elimMn = n <«
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8 Conclusion and Future work

We have extended the technique of [4] of encoding n-rules within the impredicative definition
of data types to quotients, streams, W-types, and M-types. For quotients and W-types,
we distilled the uniqueness requirement from initial algebra semantics and encoded it using
3-types. We showed that these improved types satisfy the n-rules and proved the induction
principles. Using the inductive quotient type and a refined existential type, we dualized
this technique to coinductive data-types and we defined streams and general M-types. We
showed that these types satisfy the n-rule and that bisimilarity coincides with equality.

There are various future topics to study. First, this work can be formalized in a proof
assistant such as Rocq [34] or Lean [11]. Initial steps have been made to formalize parts of
the paper [4] by Awodey https://github.com/awodey/Impredicative. Furthermore, we
have not looked at higher inductive types. In this case, one should drop the UIP axiom and
use a notion of Set. Also, it is known that the definable data types in System F do not
always produce functions that compute properly, because functions are defined by iteration,
and not by primitive recursion, which makes the destructor functions for inductive data
types (e.g. predecessor for the natural numbers) hard to define and inefficient. The present
inductively defined data types do not improve that, and it might be interesting to study
how that could be improved. Finally, the fact that the induction principle is not derivable
has been repaired in a different way in the Cedille system [12], where also an analysis of
Mendler style impredicative coinductive types has been made [19]. A detailed comparison of
our approach with Cedille would be interesting.
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B Assorted proofs

» Lemma B.1 (Lemma 4.13). The stream recursor, together with the head function hd and
the tail function t1 form the identity.

corecg Stream hd t1 = ©dstrean

Proof. By Lemma 3.12, we know that c1s = idstrean, Where cls := recq Stream cls EqCls2.
If we then apply the n-rule of the quotient type (Theorem 3.13), we see that, in order to
show that corecs Stream hd t1 = idgtrean = recq Stream cls EqCls2, it is enough to show
the following equation:

(corecg Stream hd t1) o cls = cls (7)

We reduce Equation (7) using function extensionality, the definition of corecs.

corecg Stream hd tl ocls = cls an:}b;t
V(s : Stream®) corecs Stream hd tl (cls s) =cls s —
V(s : Stream®) cls (corec Stream hd tl (cls s)) =cls s (8)

We shall prove Equation (8). Assume a stream (s : Stream*). We use the existential
recursor recy and Lemma 4.3 to destruct s. We thus destruct (s = corec’ X h t z) for some

(X:U),h:X—FE),(t: X — X)and (z:X). Now it follows from the following equalities.

cls (corec] Stream hd tl (cls s)) 11 (corec! Stream” hd* t1* s)

4.12
= cls s <

» Theorem 2 (Theorem 4.16). We have the coinduction proof principle, which means that
for all o, 7 : Stream, we have o ~ 7 if and only if o = 7.

Proof. ( <) follows because = is a bisimulation.

(=) Let (0,7 : Stream). Assume we have 0 ~ 7. Consider the following quotient
Stream/~:= quot Stream BiSim. From o ~ 7 we know that there exists a bisimulation
(R : Stream — Stream — U) with (R o 7) and (IsBiSim R) so we have hd ¢ = hd 7 and
R (t1 o) (t1 7). This implies that (hd,cls. otl) : Stream/~— E x Stream/~ forms
an S-coalgebra and we have corecg (Stream/~) hd cls. o tl : Stream/ ~— Stream. We
define the function f : Stream/~— Stream as follows.

f := corecs (Stream/~) hd cls. o tl.

Now, focls. : Stream — Stream is a S-coalgebra morphism and by the n-rule for streams
(Theorem 4.14), we find that f = idsirean- Therefore we have

o= f(cls. o) = f(cls. 7) =T <

» Lemma B.3 (Lemma 7.4). The right projection of the M-eliminator elimM* is constant on
all equivalence classes of CoLimM.

[I(m,n: Mag)m=n = (cls (pr2 (elimM* m))) = (cls (pr2 (elimM' n)))
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Proof. Let (m,n : Map) be M-types. Suppose that (CoLimM m n) holds. We thus have
some (X,Y :U), (9: X = X(a: A).Bla) > X), (¢ : Y = X(a: A).B(a) = Y), (x: X),
and (f : X —Y) such that the following hold:

pri(¢' (f @) =pri (9 @)

pr2 (¢ (f ) = f o (pr2 (g x)) 9)
m = corecy X g x (10)
n = corecy Y ¢ (f x) (11)

We derive the following. Here we use an equality, indicated by (x), that we prove next.

Il

cls (pr2 (elimM* m)) = cls (pr2 (elimM* (corecy X ¢ x)))

(
cls (pr2 (prl (g ), Ab.corecy X g (pr2 (g x) b)))
(

I=

cls (Ab.corecy X g (pr2 (g =) b))

*

cls (Ab.corec; Y ¢ (f (pr2 (g z) b)))

Il

cls (Ab.corec; Y ¢ (pr2 (¢’ (f x))))
s (pr2 (pri (¢ (f x)), Ab.corecy Y ¢’ (pr2 (¢’ (f 2)) b)))
cls (pr2 (elimM* (corecs Y ¢’ (f x))))

lIw

Ueis (pr2 (elimM* n))

We shall now fill in the step (). Let (b: B(a)). It suffices to show the following:

corecy X g (pr2 (g ) b) = corec;; Y ¢ (f (pr2 (g x) b)) (12)
This clearly holds since f is indeed a morphism by assumption. <
» Lemma B.4 (Lemma 7.6). We have m = (corecy M4 elimM* m) for each (m : M3g).

Proof. We destruct m to obtain (X : U), (z : X) and (g : X — ¥(a: A).B(a) - X) such
that m = pack X (x,g) =: corec;; X ¢g = by using Lemma 4.3. In addition, we have m =
corecy X g = and corec;; M}z elimM* m = corecy; M}z elimM* ((corecy X ¢) z) since
(corecy X g) is an M-morphism, Hence, we have that m = (corec; M}z elimM* m). <«

» Lemma B.5 (Lemma 7.7). We have corecy Map elimf= idy, .
Proof. By functional extensionality, it suffices to prove that
cls (corecy Map elimM (cls m)) = cls m for each m : M} 5.

We destruct m = corecy; X g « for some (X : U), (¢9: X — X(a: A).B(a) - X) and (z: X).
We conclude the following.

cls (corecy Map elimM (cls m)) = cls (corecy Mz elimM* m) = cls m <
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